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COALGE BRAS AND CARTESIAN CATEGORIES 

Thomas Fox 
McGill University,  Montreal 

Let II_ be a monoidal category. W e  show that the best  

approximation to  & by a ca r tes ian  category i s  the category 

of coalgebra objects in &. 

Recall  that a monoidal category i s  a 7-tuple (s, @, I, a ,  s ,  .t,, r )  

where  X i s  a category equipped with a bifunctor, "tensor", 

C:_X_x& -+X, a n  object I and coherent natural  i somorphisms  

a : ( X C Y ) @ Z - + X @ ( Y @ Z ) ,  s : X @ Y + Y @ X ,  a : I @ x + x ,  and 

r : X @ I + X ,  for a l l  X , Y , Z  i n  &. W e w r i t e  & i n p l a c e  of 

(X, 4 . . .)  whenever it i s  unambiguous. X i s  said to  be ca r tes ian  

if 8 i s  the categorical product .  In that case  I i s  t e rmina l ,  and 

we may a s s u m e  ,t, and r a r e  projections.  

Let a N  be t h e  category of monoidal categories  and s t r i c t  

functors between them ( s e e  [MI) .  Maps i n  X N  p r e s e r v e  a l l  

of the monoidal s t ruc ture  p rec i se ly ,  including the natural  i so -  

morphisms  a ,  s ,  a ,  and r . Similar ly ,  le t  CART denote the  
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category of a l l  cartesian categories. Using the fact  that M a  

and CART a r e  both algebraic over CAT (the category of cate- 

gories ,  see [L]), i t  i s  easy to show that the inclusion 

C A R T + M s  h a s a  leftadjoint.  We s h o w t h a t i t h a s a  

right adjoint. 

Given a monoidal category &, a (coassociative, coabelian,. 

counitary) &-coalgebra i s  a t r iple  (C,  6, c) ,  where C i s  an 

6 object i n  & equipped with maps C + CQC and C 5 I such 

that b(6OC)a = 6(C@b),  6 s=6 ,  b(CO<)r  = C, and 6(cOC)i  = C. 

If (C,  bC, c C )  and (B,  bB, c B )  a r e  coalgebras, a n  &-map 

C ~ B  is  a coalgebra map if 6 (.@a) = and c C  = a<B. The 
C 

category of X-coalgebras i s  denoted (_X)C. Let U: (5)s -, _X 

be the natural  forgetful functor. 

Given (C ,6  cy'c ) and (B,  bB, eB)  in (_X)_C, define 

6: COB + (COB)O(COB) and ' :C@B- , I  by 6 = ( 6 C 0 6 B ) ( G O s & B )  

and c = ( e C @ c B ) r .  Then just a s  in the case X= Mod-R ( s e e  [S] 

or  [B]), (COB, 6,') i s  a coalgebra and i s  the product of 

(C,  6 C, f C )  and (B. GB,  cB) in  (5)s. The projections a r e  

( C O r g ) r  and ( c  @B)a.  Since I has a n  obvious t r ivial  coalgebra 
C 

structure,  we see that (5)s i s  a cartesian category in  a way that 

U i s  a map i n U N .  

Proposition: ( - )C_  defines a functor m N +  CART right adjoint 

t o  the inclusion. 
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Proof:  We show that the forgetful functor U: (_X)C_ + X_ 

i s  the  adjunction i n  M a .  Given a ca r tes ian  category Y , 

and a m a p  F :  Y_ -r _X i n  &N, we define a map  F. _Y -r (_X)C_ 

a s f o l l o w s :  F o r e a c h  Y i n z ,  l e t  A:Y+Yy,Y b e t h e  

r 
diagonal, and le t  C :  Y + I be  the i somorphism Y + Y y, I followed 

by the second projection. Le t  YF = (YF,  AF,  6 F )  i n  (_X)C_. It i s  

t r i v i a l  t o  check that F p r e s e r v e s  the  necessa ry  s t ruc ture  and i s  

t h e  unique lifting of F. 

Note, if one requ i res  tha t  monoidal categories be cocomplete 

o r  that  t e n s o r s  p r e s e r v e  col imits ,  our r e s u l t s  s t i l l  hold; the 

forgetful functor U always c rea tes  colimits.  If _X i s  locally- 

presentable  (hence c losed) ,  then (_X)C_ i s  ca r tes ian  closed, [F]. 
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