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— Abstract ‘.

We ;nvegtigate the category C of coalgebra objects in
a given iocally—presentable closgd monoidal category X . We
show that C is the cartesian closure of ,g_ and that all
other categories propable ov%f 'X admit natural enriched HOM

functors into C . These HOM functors are studied and appli- '

cations are given to the theories of algebraic deformations

and extensions. Included are results, necessary to our work, con-~

cerning pure subobjects in X .

Résumé N

Ly

. Cet ouvrage traite la catdégorie ¢ des objects co~algéb-

g g

riques dans‘une‘cétégorie donn¢ée X , localement-prdésentable,
monoidale et close' . Noﬁs montrons que la catégorie C est la
clﬁturé cartésienne de la catégorie X et que tpute autre
catégorie propable sur X admet un foncteur HOM naturél et

enrichi dans C . Nous étudions ces foncteurs HOM et en donnons

des applications aux théories des extensions et déformations

algdébriques., Inclus dans notre travail sont ces résultats con-

cernant les objetps purs dans' la catégorie X qui sont ' necessaires
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Introductipn

Coalgebras over a field k occur frequently in the study

1

¢ £

%' pf‘algébra%c topology an? homologié;l algebra, and have been
% studied in great detai} by many authors. However, mo st of this
E effort has gone into the structure thebry for coalgebras and
Hopf-algebras, while the category of coalgebras per se has

% been neglected. Thi§/in itself would be of little note, except
that the category '€ of k-coalgebras is the Cartesiag closure

: of Mod-k - Moreover, ¢ turns out to be a category over which -
all categories d% “universal al@ebras" are enriched. This may

! . 7 be gleaned from the work of‘Sweedler by generalizing his notion

:f of a "measur;hg",_[19]. We show that these results als; hold

when considering categories defined over a given monoidal hase

category, e.g. a category of modules or banach spaces, and we

give applications to cohomology and deformation theoxy.

\

In chapter I we discuss the standard notion of a monoidal

category X and introduce "monoidally-deEined" categories over
X , an extension of Mac Lane's propable categories which include

the usual categories of X-algebraSybialgebras, modules, etc. We

define the category C of X~coalgebras and show € 1s the car-

[
€

tesianization of X .
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f? , in chapter II we assuﬁe— X is closed and'focally—pregentable
and show thaé every subobjebt in X can be embéddcd in a 50£~
y too-much~bi§§er pure subobject. This technical result allows to
° prove that every coalgebraic-type categoryibver X (including C)
: is again ldcally-presentable. The %djOLnt functor éheorems then
5 . " imply that ¢ is cartesian gldsed and that cofree coalgebras
% - exist. ' B ‘
§ o
é N Given'a category of algebras A over a monoidal base cate-
% gory X , e.g. k-algebras over Mod-k , A wusually does not admit
% an X~valued hom functor, even though X may be closed. In
W; chapter III we show that there is a é}valucd HOM functor from
% any monoidaily—defined calegory over X . Since € 1s cartesian
7% ; closed it forms very naturai "universal" base category, and the
% basic propergi@s ofﬁﬁhe usual Set-valued hom 1ift to the richer
% ) C-valued HOM , e.g. ﬁost impartant functors and adjointness
% ; relations may be defined in.térms ol HOM~céaLgebras rather than
? ‘ hom-sets. ' ) - '
2 )
,: . Given an element X in X and é category of "algebras"
%; A OVe; X , one may congtruct a coalgebra whose "goints" exactly
%’ . correspond to A-structures on X . In chapter IV we show how
%;‘ this observation and cotriple cohcmology may be used in clari-
3 g " -
%é ' . fyigg and generalizing the basic results of gersgenhaber on
g? ; the theory of defor&ations,‘[ill. Basically, the deformations )
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car be realized as special elements in the constructed coalgebra.

The coiinection of this with (non-singular) extension theory is

I

also discussed.

.
t - 4
,/

7

In order to increase the readability of this thesis certain

easy but gruesome details have been banished to the appendix.

There, will be found th€>pxoof of each numbered result given

without proof in the text. Also in the appendix are notes on

&

chapters III'and IV. -

About notation - maps are composed from left to right, 1
is used to denote identity maps, and we often omit mention of

forgetful fuhctors. L

Most of the results and definitions in chapters I-III
G .
are well known in the case when X is the category of vector

spaces over a field. The gencral definition of an evaluation
13 due to Jon Beck and the author. Lemmas 1.1 and 2.5 are well

‘known and 3.6 first appeared in [16]. With thesce exceptiohns
the results here stated are original research.

o
[N
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Chapter 1l: Preliminarieg

»

By a monoidal category we mean a category X equpped vith a

‘

bifunctor, tensor, ® : X X -~ X . It is“assumed that & is
coherently symmetric, a‘seciative, and unitary, with unit object I . -
I£, X is on object in X, X' denotes the n-fold tensor of X with 7

; 0 . , . . -
itself and X =71 . If X is the product in, X . ve say X 1is cartesian.

If X and Y arc monoidal categories a functor F : X —» Y is
said to be monoidal if the tensor product is prescrved up to coherent
notural isomorphism. T 1is a strict-monoidal functor if all the monoidal

» a

structure is preserved exactly —— &, I, and the symmetry, associative, -
{

and unit natural isomorphisms. Let ON denote the category of monoidal )

Y o

-

categories and strict monoidal functors. i

K

The trivial prop iso the free wonoidal category (i.c. 1ON-object)
over the category 1 3 it is denoted by P . 1o objects ar® those of the -~

fxece non-associative monoid gencrated by 2 single element. As there is a
bijection betuecn the shkeleton of PP and M , the natural numbers, uve
write the tensor in 2 as + , uce O to denote the unit object, and

use natural numbers to denote the objects of P (whencver it is

uparbiguous to do s0). Hote that this is not the usual definition, as in [18].

L

N

A prop P is a2 small wonoidal category with a strict monoidal functor

t

P - P which is a bijection on objects. P is said to be algebraic

2

{xaesp. coalgebraic) if its sect of maps is gencratced by a set of maps

»

kaving codowain 1 {resp. domain 1), If o is a mop in P, we

lec od and or denote its domain and range respectively (as elements of N).
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If P is a prop:and X a monoidal categoyy, let gg: de~
note the c%ass MON(P,X) . j?' is a cétegery in a natural way
and comes equipped with the usual %oréetf?l functor to X ,
sending A in 53 to the obfect (1)a in X . For A in
KE , we also denote the object (1)A by A . 1f v ' is a map
in P , we ofteén write g in place of oA . A map A 2. B

in g?— is an X-map such that for all maps ¢ in 2 the follow-

ing diaqgram commutesy

-

i Ud . Py
ad & - gd
A o BU .
, ﬂ}}
(1) g . g
¢
V ur v
ar & . Bar X

. 3 'f:) .

A category of the form X~ is said to be propable over X . It 1s
. : . " P°

called algebraic or coalgebraic if R is . If A = X+ and A

2

- 3
foh : o is a mep in P} is the cet of A-structure wmaps on A in

X .

°

We wish to extend these notions to lnclude comma-categories

-

and their relatives. A monoidallv-defincd: category B over X
- 1]

v

is given by a five-tuple (A,U,L,f,g) where A is & propable

catagory over X , U and L are sets of objects in X , and

£ ¢ . T
T @ and ;iwiw.m cre funcitions. B is then the subcategory

O -
of A consisting of objects A ecquipped with additional struc-
a U )
. i ua L UE _ Lg AL X
ture maps (U > A )Ueg_ and (A7 — . L)ch . An A-map |

Fa
fled

et D nea
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A—2.B between objects in B is a B-map if the following .dia-

j = grams commute fo‘r all L e¢L and U cU: .-
ALgkmjaLgﬁi BLg' . u £
) %L N Toy, 7 GUA:; ~ SUB
' ‘ . - N o BUF

Finally, by a decent category ovir X we mean a full subcategory

o . v

- of a monoidally-defined category over X . - :
’ [N
. To reduce the number of special cases we must consider, for

X

T 2

each eclement X of X denote by () the functor X - X

4 wm.‘i.b constant value X . If B is monoidally-defined over X

o \\{x\ g my . g

% and = L (rYesp. U—~NB") iz a B structure map, define .
" ’ <y o
* . gd = n .and or = L S_respg od = U and or =m) . Then a I ;

A - .
a .
map A-—— B is an X-map such that for all structure maps o
N

s

- 2 i
diagram (1) above commutes. \ —

%

Example i: Let X = Sets with @ the cartesian product .and I

the one ele}né‘ﬁ\@:\ set. Propable categories over ¥ include all of

PO P

&y

Lavvere®s finitary algebraic categories-monoids, groups, rings,

ete. I A is algebraic and A ¢ A , then the comma-categories-

L

TR S e L D

P
o

(a,2) and (iA,0N) are decent categokbies. //

\
- 3

g
P,

S

N

il ’

g . .

i Exomple 2: Let X = Mod-R for some commutative rl\l\ag R . Of
*1;{»4 o : |

S . ' .
é:é o gourse @ = ®R and I = R . The categories of not necessarily
b3ty

. ~

b3

apsociative R-algebrag (Alg-R) , R-bialgebras, R-coalgebras,
¢ f

h 3




[t ]

8

-

4

4 ., .
associative R-algebras, etc., are obvious priopable categories

¢ 4
over X . R-lie algebras are a decent full subcategery of

Q

Alg-R . If P is the free prop generated by a single map 2 +~ O, &
A = (Mod—R)2 is just the category of R-modules equipped with a ;1

« [

pbilinear map to R . Inner-product spaces then form a decent full f°;;‘ .

subcategory of © A . ,

uExa.mple 3: Let X Dbe the category of banach spaces with norm
, 4

decreasing maps, Ba'n]‘ , and the projective tensor prbduct.

[Py "
R VPR e Whb

|
Banach algebras form a propable categ'ory over X , while spaces

« ' { N
with real- or complex-valued inner products are decent.

:

Of course -there are many other examples (see [4] or [7]).

4

Of particular interest to us will be the following two propable

3

categories over an arbitrary monoidal X .

Example-Definition: Let P Dbe the prop generated by maps
v P 1

6: 1 +»2 and € : 1 -0, and the diagrams below, where t is

-

the "twist" isomorﬂphism in P and the indicated isomérphisms

3

are the obvious ones.

»

. L 2 1 —w2 : 2 A
. V :
) = /ﬂ: l ’/e+1 1 t )
* 6\. ;§
140 o+1 ‘ 2 g

) . 142 ;

- byt dseie s T W RS TGN ROAD < 4 Seh 4T L R LI IR AT T Mgl 1 e SO T P
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"1. Lemma If C and D are elements.of C , then C ® D has
1. Lemma c

°

_ Then f— is the category of (counitary, coabelian, coassociative)

.

coalgebras in "X , denoted C(X) .

1] . T , o “ \
Let H(X) “be the full sybcategory of C(X) hose elements ‘

m S

- e - 2
H hdve addition structure maps H —— H , H— H , ang-—.

9]

. R . v o
I——H satisfying eu = 6(1®s)'m = o(s®1)-m : H H , a5 well

as diagrams (equations) making m an associative/, commutative,
1

fultiplication with unit u . H(X) is the categovry of Hopf ob-

i

jeckts in X .

L3

Z
In the case whére X 1is the category of vector spaces over
N ~

Pyt I
a field the above categories have been studied in great detail

(see Sweedler [10] for example). C(X) is| then eqmg.Valent to the

K 3 ,,.w—a .
category of formal-schemes over X , [5]. We drop the argument

b=

. . . K .
X whenever it is unémbiguous to do so. ‘
X 1 .

]
LS

a natural C-structure on it, making it the product of C and D
< , R ! é

in C .

T, . o . -
Note .that if C is in € , C ——-»Cz is a coalgebra map,

(the diagonal C - CxC in C) , and I with its trivial coalgebra
structure is the terminal object in C€ . Thus C 1is a cartesian

category and the objects of H are exactly the abelian group

objects of C . From [8] wé have: L
/

2. Proposition: Let CART be the category-of cartesian categaqries
and (strictly)._product preserving functors. Then (C( ) : MON - CART g
is the right adjcint for the inclusion CART - MON .

¥
k)
. . | i
i
H
-
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In chapters II and I1I we show that if X is locally-

presentable and closed, then so-is C(X) . Thus, with the re-

striction of 1oca1-preseptabiiity, the above result holds for

monoidal-closed and cartesian-closed categories, although one
/

cannot. require the functors involved to preserve the internal

homs. ¢ -

L
€ \ n’
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{N Chapter 2: Locall?-presentable Categories and Coalgebraic Props

“

A djagram D is a-filtered, o a regular cardinal, if:

s

of objects in D such that

i) for every family {Di}iel
. ' fII < a , there is an object D in D and D-maps {Di» D} .
i d,

ii) for every family of maps {D--——ia,D'}ieI in D such

ieI

that |I| < « , there exists a map D'-éa-D" in D such that

d;jd =d,d for all i and j in T
Given a functor X +~ Y , if there exists a regular cardinal’
a such that F preserves o-filtered colimits, we say that F
’ has rank, and rank F < a . For an oﬁ}eéT X in X , we write
rank X (or rank X) instead of . rank X(X,-) .. A category X is

—

) o -locally-presentable if it is cocomplete and has a generating

set G such that rank G £ « for all G in Q_. An object X ,ﬁ;

e
s

3

. ) . '
in X 1is said to be f-generated, where B 1is a regular car- ;
dinal, if there is a proper epimorphism @ Gi -+ X , where :

iex
© G; ¢ G and fI] < B . ) A

' e Locally presentable categories have been studied extensively

f by Gabriel and Ulmer, [10], and by Barr, [1] . They include the

categories Sets, Magd-R, Bani, categories of sheaves, and many
! others. If X 1is «a-~locally-presentable, it is known that « X
is complete, that every element of 2; has fankﬁpgnd that a-filtered

‘. colimits commute with «-limits,'i.e. kernel pairs and products

i

b

P
B At Ghodniin




with fewer than « factors. Also we may assume that every element of X :

.
2

is the colimit of an «-filtered diagram in G . %l

Henceforth, let X be an o-locally-presentable monoidal category.
[2Y o
We agsume that X has images and that X®- and -®X preserve all

colimits, for each X ¢ X (though see page 13), ‘

|

\ 4

4

1. Lemma: We may assume that € 'is closed under finite applications- "
of the tensor. .
iy B

Recall that a subobject i : X —» Y in X is pure if é
i®1 : X®Z -——» Y®Z is a monomorphism for every -Z in X. We shall ?

show that every "small" subobject is contained in a pure subobject that

. ~
is not too much bigger. Using Th,IX.3.2 in [1],we may choose a generating

]

set G and a regular cardinal Y such that:

| |

1) y >+ |g| o . g
i
§

L]

2) Every object in X is the direct colimit of its y-generated subobject’

¥

3) X in X 1is y-génerated if and only if X(X,-) preserves s

monomorphic y-filtered colimits (see [10]).
4) X in _}g is y—gfzneréted if and only if !&{; i((G,X)} <Y .
*5) Whenever X and Y are y-generated, so are— XXY and X®Y .
2, lemma: Let X be a y-generated subobject of Y in X . For each G ¢ G+
there e‘xis\ts a _Zy-generated subobject, X(G) , of Y containing X 4

and such that the kernel pair of i®l : X ®¢ —» Y DG 1is a kernel pair

3y

P

for i@l : X@G — X(G) D G, where i is the inclusion. 3

R | |

/



- Proof: Let U

-

[ o R

-

o (or just U) denote the set of all subobjects

of Y' of the form X U X' where X' 1is y-generated. By the

remarks preceeding the }emma we have ‘lim U = Y . Now let

i s
KG——-::tX QG ot Y ® G be a kernel pair diagram, and let
13
KU‘-'—‘———BX ® G 1 U®G be a kernel pair for each U ¢ U . Let

K denote the set of all KU, Ue U . Since U is closed under

.unions of less than o elements (since « < y) , U 1is an a-

directed set and so is K . Since Y ® G'= l_i.m U ® G and kernel

pairs are a~-limits, the canonical map K

-+ lim K 1s an iso-
¢~ A= '

4morphism. By the 'choice of y , both X ® G and (X®G) x (X® G)

are y-generated. Since subo%jects are determined by sets of maps
from the generating set, again by the choice of y there are
fewér than 2" isomorphism classes bf subobjects of

(X®G) x (X®G) , and hence fewer than 27 distinct members

of K . For each distinct K ¢ K , choose an object U e¢ U _ such
that K==X ® G—U ® G 1is a kernel pair and let U? denote
the set of all chosen objects. Let U! Dbe the set of all unions
of fewer than « ele;ments from U? . Since |U?| < 2' > a , U?
has fewer than 2' subsets of c;ardinality a . Thus lut] < 2Y
and U! is? a-directed. Defining X(G) = l_i;m uU! , X(6) is a

subobject of ¥ and obviously contains X . Since X(G) is the

<

union of fewer than , 27 y-generated objects, it is 2,Y~generated.

Fiﬁally, because U! is oa-directed:

Ker (X®G » X(G)® G) = ker (X®G - lim U! ®G) =,

e

lim ker (X® G = U!®G) = lim K T K, .

T

o R g

i
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Iterating the above construction would yield a subobject
of ¥ +that is pure "for" the" generator G , and. subsequent dia-
gonalization would yield a pure subobject. We perform both

operations in the prxoof of:, N

3., Propositions: There exists a regular cardinal ' such that

8

each y-generated subobject in X 1is contained in a y'-gene-

rated pure subobject.

§

Proof: Let X .be a y-dgenerated subobject of ¥

note the set of (ordered) Ffamilics of elements of G
than « terms. Define' ‘X(E) Ffor E ¢ E by ordered application

of the process (-)(G)...for G ¢ E . ]

A .
lqugkj the union taken over all

e

More precisely, let E =
. | A 2

. - . . A
ordinals A. whoge cardinality is less than o o If E ¢ G,

let Elp denote the function E restricted to p - A, and

define X(E) as follows:
(x{B A1)} (A-1)BE if A i a non-limit ordinal
X(E) =
U X(Ejp) if A ie a limit qrdinal
R<A

Let X{(E) denote {X(E) : E ¢ E} . X(E) is o-directed
by lemma 4 below, so defining X' = lim X(E) yields a subobject
of Y containing I . Let y' be such that X% is y¥-gene-

rated. Note that by lemma 2 above, y' does not depend on X ,

or on X' , but only on vy .

Ve show that X' is pure in ¥ . Given G ¢ G let
K'==X'@ ¢ - ¥ ®G bec & kernel pair diagram. X'® G = lim(X(E) ® G)

)

Ny

%
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e and since X(E) 1is “a-directed, K! = lim K(E) , where
K(E)—=2X(E) ® G - Y®G is a kernel pair for each E ¢ E .

Let X(EG) = (X(E))G , obviously in E . We have a diagram

-

KfY' = X'® G ’ ;

‘i I

K(EG) == X(EG) ®G

? 7

§ -+ K(E) == X(E) @G

Y®G

The diagram K(E)=—=2X(E) ® G—— X(EG) ® G commutes by 1emm3)2
' - AR i .
above, so K(E)— K'=:X' ® G commutes. Since K' = lim(K(g) ,

K'==% X' ® G commutes, and X' ® G - Y ® G is a monomorphism

«

for every G ¢'G -
r.

Given Z ¢ X , 2 = lim Gjé:for some u-~filtered family
2 T g
{Gi}lél G . Thus X' ® 2+~ ¥ ® é is a monomorphism, being
. . .
1%m(X D Gi Y ® Gi)o

4. Lemma X(E) is o~directed.

Proof: Let {E

AL
Ei ' g_l, let A b?ja concatenate of the Ai for all 1 ¢ I

} be a subset of E with |I| < a . If

1'ic¢l,

. A .
and, define E ¢ & by Elhi = E, . Clearly XE, ¢ XE , and

‘Al = sum ‘Ail < o because a is reqular.

£
Let A be a coalgebraic propable category over X . Each

object A in A has a generating set of structure maps of
oA _gr ‘
the form A = A ; let [a] denote the set of these structure

maps. As in the ease A = C(X) ', A® B has a natural A-structure

i

defined by: .
{ (IA@G.}:; AUI@ B(Jr o~

A @B (aeB) " .

b
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5. Lemma: The underlying functor A -~ X creates})\a“&iimits. ‘

Bt
L)

>‘ "Hence A is cocomplete.

“
N

6. Lemma: Let A be in A and let i:X~+ A Dbe a pure

X-subobject of A . Then X is an A-subobject if and only

if io factors through iY for each ¢ ¢ [A] .

By choosing Y Z;ége enough, we may assume vy > |[A],

(for any A in_ 3) .

7. Lemma: Let A be in A and let i: X+ A be a y-generated
X-subobject of A . Then there exists a y*—generated pure

subobject of A , 55__3—4;,2& , containing X and such that 1o
,gr ©
factors through T{UKWL——‘? a%"  for all ¢ ¢ [A] .
Proof: Let U be as in the proof of lemma 2. Then "lb_i;m u=a4a,
so for any n «WN , al ='®l_:i5my_= lim (U1®"'®U) = lim gt
‘ n U, eU h Ul
since the diagonal is cofinal. Now for each o ¢ [A] ,

g ) or . . .

a’f = lim Im(U — Acr) the latter being & monomorphic y~filtere
S . iv _orx
colimit. Because X 1is y-generated, the map X-——A must

v Ur Ur M
factor through Im(U_"— A"") for some U_ ¢ U . Letting

[¥) Eve o [ " . . ar agx
Y sefn]lo anc? X Yt o, we have'e Im{io) ¢ Im(U —=2A""7)
r r -
£ m(y"—a%) ¢ 1 (X a7y = X9F .

¢ Jterating-the construction in lemma 7 it is now ea

=

.

) prove the main result of this section.

-

8. Theorem: There exist a regular cardinal y(A) such’ that
’ each y“—generaf:ed X-subobject of A ¢ A is contained in a
”

v(a) ~genedated pure A-subobject of A . Hence A has a set
i

of genetators.
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9. Corollary: A is locally-presentable.

.

10. Corollary: There exists a rjght adjoint to the forgetful

N

functor A —+ X .
r o, " v
2
The right adjoint is the cofree A-functor. The cofree coalgebra

functor, i.e. when A = C(X), is denoted by K . An explicit

construction for K may be found in 19 for the case X = Mod-k, k a field.

Note that 9 implies A 1is complete and cowellpowered.

By modifying the argument for vector spaces in [5] or for

R-modules in [2] we have:

1i. Proposition: A is cotripleable over X . '

The condition that ® preserve colimits can be done

away with when considering strictly coalgebraic propable ca-

3
tegories, i.e. those whose props are quotients of free coal-
gebraic props by a set of diagrams each having domain 1. For

example, this holds for A = C(X) . In such a case one need

oni_y assume that fpr all ¢ in ¢ the functors G ® - and

B -
o L S

o [
- ® G have rank < a . The stronger condition is only needed

to prove 2.5 in the general case.

’

4

o

G emws L&
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- Chapter 3: The Coalgebra Valued HOM

Let X be monoidal locally-presgntable category. Further,

assume that the tensor product preserves all colimits. Then

by the speciial adjoint .functor theorem (SAFT}, the tensor has
a right adjoint, i.e. X is monoidal closed. Then by 1.1,
2.5, and 2.8, C(X): is a cartesian-closed category. Given
(C,6,e) in C , define o =1¢g , éizi y O, = 8,

& C—vcn for all n>0,anc§b=c for

bn - (1®én—1)

all X in X .

Now let A be a monoidally~defined category over X .

Given A and ,B in A°', and C in € , an ZX-map

0

e . . .
A ®C » B is called an evaluation, and we say C maps

A to B, if the following diagram computes for each structure

map ¢ 3 -
1@6 - ad
A°d®c agd >(A®C)O’d e . Bud
(1) j a@1 . o
196 ar v
2%%® c 9 . (agc)?t—% . pF )

v

e : . -
If AQC ——=B 1is an evaluation, every X-map I—E«»C

l induces (or represents) an X-map from A to B ,

‘A>T 1OF

ARC —S.B .

o !

1. Lemma: If £ is a coalgebra map, the induced map is an

A~-map.

Denote the functor C(I,~) by P . For each C in C .,

Y

(C)P 1is the set of points of C . Given A and B in A

/ -




S R

. it is easy to construct a coalgebra whose points exactly re-

present the A-maps from -A to B ; define C = @I in C

A(A,B) : '
The only coalgebra maps I — C. are the injections, SO

5

(c)p = A(A,B) ,- and we have an evaluation A® C——Eﬁ— B defined

: by (12\@ iJe = £ for the fﬁi, injection if (cf. [19] p. 141).
P

We wish to find a largest coalgebra evaluating A to B , i.e.

P A

-4

N a coalgebra (A,B) and an evaluation A ® (A,B) —== B such

. .

g that given any other evaluation A®C - B , there is a coalgebra
2

g . :

3 map C - (A,B) preserving the evaluations. Keeping A and B
9 ¥

%‘,J fixed, define the functor g_.f.b' Sets by CE = {e: A®C ——i—»B

i f!

¢ . .

f;»% is an evaluation} . Showing E preserves colimits, applying

: .

e 2.9 and the SAFT we have:

£

b

R 2. Proposition: The fumctor E is reprcsentable,

Let (A,B) be the representing coalgebra‘; thus constructed.
ﬁ . It comes equipped with a canonical evaluation A ®(A,B) ~S. B

as desired, and (&,B)P # A(A,B) , for an A-map A -~ B is just

an evaluation A® I - B inducing a unigue point I - (A,B) .

If we allow A and B to vary . {-,~) defines a functor

I—IOMP: Acpx A -~ C , the coalgebra valued HOM (we often drop

- . o s
the subscript A). Hete that RQMA-P &= BomA A P A e Se€S8,, vhile
2 ; 28k

commosition ‘and the identity have obvious (asgociative and unitary)

4

i lifrings to € (see page 19). ‘fous OHOHA gives .an enrichmzat of

A as 2 C-category (see 7 ). Since, fog any £ull subcategory A'

of A4 , it mzkes perfect scnse to define HOMN to be HOMA restricted.

o —

to A' , w2 have shown, .

—
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A
}

7
3. Theorem: Every decent category over X has an enrichment over C(X) .

<

We shall consider those properties of the Set-valued

o

h&ﬁﬁ@?a 1ift to HOM, for example hom-set isomorphisms de-’

tﬁafi ing adjogg; functors, set based powérs and copowers, etc.

In particular)we show most natural functors are definable as
: ¢

C-functors.

{t

< Let A be,enricheé/éver C and let A Dbe an objéct in

A . A left adjoint for the funcﬁgi (a,-} : A~ C is called

==

tl the tensor at 4 , and.is denoted by (-} ® A . Similarly,

a left adjoint for the functor (-,A) 3 %?p - C is called

) £

the cotensor at A , and is denoted by (-) - A . If the tensor

at A (resp. the cotensor ag A) exists for all A in A , we
. [N

say A has tensors (resp. has cotensoxrs) . In that case we have

natural isomorphisms ¢(C,(a,B)) = A(C & A,B) and

c(c,(a,B)) = 2a°P(c-8,n) = A(A,c~ B) for all € ¢ C and

)
N

A,B ¢ A .

ok f
2
R et B0

i 4. Proposition: If A is coalgebraic over X then A has

|

SR et
LS
-

N

o S

%

tensors and cotensors. /

E S

5. Proposition: Let A be algebraic over X . Then A has

N L TP S
o R

1 saadon,

cotensors. If all maps in A admit regular-epi/mono factori-



«2

n

zations, then A has tensors.
. ’ 7 bt

-Let A 5e«innwéffand C in C . If A is coaigebraic,

C A is just C®A with appropriate structure maps, while,
the existence of C -~ A ofollows froﬁ 2.9 and the SAFT. If
A is algebraic, C-— A is thé'hom object [C,A] in X “with
its structure as a convolutior algebra; C @ A is shown to
exist usihg the exisfence of fred A-objects and the adjoint
functor theorem. See Barr [2] for the details in the case

X = Mod-R,. Note that the factorization condition in Prop. 4

-,

.

holds in all our major examples. In any“case, we are usually

concerned with cotensors in algebraic categories, as in [f%.

‘ \_x‘.
Sweedler has studied all these functors (ir labourious

detail) when X is the category of k-vector spaces over a

field k and A = k-Alg , [49]. There (2&,B) is the "universal

B

measuring coalgebra", C « k is the dual algebra to C in C ,

and an explicitly construct (A,k) is denoted a% .
o )
I1f A and B are enriched over € , a strong functor
(F,ﬁ) : é —> B is a functer ¥ ] equipped with a natural *

¥

tiansfqrmation f : (A,A') —— (AF,A'F) in C , compatible with
the (lifted) composition and identity and such that Fp =T ; see [j].

~ ,
When F is understood, we abuse notation and refe® to F as a

o

stropg functor. If A and B both have tensors (cotensors),
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f F :™ —s B is strong, and the induced map OC@AF -— (C @A)F

¢ 3

‘ { . (resp. (C=+A)F —- (d —>AF) ) is an isomorphism, we say that

F preserves tensors (resp. cotensors). If the functor F has a x

right adjoint G and there is a'natural isomorphism (AF,B) —> (A,BG) , ’

we say that F and G are strong adjoints . and we write F=HG .

It is easy to see that the tensors and cotensors constructed above, in

1
[y

fact, yield strong adjoints to the functor HOM . Note that if F-—G

s -

and F is strdhg, there are natural maps (A,BG) —» (AF,BGF) —» (AF,G) . 3

o

6. Lemma: Let _{\_‘——-*__F_,_l_a._ be functors between two categories
G
- .
enriched over C with' F— G . If G preserves cotensors

~

’or F reserveslterisors then F:—:;lG - .
A P : ’ ' o

Proof: If F preserves tensors we have natural isomorphisms i

RS W

3

c(c, (a,86))>A(C @ A;BG) »B((C @ A)F,B) "~B(C @ AF,B)

y ~.c(c,(aF,B)) forall CeC , A €A, BeB, so

143

(A,BG) = (AF,B) as desired. A similar argument holds if G

¢

preserves cotensors; see [16].

If P and P: are props, a tensor preserving functor
o, . P Px

F N =1 =2
22 ——» P, ‘'yields a functor f: X —-X between the in-

\

duced categories of algebras. A functor of the form Q_(_F is

N
2
:
H
H
4
i

“

¥

called propable.

> \

v

7. Proposition: Every propable functbr is strong. ' (
\

‘\\ \ , c
, Proof. Every propable functor g;____l':_..g has a degree, i.e. an

integer k such that AF = Ak for all A ¢ A (see [17]).

Y T

3, ’
(ﬂ Given én evaluation A ® CJ—»A' , where A ‘and A' are

-

Y

v o s e s
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in A , the map AF®C ——A'F defined by & = (AF ® o, )e

is also an evaluation. Thus the canonical evaluation

3 . .
A ® (A,A') + A' induces the natural coalgebra map

~

(A,A')—E-‘; (AF,A'F) .

Let P, “and P, be props, and let U : P, —+ P be a

2 -1 =2
monoidal functor of degree 1 which is an injection on hom sets.
¥ ¢ .?_2 2.1 d rd
Then the induced functor X ° = X is called a forgetful

functor; the main example being the X valued forgetful functor

=

induced by an injection from the trivial prop.

~
kS
4

8. Proposition: If U is a forgetful functor between algebraic

(resp. coalgebraic) categories over X having a left (resp.
right) adjoint F , then U and F are strong adjoints.

a

Proof: U is strong by 7 and preserves cotensors (resp. tensors)

[

by their constructions. Lemma 6 implies the result.

If A is enriched over Cc , the strength'of’HOM is equi-
valent to the existence of the composition map, induced by the’

evaluation A®(A,B) ® (B.C)-:-E-@-i’

B ® (B,C) —S»C for all
A,B,“ and C in A . Similarly, the bifunctor ® on X is
strong; for each W,S(,Y, and 2 in X the evaluation
WOY®(W,X) ® (Y,2) —>W@® (W,X) @ Y®(Y,2) —’-‘i@-e—.(}c@;z) y}élds
the map (W,X)® (Y,Z)—laf—-p(w ®Y,X®Z) . For each n ¢ N define

followed by n-1, applications

® : (X,Y) ~\ (xn,f‘) to be 6n_1
n

of ® , the coassociativity of the tensor in C “making this

well defined. This may be used to give a more constructive de-

T ——

3+

ELshn TR

s "
e B

k]
3
§

]

!
h

o it

%

\
b RERRS S ot st o W e
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‘'where O is the coalgebra map collapsing all points to the

t
-

et
s T K R A

P

finition of HOM, as follows: Let [ , ] denote the X internal

hom functor. The natural isomorphisms Qjc,(X,Y))—:;z}Cégan)

£

S>x(c,[X,¥]) show (X,Y)

~

IX,YIK , s6 that we could have %

[X,Y]K , the evaluation being ad- ' ‘

started by defining (X,Y)
joint to the canonical [X,Y]K - [X,Y] . Exactly as above; this

yields maps ® and % . Now let A be monoidally-defined
a 2

over X with forgetful functor U . If A and B are in A ,

s wle

we may redefine (A,B) in C to be Epe joint equalizer of all

~
® 1
aa ‘

pairs of maps belo&, where ¢ runs quer all A-structure maps:
—

(au,BU) 7 . (av’?, puoT)
A® /
. 1
d (av®9 , py¥? )

~

In terms of modules, ® is just the‘llnear{zation of the

T Sheatyida i -

[

(au’t ,BuY")
)

very non-linear bifunctor ® on X , and its existence is what .
allows enrichments.over € , rather than over X . Similarly,
the non-linearity of certain conditions in X disapp-ars when

»~

"lifted" to C . For example, the map (K,Y)_nga.(XK,YK) using

- o

adjointness yields a map XK ® YK — (X ®Y)K , analogous to the
map in Sets XU x YU - (X® Y)U (U the underlying functor). Now
the non-linear condition (X,X)m = O for a lie-algebra multi- :

plication X®X —2sX can be expressed as a-.mK = O: XK@XK - XK,

unique point in XK representing O in X .

8 b 30k S rist S B TRBROCK A St el W YE A e S
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Example: Let X = Mod-R for a commutative ring R , and let

C be in CX . Then a point of C ‘is a coalgebra map R-E» C

where R has its trivial coalgebra structure. Letting wu de- 3

note the unit in R , we see from the commutivity of

T

rR P ,c rR_P,c ' .
6 v
5] | A/ °©
R—mn C R
that the element up in C is such that (up)d = up® up and
(up)e = u . Hence' pt(C) is in one-to-one correspondence with

{c €eC : ¢cdb=c®c , ce = u} -

Now let A = UAlg-R ,the category of.unitary R-algebras,
an eminent propable category over Mod+R .
u

R ——s A

Each A in A has structure rﬁaps

2 Ma

AN+ A

(the unit) and
(multiplication, written as-between its arguments) .

i . e .
Let .A and (B be in A and suppose AQ®C —=DB 1s an evalu-

s e S N

ation, i.e. (from (1) above) the following diagraxi\s commute:

2
aZec 1 (agc)i_2° . B2 AQC —05B
5 . .
(3) mA®1 my uA®1 . ug
1
A®C e > B reC =25 r

For a A and f in C we write af for (a® f)e . IfE £ is

a point of C , the above diagrams yield for all a and a'

in A

(a@a'®f) (m@l) e = (a@a'® £) (10 ye my

((a-a')@f)e = (a@f@a’ @f)esz

.(a-a')f (af) - (a'f)

i WA P AT
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oy

= i fe =u 1in R .
and uAf uB since

Suppose there is an element d in C such that
46 = d® £ + f® & and de = O . Then chasing around (3) again

we find (a.a')d = ad-a'f + af-a'd and uAd =0 , i.e. d re-

presents an algebra derivation along £ , from A to B .

hY
be the point ﬁigxesenting the identity map, and let
Diff(a) = {d ¢ (A,A): dd6 = d®1 + 1®d,de = 0} , where & and
£ are the\coalgebra structure maps on (A,A) . Then as above,
the elements of Diff(A) represent algebra derivations from
A into itself (along the identity map). To see that Diff(A)
coﬁtains one representative for each derivation, consider the
module R(x)/(xz) with coalgebra structure given by ud = u®u
and x6 = x®u + u®x (u is the unit.in R). A derivation
A—Ji;.A induces an evaluation AQ9R(X)/(x2) - A defined by
au = a and ax = ad for all a ¢ A , thus yielding a unigue
coalgebra map R(x)/(kz) -+ (A,A) . The image of u 1is 1 in
(A,A) , while the image of x represents d™. Similarly, it

can be shown that (A,A) has representatives for all higher .

derivations as well. :

Given A and B in A , we already have shown that
(A,B)P = A(A,B) , and as above it is easily shown that for each
f ¢ (A,B)P , the submodule {d ¢ (A,B): dd =d® f+f®@d,

\

de = 0} exactly represents the module of f-derivations from

wt

For A € A consider the coalgebra (aA,A) . Le% 1 ¢ (A,A)P

VT G it S e < L
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PRRPRL

A to B . Denote this submodule of (A,B) by D(A,B)f the

module of f~-differentials. Given an R-module X , let XF be g

the tensor algebra over X ; this defines the left adjoint to %
the forgetful functor é;—ga-g . By proposition 8 , these functors K
are strong adjoint, i.e. we have g natural, isomorphism in

C: (X,AU) = (XF,A) . Any coalgeb;a map preserves points; the

above isomorphism carr%es {X,AU)P , representing module maps .
X - AU , into (XF,A)P , their unique liftings to algebra maps.

~

The coalgebra maps also preserve "differentials" in the following

3

sense: If (X,AU)——Se-(XF,A) is a coalgeﬁfa map f e (X,AU)

e T AT

and d € D(X,AU) . then dc ¢ D(XF,A) . . Now the elements of

T R T w2

D(X,AU)f represent f-derivation from X to AU , but X and

AU are only modules, i.e. algebras with zero multiplication,

— * +

so any linear map X -» AU is an f-derivation. The above iso-

morphism shbws why not only do module maps X—~£+ AU 1lift to

Ao

g&gebra maps XF*—£~»A , but also that any module map X'~9e-AU

d
lifts to a ynique algebra de%ivation (along f) XF——A .

Clearly this example may be greatly generalized, which we

do in the following section. . ';

£
. . J :

. .
R I R S P TR T, Tar< T VL SO SRR IV U

3

F—
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%haﬁter IV: Deforwations and Cohomoclogy

-

e Let A be a subcoalgebra of B . We say the inclusion

i : A+ B is gingular if .the following two conditions hold:

- ) i) i has a splitting in X

- \\\¢< . ii) o: B ~» B®B factors through the inclusion

{

©

\ A@BuUB®A —1-B®B .

Condition ii)bis equivalent to B being the pullback of

©a

o and the inclusion j (see [19]§ 9). It is easy to see that

5

z
.

the condition "A - B is singular" is just dual to the
statement "the algebra A 1is a quotient of the algebra B

by a sqguare-zero ideal, the quotient map having an X-splitting,”

Sk

(see Note in appendix). Thus a coalgebra C is said to be

. o . .
smooth if the hom functor C(-,C): g_p -~ Sets carries singular

o vk, S T oy o

Mty

“ inclusions to epimorphismgc, i.e. if for every singular i: A - B

o Brapi b

and every coalgebra map as: A = C there exigsts a coalgebra
map b: B~ C such that ib = a . It is obvious that every

- N .

cofree coalgebra is smooth. In fact the cofree cpalgebras are

X-injective. ‘ :

\ L]
Now assume that X ‘has a zero object and that the X-image

of a coalgebra under a coalgebra map is a subcoalgebra of the

codomain. For the latter it is sufficient to assume that images

and coimages in X cointide.

. , . . m .
{ 1. Lemma: If A - B gatisfies ii) above and B—-+~C 18 a co-

algebra map, then Im(A) - Im(B) also satisfies ii).

L




s o e s A btk

-25—

2. Proposition: A coalgebra C 1is smooth if and only if every

singular map C - E has a coalgebra splitting.

3

Thus a coalgebra C 1is smooth if and oniy if H2(N,C) = 0
for every C-comcdule N , where the cohomology groups are those
detexrmined by the cofree resolution as in [3]. (See [20] or [21]
for the definition Of a comodule) .

} 1
Now assume that X is an additive category, i.e. that XK

is a Hopf object for all X in X.. Define a sequence of coal-

i

gebras {Dn}n“n' as follows: In X , Dn = ? I
. TH
s

ae

let di be the

e

injection and define 0: Dn ~» Dn and ©: D_ -~ I by the

equations below:

j 1 if i =0 K
(1) d;o = I d.®d d;e = 4
) * gak=5 1 F 1,0 if i >0
\: - .
Clearly D =1 and D, iz a generalization of the ring of
dual numbers from the last example. The injections Dn - Dn+1 are

coalgebra maps, and we define D, = lim D - When X = Mod-R ,

D and {Dn}nfﬁ‘ are duals respectiyely of the ring of formal
. . th | 3
@OW’GI sories and 1ts n aggrec truncations.
o

n
-

-

For C in € , let Dn(C) denocte the set gﬁDn,C) o
Clearly an element d of D (C) uniquely determines a seguence
ﬂ Al
(di)iin of clembnis of C , i.e. X-maps I - C , satisfying

. i
equations (1) above. In particuvlar, do is a point of C . An
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v

element d of D_(C) is called terminal if for some n e¢ N ,

di = 0 for all i > n , whence £ d,, is a point in C-.
i<n
Hence an element d of Dn(C) is said to be an n-deformation

of the point do (towards another point). The injections
Dn - Dn+1 are clearly singular, so if C is smooth every
(c)y .

element of D (C) Llifts to an element of D
n n-+1

We often refer to an element d of qn(c) as a formal

1

point in C (gotten by deforming the point dO). It determines

(e s]

a formal sum ¥ d. , and given a notion of convergent series
i=0

in C , e.g. when X is the category of Banach spaces, the

sum above will (if it converges) determine an honest point in
C ; see Example 2 below. Note that if X = Mod-R , R a commu-

tative ring, each formal point d in C yields a whole family

of formal points {d : reR, 4, = d,rl} . ]

Given a point p in € , we would like to consider the

elements d of Dn(C) having do = p . This may be done in

a functorial way as follows: Consider the objects 1 P.c and
d

I ——Ea»Dn in ¢* = (I,C) , the comma-category of pointed co-

algebras. Then g?(do,p): clearly represents the set of n-de-

formations of p , denoted Dn{Cp) .

Let A be enriched over ¢ and let A and B be objects
of A . The elements of Qw(A,B) can be thought of as formal
maps from A to B , gince a terminal or convergent formal map
yields a point in (A,B) <representing a real A-map. If C ¢ A,
a ¢ D _(A,B) , and b ¢ Qw(B,C) , the composition of“a and b ,
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as formal maps, is given by

Foy

6 agbh
(2) Dm——————> Dm® Dm

(a,B) ® (&,c) —2TP_ (a,c)
- ‘ \

Denoting this by a.b , we have in terms of sequences:
t

(2Y) {a.b), = L a,sb. .
¢ booggg=y B3

Example 1: Let AAlg be the category of associative\algebras
over a ring R . Consider A and B in AAlg , and a point

p in the coalgebra (A,B} . Then in chapter III it was sﬁo&n
that the elements of Dn((A,B)p) correspond to n-fold Aderi-
vations along p . Now let A Dbe in AAlg and let A = (adlg,A),
the abelian group objects of which are just A-modules. Let
B—-= A Dbe in A and considexr a point p in the coalgebra

C = (A*EDA, B~E>A) . As usual, p represents a sgplitting of b .

The eval@afion A®C —S.B makes the diagram

A®C e:r»-B

i®c

> 4 *
AQ®QFK = A ; '

commute. Thus for ny element d of Di(cp) , d must represent

1

a map into the kernel of b , since diz = 0 . This kernel is

an A module via p , and we recover the notion of module valued

derivations.

—

( Let A Dbe in X and let P be a prop over X . A P~

structure on A is clearly represented by a point of
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r
>((Acd,Ao») . Now P 1is generated by the quotient of a
cefp]
free prop by a set of diagrams D . Each element of D gives
rise to a pair of maps in C of the form Xf(AUd,Acr):Zﬁ(AFuAn).

oe[P] .

The intersection of the equalizers of all such pairs yields a
coalgebra S whose points exactly correspond to P-structures
on A . Given p ¢ (S)P , i.e. a P-algebra A(p) , an element
of Dn(Sp) may be considered as an n-fold deformation of A(p)

towards a new P-algebra structure on A .

Example 2: Look at the situation in which P defines the cate;
gory wof associative algebra objects in X . A P-structure on

an element A of X 1is given by a point contained in the
equalizer of the pair of maps below:

. , (-@n) et
(3)  (aZ,n)-2 (%, 0 (a’a) - (23,a%) © (a2,n) SOWP, comp (A%A)

(A@-) "@1

Let S denote the (coalgebra) equalizer of the above maps. If

d ¢ D_(S) we £fing the sequence (d )

n’ n>o satisfying the

-equations:

(3v) = (4, @A)d - (Agd.)d. =0
' i+j=n 3

(do® A)do = (A® do)do

Now let X be the category of vector spaces over a field
\\'5 ; ! r
k , and let k((x)) be the power series field in one variable.

Then any sequence of k-linear maps (dn)n“o : A2 -+ A determines

E
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a multiplication m .on A ®k k((x)) , the linear extension of
© .
(a®blm = I (a@b)dixJL for a,b ¢ A . In the analytic theory,
1=0

. when k¥ = R or € , one may now substitute values from k
for x and ask when the %bove sum converges, for all” a,b ¢ A .
In such a case m dgtermzﬁzs a new multiplication on A . Note
that if A is finite dimensional this depends on the finite
number of conditions that the sum converge for a and b in
the basis. The multiplications (on Agch((x)) and A) will
be associative if the sequence of maps satisfy the equations
(3;) above. These notions may be gencralized to arbitrary fieids

using the theory of formal convergence and placess; see [11]

and [12] for details.

Return to an arbitrary base category X and look at the
case where P is algebraic, yielding a teciple T and a cate-~
S T C o opl 1, 4 m

gory of T-algebras 2 over X . Let T -—T and 1T
denote the associative and unitary natural transformations
with which T is equipped.. Let A be a&an element of X , and
let S be the largest subcoalgebra of (AT,A) such that the

following two diagrams commute:

ne ()

S G (AT ,A) ==z (A, A)
o (4)
Se—s (ar,n) 2520 L (ar? )
po ()
CQiA
Here I = (AT,A) “(AT,A)® I — = 1@ (A,A) = (A,A) and
()T-( ) = (ar,a)—>e(ar,n) 2" (av?,am) © (aT,n) SO"Bs (ar?,a),

using the fact that T is strong. Then each ¢ in SP defines

[y
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a map (also denoted £ } AT -~ A such that the following two

diagrams commute:

A 1 AT I RO
N ,

\ 5 ET E

A AT — A’

Thus the points of 8 correspond to T-algebra structures on
A . PFixing such a £ , we shall examine the elements of qﬂ(sg) .
As above, a terminal eclement of Dm(sg) wou 1d vield another

point in Sg , i.e. a new T~algebra structure on A gotten by!

deforming { . Thus we may consider Qw(sg) as formal T-algebra
structures on A .

(A,A) has a natural bialgebra structure given by compo-
sition, yielding the composition monoid structure on Dn(A,A) R
I -

The unit in Dn(A,A) ig given by the point 1 rvepresenting the

identity map on A . Now the monoid Dn(A,A)1 is a group;
-1

-1 \ .
(dL )j<n is computable from the sequence of equations do = do: i
and dzi = }¢g”iak~aél , the result of solving o:l.c?f‘1 = 1 using

YKo

the composition (2). Denote this group by Autn(A) . The elements

_of Aut_(a) are the foimal automorphismg of A .

Two n-deformations of an algebra structure § , i.e. two

elements <« and- § in Dn{sg) s, 8re said to be eguivalent
if there exists an clement o of Autn(A) " such that in Dn(AT,A)

we have

(5) aT.ar= Bea
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If n =o , a 1is an isomorphism of the two formal algebra
structures on A , a« and. p . Using (2')’, the above equation

vields:

(s") za.,Tea, =" X B..a for all i n
j+k=17 =1
i

An element of Dn(S ) is called trivial if it is equivalerit - |

3
‘to the-kero sequence over &, i.e, to toe Dn(sﬁ)' defined by

»

E =¢ ,t. =0.for i >0 . b
O 1

Recall from Beck®s thesis, [3], that the algebra structure
A

£ gives rise to a "non-homogeneous" cohomology complex of

¢
@

abelian groups, yielding cohomology groups denoted Hn(ﬁ,g) of

(510 &
£ with coeffirients in & . The nig coboundary operator -

1 .

T -+ . .
3 : X (ar™,a) - x (at" M ,A)  is given by

n

-1 . . o
o = t1™( ) - & (-0 trha™ ) - 0™ e
i=o ' ) ’

w

Now let d be an element of Dn(SE) and let dj be the

first -non-zero term of the sequence (di)i\o° Then from (1)

> > . ’

J
i.e. dj is a.one-cocycle. Analogous to [11] Proposition I.1,

1

we have djbs aj®g‘+ g@dj and from (4) u-dj = djT.F:+FT.d

we have:

3. Proposition: Bach element of Dn(SF) is equivalent to an

element whose first non-zerco term is not a coboundary.

£
s

4. Corollary: If Hi(g,g) = 0 then every element of Dn(sg)

I’

is trivial. . o
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& ° )
Let d Dbe an element of Dl(sg) - We shall investigate,
in the spirit of [11], when such an element may be lifted to

an element of Qm(sg) . More generally, let d be in Dn~1(sg)

and suppose there exists an element dn extending 4 to an

element of, Dn(Sé) . Then from (1) and (4) we have:
. v = .
(6) W.q = I 4,T-d. .
i+j=n

Recalling do = ¢ this may be written as

@ o
(6%) podn - gT-dn - dnng = ; diT-d. .
1+j=n
ifo#]

of “
t/ !

Denote this last sum by d4*

[ . N

L

Note that any cofree coaigebra contains many deformations;

every set of maps ® I - X in X 1lifts to an element of
\ n
Dn(XK) . In particular, given X and Y in X qhd a sequence

of ‘maps ' (x, ) : X+ Y ,'Ehere is an element X in Dn((X,Y))

//\

i<n

v

i
N .
x; is a representative of xi . Now recognizing the

such that

>

left side of (6') as the coboundary of dn we see ,

p %
\'s

\

5. Lemma: An element 4 of “(S ) 1lifts to an element of

n -1

Dn(sg) if and only if there exists a l1-cochain dn such that

+

"3 5. =ax . ’

o M -

Although the following is a generalization of [11] Propo-

sition I.3, the proof is now much easier, using only the strength

of T @&nd the naturality of p . |

< [
o ' R .
M s

et LA ke Y e e
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a

6. Proposition: If 4 1is an element of Dnzi, g) then 4d+*

is a two cocycle. ’ .

w

7.. Corolldary: If Hz(g,g) = 0 then every element of Dn(Sg)

I\

lifts to an element of Dm(Sg)

Let k be a commutative ring. In developing the theory of

k-split singular extensions of a k-algebBra A by an A-module
M , one may proceed as follows: First, find one extension E
(which-is easy), then produce other extensions by "twisting"
(or deforming) the algebra structure on E while preserving

/J

the vital properties of an extension. In the classical theory

e

this deforming is done by the addition of cocycles in the multi-

Al

plication on E . One then proves that all extensions of A by

M may be gotten in this way from E . This connection between

et

% o

the exten#ion theory and deformation theory may be generalized

and made precise.

o

E
!

First a diversion. Let p be a point in an arbitrary co-

algebra C , and denote the set {d ¢ C: de = 0, dé =
l
d®@ p + d®5§\t p®d} by Cord(Cp) ; this is the set of cords at

p and is obviously naturally isomorpﬁic to (C)P , since the

difference between p and another point is a cord at p . Now
'n certain cases there will be a natural correspondence between
Cord(Cp) and Di(cp) . For example, let A be the category of

algebra objects over a fixed algebra A as in example 1 Fbque.
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Let B-—Ev A and G 1. be in A , and suppose ker(y)

-9
e

has square zero. Denote by U the underlying functor A -+ X

2

| and recall that (B,y) can be viewed as the largest subcoalgebra

of (pU,yU) that maps $ to v . If p e (B,y)P and

w

d : BU - yU' is an X-map, in (pU,yU) there are elements d1

and d2 each represcenting d , but such that edi = 0 = edz ,

dib =d,0p +ped, , andﬁ/dzb = d2®p + d2 ®d2 + p®dz . The

first condition ensures that both d1 and d2 map into the

kernel of vy , and d1 will satisfy the evaluation condition

if and only if 4 will since the image of dzqu in G® G

2 2

is annihilated by the multiplication.

Let A Dbe the category of associative algebra objects in

X , and let A be in A with multiplication a : A2 -~ A . If

: M e X , an extension of A by M is an A-structure on A + M
3 . < 'h the projection p : A+ M -~ A is an algebra map. Here +
denotes the biproduct in the additive category X . Let E = A + M

and let S5 ©be the largest subcoalgebra of (EZ,E) that equalizes

the pair of maps describing associativity, as in diagram (3), and

such that every element x ¢ S satisfies

<«

(7) , xe- (p@®p)-a = x.p . |
:

If s ¢ SP , this means that = defines an extension of A by
M , and the maximality of S ensures that every extension will
be represented by a point in S . Note that (7) is equivalent to

[ the commutativity of
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>
v S ——w (B2,B) s o I
v ‘ | . (p@p) -a . 3%
(%, 2)@(E” 1) = (57 ,A) |
which is just a lifting to ¢ of the condition that the pro-
jection be an algebra map.
Now assume that we are given a point s in S . For any
two coalgebras B anfi c , Dn(B®C) g\Dn(B) ;<Dn(C) , and in
o particular (B®C)P = BP x CP ; since (E2,E) = (EZ,A) @(EZ,M) ,

s decomposes into s = b x e where be (EZ,A)PP and e eL(Ez,M)P .
Further, E2 = A2 + AQM + M®A + A2 sO e € (E2,M) has a de~
composition into‘ e = ¢ x‘:].x rxm where cC ¢ (AZ,M)P , de (A@ M,M) P,

. re (M®A)P , and m*f(Mz,M)P . Likewise corresponding to the ob-

| vious expansion of (E2,A) , b has a four-point decomposition.
However, applying condition (7) it is clear that b acts non-
trivially only as a point in (Az,A) , L.e. as a map A2 ~ A,
and there b = a . Investigating what condition the associativity
g of s imposes we obtain the well known
8. Proposition: The point s in (EZ,E) is in S , and defines
an extension, if and only if the following conditions hold:
i) m s M2 -+ M 1is associative
| i) (LeM-m = (A®m) -1l : AQM ~ M |
(o iii) (M®x)-m = (m® A) -r = e A » M

iv) (1®A)-x

il
.

(AQr)-1 : AQM®A - M

4
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.v) (r® M) -m (M®1) -m

1

o

MR@ARM - M

vi) (a® M) -1 (A® 1) -1 + (cwH m A2® M~ M

se

vii) (r®a)-r (M®a) -r + (M®c)m : M ® A2~f M

il

i

viii) (a® A)-c + (¢c®A) -x {(aA@a)-c + (A®c)-1 : AT - M

'All of the above equations have classical interpretations,
for which we refer the reader to [14]. In particular, viii)
says ¢ must be a Hochschild,Z—cocycle. If one requires that
1 and r define an A-bimodule structure on M , vi) and vii)
would demand ihat ¢ map into the (two $ided) annahilator éf
M, énd we would get the well known resuié that HZ(A,ann M)y ,
this béing Hochschild cohomology, classifies extensigns with

given (fixed) structure maps 1 , r , and m . Of course in the

singular theory conditions i), ii), and 1iii) disappear.

Now let us search for deformations of s in S . Any
n~deformations of s in (EZ,E) decomposes into bf x ef where
bt e Dn(Ez,A)b and e! ¢ Dn(Ez,M)Q . However, (7) applied to
b' x e' demands that b* be the zero deformation of b ,
so in looking for deformations of 5 we need only look fgr
deformations e! of e =c¢ x1 xr xm . As above e? decompo-
ses into ¢' x 1% x xr' x m‘B , where <7 ¢ Dn(AZ,M),

17 ¢ Dn(AQQM,M) , etc. In @ll the classical theories the actions
of A upon M and the multiplication in M are Eresumed to

-

be given and fixed, and here this corresponds to demanding that

¢ b
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1', r', and m' Dbe zero deformations; one only looks at\de~
formations of the multiplication s‘ on A + M gotten by
deforming c¢ . We shall first look at this restricted theo.y
and then at the more general case when 17, rf, and n' are '

allowed to be non-zero.

We have seen that a l1-deformation s°' is given by a
1-deformation c¢' of ¢ in (AZ,M) . This defines a linear
map which also has a representation as a cord ¢" at »c . This
defines a cord s at s , and it is easily seen thaé s!' is
in 8 1if and only if 8" dis in S . But s" defines an actual
new point in § , i.e. a new extension of A by M . Thus in
finding those X-maps A2 - M that generate cords (or 1l-defor-
mations) within S , wa f£ind the set of all desired extensions.
The associativity condition on S gives us the following:
Assuming 1, r, and m are fixed, an X-map { : Az -+ M yiélds
a corxd ih S (at s) if and only if it satisfies the following
eqgquations:

(E®@M)-m = O = (HOE) -m

(8) R
(a®@n)-Ff + (foA)-r = (Ah@a)-f + (AR f) -1

Thus we have an isomorphism of ZZ(A,ann M) and Di(ss) , the

. & .
addition inh the cocycle group being given simply by the additive
group structure on the gei of 1-deformations. This yields the

well -known result that if SP is non-~empty, i.e. if there
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exists one extension of A by M , then the group of extensions
\
is classified by H2(A,ann M) . Of course ﬁere one extends the
original definition of Hochschild cohomology to include co-
efficients in the algebra M equipped with A actions 1
and r
’ Returning to the general case of a deformation of s ,
2
[ J— [ J— [ J—
let ¢ (c)so € Pu® M , 1 (1) .+ T (r )~
and m' =‘Tﬁ;3n>o . As we have seen these define a formal de-
. 0 2 3, .
é formation of = lying in (E?,E) - Analogous to Proposition
; 8 we have
:
b
y 9. Proposition: The deformation of s defined by c¢¥, 1'; rf,
: and m' lies in S if and only if the following eguations
3 v * -
; hold for all n = O ,- where the sums are taken over indices
? i and j guch that i 4 §j = n @ (";>
35 .
:
3
1
: ’ i (M ) em, = . ®HM) -m_
i) (M@ m,) m Zm @M) g

i

ii) Z(li@)m) -mj 2 (A® mi) -lj

fi

iii) E(M®Rx.) *m. “(m.® A)-x.
® 1.) mj ( 5 ) 3

H

iv) z(li @.A)»rj z(ﬁz\@ri)@ lj

i

v) z(r, @) m E(@l,) o

il

1 ] - a G - -{- | -
vi) Z(AQ}':&) lj 7 ( i®H) lj (ci ®M) m

vii) z(rim A)-rj = z(l‘»z@ai)-rj + (M@ci) =mj

]

vili)z(ai®A) .c, + (ci®A)'rj = 3 (A® ai)-cj + (A® Ci) .1j .

( 3
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0 we recover Proposition 8

il

Specializing this to n

and assuming r, =1, = m, = 0" for i > 0 yields (8). By

considering the cases when various combinations of c¢¥%, 1%,

r', and m"* ére zero, the reader cag easily finé other con-
ditions for deformations with certain fixed featureg. For
example if everything but the left action 1 is assumed fixed,
one finds that the seguence (1n)n£o must satisfy

(1n® M) -m = (A@m).ln , (Ln@g).r = (A@}:)“ln , (M@ln) ‘m = 0,

_'?_ {A® li)-lj = (a®t4)-ln , an% (A@)c)»ln =‘O .
i-j=n , ; "

Obviously all of the above extension theory goes through

when we replace the category of aszociative algebras by an

' \
algebraic category whose triple is additive. In order applvy

this to a non~adéitive tripie T, oneé must assume that T
at_lcast partially respects the“addiﬁion, but this is far ?ut
of the scope of this work.

Mote that we have completely ignored the geometric:inter- )
pretation of the deformation theory. Thinking of a coalgebra
C as the lincer envelope of its ;space” of points, Dl(C) is
justuthe tangent bundle of the point-~space. G;ven a point p
in C Di(Cp) is the tangent space at the point p , and
smooth cealgebras define smooth point-spaces in the usual sense.
Por the purely geometric version of deformation theory see [15]

* 4

and the references there cited.
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a's
a
;

//

/
Notes on chapter I1°

Proof of 1.1: We must first show € 1is cartesian. If

(C:L } and ((1'2 ,52) are in C , their tensor product in

1781 s
C 1is defined to be (C\1® C2, (61 ®<‘>2)-1®t®1 , ei®c2) . To

show this is the product in ¢ , let (C,6,e) be in ¢ and

“

¥

suppose we have 'C-maps a : C ~» Cl and b : C - C:2 . The commu-

tivity of the diagram below shows that 1® e, C,®C, » C, is

the product projection:

cmnC “C@C

a\®g~ 2 ) N
T

v
®C MC®I
C/

Now to finish the proof, we show the adjunction in MON is

“/,\

the forgetful functor U : C(X) - X . Let Y be a cartesian cate-
% »
gory and let F ; ¥ - X be a MON-map. For Y in Y let

4 : Y+ Y XY be the diagonal and let ¢ be the composition

4

~ 5t , - = -
Y>> Y¥xI=+1I. Define F : ¥ -+ C(X) by ¥YF = (YF,AF,cF) . E pre-

serves product since it presexrves the projection maps.

3

e
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dund, 3

Notes on chapter IT

Proof of 2.1: Let G' be the subiset of X consisting of all

finite tensor products of elements from G , and let «a' be a

regular cardinal such that rank G'* < a' for all @G% in G' .

¢
v

Now G' 1is closed under finite applications of the tensor, bhe-

cause .G ¢ G' G' generates X , and X 1is a'-locally presentable. °*

Proof of 2.5: This is well known. If D is a diagram in A with

is

3 4 R » T .
colimit D% in X , the structure maps ou*: D¥ -+ D are given

-

by the canonical arrow completing the square below, where 1 1is

the injection:
D* Dz’rUr
A
. Nila
i i

(¢ r

p —Y. D

Now if the prop defining A is free we are done. If it is strictly

coalgebraic (see p. 13) the maps o* must éatisfy the commutivity

of diagrams of the form D* = D*? . (vhere the maps involved are

built up out of the o¢¥ and various coherent natural isomorphisms).

This pair of maps imbeds into a commuting diagram of the form

< '

p*n
A
\ ‘ i T it
Dn

D ——&

o
B

1Y

The lower pair of maps are equal since D ¢ A , and since the

injections 1 are collectively epi the upper pair are equal and
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Ea

D* €A . If A is not strictly coalgebraic, the maps required to

#5

be equal will be of the form D*m - p*™ . since & preserves co-

limits, the maps i : D" - D™ are collectively epi and the

argument goes as before.

1

Proof of 2.6: The "only if" statement is trivial. For the converse,

. . . . O . 0ox
k the factorizations io = gfi define structure maps o?: X —+ X

on X . Now argue as in the proof of 2.5(above, the purity of X

. n i n e
guarenteeing that the maps X ——> A are monomorphisms.

2

-3 I

Proof of 2.8: Let X, =X and define X, by X =§€’['3_1 if g

1 p
is.a non~limit cardinal and X‘3 = bgpxo if p is a limit cardinal.
o . ar or or ar ur ur
[- -2 W - —ip =
Note that Im(Xﬁ‘A-A>A ) £ nn(np A7) Im(Xﬂ+1 A7) Xﬁ+1
since XB+1 is pure in A . Choose a regular limit cardinal
2 & . N .
2 a® > a and define X = lim X_ . Since oaf 1is regular, {X } .
B{a‘ Bib<a
is a-directed, so that X* = anexﬁ . ¥ is clearly pure in® A
KR ——({ or b3 - — ur = ~ At ar
and so Im(X A—>1") Im(ﬁga, xﬂ A= A") pYas Im(XB A-+A" )
ox . axr o\ OF .
C - = = k) . N IS — -
_‘.ﬂg(“[Im(Xﬁﬁlw1 A) 1 éﬁz Xﬁ+1 (x*) Thus X* is an A-sub

object of A by lemma 3 above. Finally choose y(A) such that
X* is y(A)~generated. y(A) doesn®t depend on X by proposition

v

4 above and 2.3 . ‘ ‘

Now each element A of A may be written as lim Gi ’
N where each G, is a y-generated X-subobject of A . Thus
A = lim Gi in A and the set {G*: G 1is y-generated in X}

( forms a generating set for A .
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Proof of 2.9: We show that if rankxA < p for any B - y, then

——

rankAA 2 f . Thus the elements of the generating set constructed
for A all have r:ank‘ in A . Suppose D is a p-filtered diagram
in A having colimit L . Each A-map a : A ~ L factors through

a cofinal subdiagram B of D via X-maps b : A =~ B for all

B ¢ B . Consider the diagram below:

ar
gxr
Aur a - L
Y g/"
\A— = 1,
o\ P/
b B
w
1/0' v
%o gr
B
. . r . . r . 5Y
Since L7 = lim Q(I we have 1lim bo = aog = ga’t = lim ob? and
for some B B and b : A -+ B we have b -0 = 0.b"" . There
a = g U ag S
exists some B ¢ B into which BU map, for all ¢ ¢ [A] , since

Y [A] and B 1is y-filtered. Clearly the factorization through

B, 1s an A-map.

kiy

Proof of 2.10: Trivial by 2.6 and the SAFT.

.

Proof of 2.11: Let BE C be a pair of maps in A and suppose

X—=B——C 1is a split-eqgualizer diagram in X . Let o : L - or

be a map in the prop defining A . By the universality of split-

equalizers, they are preserved by the functor ( )Ur, and

Ji r - Y N . .
X = BU -—-—‘.:»CG is also a {split) equalizer. We have a commu-

tative diagram .
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defining a canonical map X -+ x°T . Note that X is pure in B
because the 1njection’splits, and the result follows from 2.7,

since the underlying functor A — X clearly reflects 1isomor-

phisms.

, MNoteg enChapter III: One can easily definc a broader class of
categoriecs enriched over C . If @ is a s;et, a o-multiprop
M is a monoidal category whose objects are those of the free-
monoidal category on @ generators in such a way that ’c‘he full
monoidal subcategory (FMS) generated by each element of ¢ is
a prop. Supnose 1 ¢ @ and let M' be the FMS of M dgenerated

by @-1 . If X 1is our (monoidal) base category and R: g-%" - X

is a MON-map, the category of R-widgets, denoted R-wida, has as
its class of objects all MON-maps M -~ X thaf equal R when

restricted vo ' .

4

Identify the elements of the FMS generated by 1 with W

and assume M has a genrating set of maps [M] of the form

4

0 :00®ad ~ oL®ar where oU, ol ¢ M* and od, or ¢ & . (The

more general case is not hard, only messy.) As usual identify

objects A , oU, and oL in ¥ with (1)aA , (¢U)R and (vL)R

kS
o i s

L g fon S,

respectivel -, where A ¢ R-widg . Thus an object A in R-widg
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S ﬁ{u

is an object in X equipped with structure maps
(oA: UU®AUd - aL®AUr)Ge[;M . An R-widg map a : A -+ B

is an X-map such that (1® aUd) -oB = oA-(1@a’") :

UG®AC’d ~1_®B” for all o e [M] .

4

Let A Dbe a category of widgets- (over X). Given

A,Bed and C ¢ C , an evaluation may be defined to be an
X-map e : A@C - B such that

4 b

(10 ) -(18e’d) 0B = (o o1) - (105 ) - (1@’

0U®Acd®c - GL@BUx for all o ¢ [M] . Just as for decent
.

categories over X , all widgets become enriched over C .

A widget is c.alled algebraic (resp. coalgebraic) %f or =1

(resp. od = 1). for all o ¢ [M] " Maps between multiprops

sending © to N yield widgetable functors. Now all the results

of chapter IXII hold. In particular, ‘all widgetable functors

are strong.

¢

Proof of 3.1: Let £ be the X-map induced by £ . For any

LY

n

n, £ = £§ because £ 1is a coalgebra map. Hence the con-

ol

dition fcdcr = afgr becomes the commutivity of

’ d
(105 e’
Aad ~ Aad ®T 1ef Aa\d ®C ad . Bad
o ag®1 g
” (185 _ )e“f
Aar o A°r® I 1®f Aar®c ar - B(yr

Tl 4
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is an evaluation.

)
and 1¢t {A ® D\————o B}DGQ( _
ations. Then A®C is the X-colimit of A® D and the

evalwations

D——C

o

The left rectangle commutes trivially, the right because ~

Proof of 3.2: Let D be a diagram in C with colimit C ,

induce an X-map A®C——?—» B . To see that
is an evaluation consider the diagram below, where

is the colimit induced injection for

4

—— (aC)™®

, (1@5)0d

1®0,4

- (a@D)®

~

16

ax

(1ea) 7F

—~ (a®c) ™

- All the inner polygons commutes, and since the d's are

collectively epi, the outer rectangle commutes.

;
1
s

be a compatible ‘family of evalu-

ehetn,

o DA e b g g T o

[ R T o A

» (a@D) "
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Proof of 3.4: Suppose A 1is coalgebraic over X . For A ¢ A

sy

and C ¢ C -, define C QA to be the object C ® A equipped

©

with structure maps eqgual to the composition

(50 @ ) : C®A »‘C0r® 2%t = (C(&Afgr . Since the associative

and symmetric isomorphisms are coherent and § commutes with them

(i.e. C is coabelian and coassocliative), the structure maps on

L

C @ A satisfy of any equations the structure maps on A satisfy.
Varification of the adjointness property is trivial. To see that

A has cotensors using 2.9 and the SAI'T, we must show that

( ,n): A°P- C prescrves limits, which follows trivially from

wh ™

the assumption that ® preserves colimits and 2.5 .

? 4 » .
Proof of 3.5 The‘cﬁlstence'of cotensors is exactly dual to the
|

Y

first part of the prébf of 3.4. Nou it is trivial to check that

for cach A ¢ A the functor (A,-): A - C preserves limits,

ahd as A is wéil«ﬁnown to be complete and well-powered (and in
fact co-wellpowered) , we nc¢ed only find a solution set in A for
each giveqﬂ C in ¢ . Consider the free functor # : X - A and

1

the object (A®C)F in A . T2t O be the set of quotients ¢

of (ACDC&Fb such that A ® C - (A@C)F -» Q is an evaluation.

Given a B ¢« A and 2 C-map C - (7,B) , this is équivalent

to being givén an evaluation ¢ : A®C - B . e is g map in X

and thus lifts to amap f : (A@C)F - B . Let (AQC)F —~ Q <= B
. be a fagtorization/of £ . Since é -~ B 1s a monomorphism and

[ . e is an evaluation, A®C -~ (A@C)F - Q is an evaluation and

Q € § . Now the injection Q — B yields the obvious map

\
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s (A,0) » (A,B) completing the diagram (A,B)<— C — (A,Q)

“r

and the set @ forms a solution set for C .

Notes on chapter IV: To understand the meaning of "singular®” as

we use it, note that the notion dual to that of union actually

is intersection if one restricts one's attené&on to X—-split sub-
objects. IE i : A+ B i§>singular, let K be the cokernel of
i in X . Then the gg—spliting of 1 implies that A®Bu B®RA
is ;Léjﬁernel of B®B - K®K . Thus if we wished to work with
cokernels in X , we could redefine singular to mean
. B~ B®B -~ K®K is zero, This is obviously dual to the notion
of a squareﬁzero kernel. One .introduces kernels into the study
of algebras precisely because quotients (cokernels) are so un-
wieldy. In the dual situation of coalgebras, ghexe is no such

need, and one may deal dircctly with the objects involved.
. | g
Proof of 4.1: We may assumeé m is dn epimorphism in ¢ by the

assumption on factorizations preceeding the lemma. The following
diagram commutess: .

m . \
- p . mem
A®Bu B®A ]% 8

\ Bm‘f_‘m} o

Thus we have C8 ¢ (A@Bu B@A)m®m

= (A®B)m®nm U (BOA)m®m ¢ AN® Pm u Bm @ Am = Am®C u C @Am .

i Rl A 4,
X g‘} &5
~

2
- e
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Proof of 4.2: One direction is trivial. Let A -+ B be singular

and let m : A - C be a coalgebra map. Form the pushout diagram

B— L

A . . . .

\l m { in € . Since A - B splits in X , so must C - E .
A e C '

In particular C - E 1g a mono. Using 1 above it is obvious

that C - E 1is singular. By assumption there exists a C-map

E-C splrtting €~ E , and B -~ E - C shows C is smooth.

proof of 4.3: (cf. [10] p. 65) Let d ¢ Dn(sg) and let dj be

k the first non-zero term of (d,), . If d. 1is a coboundary,

. i'iro 3

] : let a, < (A,A) be such that a,0 = £-a, - azT'f = dj , and
let a ¢ B_(A,p) , be defined by a_ =1, ay =a, , a; = O for

i >3 and 1 < i <.j . Finally let d° = aT-d-a = . Using the

: Co s ~1 .

5 composition forpula (2y , at = Z a.T-d, -a . Since

8 N adedl=n 2 kL

b 4 =0 for all i <k < j , we have d; = 0 for all 1 «<n < 3j .
. ¢

] -1 R

5 Now a. = -a_ , sO dg = dj +a T-t — t-a, = 0 and the first

.

i non: zero iterm of (dgi)i\o has subscript greater than j . The

g ™

result follows by induction.

B

L e BT

Proof of 4.5: The only if statement follows from the remarks

s

preceeding the lcmma. The conversce follows from the remarks

about cofree coalgobras.

5 o A « » \m 4 R H
Prcof of 4.6: Let d (di)i<n bz in Dn»i(sg) Then using

w

the composition as defined by diagram (2) wo have

% 2

2 d*o. = ¥ 4. T7°-a.%7-d, + Tp-d,T-d, - pT-d,T-d, - (d.7.4,)7T-d
ar 2 N it 73 it ] i ] 3 o
: / idg=n

& ifos%) ;

%

e

yrpage At s SR

2
o
.

IS
A

PR
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{i Since T 1is strong (diT-dj)T = diTz-djT and because p is
natural Tp-di’l‘ = diTz-p . Now for each 3 < n , dj is an v
element of S vielding p-d. = £ d,T-d and similarly

: N )
(again using the strenjth of T) pT-4.T = s 4.7 -4.17 .
o e K0

Substituting into the equation for d‘*az above yields

2

2 2
d¥a, = z(@r .4.7r-4, +4,7° . z 4, 7-d, -( » 4, 77°.4,7T)4.
2 i+j=n o ktl=j © 1 ke1=i K LI
i#O?!j i
- a.1%.4.7.4 )
i 3j o
. 2 ‘ . 2 .
= ¥ ( T 4a.T .dkT~d1 - b2 dkT -le-d.)
itj=n k+l=j k+l=1i J
iFo#j kFo#l kFo#1
2 2
= Z a.T -dkTodl - diT -dkT-dl = 0 !
i+k+1=n
i#o
k#o
1o

Proof of 4.8: The element s must satisfy the equation

(s®E).s = (E®s).s : E3 -+ E by the definition of § . E3= (A-ILM)3

has an eight term expansion, and the eight equations of propo-
sition 8 express the restriction on the injections made by the

above restriction on s (cf. [14]).

&3

o

Proof Qﬁéﬁ.Q; By definition a deformation (sn) of s must

°

t* [
satisfy the equation

( 2 (s,®E)-g, = p (E@si)as. . As in the proof above,
i+j=n i+j=n J

v

55
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{: this puts restrictions on the eight injections into E3 , the

.
) &

restrictions expressed by the eight points of the proposition.

"~
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