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Context

Model of Differential
Linear Logic
Blute Cockett Seely Differential categories 2006

1 free commutative
monoid co monadRel

vertical

categorification2dimensional
model of Differential
Linear Logic1

free symmetric strict
monoidal category
pseudo co monadProf

Fiore Gambino Hyland Monoidal bicategories
differential linear logic and analytic functors 2025

KleistJ

Prof
bicategory of generalized
species of structures
JoyalFiore Gambino Hyland WinskelIComposition

inProf generalizes substitution
monoidalproduct on leftFbijSetrightcongPhofleft11right
subst mon Str on leftFidSetrightleftFinjSetrightF surjSet F Set

Q Do thesealso arise fromsuitable Kleis li bicategories Prof
A Yes and they can be constructed via the theory ofpseudo distributive laws

Tanaka Power Curien Fiore Gambino HylandWinskel



This talk

Construction of various horizontal Kleisli virtual double categories Prof

containing Prof and hence substitutionmonoidal categories leftleftWSetrightthetaright

No coherence axioms

10 coherence axioms for pseudo dist law

We construct a v dbl monad on a simple setting and then let general machinery
finish the rest of construction.Mod Cleftright

ModCruttwell Shulman
HJ KI

Mod Mat Prof 1 HJ Kl Prof Prof

categoriesMatIcategories
functorsprofunctorssetsfunctions

matrices
spans

functors

generalized
specieswinF bij F 4

verbal category Ttronin 2002 or

faithful cartesian club Shulman 2016
HleftPwfrightleft11rightcongleftWSetright



Substitution monoidal structure

1 category with

obj finite ordinals nleft01ldotsn1right
mor all functions

Set

F Set has
Day convolution induced by leftFright

leftXYrightnintpqinmathbbRpqntimesXptimesYq
0 leftcongXntimesYnright

Not true for other
beginmatrix01endmatrix

1 vdotsvarphiP1 verbal cats

parallelcomposition
alpha

0XF vdots

varphileftx0x1ldotsxn1right
n any term

lvdotspsi
beginmatrix01endmatrix

n1
91

vdotsvarphin1varphiinXn
weSubstitution monoidal product

leftXcdotYrightn
For α 3

l

0
7backslash

21

4 in 1 and varphiinX3
0

0rightharpoondown

int_XmminFXleftYmrightnl
alphavarphiinX4 is

0

1

2

1233 0

vdotsalpha
vdots 4 1

1 yalphavarphivarphi
23 sequential

composition n 124 leftx0x1x2x3right
varphileftx2x0x2right

4m M I



0
vdotspsio

1

leftXcircYrightnintminmathbbRmtimesleftYmrightnleftsum_minmathbbNXmtimesleftYmrightnrightsim vdotsalphavdotspsi1 varphi

vdots

n1
vdots
4m

1Whatis sim

For example
alpha34

rightharpoondown

beginmatrix0123endmatrix

leftXcdotYright6

3

psi

T7
psi1

αy

X3timesleftY3right6nlxleftYalpharight6
alpha varphi X4timesleftY4right6

lceil

Xalphatimes1X3timesleftY4right6



We can perform this construction by replacing F with its

wide subcategory WsubseteqF provided that

obleftWrightobleftFrightmathbbN
W is closed under FtimesFsupsetF so that leftWetright has

Day convolution product
W is closed under the thickening

operationGiven
malphan in W and

overrightarrowkleftk0k1ldotskn1rightinmathbbNn
l sum_iinmkalphaleftirightalphaoverrightarrowksum_jinnkj

Rearranges blocks
according to propto

is in W

Such W are known as verbal categories or faithful cartesian clubs
IShulman Categorical logicfromTroninAbstract clones

and operads 2002 a categoricalpointof view 2016



swap

2x21012Examples of verbal
categoriesFo

allfunctionsExchange Weakening ContractionleftEWCright

surjections
Fsurjinjectionsmonotone

functions
FmcircleftWCrightEW leftECright F

injI
bijections

Fbijbigtriangleup Imonotone
surjections

Fm ingleftCright Fmsurjo
monotone

leftomegarightleftEright

injections
Fidcirc identities

cf Curien Operads clones
and distributive laws 2012pverbal

varnothing

Lenke Milius Urbat A unified treatment ofsubstitutionfor presheavesThm

forallWsubseteqF verbal cat W0 Set has a substitution monoidal str
Monoids in leftleftWSetrightthetarightW operads Tronin

Intuitively algebraictheory expressible with structural rules corresponding to W

xcdotyycdotx requires E

nominal sets renaming sets and so on 2026

E g
xxcdotx requires c



Thm Fujii Hoshino
forallwsubseteqF verbal cat virtual double cat Prof containing
the underlying multicategory of W set as H Prof left11right

Sufficient to define e g W operads

Tanaka Power Curien Fiore Gambino HylandWinskel

Kleislibicategories
Prof

relative to FbijF

Classical substitution
monoidal categories
IFbij Seti IF Seti

ILenke Milius Urbat Fujii Hoshino

Kleist virtual double categoriesProf:Substitution
mon.cat

no Set
for any verbal cat W.relative to any verbal cat W



Burroni T categories 1971 multicategorie

Leinster Higheroperadshighercategories 2004 fc multicategory
Virtual double categories

Cruttwell Shulman Aunifiedframework
forgeneralized

multicategories 2070Def
A virtual double category ID consists of

objects ABldots

vertical morphisms beginmatrixAfldotsBendmatrix

Form a category Dvert
called the vertical category of mathbbD

No composition operation
for these

horizontal morphisms A1MBldotsDelta
M1ldotsMnAnA0M1A1

multicells f gpropto

v

vCB

A1MB
Hidm for each h mor A1MB

N

identity cell
AMB

unital associative

substitution operation

A1B1CleftD1rightE A1B1CleftD1rightE
E g ppropto

vvDownarrowbetaF1G1H1IV1FV Downarrowdelta0leftalphabetagammarightwidecheckI
delta

vJ l beginmatrixVkendmatrix veeIm l beginmatrixVkendmatrix



Ex Leinster CruttwellShulman:ExLeinster Cruttwell

Shulman:Mat
obj sets

Prof
obj categoriesMI at vert Sel

supset

Il rofvertCatvmon functors

h mor A M1B inProf
A PxBM

Setv

mor functions
h mor A1MB in Mat

Mleftabrightin see ainAbinB
multicell suitable maps multicell suitable not Tr

Def Leinster Cruttwell Shulman
mathbbDV dbl.cat

Then Mod mathbbD v dbl.cat with

obj horizontal monoids in mathbbD

leftATldotsrightleftfomegarightleftBSldotsright
v mor homomorphisms

TA1A

beginmatrixfDownarrowomegaBBendmatrixfS
h mor bimodules leftATldotsright leftMlambdalright1 supsetleftBSldotsright

ADownarrowetabackslashfrac1TAA1A MA1TA1BlambdalA1TA1TAM SM1B1B
A1AATA B

rho

A
lMMBA

T

ModProfMLodleftMatrightvOblvObl2 functor preserves monads



Each verbal category WsubseteqF induces a monad on

Mat.Mat
obj sets

v mor functions
h mor A1MB in Mat

WsubseteqFB a verbal category
obleftWrightobleftmathcalFrightmathbbN

W closed under

mathbbRFtimesmathbbRFmathbbRF

thickening

Mat
I

Mat vert S

etI

leftMleftabrightinSetrightainAbinB

leftrightvert list monad on SetMat

Aleftsum_ninmathbbNAnright
A

obj.A
A
f 1

B

µ for any AMB

Av mon MB
fB muA

muBBmuMhatM
Defined

usingh

mor A1MsupsetB I AMB
A

Mleftleftairightiinmleftbjrightjinnrightsum_alphainWleftmnrightprod_iinmMleftaibalphaleftirightright
and thickening



2 Ob
Mode

Mat

2061 2 functor

xvirtual double monad
on ProfProf

Prof
A

Prof
Aaobj obleftArightleftobAright

leftArightleftleftairightiinmleftajrightjinnright

sum_alphainWleftmnrightprod_iinMAleftaiaalphaleftirightright
41 leftleftairightiinmleftbjrightjinnright

sum_alphainWleftmnrightprod_iinMMleftaibalphaleftirightright

h mor A M1BA MsupsetB I

These v dbl monads also appear in
CruttwellShulman where they are
constructed directly

A free strict mon.cat over A WFid

free symm.str.mon.cat over A WleftmathcalFbijright
free fin coprod completion of A WleftmathcalFright

Alsoknown as F am leftAright

We simplify theirconstructions via Mod
and generalize these to arbitrary

verbal categories W



Horizontal Kleisli constructionIn particular
Def Cruttwell Shulman

ID v dbl.cat
T v dbl monad on ID

The horizontal kleisliv.dbl.cat HHK1leftmathbbDTright is

obj same as
mathbbD

H Prof left11right underlying multicategory
of the substitution monoidal category
leftWlSetright of W

species.HProf leftAAright underlying multicategory

of the substitution monoidal category
A x A leftetright of A colored Wspecies.v

mor same as mathbbD
leftHrightleftKrightleftmathbbDTright vert mathbbD vert

h mor AMB in HkleftmathbbDTright

AMTB in mathbbD
multicell suitable def

general
machineryI

Cruttwell Shulman
HIS KGModfWsubseteqF

verbal cat
Prof

v dbl.cat w

obj categories
v mor

functorsProf
v dblmonadΔ181 monad

simple construction

A1MB1 AMB
h mor A beginmatrixM1Bendmatrix in Prof

A MB in Prof

AoptimesBM Set

generalizedMleftleftairightiinmleftbjrightjinnrightsum_alphainWleftmnrightprod_iinmMleftaibalphaleftirightright
W species


