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Abstract 

We ~nvestigate the category C of coalgebra objects in 

a given locally-presentable c~osed monoidal category X • We 

show thât .Q is the cartesian 'closure of . K and that all 

other categories propable oV1r 'K admit natural enriched HOM 

functors into ~. These HOM functors are studied and appli-

cations are given to the theories of algebraic deformations 

and extensions. Included are results,necessary to our wor~,con-

cerning pure subobjects in X 

Résumé \ 

Cet o~vrage' traite la catégorie ~ des objects co-algéb­

riques dans' une catégorie donnée ~ J loéalement-présentable, 

monoidale et close' • Nous m'ontrons que la catégorie C est la 

cl8ture cartésienne de la catégorie, X et que toute autre 

catégorie propable sur X admet un foncteur HOM naturel et 
~ 

enrichi dans ~. Nous étudions ces foncteurs HOM et en donnons 

des applications aux théories des extensions et déformations 

algébriques~. Inclus dans notre travail sont ces résu~tats con-

cernant les objet$ purs ,dans' la catégorie 

à nos recherches. 
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Introduction 

Coalgebras over a field k occur frequently in the study 
, , ' 

,of ,algelJra~c topol0S!y an1 homological algebra, and have been 

studied in great detai~ ?y many authors. However, most of this 

effort has g,one into the structure theory for coalg.ebras and 

Hopf-algebras, wh~le th~ category o~ coalgebras per se ha~ 

becn neglected. Thi~1 in itself would be of li ttle note, except 

that the category 'C of k-coalgebras is the cartesian clos~re 

of Mod-k . Horeover, C turns out ,to be a cntegory over which, 

~ 
all categor~es di '~universal algebras" are enriched. This may 

" • , 

r 
< 

be gleaned from the work of Sv/eedler by generalizing 'his notion 
, 

of Cl "measuring", [19 J. (l'Je show that l:hese results also holà 
/ 

when consl.dering categorie'::; defined over a 9 iven monoidal base 

category, e.g. a catcgory of moàulcp or banach spaces, a"nd we 

give applications to cohomology and deformat.l.on theory. 

\ 
In chapter l we disCUGS the standard notJ.on of a monoiàal 

category X and introduce "mono.idally-dcfined" categories over 

x , an extension of l''1ac Laneis propable categories vlhich inê'lude 

the usual categories of 2f.-algebras~bialgebras, modules, etc. Wc 

define the category C of X-coalgebras and show C l.S the car-

tesianization of ~ 

" 

" 
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l , 

in chapter II we assume X is closed and'lacatly-pre~entable 
1 

and show that every subobje~t in X can be embeddcd in a n6t-

too-much-bigger pure subobj,ect. This technical result allows to 

prove that'every coalgebraic-typ~ category over X (including~) 

is again locally-pres~ntable. The adj01nt functor theorems then 

imply that C i8 cartesian ,C losed and t,hat cofree coa 1ge1?ras 

,TT' exist. 

Given a category of algebras nover a monoidal base cate-

gory X, J e.g. 1c-algebras over Mad-le,!l usually doe~ not admit 

an" X-valued hom functot', even' though X may be closed. In 

chapter III vJC 8hm'J that then"> i.s il C:"valucd HOM functor from 

any monoidally-def-ined cal egory over X. Sincc C is cùrtesian 

tlosed ~t forms very natura '~niversal~ base category, and the . 
bilSlc propertiGls of t.he usua Se~-valtled hom lift ta thé richer 

f..-valued rmr·1, e.g. most important ~unctars and adjointne'ss 

relél tions may be c1efined in, terms of HOH-coa,,\gebras rather than 

hom--sets. 
\ 

Given éln element X in X and il category o,f "algebras" 

A OVer X. one may construct n coalg'ebrn \'lh08e "points" exactly 

correspond ta A-structures on X. In chë:1pter IV we show ho-\I'l 

t.his observation and cotrip)e cohomology, may be used i~ clari­

fying and generalizing the bë:1sic ~esults of Gerstenhaber on 
" .. n • 

the theory of deformations, [11]. Basically, the deformations 

, 
1 



/ 

:~ 
-iii-

can be realized as speci~l ~le~ents ~n the constructed coalgebra. 

The c~~1'nection of ,:this with (non-singular) cxtensl-on theory is 

also discussed. 

In order to increase the readability of thLs thesis certain 

easy but grucsome details have been banished to the appendix. 

There, ,will be found the>proof of each numbered result given 

""i thout proof in the text. Also in the append ix are notes on 

chapters III', and IV. 

About notation - maps are composed from le~t to ~ightJ 1 

is used to denote identity maps, and we often omit mention of 

f~rgetful fuhctors. 

Most of the results and definitions in chapters 1-111 
@ 

are weIL knO\oJl1 in the case when X iD the category of vector 
, 

spaces over a field _ The general defHl ition of an evaluation 

.LS due to ,Jon Beck and the author'. Lemmas 1.1 and 2.5 are 'lrJell 

\ 
.'k'lown and 3.6 fir<st appearcd in [16]_. ~-iith these exceptions 

the results here stated are original ~esearch. 

o 
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Chapter 1: Preliminaries 

By a monoidal category "He mean a catecory X equlpped uith a 

bifunclor, ten~. ®: X Ji ->:le l t is"-assumed thaï: @ is 

cohcrcntly ::;ymm~tric, a,l}sociativc, and unitary. t'7ith unit object • l •. 

If. X i8 an object in ~. t' denotcs the n-fold tensor af X uith 

itself and If'@ la the product in X ~ ue Gay 
.-/ 

X i8 cartesian • 

If }{ and Y arc monoidal categories a functor F : X --'", Y is 
" 

caid to be monoidal if the tensor product i..6 prescrved up to coherent 

,n~tural lsomorphism. F i8 a strict-Îuonoidal functor :i.f aIL the monoidal 

structure i8 prescrved exactly - @, I. ,and the Gymmetry, associative, • 
1 

and unit natural isomorphisms. I.et l~ON deuote the category of L1onoidal 

categories and strict monoiclal functors. 

The trivial prop iD the.: froc monoidul C<'ltcgory (ioc. IVN-object) 

ovar the cG.tcgory 1; it iG dcmoted by r;: Il:G objccts arC' those of the 

frec non-associative moooi<1 r;encratcd by a single elcm~nt. As thcre is a 

bijection betuccn the slwlcton of l:? und N the n:1turui numbcrs. ue of 
• 

m:-ite the tcnsor in [? a::; -1-- , uce 0 to denote the unit object, and 

une u:ltural numbcrs ta denotc the abjects of !? (uhencver it is 

t.muIT'.LiguouD to do [)o)~ Note that thi:::; iG not the usunl dcfinition, as in [18J • 

A prop P in.n srr.ül monoidal catcgor'y uHh a otrict rr.onoidnl functor 

p- --:;. P T]hich in <l bijection on objcctü. P in caid to he alr.cbraic 

(rcsp. coalgebraic) if 1to sct of maps in gencratcd by a Oct of m~ps 

huvinB codgwain 1 (reap. domlin 1). If cr iD il n.:lp in !, we 

let ad and ar dOrlote ito dom~1in and range respcctivc1y (us elemento of W) • 

. , 
f 
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If P is a prop land X a monoidal categofY, let xP de­

note the class MON (l? ,X) 0 xP is a catGgory in a natural T..'lay 

and cornes equipped vIi t:h the usual ·'forgetful functOl:' to ~, 

sending A in XR. tQ the object (l)A in X. For A in 

xP , we 'also denote the object (1)A by A If II is a map 

in P o ftén ,JI' i tG in place of 
a , we a ail. . A map A --"",B 

in xP 
is <1n X-map' such that for aIl maps (J in p the follovl-

ing diaqra~l COllllllutes ~/ 

nad 
ad 

Bad 
... 

é.. 
:"> 

"';' , l Il 
(1.) a a 

<Ç' 

'V ur " Aar ;:" Bar ;--., 

'7 ~g 
.\. ca"i:Ggox-y of the form .,/ .. - irJ said to be propable ovel' P-
called algebr2l.ic or coalgob.raLc if p. i:::; If A = v P" and . ~ 

{uA a ; C' .... :> a m2p in is 1:h8 cet of i\-s,truc turc IlliJ,PS on 

o It 

A ( 

A 

We "Jish to md:cmd thelJe notions to Includc commë:l.-categories 

and their relatives. A monoj.dal1y-do:(incd'catogory B over 2f. 

is given by a fivc-tuplc (A.![,h,f,g) where ~ is a propable 

ca t:-0gory over Je U and - , - L are sets of objGcts in X 1 and 

is 

A 

in 

f i T. --> IN and 2'xe :Eunceions. B is thGn the subcategory 

of A consistlng' of objects 
a 

ture maps (u Ul'.:> A Uf) 
U<:U 

A 

and 

equipped Nith additional struc-

(A
Lg (JAL 

----,;>- L) LcL • An A-map ? 
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, . a 
A --!> B beblccn abjects in B 15 a B-~ap if the following .dia-

li grams commute for all L ~ Land U c g 

" 

Uf 
A 

u 

Finally, by a decent category ov:}r '~ we mean a full subcategory 
~ 

of a monoidally-defined category over X 

To r;educe the nurnber, of special cases we must consider, ,for 

each clement X of X denote by ()X the functor X - X 

With~conEta,nt value X 0 If B 

, a ' a m 
and A - -=--"-~ L (resp é U -- P: .) 

is monoidally-definèd over X 

in a B structure rnap, define 

cr'cl := n .and or:= L (resp. crd :::: U and (J'r -= m) .,. 'l'hen a D 

a 
mé'.1p A--~ B 

. ('1) dJ,ùgrmn 

is an 2~-m~p such that for aIl structure maps 

ùbove commutes. .--
'-

~le 1.: ~et 1i = . .§.ets \'lÎth ® the cartesian product ,and 
. / 

l 

the one 01EJ.aCrl' set. propab!e categories ovér . X include a11 of 

La'l.·lverévG finitary algebraic categories-monoids J groups) rings, 

etc 0 Xf A is âlgebraic and A. c ~ ~ then the comma-categoriep' 

(A,:&) <lnd (il ,1\) a~e docent categol-ien. 

\) 
x ::::: f·1od-R 

and l = R 

for Gome commutative rihg R. Of 
\ 
1 
\ 

o The categories of not necessuri1~ 

a:::lSociativQ R-algebrao (Alg-R) , R-bialgebras, R-coalgebras, 
- t 

t , 
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, 'il 

.... 
\ associative R-algebras j etc., are o~vious propable categories 

f 

over X. R-lie algebras are a decent full subcateg0ry of 

Alg-R . If .f. is the free prop generated by a single rnap 2 ..... 0 J 

. P 
A = (Mod-R)- is just the category of R-rnodules equipped with a 

, . 

'bilinear rnap to R • Inner-product spaces then lorro a decent f41l :":J ' 
"1' " 

subcategory of' A 

Exarnple 3: Let X be the category of banach spaces with norrn 
U j 

decreasing rnaps, Bani' j and the projective tensoj[' product. 

i 
Banach algebras forro a propable category over X J while spaces 

.. 1 • 

with real~ or cornple~-valued inner products are decent. 

Of course "there are rnany other exarnplès (see [41 or [7]). 

Of particular interèst to us wi~l be the following two propable 

categories over an.arbitrary rnonoidal X. 

Exarnple-Definition: Let P be the prop generated by rnaps 

b: 1. ..... 2 and e:: 1. ...... 0 and the diagrams below, where t is 

the "twist'! isomorphisrn in .f. and the indicated isornorphisrns 

are the obvious ones. 

1.+0 

2 ,Y!t 
1.~ 

1+2 
\1.+6~ 

1~2~ -l~ 
6~ 2+1 ,, __ 

/ ---. ' . 

2 
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'rhen r- 0 is the category of (counitary, coabeli~n, coassociative( 

coalgebras in "-x J derlOted C (29 

Let H(K) l'obe the full sllbcat~gory of 

H hâv~ addition structur~ maps H2~ H , 

,,(x:" k elements 

H ~ H aï'ïtl-... 
, " 

I~H satisfying EU = o(1®s)·m = o{s®1).m : H/H J as we.il.l 

an assoc~at~v~ commutative, 
'~ . 

is the category of Hop~ ob-

as diagrams (equations) making m 

multiplication with unit u . H(K) 
" 

jects in X • 

In the case whére K is the ca tegory of vector spaces over .., 
l ',\ c-

a field the above ~tegories have been studied in great detail 

(se!2 Sweedler [19] for exarnple). Ç.(X) - iS\ then eqt1'l~valent to the 
,. r~~ ~ 

categoryof formai-schemes over K J [51. We dr?p the argument 
~ ~ 

X whenever it is un&mbiguous to do so. 
/ 

1. Lemma If C and D are e Iements. of C J then C ® D has 
a, ." 

a nëltural C-structure on it J making it the pr-Rduct of C and D 

in C. 

Note ,that if C is in 
b 2 

C , C ~C is a coalgebra maPJ 

(the diagonal C -+ C x C in g) , and l with its trivial coalgebra 

structure is the terminal object in Ç.. Thus C is a carte'sian 

category and the obj~cts of li are exactly the abelian group 
.' 

o~jects of ~. From [8J wé have: 
1 

2. Proposition: Let Çlill!. be the category"of cartesian categqries , . 
and (strictly)", product preserving functor~. Then ~( ): MON ... CART 

LS the right adj~ànt for the inclusion ~ - ~. 

\ 

t 

'Î 

1 
i 
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(- In chapters II and III we show that if X is locally-

presentable and closed, then so'is C(~ • Thus, with the re-, 

striction of local-prese~tability, tne above result holds for 

monoidal-closed and cartesian-closed categories, although one 
.-

cannot. require the functors involved to preserve the ~ntel;:nal 
/,. , 

homs. ~ 

j 
~ 

~ 
! 

1 

l 

, 

J 

~ fi, 
'. 
J 
; 

\ 

\ f--

() 

\ 
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Chapter 2: Locally-presentable Categories and Coalgebraic Props , 

A d~agrarn D is a-filtered, a a regular cardinal, if: 

i) for every family {D.}. l of objects in D such that 
~ ~E 

t Il < Cl , there is an object ~ in Q. and Q-maps {D.- D}. l 
~ ~E 

." d. 
ii) for every family of {D ~ 

1> Dt}. l in D such maps 
1E 

that 1 Il < a , there exists a map D'~D" in D such that 

d.d = d.d for aU i and j in l ". 
~ J 

Given a functor K - y , if there exists a regular cardinal-

Cl such that F preserves a-filtered colimits, we say tha~ F 

has rank, and rank F ~ Cl • For an objec~. X in X, we write 

rankxX (or rank X)C instead of. rank X(X,-) ,. A category X is 

Cl -locally-presentable if it is cocomplete andhas a generating 

set Q such that rank G ~ Cl for aIl G in Q. An object X 

in X is said to be ~-~enerateg, where ~ is a regular ca~-

dinal, if there is a proper epimorphism 

G . E Gand 1 l 1 < J3 
~ 

® G. -+ X ; where 
iEI 1 

~ocally presentable cat~gories have been studied extensively 

by Gabriel and U!mer, [10], and by Barr, [lJ . They inélude the 

categories Sets, ~d-R, ~1' categories of sheaves, and many 

others. If X is a-locally-presentable, i t is known that' 2.Ç, 

is complete, that every element of 'X has rank '...3!!..d ..1:h.at Cl-filtered 

colimits commute with a-lirnits;'i.e. kernel pairs and products 

( 

! 
1 
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,1 

with fewer than oc factors. Also we may assume that every element of X 

ia the colimit of an «-fi1tered di~gram in . G • 

Henceforth, let X be an ~-locally-presentab1e monoida1 category • . \ 

We assume that X has images and that X0- and -®X preserve aIl 

colimlts, for each X € X (though see page 13). 

1. LelllmEl: We may assume that G' is closed under finite applications" 

of the tensor. 

Recall that a subobject i: X --tir Y in X ls pure if 

1®1 : X®Z __ Y®Z ia a monomorphism for every ,Z in X. We shall 

show that every " srna ll" subobject is contained in a pure subobject that 
(" 

ls not too much bigger. Using Th. II. 3.2 in [1 J ,we may choose a generating 

set G and a regular cardinal r such that: '1 

1 
f 
J 

1) 

2) Every object in ~ is the direct colimit of its y-generated'subobject Î 
'; 

3) X in, X ls y-génerated if and only if ~(X,-) preserves 

monamorphic y-fi1tered co11mits (see (101). 

4) X in X is y-generated if and only if 1 ~ ~(G,X)J < y • 

: 5) Whenever X and Y are y-generated, so are X X Y and X®Y. 
~. 

2. Lemma: Let X be a y-generated subobject of Y in X. For each G € G.; 

there e~ists a 2Y-generated subobject, X(G) , of Y containing X 

and su ch that the kernel pair of H?H : X @ G --.. Y ® G ia a kernel pair 

for i@1 : X 0G _ X(G) ® G where i ia the i.nclusion. 

~ , 

" 
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Proof: Let Ux (or just U) denote the se't of a 11 subobjects 

of y- of the form X U X t where X t is y-generated. By 'the 

remarks preceeding the ;,emma we have \lim U = Y . Now let 
-+ 

i®1 
r 

KG=-=X 0G ,.Y0G be a kernel pair diagram , and let 

~=$X ®G 
101 .. U 0 G be a ]<.ernel pair for each U E: U . Let 

K denote the set of all ~, UEU . Since !L is closed under 

, unions of less than a elements (since a / y) Il. is an a-, 

directed set and 50 is K. Since y 0 G '=: l,im U ® Gand k.ernel 

pairs a,re,.. a-limits, the canonical -+ lim K is an iso-
-+ 

" 

morphism. By the' èhoice of y, both X ® Gand (X® G)' x (X® G) 

""-are y-generated. Since subobjects are determined by sets of maps 

from the generating set, again by the choice of y there are 

fewer than 2 Y isomorphism classes of subobjects of 

(X@G) x (X0G) , and hence fewer than 2 Y distinct members 

of K. For each distinct K E K , choose an object U E U such 

that K~X 0 G-U '0 G is a kernel pair and let U'? denote 

the set of all chosen objects. Let U! be the set of all unions 

of fewer than a elements from U? .Since IU'?l < 2 Y > a , U? 

has fewer than 2 f subsets of ~ardinality a • Thus IU!I < 2 Y 

6' 
X(G) X(G~ is and U! is\} a-d irected. Defining = lim ut , a .... 

subobject of Y and obviously contains X . Since X(G) is the , 
.' 

union of fewer than 2 Y y-generated objects, it LS 2.
y -generated. 

Finally, because !L! is a-directed: 

, 
ker(X® G ... X{G) ® G} = ker (X® G .... lim U! 0G) '" .... 

',' 

" 11 
'/ 
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Iterating the ahove construction would yield a subobject 
• 

of Y that is pure "for" the' generator G , apd. subsequent dia-

gonalization \'Iould yield a pure subobject. l'le perform both 

operations in the proof of;" 

3. Propositipns: There exists a regular cardinal y 9 such that 

each y-generated subobject in ;K is contained in il y v -gene-

rated pure subobject. 

Pr.oof; Let X, be il y-generated subobject of 

note the set of (ordered) familles of elements 

than Cl. terms. Define' :X(E) for E c E by ordered applic2.t'on 

of the proces:, (-) (G) __ , for GeE • 

More precisely, let li 
. 1\ 

the union taken aU = ~~~~,,-, over 
1"1 <0: ,'" 

9.,1\ ordinais 1\. v/ho se cardinality is lesa than n . If E G 

let EIIl debote the function· E r'~stricted to Il ~" and 

define X(E) as follo\'l.:J ~ 

i l (X("! '-1)) (,-1) E if À iD a non-lim~ t ordinal 
:j X(E) = :! U X(EII1) if À 1.8 a limit ordinal 

11<1\ 
1 

L0t X(E) dcnotc {x (E) : E c E} • X Œ) is a-directed 

hy lemrna 4 below, 1.30 defining xv -- lim X (E) .... - yield~ a subobject 

of y containing X • Let y' be such that Xv is yV-gene-

rùted. Not(;:! that by lernma 2 <lbove, yV does not c1epen~ on X 1 

or on Xr • but only on y. 

'VIC s hoVl th2 t X r is pure in Y. Given G <: G let 
. 
be a kernel pair di~gram. X'Q:) G = 1 im (X(Ji) 0 G} .. 

.< 
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Iè and Sil ,ce X(];) is "'a-directed, Kt = lim K(~) , where .... 

K (E) ===1: X (E) (3) G .... Y ®G is a kernel pair for each E ~ E . 

Let X(EG) = (X(E»G , obviously in E. We have a diagram 

K 1 :::=:::g: X '18) G 

1 r ~ 
K ( EG) s: X ( EG) ® G 

t .~, î 
K(E) -----t: X(E;) ® G 

----<>- Y® G 

,/ 

The d ia(Jram K(E) z; X(E) <8> G ----f> X(EG) (9 G commutes by lenunà) 2 

above, so 
': '-

K(E)---o> K'=:;:::X' tg) G commutes. Since K':::: l'im(K(B) 
..". -

K' ----r;: X' 0 G commutes, and X' <9 G --<> Y 0 ç; is a monomorphism 

for every G (;: 'Q. • 
( , 

Given Z E X , Z = lim G. 'i} for 
Ï 1. 

sorne u-filtered family 

(G, } c G Thus X' ® Z .... y ® .} 
~ ~"I - -

is a monomorphism, being 

lim(X' 0 G, ~ Y (3) G,). 
Ï ~ ~ 

4. Lemma X(E) 18 a-direct:ed. 
'1' 

Proof: Let {E.}. be a subset of E with 
À, 

1. J_ <c 1" 

E, G 
1. 

le;t'''' be.a concatenate of the '1\. c; , 
1. - ) l. 

and. define E c G
À 

by ElA. = E, . Clearly 
1. 1. 

l'Àl :::: sum 1 À..I < ex because Cl. is regu],ar. 
1. 

1 Il < 0. . If 

for all i 4E l 

XE. s.. XE • and 
~ 

b-
Let A be a coalgebraic propable ca~egory over X. Bach 

obJect A in 1-'>. has a generating set of structure lnaps of 

the farm 
uA or 

A --> A ; let f 1\ J dcnote the set og the~e structure 

maps. As in the ease A:::: 'C(K) " A0B has a natural lI-structure 
. , 

defined by: 
uA(8)aB or Bor 

A®B---~>A® (A0B)or. 
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5. Lemma: The underlying functor A - X creates~imits. 
Renee A is cocomplete. 

6. Lemma: Let A be i'1 A and let i: X .-,. A be a 'pure 

X-subobject of A. Then Y.: is an A-subob]ect if and only 

if ia factors through i
or 

for each a, [A] • 

By c1:0osing y enough 1 we may assume y > 1 [A]: 

(for any A in,!:J 

7. Lcmma: Let A be in A and let i: x .... A be a y-generated 

X-subobJect of A • Then there exists a y'-generated pure 

subobject of' A x -L. A 1 containing X and such that ia 

factors through 
-ar 
X 

Proof: Let U be as 

50 for any n " IN , 

in 

An = 

for all a c [Al • 

tbe proof of lenuna 2. Then " lÙim .... 
, 
® lim lim (U 1®···0 Un) U ::::: = .... , -,., 
n U. ~U 

since the diagonal is cofinal. No\'! l for each [A] a G 

the latter be ing a monomorphic 

U -- A 

lim Un 
-4 

Ua.!:!. 

c·olimit. Because X is y-generated, the map X~Aar must 
, 

factor through 

y = U U and 
a<:[A) a 

~ Im(yar ___ Aar) 

for sorne U ~ Q . Letting 
a 

x = Y' , \'le ha ve 

-ar 
X 

~Iterating -the construction in lemma 7 i t is now ea 

prove the main result of this section. 

8. Theorem: There exist a regular cardinal 
( • ,'t-

y(~ such" that 

each y 0 -generatcd X-subobject of A E b. is contained in a 
'), 

Y (A) -geneL1ated pure A-subobject of A • Henee !l has a set 

" of generators. 

o 

, 

JiI' 

• 
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( 9. Corollary: A is locally-presentable. 

10. Corollary: There exists a right adjoint to the forgetful 

functor A - X 

r , l, 

\} 

The right adjoint is the cofree A-functor. The cofree coalgebra 

functor, i.e. 'Vlhen ~ =:: .2<!), i8 denoted by K. An explicit 

cons truction for K may be found in 19 for the case ~ = Mod-le, k a fie Id. 

Note that 9 implies A is complete and cowellpowered • 

./ By, modifying the argument for vector spaces in [5] or for 

R-modules in [2] \'Je have: 

,11. Proposition: A is cotripleable over X. 

The condition that ® preserve colimits can be done 

away with when consider ing strictly coalgebraic propable ca-
, 

tegories, i.e. those whose props are quotients of free coal-

gebraic props, by a set of diagrams each ha ving domain 1. For 

example, this holds for A = C <2.0 • In such a case one need 
, 

on!y assume that for all G in Q the functors G ® - and 
, .. 

ll" • 1 ~~ 
;, • y .; J ~~ 

- ® G have rank ~ a • The stronger condition ls only needed 

ta prove 2D5 in the general case. 

A 

- .. 
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Chapter 3: The Coalgebra Valued HOM 

Let K be monoidal locally-pres~~table category. Further, 

nssume that the tensor product preserves all c~limits. Then 

by the special adjoint ,functor theorem (SAPT), the tensor has 

a right adjoint, i.e. X is monoidal closed. Then ,by 1.1, 

2.5, and 2.8, C(!0' is a cartesian-closed category_ Given 

(C,o,e) in C , define 0 ;:::: E; • 6
1 

1 °2 = 6 
0 

, 

(100n_1) a 0 Cn D 
0 = : C -<- for aIL n > 0 and °x = c for n 

aIL X in X . 

Now let A be a monoiàally-defined category over X. 

Given A and, B in !l", and C in C ,an X-map 

e 
A 0C--'1>n i8 ca11ed an evaluation. and vie say C· maps 

A to B 1 if the f0110\ving d iagram coliÙ\tmtes for each structure 

map a 

( 1) 

A ad® C 
:t€)Ô ad 

If 

l a®1 
1®0 

A ar® C ar 

e 
A0C-->B 

(A ®c) ad 
ad 

ad e 
"'" i> B 

1 a 
ar 'il ar e Bar 

{);> (A®C) -----;> 

io an evaluation, every X-map 

induces (or represents) an :X:-map from A to B, 

A""'::;" A ® r 10f 1>- A ® C -=-B • 

I-S.. C 

1 n T ... emma: If f is a coalgebra map., the induced map is an 

A-rnap. 

Denote the functor Ç.(I,-) by P • For each C in C " 

(C) P is the set ot points of c. Given,A and B in A 
'Ill 

",. 
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it is easy ta construct a coa,lgebra whose points exactly re-

present the h.-rnaps from ·A ta B define C = œ l in C 
~(A, B) 

The only coalgebra maps l -> C, are the injections. sa 

(C) P ;;; ~(A.B) r and He have an evaillation 
e' 

A® C--';~ B defined 
" 

by fTH, injection if (c f. [19] p. 14:1.) 

t'le ""ish to find a larqest coalgebra evaluating A" to B , i.e. 

a coalgebra (A. B) and an evaluation e 
A ® (A, B) -----v- B such 

th a"": g·iven any other evaluation A ®C -<> B J there is a coalgebra 

map C -C> (A,B) preserving the evaluations. Keeping A and B 

fixed J define the funct:or 
E 

C--,,"·~ by 
e 

CE = {c: A ®C ---;-'", B 
~' 

is an cvaluation} . ShO\'ling E preserves colimits, applying 

2.9 and the SAFT wc have: 

2. Pr0!2os.i tion: The functor E 
\ 
~s reprcsentable. 

Let. (A,B) be the represcnting coalgeb.cu thus constructed. 

It cornes equipped ,-,ith a C::l. nonicnl evaluation 
e' 

A ® CA ,B) ..:--> B 

as desired 1 and (A,B) P ;.: t::.(A,B) for an b.,-map A -l'- B is just 

an evaluntion ll.® l ~ B inducing a unique point l''''' (A J B) 

If '\tJe allO'l:J A ùnd B to vary 1 (- ,-) defines a functor 

IJlO"~ AOPx A .~ J.."),A: -> c ~ the conlgebra valucd HOf4 (\'le often drop 

the subscript !:.) 0 H~tc th:lt HOîl
A

o P ë Hom/), : !:; op A -"." Sets, , uhile 
~ --

cOlliposition 'and the identity h<o"\JC obvious (nGnocio.tive .:lnd unitary) 

Hftings to C (ccc page 19). Thus'· HON1\. cive.::.: ..nn enrichrr:~nt of 

A .::s c ~- C.:l togo::-:? (Gce 7) • Sincc, for uny full subcategory ~I 
<fi 

of !!: J it lI!êlkcs perff'ct s::!nsc to clafine HOUA ~ ta be HOUA restricted, 

to AI , \jE' have Gho-;.m, 

> 

" 
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3. Theorem: Every decent category over X has an enrichment over ~(~) • 

\'le shall consider those properties of the Set-valued 
',-

t- h~m~~n~~t to HOM, for ex~ple hom-set isomorphisms de-' 

-~~~1ng adJo~t functors, set based powers and copowers , etc. 

In particular) \-,re ShO\'l most natural functors are definable as 
( 

Ç.-functors 0 

4et A be ,enriCheCjÔVer C 

~ • A left adjoint for the functbr 

and let A be an object in 

CA, -) : à - C is called 

the tenGor at A ~ and. is' denoted by (-) 6<) A Similarly J 

a left adjoint for the functor : AOP -~ C -.,... is called 
o 

the cotensor at A 1 and is dcnoted by (-) -> A 0 If the tensor 

at A (resp. the cotensor a~ A) exists fbr all A in A , we 
l' • 

say A has b::;nsors (rcsp. ,has cotensors). In that case \-le have 

natural isomorphisms cCC, (A,B) ;;;; A(C §i! A,B) qnd 

ç:(c, (AsE)} =- AOP(C_~,A) ;:;; A(A,C~) B) for aIL C c; C and 
, 

A,B C A 0 

4. ProEosition: If A is coalgebraic over X then A has 

" tensors and cotensors. ,/ 

/ 

5. proEosition: Let A be algebraic over X . Then A has 
1 

cotensors 0 If all maps in A admit regular-epi/mono .factori-



o 
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has tensors. 
( 

p 

" Let A be' in . __ A.-- and C in Ç. 0 If A is coaigebraic, 

c ~ A is just C <3> A \vi th. appropr iate structure maps, while, 

the existence of C -~ A ofollow8 from 2.9 and the SAFT. If 
. 

A is aLgebraic, C'~A i8 the horn object [C,A] in X 'with 

its structure as a convolution algebra; C et A is shown to 

exist using the existence of fred A-objects and the adjoint 

functor ~heorern. See Barr (2] for the details in the case 

X ::: f>1od-R \. Note that the façtorization condition in propo 4 
~ -........... 

holds in aIl our l11ajor exarnples. In any·,hase, '"le are usually 

concerned 't'Ji th cotensors in algebraic categorie s, as in r 11 . 

Sweedler has stud ied aIl these functor's (in labourious 

detail) when X is the category of k-vector spaces over a 

field k and A:;:: k-Alg , T 19]. There CA,B) is the " universal 

measuring coalgebra" 1 C _ k 1.S the dual algebra to C in C, 

and an explicitly construc~ (A,k) i s èlenoted A 
0 

• 

If A and fi are enriched over C ,a strong functor 

(F,i!) : A -;> fi is a functor F : A --9 fi equipped with a natural • 

transf~rrnation f : (A.A t
) _ (AF ,AfF) in ~, compatible t1~th 

....,. [1 the (lifted) composition 'and identity and Guch that FP == F j see 7. 

When F io understood. '-TC abuse notation and refe"r' to F as a 

stroQB func tor. If A und B both have tensors (cotensors)" 

\~ 

1 ~ 

,{ 



{, 

y 

-1.8-

• 
F : 1\ __ B ls s,trong, and the induced map Oc ~ AF __ (C ~ A)F 

(resp. (C -+A)F _- (è ~AF) ) 1s an isomorphism, we say that 

F prese~ves teQsors (resp. cotensors). If the functor F has a 

right adjo~nt Gand there 18 a natural isomorphism (AF,B) ~ (A,BG) , 

we say that F and Gare strong adjoints. and we write F==( G • 
, 

lt 15 ea8y to see that the tensors and coten50rs constructed abQve, in 

fact, yield stro~g adjoints to the functor HOM. Note that if F---\G 

a~d F i8 stt~g, there are naturàl maps (A,BG) ~ (AF,BGF) -+ (AF,G) • 

6. Lemma: Let 

"­
enrichad over 

l , 

A~!!. he functors between two categories 
G 

C wïth' F ---4 G • If G preserves cotensors 

or F preserves· tensors J thep. F ===t G • 

Proof: If F preserve~ tensors we have natural isornorphisrns 
-, 

" 0 

C (C, (A ,BG) )..::... A (c ill\ ;BG) ~~{ (C §1 A) F ,B) "::'B (C ,§1 AF ,B) 

~-C (C J CAF, B) ) 

(A , BG) ;;, (AF,;S) 

for all C E C J A E A , B, E B , so 
" 

as desired. A similar argbment holds if G 

preserves cotensors; see [1.6]. 

If ~ and ~ are props, a tensor preserving functor ... 
~ ~ F . { 

~-~ " yields a functor r. - . X _x hetween' the ~n-, 
duced categories of algehras. A functor of the forro r is 

" 

dalled propable~ 

7. Proposition: Every propahle functor is strong. 
, \ 
" 1\ , F ' Proof. Every propable functor A _ li has a degree, i. e. 

integer k such that AF = Ak for all A E A (see [1.7 ]). 
~. 

Given ln evaluation A ® C ~ A' J where A and At are 

an 

\ , 

1 
) 

1 
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in A the map AF®C ~A'F def.i!n,ed by 

is also an evaluation. Thus the canonical evaluation 

f '" A ® (A,A') ~ A' induces the natural coalgebra map 
,.. 

CA,A')~ CAF,A'F) 

Let P , 
. 1 

and F 2 
be props, and le't U : P ..... 

=-t P2 be a 
. 

monoid~:Ù functor of "degree 1 which is an injection on hom sets. 

Then the induced functor 
P2 ~ 

is called forgetful X - X a 

functor; the main examp.le being the X valued forgetful functor 

induced by an injection from the trivial prop. 

8. froposition: If U is a forgetful furictor between algebraic 

(resp. coalgebraic) categories over X having a left ,(resp. 

right) adjoint F , then U and Fare strong adjoints. 

Proof: U is strong by 7 and preserves cotensors' (resp. tensors) 

by their constructions. Lemma 6 implies the result. 

If A is enriched over C , the strength of-HOM is equi­
(' 

valent to the existence of the composition map, induced by the' 

evaluation A ® {A,B} ® (B,C) . e ® 1~ B ® (B~C) ~ C for aIl 

A,B, and C in a. Similarly. the bifunctor ® on X is 
,,,," 

strong; for each W,X,Y, and Z in X the evaluation 

W ®y ® (W,X) ® (Y, z) ...::.w® (W,X) ® y ® (Y,Z) . e®e • (X ® z) y.ields 

the map (W,X) ® (y ,z)~ (W ®y ,X ®Z) • For each n E N define 

.... 
®: 
n 

of 

(X, y) 1, (Jf, yn) to be 6 
n-1 

followe,d by 

® , the coassociativity of the tensor in 

n-l, applications 

c\making this 

weIl defined. This may be used to give a more constructive de-



( 
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1=inition of HOM, as follows: Let [ , ] denote the X internai 

hom functor. The natural isomorphisms 

-=.~(c, [X,Y]) show (X,Y) ~,[X,Y]K , s6 that we could have 
b 

started by defining EX,Y) ~ [X,Y]K , the evaluation bein9 ad-

joint to ihe canon~cal [X,Y]K ... [X,Y] . Exactly as ebove; this 

,., " yields maps ® and ® . Now let ~ be monoidally-defined 
n 

over X with forgetful functor U . If A and B are in A , 

we may redefine (A,B) in c to be )fe joint equalizer of aIL 

pairs of maps belo~, where cr runs ~ver aIL ~-structure maps: 

,. 
ll.near {za tion In terms of modules, ® is just the of the 

\ < 

very non-linear bifunctor ® on X , and its existence is what 

allows enrichments.over C' , rather than over X . Similarly, 

the non ..... l inear i ty of certa in cond itions in X d isa pp' ·ar s when 
" 

"lifted" to C • For example, the map (~, Y) __ K __ (XI<, YK) using 

adjointness yields a map XK®Yl<~(X®Y)K analogous to the 

map in Sets XU x YU ... (X® Y) u (u the undérlying functor). Now 

the non-ll.near condition (X,X)m = 0 fo~ a lie-algebra multi-

plication 
m X ® X _,X can be expres,sed as a·mK = 0: XK0XK ... XK, 

'where 0 is the coa.lgebra map collapsing aIL points to the 

unique point in ~ representing 0 in X. 

l 
1 
" 

" 

,) 
\ 
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Example: Let X = Mod-R for a commutative ring R, and let 

C be in ex ~ Then a point of C 'is a coalgebra map "R --R... e 
1 

where R has its trivial coalgebra structure. Letting u de-

note the unit in R, we se'e fran the conunutivity of 

R 

) Il' 
2 2 

R_..;;.P_ 

that the element up in C is such that (up)' 0 = up® up and 

(up) E: = u • Hence" pt (e) is in one-to-one correspondence with 

{c E' e : c b = c 0 c , CE: = u} 

Now let A = UAlg-R ,the category of,unitary R-algeb~as, 
r~I,5 

an eminent propable category over Mod:0R • , 
, 

Each A in A has struoture maps (the unit) and 

-~ " 

2 mA <,f, A ~ A (multiplication, written as·between its arguments) _ , , , 
/' 

A®e~B Let vA and (B be in A and suppose is an evalu-

ation, i.e. (from ( 1) aboye) the following diagrams commute: 

A
Z

® c 100 (A ®C) 2 
2 

B2 A€lC~B e 
'"' .. 

mA01' l [mB uA®t t 1 (3) . u B 

A®e 
e 

B R0e~R .. 

For a A and f in C we write af for (a® f)e • If f is 

a point of e J the above diagra~s yield for aIl a and a' 

in A : {a ® a' ® f) (mA €l1) e = (a® a'® f) (1go )e 2m
B 

( (a. a') ®f) e = (a ® f cg, a ' €) f) e 
2

mB 

(a-a')f = (af)-{a'f) 

~d 

1 
'1 
J 
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sinee fE:. = U in R 

Suppose the~e is an element d in C sueh that 

db ;::: d ® f + f® d and dE:. = 0 • Then ehasing around (3). again 

we find (a.a')d == ad·a'f + af-a'd and und a 1 i.e. d, re-

presents an algebra derivation along f, from A to B_ 

For A E A consider the coalgebra (A,n) • Le~ 1 E (A,A)P 

be the point representing the identity map, and let 
Il ""'~ 

Diff(A) ;::: {d (Ii (A,A): db ;::: d 01 + 10d,dE:. == o} ,where band 

E:. are the eoalgebra structure maps on (A,A) . Then as above, 

the elements of Diff(A) represent algebra derivations from 

. A into itself (along the identity map). To Bee that Diff(A) 

contains one representative for each derivation, consider the 

module 
2 

R(x)/(x ) with coalgebra structure given by uo = u 0 u 

and xo;::: x0u + u®x (u is the unit, in R). A derivation 

d ' 2 
A~ A induces an evaluation A0R(X)/(x) -<> A defined by 

au ;::: a and ax = ad for aIl a E A , thus yielding a unique 

coalgebr<l map 
; 

-2 
R(x)/(x ) ~ (A,A) • The image of u is 1 in 

(A ,A) , while the image of x represents d -. Similarly, i t 

can be shown that (A,~) has representatives for all higher 

derivations as well. 

Given A and B in A , we already have shown that 

(A,B)P ~ A(A,B) , and as above it is easily shown that for each 

f t {A,B)P 1 the submodule {d € (A,B): db = d 0 f + f ® d 
\ 

dE:. ;::: a} exactly represents the module of f-derivations from 
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A to B. Denote this submodule of (A,B) by D(A,B)f the 

module of f-differentials. Given an R-module X , let XF be 

tltr: tensor algebra over X; this defines the left adjoint to 

the forgetfui functor U A _ X • By proposition 8 , these functors 

are strollg adjoint, i.e. we have a naturaL isomorphism in 
" 

C: (X,AU) ~ (XP,A) . Any coalgebra map preserves points; the 

above isomorphism carries JX,AU)P , representing module maps 
<;'l, 

X ~ AU . lnto (XF,A)P, their unique liftings to algebra maps. 

The coalgebra maps also preserve "differentia18" in the :foilowing 

sens'e: If c 
(X,AU) - (XF,A) is a coaigebra map f E (X,AU) 

and d E D (X ,AU) f then dc E D (XF ,A) fe' Now the eIem'ents of 

D(X,AU)f represent f-derivation from X to AU , but X and 

AU are only modules, i.e. algebra~ .with zero multipl~cation, 

so any linear map X - AU is an f-derivation. ~e above i80-

f 
morphism shbws why not only do module maps X~ AU lift to 

f d algebra maps XP ---A , but aiso tha t any modu le map X -- AU 
.... '" ). ll. d 
lifts to a unique algebra def'iv?ltion (along f) XF_ A 

'\ 

Clearly this example may be greatly generallzed, whlch we 

do in the following section. '" , 

\ 

\ 

<, 
~ 

" ) 

t 
~ r 
·l 
.l 
.~ 

~ 
'. j, 
'j 

1 

~~ 
'il 
,~ 

~ 
~ 
" i~t!! 
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'thaQter IV: Defor'Llations and Cohomology 

Let A be a subcoalgebra of B • \'le say the inclusion 

i A --- B is singular, if ,the following two conditions hold: 

i) i has a splitting in X 

~~. ii) ~. TI ...... Be> B factors through the inclusion 

\ A®Bu.B0A i::- B ®B . 

Condition ii) is equivalent to B being the pullback of 
t 

o and the inclusion j (see [19]§ 9). It is easy to see that 

the condition liA -0> B is singular" is just dual tc), th~ 

statement "the algebra A is a quotient of the algepra B 

by a square--zero ideal, the quotient map having an X-splitting," 

(seè Note in appendix). Thtia a coalgebra C is said to be 

smooth if the ham functor C(-,C): Cop -<> fiets carries singular 

inclusions to epimorphisms, i. e. if for evcry s ingu lar i: A --<> B 

and every cOùlgebra map a: A ~ C therc exicts a coalgebra 

map b; B -.. C such that ib::.: a • It is obv ious tha t every 
""'--

cofree coalgebra is smoo'th. In fact the cofree c9algebras are 

X-injective. 

Naw assume that X 'pas a zero object and that the K-image 

of a coalgebra under il coalgebra map is a subcoalgêbra of the 

codomain. For the latter it iG s.ufficient to assume that images 

and coimages in X coincide. 

1. Lemma: If A ~ B satisficG ii) above and B~ C is a co-

algebra mnp, then lm (A) - Im(B) also satisfies ii}. 

\ ' 
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~. Proposition: A coalgebra C is smooth if and only if every 

singular map C - E has a coalgebra splitting. 

Thus a 'coalgebra C is smooth if and 0111y if H
2

(N,C) = 0 

for every C-comodule N 1 \"here the cohornology groups are those 

determine'd by the cofree resolution as in [3]. (See [20] or [21] 

. 
for the definition of il cornodule) . 

Now assume that X i8 an add~tive category, i.e. that 
.' 

XK 

1s a Hopf object for al'l Ji: in 

gebras {D j as folJ.ows = In X n n'"O' 

i
TH 

injection <lnd clefine 

equations below: 

(1) d.ô - 1: cl. 0 d1p \ ~ 
, 

J+k=i J '" 

\ 

O' D -" 
n 

d,s 
~ 

D 

Define a sequence of coa1-

D = 6) l ; let d. be the 
n n ~ 

2 
and by C: D -<> l t.he 

n n , 

J 1 if "i 0 .! 

-, 

Co if i , 0 .-

Clear ly D _ .. l 
o 

and is a general~zé1 tian of the ring of 

~>~ ..... 

" 

dual numbers fram -the .10nt e:camplo. Tho injections D ~. D are 
n n+1 

coalgebra maps, and 'l:lc def ine D .. , lim D • ~'lhcn 
co -'.> n x == Mod-R , 

{ D } Dre duais respectively of the ring of formaI 
,n n«'1 '\ 

IJO\ver Gnricw ilnd :.t t.s 
th 

Tl degree b~unca t:.LOns. 

For c in C , let D (C) 
11 

denote the set c(n JC) 
- n 

Clearly an eleraent d of D (C) uniquely determincs a, sequence 
fl ' 

(d. ) . ~ 
~ 1<:n 

of elem&nts of X-maps l -> C 1 

t 
satisfying 

eqùntiollf3 (1) above. In particular, cl 
o 

15 a point of C • An 

c' 

/ . 
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- , , 
element d of D (C) 

co 
is called terminal if for some n EN, 

d. :;: 0 for aIl 
1. 

i > n , whence l: cl., is a point in C'. 
,~ 1. 
). '-n 

Hence an element cl or: D (C) 
n 

is said to be an n-deformation 

of the point d 
o 

(tm.]arcls another point). The injections 

Dn -l> Dn+l are ,clearly singular J so if C is smooth every 

element of D (C) 
n 

lifts to an element of Dn +1 (C) • 

We often refer to an element cl of D (C) as a formaI 
co 

point in C (gottcm by def9rming the point 
" 

d ). It determines 
o 

CD 

a formal sum L d. , and given û notion of convergent series 
i=o 1-

in C , e.g. whan X is the category of Banach spaces, the 
" 

sum aboya will (if it converges) de termine an honest point in 
1 

c ; see Example 2 be10\'l. Note that if X Mod-R R a commu-

tative ring, each formai point d in C yields a \"hole family 

of formal points {èl
r

: 
r d.r J

,} ra R , d. = 
). 1. 

Given a point p in C • we \'Iould 1ike to consider the 

elements cl 

a functorial 
d 

of D (C) 
n 

having d :::: p • This may be done in 
o 

\'Tay as follm'lG: Con:::;idar the objects and 

o 
l --.- D 

n 
in c'" :::: (I,~ 

C~" (do ,p) 1 

, the comma-category of pointed co-

a 1gebras. 'rhon 

formations of p , denoted 

clearly represents the set of n-de-

D (C ) 
n p 

Let A be enriched over C and let A and B be abjects 

of A 0 The elements of Dco(A,B) can be thought of- as formal 

maps from A to B , since a terminal or convergent formaI map 

yields a point in (A,B) reprcsenting ù real A-map. If C ~ A 

a 42 D (A,B) " and b (S D (B,C) , the composition of a and b J 
CD co 
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as formal maps, is given by 

(2) 
6 

D~D ®D 
co co co 

a®b :;.- CA, B) ® (fi,C) comp;.. (A ,C) 
\\ 

Denottng this by a.b , we have in terms of sequences: 
\ 

~ (2') ( a . b).;;:; L a]. b. • 
~ k+j=i ~ J 

Exarnple 1: Let ~ be the category of associative algebras 

over a ring R 0 Consider A and B in AAl~, and a point 
, 

p in the coalgebra (A,B) • Then in chapter III it was sliown 

that the clements of D «A,n» correspond to n-fol~ ~eri-
n p 

vations along p. Now l~t A be in AAlg and let A = (AA19,A), 

the abelian group objects of \vhich are just A-modules. Let 

B ~ A be in A und consider il point p in the coalgebra 

i b 
C = (A-..".A, B-<;>A) . As uoual, p represents a splitting of b . 

The evalfiation A® C ~ B makes the diagram 

e 
A ® C --"',-"" B 

l®c 1 
commute. Thus ~or my element d of must repJ;.esent 

a map into the kernel of b , since d
i

€;;:; 0 • This kernel is 

an A module via p , and \-1e recover the notion of module valued 

derivations. 

Let A be in X and let P be a prop over X. A p-

structure on A is clearly represented by a point of 
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X (A ad ,A a:) • Now P is generated by the quotient of a 
a E r.E} 
free prop by a set of diagrams D. Each element of D gives 

. . f . f th f X (Aad ,Aar) ~ (Am ,.An ) • r~se to a pa~r 0 maps ~n C 0 e orm --. 
a<:[P1 

The intersection of the equalizers of aIl such pairs yields a 

coalgebra S whose points exactly correspond ta P-stt'uctures 

on A. Given p ~ (S)p J i.e. a p-algebra A(p) , an element 

of D (S) may be considered as an n-fold deformation of A(p) 
? p 

towards a new P-algebra structure on A. 

Example 2: Look at the Gituation in which P defines the cate-

gory ~f associative algebra objects in ~. A P-structure on 

an element A of X is given by a point contained in the 

equalizer of the pair of maps below: 

(3) 

Let S denote the (coalgebra) equalizer of the above maps. If 
o 

d <: Dro(S) we f'i"n1i\ the sequence (dn ) n:;o satisfying the 

"equations" : 

(3 t ) L (d. @ A) d. - (A® d.) d. = 0 
.. ~ ] J ~ 
~+J=n 

(d ®A)d = (A@d )d o 0 0 0 

Now let X be the category of vector spaces over a field 
\1 

k , 'and let k ( (x) ) be the power series field in one variable. 

Then any sequence of lc-linear maps 

, 
\ 
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multiplication m on A @k k ( (x) ) , the linear extension of 

co i 
(a0b)m ::::: L (a@b)d .x for a',b E A . In the analytic theory, 

1 
i=o 

when Je --- H or iL , one may no\v substitute values from k 

for x and ask wllcn the above sum converges, for all" a,b cA. 
<·t~ ...... .c'\ 

In such a case m determines a new multiplLcation on A. Note 

that if A is finite dimensional this depends on the finite 

number of conditions that the sum converge for a and b in 

the basis. 'l'he multipl.ications (on lI.@kk«x» and A) \tILll 

be assocLative if thG sequence of maps satisfy the equations 

(3 V) above. These notions may be, genera11zed ta arbitrary fields 

US1.ng the them"y of formé.ll convergence and places; see [11] 

and [12J for dctails. 

Return to an é.lrbitrary bçtGc category X and look at the 

case \tll'lere P i8 algebraic, yielding a tciple rr and a cate-

of T-algebra,; 'l' 
X l' 

2 --.!.~ -'r and 1.....2>'1' gory X over . l,et 

denote the associative and unitary ~aturùl transfOL~ations 

v,ith which T is equipped., Let A be;::n elcment of X , and 

let S be the largo st oubcoalgebra of (AT ,A) such that the 

following two diagrams commute: 

(4) 
( 

n. ( 
S <'...-'-' NI' ,A) --'.'--..:........::.._.;: (A ,A) 

l' • 

S <--> (AT,A) _(_) ~_~;:: (AT 2 ,A) 
Il. ( ) 

cOl 
Bere r =: (AT,A) ~(AT.A) ® l --~." 10 (A,A) ;; (A,A) and 

o 2 T@l 2 comp. 2 
( )T. ( ) =; (AT,A}----..(AT,i\) ---~> (AT ,AT) @ (AT,A) .,. (AT ,A), 

using the fact that T is otrong. Then each ~ ln SP defines 
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a map (also denoted 5) AT ~ A such that the following two 

diagrams commute: 

Il A--- ~AT 

~j 
A 

AT
2 

1; sT j 
AT 

Il AT ". 

j ~ 
~ 

t> A 

Thus the points o~ S ~ correspond to T-algebra structures on 

A • Fixing such a ~ , \'le shall examine the elements of Dm(St;) 

As above t a tenninal clement of Deo (S ~) ~~ou ld yield another 

point in Sk 

deforming L 

, i.e. a ne',; T-algebra structure on A gotten by' 

Thus ",e më:ly consiâer DO) (S t;) as formal T-algebra 

structures on A • 

'" (j"\ ,A) has a natural bialgebtn structure givcn by compo-

sition, yielding the composition monoid structure on D (A,A) 
1 n 

The llnit in D (A,A) 
n 

io 9 ivcn by the poi.nt 1 representing the 

identity 

-1 
(cl ) '.' 

L 1-'::n 
. -1 

and d. 
~ 

map on A " NOir] the mono id is a group; 

i8 computable from the sequence of equations 

"-" -1 -1 
==. Lo a -ail »the result of solvil\g d.d' = 1 using 

k+1e 'i.i le ~ 

the 
(i-O 

compositl.On (2).1 Denote thin group by Aut (A) • The element~V' 
n 

TNO n-deformZltionc of an algebrù structure t; 1 i.e 0 tvlO 

elements in D (S ) '. are said to be eguivalent 
n ~ 

if there e}~ists nn cl<~mcnt u of Aut (A) 
ri. 

such t.hat in D (Nf A) 
n ' 

we have 

( 5) aT • cv: =: 13. a 
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If n = co , a is an isomorphism of the two formaI algebra 

structures on A, cc: and. /3 • Using (2 ' )', the above equation 

yields: 

(5 ' ) for ail i n 

An element of Dn (S~) 1s called trivial if it i5 equ ivalerlt 

; 
i.e. '" D (S ~) defined by ,to the~zero sequence over ~ , to ~ '(i 

J 

n " 
.... A 

!; = !; , 1;. == ,0 ' for i > 0 . 
0 ~ 

Recall from Beckws thesis, [3], that the algebra str'ucture 
n 

!; gives rise to a "non-homogeneous" cohomslogy complex of 

'. 
abelian groups, yieiding cohomology groups denote~ 

s with coeffjrients in s . The 
'1'H 

n-- coboundary ope~ator 

T n 
n : X (AT ,A) 4-'in -

o ' = t 1'n. ( ) -
n 

~T(ATn+l;A) is given by 

n~1(_1}iT~~Tn-i:( _ (_1)n( 

i==o 

of 

Now let a be an element of Dn (SI;) and ~et d. be the 
J 

first'non-zero term of the sequence (d.). . Then from (1) 
.l. .1..>0 

we have d,é:::; a.®!; + ~<:)d. ana from (4) Il.d. = d.T· s =t-l;T.d, , 
J J' J . J J J 

is' a, one-cocycle. Analogous ta [11] proposition 1.1, i·e. d. 
J 

we have: 

3. Proposition: Each element of Dn(St;) i8 equivalent to an 

element whose first non-zero term is not a coboundary. 

4. Corollary: .If 
1 

H (s,!;) i=' 0 then every element of 

i8 trivial. 

\ 
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Let be an elément of Dl(S~} • We shall i~vestigate, 

in the spirit of [11], when such an element may be lifted to 

an element of Doo{8;> • More generally, let d be 

and suppose there exists an element 

(6 ) ~·d ::;;; L d.T-d. 
'n . +' 1. J 1. J=n 

d 
n 

Recalling d = S this m~ be written 
a 

ar 
.'- , 

(6' ) J.l-a - sT-a - a T .'s = n n n 

Denote this last sum by d* /" 

extending 

" 

as 

L d.T-a. 
i+j=n 1 J 

i!a!j 

in 

d ta an 

'\ 

1 
Note t~at any cofree coalgebra cantains man y deformations; 

every set o,f maps <:!}1 .... X in X lifts to an element of 
\ n 

D (XK) - ln particular, given X and Y in X and a sequence n 
0 . ,., 

of'-maps ·(x.).~ : X -!'y 1 tnere is an element x in D «x, Y» 
1. l.:::-n n 
A 

such that Xi is a representati~e of xi • Now recogni~~ng the 

left side of (6') as the coboundary of 

v 

5. Lemma: fin element d of Dn_l(8~) 

d 
n 

we see , 

lifts to an element of 

if and ooly if there exists a l-cochain d 
n 

such that 

d ô = a* . n 1 

. 
Although the foB.owing i~ a, general~zat ion of [11] Propo-

"" 

" 

sition 1.3, the proof is now much easier, using only t~e strength 

of T ~nd th(~ naturali ty of Il-
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6. Proposition: If d 

is a two cocycle. 

7 C ll D If H2(~,~) = 0 " oro ary: ';:) s 

lifts to an element of Dru(Sl;) 

then d* 

then every element of D (S ) 
n ~ 

Let k be a commutative ring. In developing the theoryof 
, 

k-split singular extensions of a k-alge~ra A by an A-module 

M , one may proceed as follows: First, find one extension E 

(which' i8 ea8Y), then produce other extensions by "twisting" 

(or deforming) the algebra structure on E while preserving 
/ 

the vital properties of an extension. In the classical theory 

\ this deformjng is done by the additîon of cocycles in the multi-

~ 

plication on E . One then proves that aIl extens~ons of A by 

M may be gotten in this way from E. This connection between 

the exten~ion theory and deformation theory may be generalized 

and made precise. 

Pirst il diversion. Let, p be a point in an arbitrary co-

algebra C and denote the set {d E C: de = 0, db = 
1 

d® P + d®~p®d} by Cord(C ) 
p 

; this is the set of cords at 

p and is obviously naturally isomorphic to (C)p, sinee the 

difference between p and apother point is a cordCat p . Now 

ln certain cases there will be a natural correspond~nce between 

Cord(Cp ) and D1 (Cp ) . For example, let A be the category of 

algeb~a objects over a fix\ algebra 

., 

A as in example 1 '~. 

\ 

';' , 

i " 

" .:1 
" -., 
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Let B~;: and G---L.A 'be in A, and suppose ker(y) 

has square zero. Denote by U the underlying functor A - X 

and recall that (p,y) can be viewed as the largest subcoalgebra 

of Um, yU) that maps p to y : If P (; ( p , y ) P and 

d : (JU - yU i5 an K-map~, in (pU,yU) there are elements d
1 

and d
2 

each rcprescnting d , but such that sd 1 = 0 = cd 2 ' 

d1 6 = d 1 ®p +p®d1 , an~fl/) =d~®P + d
2 0 d

2 +P0 d
2 · The 

first condition cnsures that both d
1 

and d
2 

map into the 

}cernel of y ,and di will satisfy the evaluation condition 

if and only if d
2 

will since the image of d
2

® d
2 

in G0 ~ 

is annihilated by the multiplication. 

Let A be the eategory of associative algebra objects in 

x , and let A be in A with multiplication -, 
2 

a : A - A . If 

M E X , an extension of A by M i5 an A-structure on li. + M 

'h the proJection P ~ li. -1- f·l -<- A is an algebra map. Here + 

denotes the biproduct j.n the additive cûtegory X Le t E = li. + M. 

and let S be the large st subcoalgebra of 2 (E ,E) that equalizes 

the pair of maps describing ùssociativity, as in diagram (3) , and 
-"'1 

sueh that every element X" S satlsfies 

(7) xc· (p0 p)'ù = x·p 

If s lE SP • this means that s defines an extension of 1\ by 

M , and the maximality of S ensures that every extension \·Jill 

be represented by a point in S • Note that (7) is equivalent to 

the commutùtivity of 

\ 
1 
\ 
" 
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(E
2

,E) 
8 

S ~ J ... l 

1 1 
(p~) ·a 

2 2 
(E , A)!8l( E ,M) 

2 
108" (E ,A) 

which is just a lifting to C of the condition that the pro-

jection be an algebra map. 

Now assume that we are given a point s in S. Foc any 

two coalgebras Band C J D (B 0 C ) ;;; D ( B) x D ( C ) J a nd in 
n , n n 

particula.r (B® C) P - BP x CP 
2 2 2 

; sinee (E ,E) = (E ,A) ® (E ,M) 

s décomposes into s = b x e where 
2 

b € (E ,A) P and 
, 2 

e E (E ,M) P 

so 
2 

e E (E ,M) has a de-

2 c <Ii (A ,M) P 
., 

composition into" e = c x lx r x m where J d E (A ® M, M) P , 

() ( 
2 

rE M0A P, and mE M ,M}P . Likewise corresponding to the ob-
f-

vious expansion of (E
2

,A) b has a four-point decomposition. 

However, applying condition (7) it is clear that b acts non­

trivially only as a point in (A
2

,A) , Le. as a map A
2 0- A , 

and there b = a . Investigating what condition the associativity 

of s imposes we obtain the weIl known 

8. Proposition: The point s in 2 
(E JE) is in S , and defines 

an extension, if and only if the following conditions hold: 

"1) m : M
2 ... M is associative 

ii) (l ® M) °m = (A® m) ·1 A®M 
2 -M 

iii) (1'10 r) -m :::: (m® A) ·r M
2
® A ..... M 

iv) (l®A)'r:::: (A®r)·l : A®M®A -+ M 
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" v} (r0 M) ·rn ::: (M0l) ·m M0A0M ..... M 

vi) (aC!) Ml ·1 ::: (A®l)·l + (c -.:) M) -ro A
2

0 M --i> M 

viI.) (rQ:,lA)·r (M0a) ·r (M 0c) 
2 

== + -ro M0 A ..... M 

v~ii) (a0 A) ·c + (c ,0 A) ·r = (A 0a) ·C + (A0c) ·1 : A
3 

-1> M 

'AlI of the above equatioJs have classical Interpretations, 

for which we refer the reader to [14]. In particular, viJ.i) 

says c must be a Hochschild 2-cocycle. If one requires that 

1 and r define an A-bimodule structure on M, vi) and vii) 
), 

would demand that c map into the (two sided) annahilator of 
(' 2 

H (A,ann M) M , and wc would get the weIL known result that 

this b~1ng rrochschild cohoroology, classifies extensions with 

given (fixed) structure,rnaps 1 , r , and m . Of course in the 

singular theory conditions i») ii) , and lU) disappear. 

Now let us search for deformations of s in S. Any 

n-deformations of s in (E2 ,E) decomposes into br ,x el where 

2 
b' t On (E ,A)b and e r <:. D (E2 

,H) • However, (7) appl ied to 
n c 

b' x e' demands that b~ be the zero deformation of b" 

50 in 1001<.in9 for de forma tians of G wc need only look for 

deformations eV of e = c x 1 x r )<.. ID As above decompo-

ses into ct x l' x r' x m' ,v/here c' E 
2 

D (A ,[.1), 
n 

l' E D (A0 M,N) , etc. In aIl the classical theories the actions 
n 

of A upon 1-1 and the multiplication in Mare presumed to 

be given and fixed, and here this corresponds to dernanding that 

" 

k, 

.. 
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1 t, r', and m' be zero deformations; one only looks a~de­

formations of the multiplication 
, 

s on A + M gotten by 

deforming c • We shall first loolc at this restr icted theo..'.. y 

and then at the more genernl case when IV, rt, and m'are 

allowed to be non-zero. 

vIe have seen that a l-deformat ion SV is 9 iven by a 

l-deformation c W of c in (A 
2

,1:1) • This clefines a linear 

" 

map which also h.ùs a representation as a cord Cil at:t c . This 

d'efines a cord nt s , and ie ~s easily seen that st is 

in S if and only if s" is in S. But 5" clefines an actual 

new point: in S , Le. a ne\'] extenaion of 1\ by M. 'l'hus in 

.finding those K-mnps A
2 

.... r.1 th2t genGratc cords (or l-defor-

mations) within S, ,:JG Eind the set. of aIl desirec1 extensions. 

The assoc iativity condition on S 9 ivcs us thG following ~ 

Assuming l, r, and TIl Rre fb<ed, an X-map 
2 

f : A - M yields 

a cOJ:'d in S (at s) i.f and only if it satisfies the follovling 

equations: 

(f®H)·m::::: 0 = (H0f).m 
(8) 

(a®l\}·f -1- (f®A).r ::::: (l\®a)·f + (A® f)-l 

Thus we have an ~somorphism of 
2 

Z (A, ann M) and 

addition 111 the cocycle group being given simply' byè the additive 

.group structure on the sei; of l-éle:formations. This yields the 

wel1-knm·,rn result that if SP is non-empty, Le. if there 

.' 
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exists one extension of A by M , then the group of extensions 
'J' , \ 

is classified by H
2

(A,ann l"l} _ Of course 11ere one extends the 

original definition of Hochschild cohomology to include co-

efficients in the algebra f·l equipped with A actions l 

and r. 

Returning to t.he general case of a deformation of s , 

let c' == (cn)n:::::o 
2 c D (A ,H) 

co 
P = (1 ) r' 

n n"o ' 

m' ~ and = (mn ) n:::::o 1\s 'Ille have seen these define a formal de-

formation of s 
o 

lying in (E 2 ,E) • Analogous to proposition 
\ 

8 'VIe have 

9 _ Proposition: The deformation of s defined by c', 1 t .. r', 

and m V lies in S if and only if ,the fol10wing equations 

holé! for 0.11 n '. 0 " \·,horc the Gum;:; are taken over indices c:.-

i and j such that i -\. j -- n n 
.~~. 

i) Z:(r.1®m,)·m. :::: Z:(m. ®f.1)-m. 
J.. J J. J 

ii) k(l. ®r·1) -m. = };(A®m.)-l. 
~ ] J. J 

iii) i.:(M®r.)-m. 
1. ] 

:= l:(m. ® A) -r. 
J J 

iv) i.:(l.®A).r. -- :E(J.®r.)Ql. 
~ J J. J 

v) L{r. 0r-1.) "m. =:: L(r.1®1.)-,.1. 
~ J ~ J . 

vi) L (A 01.) -1. .. - L(a. ®M) -1 . + (c. ®f.1) -ro . 
. J. J J.. J l. J 

vii) L (r. (:1 A) -r. -- I.U1®a.).r. + (f,1® c . ) ·ro. 
l J 3. J 1. J 

viii) i.: (a. ® A) -c . + (c. ®A) ·r. 1. (A® a.) - c . + (A€> c.) .1. 
!) 

:= 

1 J l. J 1. J 1. ] 
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< 
Specializing this to n;= 0 W0 recover Proposition 8 

and assuming r. = 1. = m. = 0 for 
J_ 1 1 

i '> 0 yields (8). By 

co,nsidering the cases Hhen various combinations of c 9, l', 
<, 

r', and mg are zero, the reader can easily find oilier con­

ditions for deformation::; "dth certa,iA fixed Eea ture~. For 

example if everyth1.ng but the left action l is assumed fixed, 

one finds that the sequence (1) must satisfy 
n n-;o 

(1 ® r4)'fi = (A ®m) • l , (1 ® l\) - r = (1\0 r) -1 (M ® l ) -fi = 0, 
n n·n . n n 

L (1\01.)-1,::::; (a0M)·1 ,and, (A®c)·1 = 0 • 
i +j =n, .l. J n t n . 

Obviously aIl of the abave 
, . 

e:l~CenS10n theory g06S through 

v/hen 'we. no:'p1ace the category of associ,at-ive algebras by an 
\' 

algebraic catcgory ",hase triple i.E.: additive. In arder apply 

th1s to il non-additive t.rip~e T , one mUGt assume that T 

, 
at_loast partially respecte t.he addition. but 0.:hi8 :ts far out 

'1 

of the scape 0 f th j s \':0rl~ ~ 

Note that '.'le have cornpletely ignored' the geometric 'inter-

pretation of the .deformation theory. Thinking of a coalgebra 

C as the lincar envelope of i t~ '~opllce" of points, Dl (C) is 

just the tangent bundle of t:ho point-space:' Given a. point p 

in C Dl (C) 1.S the tê.ngcnt space at the point p , and 
- p 

( . 

smooth cQalgebras defj.no smooth point-spaces in che usual Sense. 

For the pure1y gcometric vcrnion of deformation theory see [15] 

and the rcferences thore citcd. 
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Appendix 

( 
/ 

Proof of 1.1: We must first show C is cartes ian. If 

(C
1

,b
1

,(
1

) and (C
2

,Ù
2

,E
2

) are in ~ 1 th~ir tensor product 

C is defined to be (C'!t® C2 ' (01 0(2) ·1181 t01 , ci (9 ( 2 ) • Ta 

show this is the product in Ç", let (c', 0, c) be in f. and 

suppose wc have 'C-maps a : and b : C ..... C
2 

• The commu-

tivity of the diagram below shows that 10 c 2 : C
1 

® C
2 

..... Ci ls 

the product projection: 

Now to fin~sh the proof, we show the adjunction in MON i5 

the forgetful functor U: C (~) .... K . Let Y be a cartes ian ca te­
i 
gory and let F.;; '1 .- X be a MON-map. For Y in y let 

y ..... y X Y be the diagonal and let c be the compos itlon 

"..., 'Ir 
y-·yxI ..... r 

~ 

Define F: y ..... CCX) by Yi? = (YF,2.F,cF) g pre-

serves product since it preserves the projection maps. 

li; 
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Notes on chaRter II 

Proof of 2.1: Let Q' be the subset of X consisting of all 

finl.te tensor products of elements from G, and let (t' be a 

regular cardinal such that rank G' < a' for a Il G' in G' . 

Now G' i8 closed under finite applications of the ten'sor, be-

cause ,g, C Gr Gr generates X, and K i5 uf-locally presentable. 

, 
Proof of 2.5: This is VleH known. If n is a dl.agram ~n A wi th 

coliml.t D~' in X, the structure maps u>~: 0'" 4> D",ur are given 

by the canonica l arrow campleting the square be low 1 where i .LS 

the injection: 

0* D-!( ar 

i r Î 
. ur 
~ 

O~Dur 
\ 

Now if the prop defining Il i8 free we are done. If jit is strictly 

coalgebraic (see p. 13) the maps u* must si'ltisfy the commutivity 

of diagrams of the form n-t'::1:: n,,,n (v/here the maps inval ved are 

built up out of the and various coherent naturai isomorphisms). 

This pair of m~ps imbeds into a commuting diagram of the form 

O-t, - o*n 
---?-

d 1 .n 
l. 

0 --1:>- nn 
--l> 

The lawer pair of maps are equal sinC\~ D t !1 , and Sl.nce the, 

injections i are collectively epi the upper pair are equal and 

, : 

'. 
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,;-

D* E ~ • If ~ i8 not 8trictly caalgebraic, the maps required ta 

b l , 11 b f th f D""m D*n S· e equa Wl. e a e orm -+ • 1nce preserves co-

limits, the maps m m *m i : D .... D are collectively epi 'and the 

argument goes as before. 

Proof of 2.6: The "only if" statement is trivial. For the converse, 

the factorizations 
• • ,O'r 
1.0' "" a'!. define structure maps (J f: X --+ x(Jr 

on X . Now argue as in the proof of 2.5(abovc, the purity of X 
.n 

guarenteeing that the maps Xn ~ An are monomorphisms. 
r','~ i ,. .. 
Proof of 2.8: Let Xl == X and define Xfl by ~r3 = K;,_1 if 

is. a non-lirnit cardinal and X p = O~pXè if ~ is a limit cardinal., 

( cr ar) l (Var Aar) l (Xor Aur ) __ Xor 
Note that lm X~~A --'" A ..s. m .l\.p ..... .f. m rH1 -;. 13+1 

since Xp+l is pure in A. Choo~e a regular limit cardin~l 

ex. i > 0. and dei ine -= Ij;m Xt.1 • Since 
]3<a' 

is regular, (Xn) 9 
F d3<;u 

i8 a-directed, so that X" = p~o.' Xp . X 
°t: 

ls clearly pure in' n 

and lm (X'": A u or) lm ({1 U , --<- A ur) or 
so ...... -'>A :::: Xp 

-~ A = U lm (X ..... A-<-A ) 
<a ~k'a9 p 

oS. J3~a~[Im{xj3+1- A) J ur l' ar (X"") or . Thus X* i8 A-sub-:: !;m X~+l ::: an 
13<a 

abject of A by 1mnma 3 above. Finally choose y (b.) such that 

X* is y(A)-generated. y(~} dopsn't depend on X by proposition 

4 above and 2.3 . 

Now each element A of A m~y be written as lim G. 
- 1. 

where each G. 
1. 

is a y-genetated ~-subobject of A. Thus 

A = lim G* in A and the set {G*: G is y-generated in X} ..... i 

forms a generating set for li . 
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for lA all have rank, 

that 
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\ 

if ranl<XA 

elements of the 

in li . Suppose 

'1\ for any f3 '. y, then 

generating set constructed 

D is a il -filtered d,iagram 

~n A having colimit L . Each ~-map a A - L factors through 

a caf ~nal subd iagram B of D via X-maps b 1\ ~ B for a 11 

B E B . Consider the diagram below: 

ar ur a or 
A ~ L 

~cr :Y, 
~A __ a_,.. L 

~I 
B 

\ 
lu 

-. Bar 

1 
L ar Dur ar 

b
ur Since lim have lirn ba 

1 

lim and == we == au = ua == () -, .... -for sorne B ~ B and b : A ~ ... B we have b . (] = ([.bar 
There u cr u cr u 

exists sorne B G B into which B map, for all u <: [A) , since 
a 

y r~] and B is y-filtered. Clearly the factorization through 

B,,,, is an A-map. 

'pl-oof of 2.10: Trivial by 2.6 and the SAF1'. 

Proof of 2.11: Let B ~ C be a pair of maps in 1\ and suppose 

X --<- B ==:: C 1.8 a spl it-equalizer d iagram ~n X. Let cr: 1 .... ur 

be a map in the prop cJefill ing A . By the universa11ty of split-- . 
equalizers, they are preservcd by the func tm: } ur, and 

X
OJ 

is also a (split) equalizer. We have a commu-

tative diagram 
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defining a canonical map X - X
ar

. Note that X is pure in B 

,. 
because the 1njection splits, and the result follows from 2.7, 

s ince the underlying functor A -<- K clearly reflects l.somor-

phisms. 

Notes Qn~ter III: One can easily definc a broader class of 

categories enriched over C. If ([! iS'ël set, a (l-multiprop 

M is a monoidal category \-,hose abjects are t.hone of the free-

monoidal category on ('1 generators in such a way that the full 

monoidal subcategory (Ff-1S) generated by each element of <I> ie; 

a prop. Supnose 1 ~ 0 and lel MV be the I~1S of M generated 

by ((>-~ • If .]{ is our (monoidnl) base category and 
. 

R: f.1w -> X 
ï -

is a !'1Qli-map,' the category of R-~:d:9gets, denoted R-widq, has as 

its class of abjects all f.10R-maps t.I - CJ equai R when 

restricteJ 1:0 aV 

Identify the clemente; of the Ff.'i.5 generated by 1 wi th (i:J 

and assume t1 has a genrating set of maps (l'.'l] bf the form 

cr : au® ad ..... aI .. ® (fr vlhore nU, aL c. H~ and od, or- c QJ • (Th( 

more general case is not hard, only messy.) As usual identify 

abjects A ,aU, ùnd aL in X Hith (l)A, (crU)R and (üL)R 

respectivel H, where A G R-widq . Thus an abject 1\ in R-Vlidq 
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is an abject in X equipped with structure maps 

(aA: aU®Ao
d 

.... aL®Aar)(J~[M] • An R-widg map a: A" B 

is an lf.-map such- that (10.9 aGd) • aB == aA. (10.9 a or) : 

U ® A ad ..... ,,-1 .. ® Bar for aIL cr.:; LM] • 
cr a 

Let A be a category of widgets~ (over X). Given 
, , 

A,B e A and C, ~ .. an evaluation may be defined to be an 

X-map e: A® C .... B such that 

ad - crr 
(100 d)·(1®e )-crB-= (aA<31).(1@o ).(10e ): 

a ar 

aU0A
od

®C ...... aL®B
ar 

for all (J € [Ml. Just as for decent 
(' 

categories over X , aIl widgets become enriched over c. 

A \V'idget is called algebraic (resp. coalgebraic) i,f ar (= 1 

(resp. ad :::: 1) for all 
r' 

cr c [~J . l.1aps between multir>rops 

sending (N ta IN' yield 'I,-Tidgetable functors. NON all the reRults 

of chapter III hold. In particular, all widgetable functors 

are stronge 

Proof 0 f 3.1:: Let f be the JC-rllap induced by f • For any 

n n , f 

dition 

== fÔ n 
becuuse 

r:rd 
cr :::: 

f is a coalgebra map. Rence the con-

becomes the commutivLty of 

1®f ad 
----0>-:> A ' ® C 

, 10ô ad) e ad 
~ ____ ~ ______ ~~ Bad 

J cr®l 1 cr 

:1.®f t>- Aar ®.c .. 

(î 
, " 

f " 
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The left rec'tangle commutes trivially 1 the right because 

e is an evaluation. 

Proof of 3.2: Let D be a diagram in C with colimit C 
é 

and jt {A ® D __ 0_,. B}DED' _ be a compatible 'farnily of evalu-

at,ion . Then A® C is' the K-colimit of A ® Q and the 

eva1: tions e induce an X-map A ®C ~ B • To see that o 

e is an evaluation consider the diagram below,'where 

D -SL.. C is the colirnit iaduced inj ection for D E D 

n 

A
C1d

®C 
1®Ôaél (A®C)od 

ad e .. ~ 

~ (1&1) ad 

1 ~ 
P A aq ® D 1®°èrd 

~ (A® D) ad 

1 1®Ô 
____ ar __ .. (A ® D) or Aor®D 

. ..1) />@j (1~) ur . 1 

Bad 

-------1:-®6""...-~' ----.. (A ® c) ar ---a-r--". Bar 
ar e 

ar 
A' ®C 

AlI the inner polygons commutes, and since the élIs are 

collectively epi, the outer rectangle commutes . 
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Proof of 3.4: Suppose . a is coalgebraic over -' X For A € A 

and c <.; g, " define C ~ A to be the. object C 0 A 
" ~ 

equipped 

with structure maps equal to the composition 

(6 0 ,.) 
a 

,ar ar,.., . ar . 
: C ® 1\ -'> C ® A :::: (C 0A' • S~nce the associative 

and symme~ric isomorphisms are coherent and 8 commutes "\1ith them 

(i.e. C is coabelian and coassociat1ve), the structure maps on 

c 0 A satisfy of any equations the structure maps on A satisfy. 

Varification of the adjointness property is trivial. Ta see that 

A has cotensors using 2.9 and the SAPT, we must s~ow that 

A) AOP-.,. C , : preserves limits', '1dhich follolds t:rivially from 

the assumption that ® preserves colimits and 2.5 • 

proof of 3.5: 
J 

'fhe 'c(~istence ,of cotensors i8 exactly dual to the '. 
\ " ,/< \ "-

first part of the pr6'bf of 3.4. No\! it in trivial ta check that . 
for each A ~ JI" the functor (1\,-): 1\ -'" C preserves limits, 

ahd aa :'l is vléJ:l-lmo"ln to be complete <.:md well-povlered (and in 

fact co-wcllpm'\1ered) , 'VIe nced only flnd a solution S0t in A for 

each givenr C in C . Consider the free functor yi! : x- A and 
l 

the abject (A®C) rY in li " 
(.(;j;: P. he the set of quotients Q 

of (A0 cU P \ such that A(8)C .... (A® C) F -{> Q is an evaluation. 
o ~ 

Given aB,: A and a f·map C - (A,B) , this is equivalent 

to being given an evaluation 0 : A ® C ~ B • e is ~ map in ~ 

and thus lifts to a rnap f ;: (1\0 C) F -<- B • Let (A® C) F ~"" Q <-+ B 
q 

be a factorization of f Since cl -<> B is a monomorphism and 

( . e is an evaluation, A ®C -~. (l\.® C) F -> Q j s an evaluation and 

Q c.: Q. • No",! the injection Q -+ B yielàs the obvioDS map 

) 



( 

-48-

(A,Q) ~ (A,B) completing the diagrarn (A,B)- C -- (A,Q) "' 

and the, set 0 forros a solution set for C. 

Notes on chapter IV: Ta understand the meaning of "singular" as 

we use it, note that the notion dual! ta that of union actually 
~ 

is intersection if one restricts one's attention to X-split sub-

abjects. If i: A .... B ir singular. 

i in X . ~hen the X-spliting of i 

let K be the cokernel of 

implies that A® Bu B® A 

is the kernel of B ® B --1' 1\ ® I{ • Thus if ,ve wished ta work with 

cokernels in X, \-le could rede fine singular to mean 

B ~ B ® B - K ® K in zero. This ia obviously dual to the notion 

of a square~zero kernel. One· introduces kernels into the study 

of algebras precisely because quotients (cokernels) are sa un-

wieldy. In the dual situation of coalgebras, there is no such 
\ 

need, and Orle may deal dircctly \·tith the objects ~nvolved. 

Proof of 4.1: t'le may ç.1.ssume m 
~, 

'"' . i8 an epimorphism in by the 

assumption on factorizations preceeding the lemma. The fol1owing 

diagram commutes: ' 

?'" B __ m_®n""'----'1> C 0 C . 

A®Bu B®~ l~ Îo 
'~ B ___ m __ i> C 

\ 

Thus \..,e ha~e CS.s. (A®Bu B®A)m®m 

= (A®B)m®m u (B®A)m0m.s. Am®Bm u Bm ® Am = Am0C lJ C@Am • 

'. 
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Proof of 4.2: One directi6n is trivial. Let A ~ B be singular 

and let m : A -l> C be a coalgebra map. Form the pushoùt diagram 
B -----c- E 

1 f in C • Since A ~ B splits in X , 80 must C 4 E . 
\A~> C 

In particular C ~ E i8 a mono. Using 1 above it i8 obvious 

that C 4 E is singular. By assumption there exists a ~-map 

E ->0 C sp) ) l:ting C -4 E ,and B -. E -,. C shows C i5 smooth. 

and let d. be 
J 

the first non-zero term of (d.) .• If d. 
1. 1>0 ) 

i8 a coboundary, 

let (A ,1\) and be such that = d. 
J 

a..;.. G 

let , be defined by a = 1 , a. == a~ 
o J" 

a. == 0 for 
1. 

i > j and 1. < i <.j . l l d P d-l 
Flnai y et .:=; aT- ·a Using the 

composil:ion fortnu1a (2) 
-1 

d; = r a.T·d -ù • Since 
n i+k+l=n 1. ];: 1 

d
le 

::: 0 for aIl i < k < j , we have ai _. 0 for all 1 <' n < j 
n 

No", 
-1 

d~ d. + a T· ~ 1- • a 0 and the f:Lrst i.l. - -ù~": , so == - == 
J J J .. ~. ;,:J ... -: 

non' zero term of (d ~ i) i>o 

re~:;ult fol 10"1:'; by induction. 

has subscript greatcr than j . The 

prool: of 4 _ 5: rrhe only if stûtemcnt fo 110\1s from the remarlcs 

prececding the lcnunGl. The conversa fo1.1o~ .. ,S from the remarks 

about co:Eree coalgcbrao. 

1?rpP,f of 4.6: Let d :=: (d.). < 
1. 1. Al 

b:3 in 

the composition as àeflnc:d by cliagram (2) VIC have 

2 LaT ·a.T-a. ~ T~·d.T·d. 
i +j =n 0 1. J 1. J 

pT· d , T - cl. - (d. 'i'. cl . ) fL' • d 
1. J J. J a 

i/o;'!j 
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Since is (d.T.d.)T 
2 

and because is T strong = d.T ·d,T JI 
1. J 1. J 

natural TJ.1.d. T 
2 Now for each j is == d.T .p . .-: n , d . an 

1. 1. J 

element of S s yielding ~t odj = 

(again using the strellJth of T} 

L dkT-d
l 

and similarly 
k+l=j 2 
~T·d.T ~ l dkT -dIT 

, 1. k+l=i 

Substituting into the equation for d*a 
2 

above yields 

d*a == 
2 

2 
l (d ,T • d . T • d . 

'+' 0 1. ] J.. )=n 
i;lo;ij 

2 
- d.T ·d.T.d ) 

1. J 0 

:::: 

:::: 

L d
k 

T 
2 

• dIT. d j') 
k+l==i 
kloll 

Proof of 4.8: The element s must satisfy the equation 

(s0 E) • s ::: (B® s) • s : E
3 

- E by the definition of S • E
3= (A+M) 3 

has an eight terIn expansion'I and the eight equations of propo-
> 

s~tion 8 express the restriction on the injections made by the 

above restriction on s (cf. [14). 

Proof O,frAL9: By definition 

~ 
satisfy the equation 

a deformation of s must 

l (s. ® E) ·9. = 
i+j=n 1. J 

L (E®s.) -s .• As in the proof above, 
i+j=n 1. ) 

" 

, 
, 1 

,î 

,. 



\ 
l . 

, 

.1 

c 

() 

- -. 

-51-

this pub; restrictions on th,e eight injections into E
3 

, the 

~ restrictions expressed by the eight points of the proposition. 
/ 

\ 

1 
" '!Ç 

-, 
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