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1. INTRODUCTION

The intent of this paper is to present homological versions of several com-
binatorial theorems including Rota’s theorem on thé Mébius functions of
ordered sets joined by a Galois connection and the Crapo complementation
theorem. In so doing we strengthen and generalize these results. In addition
we make a clear connection between these combinatorial theorems and various
forms of the Leray spectral sequence.

The basic tool we use for presenting homology is the commutative diagram.
As noted in [2], this notion is equivalent to the notion of a sheaf on a suitable
topological space associated with the ordered set. In that paper we established
that there were significant connections between sheaf cohomology and com-
binatorial notions such as the Mébius function and Whitney numbers of the
first kind.

We begin in Section 2 by presenting the terminology of ordered sets and
diagrams. The notation we use here is rather more simplified than that of [2];
moreover, we introduce the notion of an “augmented”’ diagram, which is more
appropriate for the combinatorics we present. See also the presentation in [4].

In the next section we develop the concept of a Galois connection on three
levels. The first is the usual notion of a Galois correspondence between ordered
sets. Next we consider the analogous situation for order-preserving relations.
Here we find, in contrast to the case for maps, where Galois correspondences
are quite rare, that every order-preserving relation has a Galois adjoint, in fact,
that it has many. Finally we consider multirelations. The lack of uniqueness of
the Galois adjoint for relations now disappears, and we find that (under a
suitable finiteness condition) every multirelation has a unique Galois adjoint.
The significance of this adjoint appears in Section 5, where we see that it can
be interpreted in terms of the Mobius function of the “fibers” of the order-
preserving relation.

* This work was completed while the author was supported by an NSF Graduate
Fellowship.
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In Section 4, we develop various forms of the Leray spectral sequence in a
rather different manner than that usually found in the literature. We take a
more combinatorial approach to the Leray spectral sequence. In fact, the proof
we present is virtually identical to that of a theorem of Crapo [7, Theorem 1].
The results of this section could also be derived from the usual Leray spectral
sequence using Artin’s theory of Grothendieck topologies [1].

In the last two sections we present the main results of the paper. In Section §
we present the homological analog of Rota’s theorem [32, Theorem 1] on
ordered sets joined by a Galois connection. The last section contains the homo-
logical analogs of the Crapo complementation theorem and of a related theorem,

both in Crapo [7].

2. ORDERED SETS AND DiaGRAMS

2.1. Ordered Sets

We view ordered sets as a special type of topological space. A subset U of an
ordered set P is open iff xe U and x < y imply ye U. We also refer to such
subsets as ascending. A closed (or descending) subset of P with this topology is
just an open subset of the dual ordered set P* obtained by reversing the order
relation. The minimum neighborhood of a point x € P is denoted V,, while
the closure of {x} is denoted J,. More generally if SC P we write I’y for
Uses Ve and ]S for Uses ]ac =S

An ordered set P is said to be locally finite if every interval [a, b] =
{c|a < ¢ < b} is finite. We say P is upper (respectively, lower) finite if for
every x € P, V,, (respectively, J,) is finite. We often have use for distinguishing
the minimum element of an ordered set (if it has one). We write P for the
ordered set obtained by adjoining a minimum element to P whether or not P
already has such an element. So if we write Q = P;, then 0 €Q but 0 ¢ P. We
rely on the context to make it clear whether or not we intend 0 to be a member

of a given ordered set.

2.2. The Mébius Function

The Mébius function p (Rota [32]) of a locally finite ordered set P is the
unique function p: P X P->Z such that:

‘

(a) wpla,b) =0 ifa b,
(b) wla,e) =1 for allae P,
(©) Zacvse wlas b) =0 foralla < cin P.

We sometimes use up for p when some confusion may arise. In addition, to
avoid overly cumbersome notation we write up(¥) to mean pp,(0, x) when x € P.
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2.3. Relation: and Multirelations

Let P and Q be sets. A relation or correspondence from P to Q) is a subset
ACP x Q. We define the tmage and inverse image in the obvious way: for
x€Pand ye(,

A(x) = {2€Q | (x,2) € 4},
Hy) ={weP|(w,y)e 4},

and we extend these to sets by union, e.g., A(S) = Uses 4(s). We write 4:
P — O for relations just as one does for functions.

A (signed) multiset is a set with multiplicities (possibly negative, but neces-
sarily integral). A multirelation (or integral matrix) A: P — Q is a multisubset
of P % Q or equivalently an element of [[(, ,cpxo Z- We write A(x, v) for the
(», y)-entry of A, and we regard a relation as a multirelation in the obvious way.
The direct and inverse images are multisets in the obvious manner, provided
all summations involved are finite. Thus the multiplicity of v in A(x) is A(x, y)
and A(S) = Y s A(s) for SCP.

We would like to define a notion of order-preserving relation. Since a relation
may be viewed as a function from the domain to subsets of the range, this
requires that we extend the order relation to subsets. The most natural way to
do this so that the usual order relation and the usual containment are special
cases 1s as follows. Let S, 7C P be subsets of an ordered set. We say S is
order-contained in T (S < T) if for all s € S, there is some 7 € T such that s < ¢.
Equivalently S < Tiff J¢C Jr.

We say that a relation A: P — Q 1s order-preserving if x << y in P implies

Alx) < A(y) in Q.

ProrosiTiON 2.1. For any relation A: P — Q of ordered sets, the following
are equivalent:

(1) A is order-preserving,
(2) U COQ is ascending implies A~ (U) is ascending in P.

Proof. (1) = (2). Let UCQ be ascending, xe A(U) and y = x. By (1),
A(x) < A(y). Now xe A (U) implies that there is some ze U such that
z € A(x). Hence there is some w € 4(y) such that w > 2. Since U is ascending,
we U. Hence y € A Y(w) C A-Y(U). So 47Y(U) is ascending in P. '

(2) > (1). Let x <<y in P and ze A(x). By (2), AY(V,) is ascending
in P. Now xe 471(2) C A YV,) so ye AYV,). Hence there is some we V,
such that we A(y). Therefore A(x) <X A(v) and it follows that A is order-
preserving. QE.D.

We make no attempt to define a notion of order-preserving multirelation.



194 KENNETH BACLAWSKI

2.4. Lattice Hemimorphisms

Order-preserving relations are closely related to lattice maps which preserve
suprema. We are primarily interested in the lattice 27 of ascending subsets of
an ordered set P. This lattice is complete and completely distributive.

We say an order-preserving map f: L — M of complete lattices is an (upper)
hemimor phism if it preserves arbitrary suprema as well as 0.

PropositioN 2.2. Let P,Q be ordered sets. For an order-preserving map f:
20 — 2%, the following are equivalent:

(1) f is an upper hemimorphism;
(2) for some order-preserving relation A: P — Q, f(U) = A-Y(U) for all
Ue29,

Proof. (2) = (1) follows from Proposition 2.1.

(1) = (2). Define a relation 7: Q — P by T(z) = f(V,). Let 4: P—Q
be the inverse relation to 7. Let Ue2?. Then U = {J,.¢ V,, so A YU) =
UzeU A—I(z) = UzeU T(z) — UzeUf(Vz) :f(UzeU Vz) :f(U) That 4 is

order-preserving follows from Proposition 2.1. Q.E.D.

We leave it to the reader to formulate and prove the appropriate result
obtained by dropping the condition that f preserve 0 in Proposition 2.2.

2.5. Diagrams

For simplicity in the exposition of the sequel we fix a commutative ring R
(with 1) once and for all. All modules to be considered are R-modules, and all
morphisms are R-homomorphisms.

A (commutative) diagram (with values in the category of R-modules) is a collec-
tion of modules and morphisms joining these modules in such a way that all
“paths” of morphisms joining a pair of objects give rise to the same morphism
by composition. We say a diagram D is over an ordered set P if the underlying
pattern of D is P. The module corresponding to x € P is called the stalk D, at x,
and the morphism p,,: D, — D, for x <{ y is called the structure morphism
from x to y. A codiagram over P is a diagram over P*.

There are many ways to generate new diagrams from old ones. Any natural
operation on modules automatically gives rise to a corresponding operation on
diagrams. If S C P, then we may restrict a diagram D to S; we write D | S for
the restriction. A subset S of P is convex (or locally closed) if x, y € S implies
[%, ] C S.If Sis a convex subset of P, then we may also restrict to S in another
way. Write D[S] for the diagram on P such that:

(1) D[S],=D, ifxels
=0 ifx¢sS;
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() puy: D[Sk~ DISY, ispe:DemD,  if[53]CS,
is 0 if [x,v] C S.

The most important structure determined by a diagram D is its cokomology.
For the algebraic and categorical significance of cohomology see one of the
many treatments such as Artin [1], Godement [20], or Deheuvels [10]. Our
only concern here is how one computes the cohomology.

Let D be a diagram on P. We define the cochain complex C(D) of D as follows.

(1) C#(D)is the module of all functions on chains @, < -+ < g, of length
n in P, with values in Da"

(2) d®: CYD)— C+*Y(D)is given on fe C*"(D) and g, < *** < a,,; In P
by d"(f)a, < ' < @py) = }::;o (1) flay, < < d; < o <py) +
(—1)Hres(f(ay < -+ < ayp)).

Here res denotes the structure morphism D, — D, of D. The cohomology
of D is the cohomology of C*(D), namely, H"(P D) Ker(d™)/Im(d™1).
HY(P, D) is also written D(P) and I'(D). In the terminology of category theory
H? is the nth right derived functor of I

A special case worth noting is that of the constant diagram M, where M is a
module. This is the diagram all of whose stalks are M and all of whose structure
morphisms are idy, : M — M. It is evident from the above cochain complex
that H*(P, M) is the ordinary simplicial cohomology H™(P, M) of P with
coefficients in M. Here P is regarded as a simplicial complex in the usual way:
its vertices are the elements of P and its simplices are the finite chains of P.

Another special case is the “skyscraper” diagram M[{x}], which we abbreviate
to M[x]. A skyscraper diagram consists of a stalk M at x, while all other stalks
are zero.

Of course there are dual notions to all of the above for codiagrams. As the
results for this case are so similar we generally omit special reference to them.

2.6. Augmented Diagrams

An augmented diagram on an ordered set P is simply a diagram on Pj. The
distinction between an augmented diagram and an ordinary diagram appears
only when one computes its cohomology.

Let D be an augmented diagram on P. The augmented cochain complex Cn(D)
of D is identical to the cochain complex C*(D | P) except that we have an
additional term in degree —1.

(1) CvD)y=CYD|P), forn=0
= Dy, forn = —1.
(2) dr: C(D) — Cn*(D) coincides with d»: C*(D | P) — Cm+Y(D | P) for
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n > 0 while d-1: C-Y(D) — C%(D) is defined on fe C-YD) = D; by

d(f)a) = res(f),

where res denotes the structure morphism Dy — D, . In effect one may regard
C-Y(D) as being the module of functions defined on *empty” chains.

The cohomology of an augmented diagram D is defined to be A%(P, D) =
Ker(d")/Im(d"1). Note that AP, D) = H*(P, D) for n + 0, — 1.

Most diagrams we use also have augmented versions. For example, as an aug-
mented diagram M is the constant diagram 37 on Pj. As a result H*(P, M)
coincides with H»(P, M), the reduced simplicial cohomology of P with coeffi-
cients in M.

3. GarLoris CONNECTIONS

Galois connections were first introduced by Ore [28], and have been studied
extensively since then, for example, Everett [16], Raney [30], Derdérian [11-14].
They are defined as follows. Let P and Q be ordered sets. A Galois connection
between P and Q is a pair of maps a: P — 0O, B: O — P satisfying

(1) «and B are order reversing;

(2) for xe P, B(ax)) = x and for y € O, o(B(¥)) = ».

Under these conditions the maps f o « and « o 8 are closure relations on P and
O, respectively, and the sets of closed elements in P and in Q are anti-isomorphic.

It was recognized very early in the theory of Galois connections by Everett [16]
that either map of a Galois connection determines the other. Since we would
like to stay in the category of order-preserving maps, we state Everett’s result
in this context.

ProposiTioN 3.1 (Everett). For an order-preserving map o: P—Q, the
Sfollowing are equivalent:

(1) foryeQ, «{(V,) has a minimum element in P;

(2) there is an order-preserving map B: Q — P such that the pair (o, B) is a
Galots connection between P* and Q. The map B is unique if it exists; indeed, it is
given by any of the following equivalent conditions:

(a) ofx) = y=x=B(y), forxe P,yeQ;

(b) d_l(Vu) = Vﬁ(v) ’ fory GQ;
(© BY) = Juw>» for xe P.
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Note that condition (a) above is an example of the adjointness condition in
category theory. This was first noticed by Waterman [35] who developed a very
general categorical context for Galois connections. The set of all Galois con-
nections between two ordered sets is a tensor product with respect to ap-
propriately defined categories. See Waterman [35] or Shmuely [33] for a
development of the properties of this tensor product.

For obvious reasons we call an order-preserving map satisfying Proposition 3.1
(1) an (upper) Galois map. The dual condition gives us a lower Galois map. The
map B above is a lower Galois map, and we call it the lower adjoint of o, while «
is the upper adjoint of B. In the literature (as for example in Shmuely [33]) lower
Galois maps are also referred to as “residuated” and upper Galois maps as
“residual.” This is an unfortunate terminology which ignores the very clear-cut
relationship of such maps to Galois connections.

In the context of order-preserving relations from P to O, the existence of
adjoints becomes much simpler. In the following we write S > x to mean
S > {x} where the inequality denotes order-containment.

ProrosiTION 3.2. Let P be an ordered set. Then for any order-preserving
relation A: P — Q, there is an order-preserving relation B from Q* to P* such
that for all (x, y)e P x Q, A(x) = y m QO = B(y) = x in P*,

Proof. Define B to be the relation from Q to P such that B(y) = A-}(V,).
Let y <y in Q (so that y > 3 in O*). Then 47Y(V,)2 A7Y(V,) and hence
B(y) = B(y') in P*. Therefore B is order-preserving.

Now {x| A(x) =y} = A V,), while {x |B(y) =« in P*} = Vp(,) =
Vaawy = AYV,), since A is order-preserving. Thus A(x) >y in Q <«
B(y) > x in P*, QE.D.

The lower adjoint of a relation is generally not unique; however, the relation
defined in the above proof enjoys many distinguishing properties. It is the
largest lower adjoint of A4, and it is self-adjoint in the sense that BY(x) < y in
O < B(v) > x in P*, We summarize the properties of B in the following:

ProposITION 3.3. Given an order-preserving relation A: P~>Q, there is a
relation A containing A such that

(1) A is the largest relation inducing the same hemimorphism as A induces
from 29 to 2F;

(2) 4 is self-adjoint and is the largest upper adjoint of A7;
(3) AL is order-preserving from Q* to P* and A-! = (AY).

We call A the saturation of A.In what follows it is often the case thata property
of A depends only on 4 or equivalently on the induced map from 29 to 2°.
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Proof. We define the saturation A to be simply the relation “A(x) = ¥ or
equivalently A(x) = [, . Thus 4 contains 4. Now A(y) = {x | ye A(x) =
Jaw} = {x |y =y such that y' € A(x)} = AY(V,). Therefore 4 is order-
preserving and induces the same map as A from 22 to 2°. Let T be another
relation with this property. Then T-Y(y) C T-YV,) = AY(V,) = AY»). So
T C A. This gives (1).

Since AY(y) = AY(V,), A! is the relation B defined in the proof of
Proposition 3.2. Since B is clearly saturated, we get (3). It is now easy to show (2).

QED.

There are numerous equivalent ways that one may express the concept of a
saturated order-preserving relation. One of these is the notion of an ordered set
obtained by “joining together” the domain and range of an order-preserving
relation. Let 4: P — ( be an order-preserving relation. The 4-join of P and Q,
written P + 0, is the ordered set whose underlying set is the disjoint union
of P and O and whose ordering is given by x >> y if and only if one of the
following hold:

(1) x=yinP,

() x>yinQ,

(3) xeP,yeQ, and A(x) > y.
Note that P + ,0 is an ordered set precisely when A is order-preserving.
The A-join includes both the disjoint union P 4 Q and the ordinal sumQ @ P
[5, p. 198] as special cases. It is easy to see that P -+ ,0 depends only on the
saturation of A and that one can recover the saturation of 4 from P + ,Q.

We summarize some of the many equivalent interpretations of a saturated
order-preserving relation in the following:

ProrositioN 3.4. The following are equivalent:

(1) a saturated order-preserving relation A: P — Q,
(2) an upper hemimorphism f: 29 — 2P,
(3) an order-preserving map g: P — 29°,
(4) an order-preserving map h: Q* — 27,
(5) an ordering (P + ,Q)on the disjoint union of P and Q such that P is
ascending and Q is descending,
(6) a descending subset of P* x Q.
The closed set in (6) is A regarded as an ordered subset of P* X Q. From (5)

and (6) we get alternative ways to express a saturated order-preserving relation in
terms of ordinary order-preserving maps. From (5) we have inclusions:

P‘E_’Pﬁ“AQ*_Z—Q)
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and from (6) we have projections
P2 A4-%Q.

In either case we may recover A by composition: A = (i)1oj = go(p)L
In the latter case such a pair of maps is what is usually called a correspondence.
Any relation 4 from P to Q is obtainable from a correspondence, and saturation
corresponds to closing 4 in P* < Q.

When («, B) is a Galois connection between P* and Q, B is far from being
unique as a relation which is lower adjoint to o; however, 8 is the smallest
order-preserving relation which is lower adjoint to «. In the case of relations
there may be no smallest lower adjoint. The condition that B is the lower
adjoint of A: P — O may be written: A-YV,) = Vy, for all y e Q. Consider P,
for example, to be the integers with the usual order, O to be the singleton {y},
and A: P — Q the map such that A(x) = y for all x. Then V() must be all of P.
There is no smallest set B(y) with this property. We return to this example
later.

If we assume P is lower finite, then there is a smallest order-preserving rela-
tion B which is lower adjoint to 4, namely, let B(y) be the minimal elements of
AV ,) for all ye Q.

So far we have considered adjoints of order-preserving maps and order-
preserving relations. We now consider the case of multirelations. This means
that we are now working in the context of multisets. The adjointness condition
must now be satisfied with multiplicities taken into account as well.

DerinNiTiON.  Let 4: P — Q, B: 0* — P* be multirelations. We say A is the
upper adjoint of B (and B the lower adjoint of A) iff B-Y(],) = J.( as multisets
for all x € P. Equivalently, we could have required that A=YV} = ¥, for
y€Q by the next result.

Lemma.  The following are equivalent:

(1) BYJ.) = Jaw as multisets for all x € P;
(2) A-Y(V,) = Vg as multisets for all y e Q;
(3) Zo<e B(y, %) =Xysy Alx, ¥') for all (x,y)e P X Q.

Proof. Let xeP, yeQ. Then mult,(B-(],)) = > r, mult, B-Y(x") =

or<e B(y, &) and multy(J ) = Ty iyes, multy A(x) = 3,5y A(x, ). So (1)
is equivalent to (3). Similarly (2) is equivalent to (3). Q.E.D.

We may now ask whether there are adjoints to multirelations. An obvious
necessary condition for 4: P — O to have a lower adjoint is that 4-}(V,) be a
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well-defined multiset. The example above of an order-preserving map without a
smallest lower adjoint is also an example of a multirelation without a lower
adjoint. Thus this condition is not sufficient. Hower, if we demand that P be
lower finite, we not only have adjoints but they are also uniquely determined.

THEOREM 3.5. Let A: P — Q be a multirelation such that A~Y(V,) is a multiset
Jor all y € Q. If P is lower finite, then A has a unique lower adjoint B. If A is an
upper Galois map then B is its lower adjoint as an order-preserving map.

Proof. By the assumption on A4, 3", -, A(x, ) is finite for all xe P, ye Q.
Fix y €Q. Then B(y, x) is determined uniquely by the values of B(y, x") for
x" < x by the formula

B(y’ x) = Z A(x’y,)— Z B(y) xl)'

¥y 2’/ <x

Since P is lower finite, B exists and is unique by induction.

Suppose that « is an upper Galois map with lower adjoint 8 as an order-
preserving map. Then ¥, a(x, ') is 1 or 0 depending on whether or not
ofx) == y, respectively. Similarly for 3 -, B(y, ") and x 2= B(y). Since ofx) >
¥ <= & = B(»), Bis also the lower adjoint of « as a multirelation. Q.E.D.

When A is an order-preserving map, the lower adjoint as determined above
can be quite complicated. See Theorem 5.5 for an explicit formula. The lower
adjoint is a relation only in the following case:

ProrosITION 3.6.  The lower adjoint in the multiset sense of an order-preserving
map f: P~ Q, where P is lower finite, will be a relation if and only if f1(V,) is
a disjoint union of principal filters ( possibly empty) for all y € Q. When this is the
case the lower adjoint is the smallest lower adjoint to f in the sense of relations.

Proof. Let B be the lower adjoint of f. By the inductive definition of B in
Theorem 3.5, B(y, x) = 1 if ¥ is a minimal element of f~}(V,). If there is no
element of P lying above two or more minimal elements of f~(V,), then B(y) is
the set of minimal elements of f~*(V,). On the other hand, if there are such
elements, we may choose a2 minimal such element x. If x lies above exactly
n > 2 minimal elements of f~1(V,), then one easily computes that B(y, x) =
1 — n so that B cannot be a relation in this case. Q.E.D.

We now show that with respect to Mébius inversion, the lower adjoint in the
above multiset sense is precisely the right context for Rota’s “Main Theorem”
[32].

THEOREM 3.7. Let f: P— Q be an order-preserving map of lower finite
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ordered sets. Let B be the lower adjoint of f in the multiset sense. Then for every x € P,

pp(x) = Z ro(¥)

yeB )
where the sum is in the sense of multisets.

Proof. By the definition of pp we need only show that for every xe P,
Zw'<x ZyeB—l(w') Ho(y) = —1. Now

XY =% Y B po(y) = X B3 )y

e veB~Hat) 2/ yeQ yeQ B/

=Y Y fl& o3 = ¥ poy)=-—1. QED.

yeQ Y2y Y€J 4 ()

The above theorem does not extend to relations. The crucial property of f
needed for the theorem is that Js(, is homologically trivial. In the sequel we see
more clearly why this requirement is important and what results when we try
to relax it.

A coloring of a simplicial complex is an example of an order-preserving map
that satisfies the condition of Proposition 3.6. Here we use the interpretation
of a coloring in the geometric theory of coloring of Fisk [18]. A 4-coloring of a
pure two-dimensional simplicial complex X' is a rank-preserving, nondegenerate
order-preserving map f: £ — 4% where 043 is the boundary of the tetrahedron.
It is easy to see that fis not Galois in general, but its lower adjoint in the sense of
multirelations is a relation.

4. TeE LERAY SPECTRAL SEQUENCE

Let P, O be ordered sets and f: P — Q an order-preserving map. Let D be a
diagram on P. By the standard constructions of diagrams, we can *“‘push-out” D
to a diagram on Q. We call this the direct image f,.D. Godement [20] and
Artin [1] given more thorough descriptions of these operations. For the sequel
we need only the definition:

(f«D)y = D(fH(V,)) = H(fH(V.), D), y€Q.

The structure morphisms of f, D are induced by the inclusion f~1(V,) C fY(V,)
whenever y < z.

The definition of the direct image does not require that f be order-preserving
or even that f be a function. When 4 is a relation from P to Q, the direct image
is defined by

(4xD)y = DAY V,)) = H(AXV,), D),  yeQ.
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In the obvious way we may generalize 4, D by using H? instead of H®. We
call these the higher direct images:

(R?44D), = HYAXV,), D).

The key property of the higher direct images is that for any short exact sequence
of diagrams on P

0—-D—-E—-F—0,
we have a natural long exact sequence of diagrams on Q
0—-A4,D—> AE—~ A, F—~ RA,D— RAE—> RAF— RRA,D— -

To see that the above sequence is exact one need only notice that the stalks on
each y € Q form a long exact sequence in the usual sense. Since the usual long
exact sequence is natural, the above sequence of diagrams is a natural sequence
of diagrams. In the language of category theory, the R4, are the right derived
functors of 4, . Note that the letter “R” here denotes “right”” and has nothing
to do with the ring R. No confusion should result since the two uses of R occur
in different contexts.

The direct image and higher direct images also have augmented versions with
analogous properties to the usual direct images. Let A: P — Q be a relation,
and D a diagram on P. The augmented higher direct image R?A, D is the diagram
on Qp such that

(R*4,D), = HN(AXV,), D), ifye,
— H*(P, D), if y = 0.

The structure morphisms of R?4,D are induced by the inclusions A-1(V,) C
AYV,) for y < xand PD A-YV,) for 0 < y. We distinguish the augmented
direct images from the usual ones by using H instead of H when taking their
cohomology.

We could also allow D to be an augmented diagram. By using augmented
cohomology, H, instead of ordinary cohomology, H, we could get the augmented
higher direct images R?A4,D. We won’t use these explicitly in the sequel.

Turecrem 4.1. Let A: P> Q be an order-preserving relation, and let D be a
diagram on P. Then there is a spectral sequence

Ep* = A7(Q, R'4,D) = H™(P 4,0, D),

where we regard D as a diagram on P + ,Q by extending it by zero.

Proof. 'The cochain complex €C* = C*D) for computing the cohomology
of Don P + ,0 is as follows:
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(1) Cr is the module of functions on chains a, < - < q, in P+ ,0Q
such that a, € P, with values in D,

(2) d: C*— C"+ for fe C" and gy < =+ < 4,4, a chain in P+ ,0
such that a,, € P is given by:

Aty <+ < ) = Y (— 1) flag < <4 < < ap) i a,¢P,

= Z (1) flay <+ < d; < < apy)
i—6

+ (=1 res fa, < - < a,) if a,eP.

Here res is the structure morphism D, — D, of the diagram D.
Each of the C” can be decomposed accordmg to the number of elements in
the chain ¢, < --+ < a,, which belong to P. Thus define

(1) N®? to be the module of functions on chains a, < - < a, <
by << - < byin P 4 0 such that the ¢; €Q and the b; € P. We allow p = —1,
in which case @, < -+ < 4, is the empty chain of Q. We do not allow ¢ = —1.

(2) d': N7 — NP+ ig given on fe N2 by

P+l

d'(f)a,b) = Y (—1)flay < -+ < dy < <apyy < by < oo < by).
=0
(3) d": N»?— N7 is given on fe N™ by

F(N@b) = 3 (—1)H0f(gy < - < ay < by < =+ < by < = < byy)

i=0

-+ (_1)17+¢1+2 resf(ao < e a, < bO < e < bq)‘

Clearly C"' ~ @p0-n N*? and d =d'+d", for n > —1. Therefore
{N?9% d’,d"} is a double complex whose total complex satisfies N* = C?*! for
n > —1.

The computation of the abutment is easy since it is simply the cohomology
of the complex C" but with the degree shifted by one.

We now compute the E;-term. This is the cohomology of N?-¢ with respect
to d”. For a fixed choice of p > 0 and chain ¢, < - < @, in Q, this is just the
cohomology of D restricted to that part of P which lies above a,: namely,
AV, ). When p = —1, there is no longer any restriction on the b,’s, so we
get Hq(;), D). Thus the E,-term is given by

(1) EP? = HYN?, d")is the module of functions on chains a, < *** < q,,
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of O with values in H(A-(V, ), D) when p = —1 and with values in H(P, D)
when p = —1.

(2) a9 EP¢ — EPMU i the restriction of d’; so if fe EP? and
ay << '+ < @, is a chain of Q, then

a7 (fNap < < ap) = i (1 flag < <dy <0 < apy)

=0
+ (=1 res fa, < - < ay),

where res: H{(A(V, ), D) —~ HY(A"(V, ), D) is induced by the inclusion
ANV, )< AV, ) when p # —1, and similarly when p = —1.

‘We now observe that, for fixed ¢, 47" is the differential of the cochain complex
for the augmented diagram R?4,D on Q. Hence the E,-term of the spectral
sequence is ¢ = H7(Q, R4 ,D). Q.E.D.

We leave it as an exercise to reformulate Theorem 4.1 using an augmented
diagram D. The next result is the ‘“unaugmented” case of Theorem 4.1.

CoroLLARY 4.2. Let A: P — Q be an order-preserving relation, and let D be a
diagram on P. Then there is a first quadrant spectral sequence

E?" = H?(Q, R°A,D) = H"

whose abutment appears in a natural long exact sequence 0 — HY(P + ,0, D) —
HYP, D) - H*— HYP + ,Q, D) > HYP, D) — H' — -

By “first quadrant” we mean simply that E}** = O unless p == 0, g == 0.

Proof. Let
Nre — N2.a ifp =% —1
=0 if p = —1.

Then N is a subdouble complex of N in the sense that the inclusions N?¢ — N#:4
give rise to a commutative diagram. In much the same way as in the proof of
Theorem 4.1, we see that N gives rise to the spectral sequence of this corollary.

The abutment remains to be computed. Taking the total complexes of N and
N we see that there is a short exact sequence of complexes: 0 > N* — N* —
N-1n+l > 0. Now it is easy to see that N-1»Hl = C™Y(D), where C"(D) is
the cochain complex for the cohomology of D on P. Since N* = C**1, where
(" is the cochain complex for D on P 4,0, the result follows by an application
of the snake lemma (Cartan—Eilenberg [6, IV.3]). Q.E.D.

We can get another spectral sequence with the same abutment from the
double complex N7 by interchanging the roles of p and g. Thus let M#7 = N*7,
and similarly M?¢ = N¢»,
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We compute the E;-term of M. Here we fix ¢ and a chain by < -+ < b, in P
and compute the cohomology of N?-¢ with respect to d'. The result is easily seen
to be the ordinary reduced simplicial cohomology of [, with coefficients in
the module D,, The computation for M is the same except that we use un-
reduced cohomology Therefore,

(1) EY9Y(M) = HYN%» d') is the module of functions on chains
by < =+ < b, in P with values in H(J ¢, ), D, )-

(2) dp?is given on fe HY(N%? d') by
Ay () by < -+ <bpyy) = (=) res f(by < - < by )

4+ Z (=D# f(by < - < [;l_ < < byy)

i=1

4+ (—1)r+et2res f(by < -+ < by),

where the first res is the map H9(J 46,) s Dy ) — Hy(J 4(,) » D) induced by
Jawy € Jat) » while the second is the map Hq(]A(b 0 Do ) - ch(JA(%)’ )
mduced by the structure morphism D,,’ — Db of D

In general 477 does not induce a differential arlsmg from the cochain complex
of some diagram. However, there are two special cases for which it does. In the
first case the first res map above reduces to the identity. In the second case the
second one does. We consider each of these cases in turn and then go on to
consider a few special cases of the former.

Suppose that 4: P — Q is an order-preserving relation. For x € P, we call
Ja C©Q, the cofiber of A under x. We say that A has uniform cofibers (over R)
if for x < &' in P, the inclusion [, — J.) induces an isomorphism in
homology with coefficients in R. When this is the case we write simply [, for
an arbitrary cofiber of 4. Note that if 4 is an order-preserving map, then A4
clearly has uniform cofibers for then J,(, is an ordered set with a maximum
element A(x). By the discussion above we have the following result.

)’+l

ProposiTioN 4.3. Let A: P — Q be an order-preserving relation with uniform
cofibers, and let D be a diagram on P. Then there is a first quadrant spectral sequence
with

Ey® = H'P, H*(J4, D)) > H"

whose abutment is the same as that in Corollary 4.2 and where #°(], , D) is the
diagram on P whose stalk at x is HY( ], , D,) and whose structure morphisms are
induced by those of D.

In the special case of an order-preserving map f: P - (, the above spectral
sequence has EP'® = H?(P, D) and all other terms vanish. Therefore, in this
2

607/25/3-2
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case, the abutment coincides with the E,-term and we get the usual Leray
spectral sequence:

CoroLLary 4.4 (Leray). Let f: P— Q be an order-preserving map, and D a
diagram on P. Then there is a first quadrant spectral sequence with

E}? = H"(Q, R*f.D) = H"(P, D).

Of course, the same result holds for any order-preserving relation having
cofibers all of whose reduced homology over R is trivial.

The next case we consider is that of a constant diagram. When this is the case
we need no further condition on the relation 4 in order to compute the E,-term
of M7,

ProrosiTiON 4.5. Let A: P — Q be an order-preserving relation and let K be an
R-module. Then there is a first quadrant spectral sequence with

E}" = H*(P*, R(A ™Y, R) = H"

whose abutment is the same as that in Corollary 4.2.

Here we regard A1 as a relation from Q* to P* as in Proposition 3.3.

It seems reasonable to write 4* for (A1), and this essentially coincides with
standard terminology when 4 is a map. We thus conclude from Corollary 4.2
and Proposition 4.5 that

H¥(Q, RiA,R) = Hr < H?(P*, RiA*K)

are spectral sequences converging to the same abutment.

Proof of Proposition 4.5. From the computation of E[9(M) above with
D = K we note that the second res map is now the identity. Up to a sign change
(which does not affect cohomology), d7? is the differential of the cochain complex
of the diagram on P* whose stalk at x is H%( ], , K) and whose structure
morphism for ¥ < &’ is induced by the inclusion [,y C J4¢ - This gives a
codiagram on P and hence a diagram on P*.

Now B = A1:Q* — P* satisfies B-Y(V,) = A(J,) = Ja » (as in the proof
of Proposition 3.3) where the first V', is the principal filter of x in P* whereas
the remaining terms are to be taken in P. Therefore (R'B,K), = HY( ] 1(»), K).

Q.E.D.

The last case we consider is that for which 4 is an upper Galois map.
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ProposITION 4.6. Let f: P — Q be an upper Galois map of ordered sets. Then
for every diagram D on- P, R*f,D = 0 for p > 0.

Proof. We need only the fact that the cohomology of a diagram on an
ordered set with a minimum element is trivial: all higher cohomology vanishes.
Thus for a diagram D on P, p > 0, and y € Q, we have

(R?4,D), = HY(A(V,), D) =0,
stnce A}V ,) has 2 minimum element. Q.E.D.
Cororrary 4.7. Let A: P-—> Q be a Galots map. Then for alln = 0
H™P, D) ~ HYQ, A,D).

Of course the result of Proposition 4.6 holds whenever 4-%(V,) is cohomo-
logically trivial with respect to D for all y € Q. For example such will be the case
if A-Y(V,) is always a disjoint union of subsets of P of the form V.

For another example let S C P be a subset such that for all x € P, ', N S has
trivial (reduced) simplicial cohomology (over R), in particular that V, N S # &.
Then the inclusion of S into P has no higher direct images with respect to the
constant diagram R. Moreover, the direct image of R over S is R over P. So in
this case we get an isomorphism of simplicial cohomology

H"(S, R) =~ H"(P, R)

for all n > 0. This is a well-known cofinality result in simplicial topology.

We use this cofinality result in the following special case. Let L be a finite
lattice. The elements of L which cover the minimum 0 of L are called the atoms
of L. Let T CL be the set of all suprema of atoms of L including 0 (the empty
supremum). Then § = T\{0, 1} is (dual) cofinal in P = L\{0, T} in the above
sense, for J, N .S has the maximum element sup{a < x| @ is an atom of L} for
all x e P.

5. CoMBINATORIAL CONSEQUENCES

We derive combinatorial results by applying the Euler characteristic to both
“sides” of the spectral sequences in Section 4. For this to make sense we assume
henceforth that the ring R is a principal ideal domain. In this case if M =
@®,__, M7 is a graded R-module of finite rank, we define the Euler characteristic
of M to be (M) =3,__. (—1) rankg(M"). For a finite doubly graded
R-module, M = @, , M?4, we define x(M) to be 3, 37 _ (—1)P+ x
rank (M),
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Now suppose that D is a diagram on an ordered set P. The closed support
of Dis {xe P| D, # 0 for some &' > ¥} = J(epip <o} - We say D is a. finite
diggram if its closed support is finite and all its stalks are modules of finite rank
over R. Now for the purposes of computation of cohomology we may assume D
is a diagram on its closed support. Evidently, if D is a finite diagram, then
@n_o H™(P, D) has finite rank. Therefore D has an Euler characteristic: y(D) =
S o(—1)* rankg H*(P, D).

More generally, let 4: P — O be an order-preserving relation with finite
cofibers, and let D be a finite diagram on P. If S is the closed support of D, then
since 4 has finite cofibers, [ (g is finite. Now the closed supports of the R?4, D
are all contained in [ () . Therefore each of the RPA,D is a finite diagram.
Moreover, since H? vanishes for p sufficiently large on a finite ordered set,
R?A,D = 0 for p sufficiently large. Therefore @;,_, R”A4 D is a finite diagram.
We conclude that as long as we restrict attention to finite diagrams and relations
with finite cofibers, the Euler characteristic is a legitimate operation.

The basic result which ties the Euler characteristic to the cohomology of
diagrams is the following homological version of a theorem of Reta [31,
Theorem 3, Corollary 2].

Lemma 5.1, Let M be a finite R-module and P a lower finite ordered set. Then
for all xe P,

x(M[x]) = —rankg(M) - pp(x).

Proof. We begin with [2, Corollary 3.1], but in homology rather than
cchomology. This is the codiagram case of Lemma 5.1 with R = M = 7. By
the universal coefficient theorem we have short exact sequences:

0 — H,(Z[x]) ®2 R — H,(R[x]) — Tor(H,_,(Z[#]), R) — 0.

Now Tory(G, R), for an Abelian group G, vanishes if G is free and has rank
zero over R if G is finite. See Cartan-Eilenberg [6, Chap. VII, Corollary 1.7].
Thus, in general, rank H, (Z[x]) = rank, H,(R[x]). Applying the universal
coefficient theorem once more (but over R) gives the lemma. QE.D.

PROPOSITION 5.2, Let P be an ordered set and D a finite diagram on P. Then
X(D) = aep x(D[*]).

Proof. Restricting D to its closed support, we may assume P is finite. By
Szpilrajn’s theorem [34], there is an injective order-preserving map f: P — N.
By {2, Theorem 4.1], we have a spectral sequence £** = H?+%(P, D[ f7( p)]) =
H™P, D).
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Now spectral sequences preserve Euler characteristics. On the left side the
Euler characteristic is

Y. (=1)*erankg H**%(P, D[f(p)])

p.q
= z Z (—1Y"™¥ rankg Hy).,o(P, D[x])
zEP q
= 2, (D[x)).
xEP
The Euler characteristic of the abutment is y(D). Q.E.D.

By the above proposition, all Euler characteristic computations for diagrams
reduce to the case of a “‘skyscraper’ diagram R[x]. For this special case Corol-
lary 4.5 takes this form:

THeoREM 5.3. Let f: P — Q be an upper Galois map of lower finite ordered
sets. For xe P write S, = {yeQ |V, = f~YV,)}. Then for xc P,

(1) H~P, Rlz]) = H(Q, R[S,]) (n=>0),
(2) pplx) = Zyes‘t po(¥)-
Proof. For (1) we simply note that R[S,] = f,R[x] and then apply Corol-

lary 4.5. For (2) we take the Euler characteristics of both sides of (1) using
Lemma 5.1 and Proposition 5.2. Q.E.D.

The above theorem can be given an alternative expression in terms of a long
exact sequence as follows. The set .S, is the difference of the descending subsets
T, ={yeQ|V,Cf'(V,}} and U, ={yeQ|V,CfV,)}. We therefore
have a short exact sequence of diagrams on Q:

0— R[S:c] g R[Tac] - R[Ux] —~ 0.

Since U, and T, are descending subsets of O, the cohomology of R[U,], for
example, is just the simplicial cohomology of U, with coefficients in R. Therefore
we get

CoroLLarY 5.4 (Griffiths [23, Theorem 3.2]). Let f: P— Q be an upper
Galois map, and let x-€ P. With U, and T, as above, and with K, = {x' € P | x' <x},
there is a long exact sequence:

0 - AYK,, R)— HXT,, R)— HYU,, R) > AYK,, R)— H{T,, R)— -

Proof. If we write out the long exact sequence of the above short exact
sequence and use Theorem 5.3, the result reduces to showing that Hi(P, R[x]) ~
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H-Y(K,, R). But this last result follows from the special case f = id: P — P.
QE.D.

Corollary 5.4 could also be stated in homological terms. In this formulation
it is easy to see that it is equivalent to the result of Griffiths cited above. Other
results of Griffiths [22, 23] can also be given spectral sequence proofs and
interpretations.

Let (f,£) be a Galois connection between P* and Q. Then f: P—Q is
Galois and by Theorem 5.3(2) we have that

pe(*) = ZS #o(3)-

The definition of S, immediately implies that S, = g~Y(x), by Proposition 3.1.
In this form it is clear that Theorem 5.3 contains [32, Theorem 1]. Moreover,
part (1) does not require that R be a principal ideal domain nor that the ordered
sets be lower finite.

In the general case we have

Tueorem 5.5. Let f: P—Q be an order preserving map of lower finite
ordered sets. For x € P,

pp(®) = — L &) poly)-
y<F(x)

Proof. We apply Theorem 4.2 to the diagram R[x].
pe(x) = — x(R[x])  (Lemma 5.1)

= — Y (—1)**¢rankp H*(Q, R R[x])  (Theorem 4.2)

b.q

= — Z (—1)? xo(RY R[x])

= — Y ¥ (=) xo(RY«R[x])[¥])  (Proposition 5.2)

q yeQ
=—2 Zo<—1>qu(HQ(f-1<V,,), R[x])[»))
=—% Zo(—l)q rankg(HY(f(V,), RixDN(—po(y))  (Lemma 5.1)

= Lt RETLF(V) ol)

= Y —Hpy®po(y)  (Lemma S.1). Q.E.D.

y<f{x)
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The algorithm for computing —p,-1(y (%) is quite straightforward. Regard
it as being zero if x ¢ (V). Then —pu;1(y )(x) = 1 for all minimal elements x
of f~Y(V,), and for nonminimal elements x of f~1(V,), the formula

_'“‘f*‘(vy)(x) =1+ 3 pr- 1y, ()
€l <

determines the left-hand side inductively. Looking back at the proof of
Theorem 3.5, we find that —p, 1y () is precisely mult, B-Y(x) = B(y, %),
where B is the lower adjoint of f in ‘the sense of multirelations. We conclude
that the Leray spectral sequence is the homological version of Theorem 3.5,
which in turn is the multiset generalization of Rota’s theorem on Galois con-
nections.

Theorems 3.5 and 5.5 are usually too complicated to apply in general. They
are useful only when one has good combinatorial information about the fibers
[~XV,) of the map f. See Baclawski [4] for an example of this. Nonetheless, one

can use Theorem 5.5 to generate special cases such as the following.

PropcsiTION 5.6 (Fiber Inclusion-Exclusion). Let f: P— Q be an order-
preserving map of finite ordered sets. Assume that Py is a lattice. Let B: O* — P*
be the smallest relation that is lower adjoint to f. Then for x € P:

pe(®) = ) 2 (1) pg(y).
y<f(x) SCB(y)
VS=z
Proof. For yeQ, f~{V,) is an ascending subset of P so it has suprema
which coincide with those in P. Thus f~%(V/,); is a lattice. We wish to compute
—pr_yw)(®) for x € fX(V,). By Rota’s cross-cut theorem [32, Theorem 3],
we know that for any finite lattice L with x e L\{0},

p®x) = Y (=1
SCatg_xilg of L

Therefore,
"V‘f*lw,,)(x): Y, (=1)isH,

SCB(y)
VS=x

since B(y) is the set of atoms of the lattice f~X(V,); . Q.E.D.

6. THE CrAPO COMPLEMENTATION THEOREM

In Crapo’s original derivation [7] of the complementation theorem, he proves
a theorem that, superficially at least, resembles Rota’s Galois connection theorem.
We see that this is no accident. Indeed we see that Crapo’s theorem is the
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combinatorial analog of Theorem 4.1, just as Rota’s theorem is the analog of
the Leray spectral sequence.

We first state Crapo’s theorem in a form equivalent to his original statement
[7, Theorem 1] but which is more convenient for our purposes. We use the
notation P/S, where S C P is a descending subset of P, to denote the ordered set
obtained by identifying (or collapsing) the elements of S.

Tueorem 6.1 (Crapo). Let P be a lower finite ordered set, and let SCP be a
descending subset. Then for any x € S, y € P\S,

:“'P(xv y) = Z :”‘[z.y]/S(zs ) .“'P(x’ z)’

ze8

where [, y]/S s short for [2, y]/(S N [z, y]).

Proof. We may clearly assume that x is the minimum of P while y is
the maximum, for we may replace P by [x,y] and S by [x, y] N S without
changing the conclusion. We set T = S\{x}, and let B: Q — T be given by
B(z) = {i |t < zin P}.Then Ty o~ Sand (Q + 5T); =2 P, as in Proposition 3.4.

We apply Theorem 4.1 to the order-preserving relation B and the diagram
D = R[y] on Q. Then there is a spectral sequence

Ep® = H(T, R'B,R[y]) = H™(Q +5T, R{y)).

We first compute the Euler characteristic of EJ'%:

Y (—1)?+ rankz H?(T, R*B.R{y])

.1

=2 (= 1) xr(R*BR[y])

=Y (=1)* Y «((R\BLR[»])1])

teTy

= — 3, 2 (= 1) ranka(H(B-(V), R[y])) pr(, 7)

teS ¢q

= - Z XB"(V,)(R[y]) I'LP(x’ t)

tes

= Z P’B"(Vy)(()’ y) l"'P(x) t)
ieS

=Y pitgss(ts ¥) we(x, 7).
tesS

Here we use the convention that B-1(V;) = Q; see Section 2.6. It is easy to see
that B-Y(V,); = [¢, ¥1/S.
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Next we compute the Euler characteristic of the abutment:

Y (1) rankg H'Y(Q + 5T, RIy]) = —xos,r(RIY])

n=—1

= up(x, ¥). QED.

Now let L be a finite lattice. Assume, to avoid trivialities, that 0 < T and that
0,1) # o. Let xe (0, 1) A complement of x is an element y €L such that
xny=">0and xvy =1 Wewrite x | v in this case. Crapo [7, Theorem 2]
showed that in this case

ML((): T) = Z I‘L(O’y) pulz, T)~

<z
Yzl

In particular, a noncomplemented lattice has u;(0, 1) = 0. We now show

homological analogs of these results.

THEOREM 6.2. LetL be a finite lattice and x € (0, 1). Then there exist augmented
diagrams D? supported on the complements of x in L and a spectral sequence

By = (0, 1), D% = H"((0,1), R).

Proof. DefineQ = {ye(0,1)|xry =0}, P = (0, 1\Qand 4: P> Q by
A(z) ={y€Q |y < z}. O is the set of nonzero lower semicomplements of x.
Note that Q is a descending subset of (0, 1) and that we chose 4 so that L ~
(P + .0)5. We set D7 — R4, R[1], and we use the spectral sequence in the
proof of Theorem 6.1. H™((0, 1], R[1]) =~ H"((©, 1), R) by [2, Lemma 3.1].

It remains to show that D is supported on the complements of x.

First we let ¢t € Q. Then (R4, R[1]), = HY(AYV,), R[1]). Now AYV,) =
PNV, . Letye PNV, . Sets=ya(xvi) Thensax =ya(xvi)ax =
9 A x = 0. Therefore se PN V, also. But s <y and s < x v ¢. Since y was
arbitrary, we conclude that the supremum of the minimal elements of PN ¥V,
is below x v 2.

It now follows from the cofinality result mentioned at the end of Section 4
that x v ¢ % 1 implies H(A-(V,), R[1]) = 0, for we know by this result that
(P NV, and J,, OV, have the same reduced simplicial homology while
Javi NV, has a maximum element.

Finally we consider the case ¢ = 0, ie., (RUA,[1]); = HY(P, R[1]). This
vanishes by precisely the same reasoning as above. Q.E.D.

CoROLLARY 6.3. LetL be a finite noncompkmented lattice such that (0, 1) = o.
Then (0, 1) has trivial reduced simplicial homology.

If the complements of x form an antichain, the diagrams R4 «R[1] are direct
sums of skyscraper diagrams on the support. This does not necessarily mean
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that the spectral sequence degenerates. However if L is Cohen~Macaulay (see
[4]), we may conclude that it does. Indeed, in this case we have

Hn_z(((), i)’ Z) = @ Hr(v)—z((ﬁ’ y)’ Z) ® Hn—r(v)—2((yr 1)7 Z)'

yla

See Baclawski [4] for details.
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