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PREAMBLE

It seems fair to say that the connection between sheaves and logic originates
with Lawvere [29] . In generalizing the notion of sheaf to define sheaves over a
site (rather than a topological space), Grothendieck and his coworkers were led to
the study of categories of sheaves or topo? [1] . Lawvere realized that these
categories have the structure necessary to interpret higher-order logic and, together
with Tierney [31] , gave an elementary axiomatization of a class of categories which
includes the Grothendieck topoi and which provide interpretations for higher-order

intuitionistic logic. Various formalizations of these interpretations have been
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given ( [38]1 , [9] ). Although it was soon shown that an elementary topos is "the

same thing"

as a theory in higher—-order intuitionistic logic [9] , the importance
of Lawvere's insight lies in the many new mathematically interesting models of
intuitionistic logic provided by various categories of sheaves. (To any '"geometric"
first-order theory we can also associate a topos, its "classifying topos" [34]

It is to be hoped that this "geometrization of logic" will prove fruitful.)

Scott's paper in this volume [46] describes a system of higher-order logic
which may be interpreted in any topos [9] . Here we describe the models of this
logic given by sheaves over a complete Heyting algebra (cHa). These sheaf models
subsume the more familiar Beth, Kripke and topological interpretations of intuition-
istic logic [6]1 , [L42] , which correspond to interpretations in sheaves over the
appropriate cHa of "truth values". They also provide a uniform way of extending
these interpretations to higher-order logic and thus help to explain the models
of analysis of Scott [4L4] , Moschovakis [35] and van Dalen [4] . Once we go
beyond first—order logic, these sheaf models are more general than Beth, Kripke
or topological models [12] . Models over a site { = a small category with a
Grothendieck topology [1] ) provide yet more generality. Peter Freyd has pointed
out that the axiom of choice fails in the topos of Z -sets with finite orbits.
This model is similar to the well-known Fraenkel-Mostowskl permutation models in
that it includes urelements. (Using sites one can make the axiom of choice fail in
the well-founded part of a Grothendieck topcs (Freyd) and give a topos—theoretic
account of Cohen's permutation models.) Sites also arise naturally in first-order
model theory once we take into account the comparisons between various models made
possible by geometric morphisms. For a presentation of this theory see Makkai and
Reyes [34] . However, we find a full-blown categorical presentation is often too
abstract and results in very heavy machinery's being brought to bear on very simple
problems. By restricting our attention to the special case of models over a cHa ,
we hope to make what is simple look simple. Models over cHa show clearly the link
with traditional models for intuitionistic logic and are sufficient for many

applications.

We develop a general theory, of sheaves over a cHa, which is itself intuition-
istically valid. 1In principle, our treatment is formalizable in a system like that
we are modelling. Our insistence on working constructively has metamathematical
significance: our treatment can be interpreted, wholesale, in the models for higher-
order logic built on a given Heyting algebra, or more generally, in any elementary
topos. This bonus (extra theorems as a reward for working constructively) is
exploited in §9 to show how our treatment includes the theory of taking sheaves
for a topology on an elementary topos. Other applications of this idea have been
given by Mulvey [36]1 and Rousseau [L3] (using in each case an interpretation in

a spatial topos).
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Our paper 1s organized in three chapters. In addition, we refer to Scott
[46] as Chapter O . Scott's paper provides not only a description of the formal
systems we are modelling, but also a discussion of the logical principles we use
in our constructive but informal mathematics. Aside from these logical principles,
we use the natural numbers (0.7.14) to deal with various questions of finiteness.
Although the Axiom of Choice must be abandoned in our constructive mathematics
(0.7.15) , a finite version is provable. By a finite set, we mean one indexed by
a natural number (this, by the way, is exactly what Kuratowski-finite means in the
presence of a natural-number object [28] ). If SiggA for 1<n and for each
i<n we know dx,x¢ Si (that is, Si is imnhabited) then it is easy to show
that there is a function f : {i]|i<n} + A with f(i)ﬁsi for i<n . The

proof (as in classical logic) is by induction on the natural number n .

Our first chapter is devoted to (complete) Heyting algebras (cHa) which play
a r8le in intuitionistic logic analogous to that of Boolean algebras in classical
logic. Heyting was the first to codify the formal rules which characterize them
as algebras, which is why we use his name. Heyting algebras have been studied
classically (under various names: locale, frame, pseudo-Boolean algebra, ete.),
notably by Benabou [2] , Dowker and Papert [5] , Isbell [21] , MacNab [33] ,
and Simmons [47] ,largely because they arise mathematically as the lattice of open
sets of a topological space. This chapter is basically a collection of known results,
though we have occasionally had to do some work to ensure that they are intuitionist-
ically valid. The basic examples we introduce in §1 come from topology (lattices
of open sets) and algebra (lattices of ideals). Other examples can be obtained by
taking quotients of these. Most of the theory deals with these guotients. The
main result (due to Dowker and Papert [5] ) is that the quotients of a given cHa
themselves form a cHa. The proof we give in §2 1is essentially that of Isbell
[21] -expressed constructively. Not every cHa arises as the open-set lattice of a
topological space. Classically, those that do (the cHa with enough points) correspond
to sober spaces (a notion defined in SGAL [1] in terms of irreducible closed sets).
In §3 we give a positive definition of sober and show that this duality also holds

constructively. We also give examples of non-spatial cHa .

Of course Heyting algebras also arise logically as the lattice of truth values
of an intuitionistic theory (for the connection with first-order logic see Rasiowa
and Sikorski [42] ). This is why a study of cHa is fundamental to what follows.

See 6.14 for an example of the logical information we can glean from our theory.

The first-order structures we introduce in Chapter II are based on Q-sets or
sheaves which are defined in §L4 . We start from Q-sets which are Heyting-valued
sets analogous to the classical Boolean-valued sets and were studied independently
by Higgs [18] . We single out complete Q-sets as those in which we can interpret

definite descriptions and find that they correspond exactly to sheaves. Specializing
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to the case where § 1is the lattice 0(X) of opens of some space, we apply the
theory of §3 to give a new presentation of the well-known equivalence between
sheaves and éﬁale spaces [14] . 1In fact the essential idea here is already implicit
in [18] , however, we stumbled on this proof as a corollary of the representation
of internal spaces given in §8 . We introduce the operations and relations needed
to structure our Q-sets in §5 . These lead naturally to the proper notion of
morphism of Q-sets. With this notion, we can rephrase two of our earlier results,
saying that the categories of (-sets, sheaves over § and (when & = (X))
etale space over X are equivalent. While in categorical spirit we continue to
characterize the category of sheaves over a quotient of P(1) as a full subeategory
of Ens . We shall apply this characterization in §9 . The interpretation of
first-order logic is straightforward. We give simple examples from category theory,
algebra and analysis to show how it may be used to express interesting properties

of sheaves. We then in §6 deal with the logical effects of changing cHa along a
morphism and the related direct and inverse image functors. This theory goes back
to Joyal, and has been used by Tierney [49,50] to give an elegant construction of
classifying topoi. We give an example showing how it may be used to force geometric

axioms on a given structure.

We have not mentioned applications of sheaves to classical model theory (e.g.,
Ellerman [T7] and Kaiser [26] ). However, we believe that the general theory we
present provides the proper abstract setting for such work. In particular, even if
one is interested only in classical logic, intuitionistic logic is useful. Logical
considerations have also provided a new stimulus in representation theory (Johnstone
[22] , Kennison [27] , Mulvey [37] ) which one might have thought immune to

intuitionism.

In Chapter IIT we consider higher-order structures. Section T deals concretely
with the construction of higher types in the topos of sheaves on a cHa, and uses them
to provide an interpretation of higher-order logic. As examples, in §8 , we intro-
duce the Baire space and the Dedekind reals, and, in the case where Q 1is spatial,
give their representations as sheaves of germs of continuous functions. Generalizing
these examples gives the representation of internal sober spaces announced in [10]
As a corollary we obtain a completely general representation of internal continuous
real functions, extending results of Scott [Li] and Rousseau [L43] . In our final
section §9 we recall the definitions of topos and geometric morphism. The category
of sheaves on £ 1is a topos with a geometric morphism to Ens . Internalizing this
result gives us the basic facts about sheaves for a topology on an elementary topos
[23] . We also give a representation of sheaves on an internal cHa as sheaves on the

cHa of global sections.

These notes date back to seminars on sheaves and logic organized by Scott in

Oxford starting in the autumn of 1972. Most of the basic ideas ( Q-sets and
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singletons, for example) first arose in '72-'73. However, much of this paper is
more recent (the representation of sober spaces for example was inspired by a visit
(by Fourman) to Montreal in February 1976). Although we have tried to give credit
where it is due, it is impossible to catalogue the various contributions made to
our thinking by the many people who "ave helped us to understand this subject.

Our thanks are due to all those who participated in the Oxford seminars. The
contributions of Robin Grayson, Martin Hyland and Chris Mulvey have in particular
left their marks here. We are also grateful to Andre Joyal and Bill Lawvere, whose

influence has been profound though infrequent.
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CHAPTER I. COMPLETE HEYTING ALGEBRAS

We begin Section 1 with an abstract, lattice-theoretic definition, and then
step by step bring in examples from and applications to logic. Completeness is
assumed from the start as our main interest is interpretations of quantified (higher-
order) logic. Constructions of complete Heyting algebras (cHa's) from topology and
algebra are discussed in detail. In Section 2 morphisms and quotients are given
quite a full theory for two reasons: the concept of a cHa is very useful in under-
standing intuitionistic topology independently of possible logical applications, and
quotients provide new, non-topological cHa's (they are related to forcing and to
Grothendieck.topologies on sites). In Section 3 the theory is applied to give the
definition and basic properties of sober spaces - a topic whichhas somewhat greater

importance in intuitionistic mathematics than in the classical case.

1. DEFINITIONS AND FIRST EXAMPLES

A complete Heyting algebra (cHa) is a special kind of complete lattice. Since
we will often regard them as models of systems of propositions, we use for the latt-
ice~theoretic operations the logical notation: A , v , A , V . When we come to
interpret a formal language, this means that the same symbols are being used in two
different ways; but the context will always make clear whether we are speaking logic
or algebra. The zero (bottom) element and unit (top) element are, respectively,
denoted by L1 and T ; these correspond to the logical false and true . The
partial ordering is denoted by < and elements by p,q,r, etc. There are many
standard references on lattice theory, and we do not rehearse the well-known definit-

ions.

1.1. DEFINITION. A cHa is a complete lattice @ satisfying the A ,V'—distributive
law:
pA Vo, = V (parg,)
. i . i
1eT iel

for all peQ and all systems {qilieI}EQ

In any lattice, the partial order relation p<$gq is equivalent to either of
the equations pAg =p or pvag=gq . We note that the = in the distributive
law can be replaced by < , since the other inclusion 2 holds in any complete

lattice. The order p<gq can be read logically as the relation of implication.
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An operation, p * q , of implication will be introduced in the next section.
4 p

We consider empty and binary meets ( T and A ) and arbitrary joins (V) as
primitive in our definitions of cHa. This choice determines the meanings of
such concepts as subalgebra, homomorphism, and the like. Other operations can, and
will be defined in terms of the primitive ones. For example, if PcQ , then we

define the meet by:
AP = Vi{g|gs<p for all peP}

Finite meets can be defined more explicitly in terms of A and T :

. 0= TAX. A ... A 1 i .
ién X, X, X4 (by induction on n )

This mekes it clear that taking finite meets and arbitrary joins as primitive would
not alter our notions of homomorphism, etc. This may seem obvious, but we have to
be a little careful intuitionistically; since, for example, a subset of a finite
(that is, finitely indexed) set is not in general finitely indexed. When we wish
to stress that we are taking finite meets and arbitrary joins as primitive, we talk

of A,V -morphisms, A,V -quotients, etc. (The empty meet T is included tacitly.)

A great temptation, which must be resisted in intuitionistic reasoning, is to
use the Axiom of Choice. For example, consider a lattice A and a subset LcA .
The closure of L under VY consists, intuitionistically just as classically, of

those elements of A expressible as p = \/ with q_j €L ., We are asked to

. q.
Jjed )
show that a sup V. p. is again of this form. The classical universal-algebraic

1el “1
V. V.

proof requires us to show that \/iEI b, = ie1 Yied qij

representation has to be chosen over the (infinite) index set I . In this case we

, where the indicated

can avoid the axiom of choice since each P has a canonteal representation,
pi = V{ gelL|qs< pi } , and we can easily show that
V p. = V{qeL| Tiel.qs<p.}
. i i
iel
In an arbitrary complete lattice A we can consider the set D of those
pe A satisfying the distributive law of 1.1 . This set of distributive elements
of A 1is evidently closed under finite meets. It turns out that the V -closure

of D in A is a cHa. With no more work we can say slightly more:

1.2. PROPOSITION. Let A and D be as above. If LcD 1is a subset closed

under finite meets then  , the V -cloture of L in A , is a cHa.

Proof. By definition, 2 is a complete lattice where the V in O 1is the same
as that in A . Also meets of finite subsets of L are the same as those in A
(In particular, L and T belong to 9 .) In general, the meet in @ will not

be the same as that in A , so we write M\ for meet in © . Since for Qe we

have:
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@ = V{peLlp<q} ,
we can calculate the meet of Q¢ Q as follows:

Mq = Vi{pelL|psq for all qeQ}

Next, to show @ 1s distributive we need only show, for r, 5, € Q , that the

iti < < V. . i <V, As.
conditions psr and p V1€I s; for pel , always imply P VZLEI (r sl)
Because pel , we know that p < ViEI (paA si) . But since the s € Q , we can
write:

pAs, = V{p/\qlqeL,qui}

And as L 1is closed under A , we see that pA siS:r m 5. 03 and so we have:

ps V (pAsi)s V.,

iel (rMsi) : U

iel
We shall use 1.2 later. For the moment we turn to some easy examples.

1.3. THE POWER SET. If X 1is any set, then the power set, P(X) = {Y|[YcX} ,
is obviously a cHa. We say "obviously" because we asswme intuitionistic logic in

defining and proving properties of n and U . Thus, we accept the law:
¢ A dx.p(x) > dEx [dav(x)] ,
but not the dual law:
Vx lovy(x)l » ¢ v Vx.p(x)

This 78 valid classically, so then the dual lattice to P(X) would be a cHa. This
is not so intuitionistically. We should remark that the dual distributive law does
not imply classical logic (as an interpretation in a three-element chain shows).

But more of this later.

1.4. TOPOLOGIES. Given a cHa, & T, A, V-closed subalgebra is again a cHa -
the definition is equational. So what are these subalgebras of P(X) ? Answer:
topologies on X . If X is a topological space, then the lattice 0(X) of open
subsets of X 1is just such a subalgebra of P(X) . This provides many excellent
models for logic because (even intuitionistically) we know so many non-trivial

topological spaces.

Suppose X is the space of real numbers. Then the dual of 0(X) 1is not a
cHa. This is easy to calculate out, because in any topological space we find for
a; € 0(X)

A

Now if we take the open intervals p = (0,1) and q, = (1-1/n,2) , then we see:

fer 4 = AN )
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pudint N ¢ = (0,1)u(1,2) ;
n=0 =

while on the other hand,

o

ant y (pug ) = (0,2)

n=0 n

Many topological properties of spaces may be expressed entirely in terms of the
lattice of open sets. These notions can then be carried over to all cHa's. For
example, take (quasi) compactness : If Cc§ and VY C =T , then there exist
Xgoeer X 4 €C with XgVeeeVX =T . Another example is zero-dimensionality:
every element is the sup of clopen elements (where p 1is clopen iff for some g
we have pAgq =1 and pvgqg=T ); that is, the clopen elements form a basts.
Intuitionistically, however, one has to be careful. Formulating comnectedness as:
whenever pAg = L and pvg=T ,then p=7T or g=T7T , is fairly weak.

The equational definition of cHa also makes other properties obvious: closure
under direct product, for example. Thus, P(X) is just isomorphic to P( JL)X
with the pointwise operations. In a different direction, for topological spaces
X and Y , we know O0(X)x0(Y) is a cHa . In fact, it is isomorphic to 0{X+Y) ,
with the obvious topology on the disjoint union. All of this works intuitionistic-

ally, even with infinitely many factors.

1.5. KRIPKE MODELS. As a special case of 1.4 we could take a n ,U—closed
family of subsets of X (with the convention that N @ = X in P(X) ). <Call
such a family K . This is "K" for Kripke, since we shall show that these are the
well-known Kripke models. K is a cHa {and, in classical logic, so is its dual).
It is quite special, however. Because, define the "forcing" relation I~ on X
by:

jw—1 4iff VpeK[iep implies Jjepl.
This relation is reflexive and transitive (and, by passing to equivalence classes,
we could even assume it was a partial ordering; but we will not bother). Note

that if we have such a relation, we can define a N ,U —closed family by the equation:
K(x) = {pcX| ViepViwi.,jep}

But if we start with K ; pass to l ; then pass back we get the same K . The

reason is that:
p = Ui{jlimi}|iep} s

if p satisfies the above definition; but obviously:
{j]iwmit = N{peK|iep)ek ,

by the definition of I~ in terms of K . Thus, any such p belongs to K
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There is in fact a one-one correspondence between reflexive and transitive relations

on X and M ,U-closed families K(x) e P(%)

It is easy to show that Kripke models are really more special than topological
models: in Kripke models points have minimal neighbourhocods. More precisely,
the sets p= {j|ji+i} , which we can call point-like, can be characterized

abstractly in K(X) as those which satisfy:

p< V

] . . T3 L o<aq.
teT & implies iel.psx G

for all systems {qi}ieI in the cHa. What it means to be a Kripke model (up to
isomorphism) is that every element is the sup of the point-like elements contained
within it.

Somewhat intermediate between topological and Kripke models are the distributive

algebraic lattices;, we need some definitions.

1.6. DEFINITION. An element p of a (complete) lattice A is called finite iff
whenever a set Qc A 1is such that p< VQ , then p< VQO for some finitely
indexible subset QO of Q.

We note that, obviously, point-like elements are finite. The finite joins of
finite elements are again finite elements. (This includes 1L as finite, which is
not point-like.) We shall see later that there are lattices with many finite elements

but without point-like elements.

1.7. DEFINITION. An algebraic lattice is a complete lattice in which every element

is the join of its finite subelements (that is, the finite elements form a basie).

A Kripke model is thus an algebraic lattice. There are, however, non—-distribut-—
ive algebraic lattices: the distributive ones are the ones we want for our present

purposes.

1.8. PROPOSITION. An algebraic lattice satisfying the finite distributive law is

a cHa.

Proof. First of all we will verify a weaker infinite distributive law that holds

in all algebraic lattices. We say that § 1is directed if every finite subset of

Q has anp upper bound in Q . Then for directed § we can prove:

paVa = VipArglgea)
Because if e is finite and e<p and e<VQ , then e<q for some ge§ . (Why?)
Thus e< V{pAglqeqQ? . And that is enough to make the above equation work in

an algebraic lattice.

Now if Q 1is an arbitrary set, then
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Vo = V{ VQOIQOSQ » Q, finite}

That is, every sup is also a directed sup. Now if we have assumed that

pAVa = Viprglgeq,!
for all finite(ly indexible) sets QO , and that the lattice is algebraic, then it
is a cHa. 0

1.9. THE IDEAL LATTICE. With an algebraic structure with finitary relations, the
subalgebras form an algebraic lattice with the "finite" subalgebras being really the
finitely generated subalgebras. Usually these lattices are not distributive. (This
example, by the way, is the reason for the name "algebraic lattice".) Another
example of the same sort is the lattice of zZdeals of a lattice. More generally,

let E,L,V be a semilattice (that is, Lvx =x=xVx, XVy =yVvx,
xVv(yvz) = (xvy)vz all hold identically). We define < on E in the usual

way. By an ideal of E we understand a subset pcE where:
(i) Lep
(ii) x,yep always implies xVyep ;
(iii) x<yep always implies xep

In words: p 1is a directed and downward closed subset of E . The totality of such
forms an algebraic lattice E , where the finite elements are just the principal

ideals:
(x) = {yeElys<x}

Indeed, the map x b (x) is an isomorphic embedding of the semilattice E into
the lattice of ideals, as is easily proved. Thus any semilattice can turn up as the

semilattice of finite elements of an algebraic lattice &

When is the lattice of ideals distributive? Answer: Jjust when E is. But,
since E need not be a lattice, we have to formulate the distributive law in E

as a refinement property:
x<yvz implies Hu<y Ev<z,x =uvy
This is a necessary and sufficient condition for the lattice of ideals to be a cHa.

Thus if E is a distributive lattice, this is satisfied.

Consider in this connection the semilattice in the picture. This is in fact a
distributive lattice. Note that every element i1s the join of two smaller elements
(except for L , of course). Thus, there are no point-like elements in the lattice

of ideals.
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A Distributive Lattice

What we have just defined in 1.9 is a kind of completion, but it only preserves
finite joins. We shall see later how to take quotients in order to be able to

preserve other joins.

Another remark: Suppose E is finite with a decidable equality relation
(that is, just in a one-one correspondence with an initial segment of the integers).
Then, if it is distributive, it is a distributive lattice; because E will be

closed under the joins of decidable subsets. In particular, we can write:
xAy = VH{zlz=<x, z<y} ,

because for that subset we can (by assumption) say whether or not a given 2z Dbelongs.

The usual finite examples of which we can draw complete pictures are of this kind:

o83

Various Finite Distributive Lattices

What may come as a bit of a shock, however, is the fact that, in general, none of
these are cHa's. The reason is that they are not complete in the lattice-theoretic

sense. If we want cHa's, we have to pass to the lattices of ideals, which are in
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general infinite structures.

¢
1.10. PROPOSITION. The two element lattice {1 ,T} 1is complete iff the following

law of logic holds generally: -1¢ V--i¢

Proof. Suppose {1,T} 1is complete, where 1#T . Consider any (mathematical)
proposition ¢ . Define a subset:
P = {x]x=71T and ¢}

(Note: This is not in general a decidable subset.) If we had VPe {1,T7} well
defined, there would be two cases: the first is VP = 1 and the second is VP =7
In the first case, %ot TeP follows, so —1¢ (that is, not ¢ ). 1In the second

case, if —¢ , then P=¢ and VP =1, which is impossible. Therefore =171 ¢

In the converse direction, suppose this weaker version of the Law of the
Excluded Middle does indeed hold. Let Pc {L,T} Dbe any subset. As far as sups

are concerned, the element 1 is unnecessary. Thus, if it exists,
VP = {x|x=T and TeP}

Now either M TeP or =17 TeP . In the first case P=¢ and VP =1 . In the

second case we want to show VP =T . By definition this means:
Vvpl VageP g<p implies p=711 ,

where p,gq range over { 1,7} . The value p =T 1is trivial, so this is
equivalent to VgeP.qgs<L implies 1 =T , that is, =1V qeP.q<1
In this, the value g = L is trivial, so this is equivalent to —1[ TeP implies

T<1 ] , that'is, m=TeP . But this is our assumption, so VP exists. 0

The weak excluded middle of 1.10 is equivalent in intuitionistic logic to
De Morgan's law for distributing negation across conjunction. In Johnstone [24]
the reader will find 15 equivalent conditions including 1.10 . Scott had noted
1.10 independently, as well as the fact that De Morgan's law implies that every
finite, decidable semilattice is a complete lattice. The reason for this rests on
the fact that if {L, T} is complete, then so is the direct power {1,T} E .
But this is Just the lattice of decidable subsets of E , our given finite, decidable
semilattice. As we argued before, E is a lattice because it has joins of all its
decidable subsets. But the map u(x) = {ye¢E|x$y} 1is a V-preserving represent-—
ation of E into the complete lattice of decidable subsets of .E . Which sets are
of this form? Well, they all have the property that Tds and xAyes 1iff xes
or yes , for all x,yeE . The totality E of all such sets is clearly closed
under arbitrary unions, and so E is also a complete lattice. But for seE , the
inf x= A{yeE|yé¢s} is such that wu(x) = s . So E and E are isomorphic;

therefore E itself is complete.
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Since we have spent so much time on lattices in this section, we may as well
prove a few more general results. As we noted, the ideals of a lattice do not in

general form a cHa. With congruence relations, it is another story.
1.11. PROPOSITION. The congruence relations of any lattice form a cHa.

Proof. The congruence relations of any (finitary) algebra form an algebraic lattice;
this is well known and easy to check, since congruence relations are rather like
subalgebras of the cartesian square - except as relations they are equivalence
relations. As a lattice, the congruence relations are closed under N . The join
operation is not U , however. In the case of two congruence relations R and S ,

the join RVS 1is the least transitive relation containing both R and S

Now to prove that we have a cHa , we have only to show the finite distributive

law holds, in view of 1.8 . This comes down to:

Ta(RvS) < (TnR)Vv(Tnsg) |,

where, say, R,S and T are congruence relations for a lattice E,A,V

(we do not even need 1 or T ). Suppose, then, xTy and x(RVvS)y . The second
means that szOSz1Rz2 ‘e Z2nR22n+1Sy for a suitable finite sequence of elements
Z, - Now note that if zRw , then

yvixaz) (TnR) yv(xaw)
And similarly for S . Thus we can prove:
yvx=yvi(xax) ({(TnR)Vv(TnS8)) yvixay) =y
By the same argument we can prove:

xvy ((TnR)V(TnsS)) x

Thus x ((TAR)Vv(TnS)) y , as we wanted. 0
As a special case of 1.11 , consider a Boolean ring B,0,+,+ . (This is a
ring where x2 = x for all xeB ; we do not assume there is a unit 1 . B Dbecomes

a distributive lattice with XAy = xy and xVy = x+y+x-y .) As is well known,
the lattice congruences of B are the same as the ring congruences (because the ring
equation x+y = z 1is equivalent to the conjunction of the two lattice eguations
XAyAz =0 and (xAy) Vz = xVy ); and, moreover, ring congruences correspond to
ideals. let I(B) be the lattice of ideals of B ; by 1.11 and the remarks just
made, I(B) is a cHa - this can, of course, be easily proved directly. (Note,
however, that in general the ideals of a commutative ring do not form a distributive
lattice; we return to this question in 2.15 ) . In I(B) meets are just intersect-
ions; while joins are the closures of the union of ideals under + . The principal
ideals form a clopen basis for the lattice, since the complement of (x) in I(B)

is the ideal {yeB|x.y =0} ; thus the lattice is zerodimensional . The
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principal ideals may be identified lattice-theoretically as the finite elements of
the algebraic lattice I(B) : evidently everyone is finite, and the converse follows

from the fact that the principal ideals form a basis.

1.12. PROPOSITION. The zero-dimensional algebraic cHa's are, up to isomorphism,

exactly the ideal lattices of Boolean rings.

Proof. We have just seen how this works in one direction. So, let Q Dbe a cHa
of the kind mentioned. The clopens of any cHa of course form a Boolean algebra
(that is, Boolean ring with unit). Let B be the set of finite clopens of Q ;

we want to show that B is a Boolean ring, and © 1is isomorphic to I(B)

Let pef be finite and let k<p be clopen. We show k 1is finite.

Because Xk 1is complemented, we can write p = kVk' where kAk' =1 . Suppose
now that k < VQ where Q < Q . Without loss of generality we may suppose

qg<k for geQ . Now we have p = V(Qu{k'}) . Since p is

finite we can write p = Qv eV 9,1 where q; € Q or o = k' for each 1<n

As these possibilities are not mutually exclusive we cannot immediately define a

finite subset of Q covering k . Intuitionistically, we must appeal to the finite
axiom of choice. The set Ai = {1] q; € Q) uvui{o] a = k'} is inhabited for
each i<n . Let f be a choice funetion so f(i)e Ai for i<n . A decidable
subset of a finite set 78 finite so { qil (i) =1} is finite. We show that this
set of elements covers k . Write:

p = Vigli<n} = Vg I£(i)=1} v Vig I£i) =0}
Of course, if f{i) = 1 then q € Q and if f(i) = 0 then a; = k' so0, multiplying

by k on both sides and distributing, we have:

k

0}

\/{qi/\klf(i) =13 u Vig ak| (i)

V{qilf(i)=1} v V{zt]f(i) =0}

V{qilf(i)=1} UL o= \/{qilf(i) 1}

So we did find a finite subset of § covering k , and this proves k is finite.
(We thank Robin Grayson for showing us this trick and apologize to the classical
reader for the pain we have had to inflict to make the proof intuitionistic.)
Looking back, we have shown in particular that the finite clopens form an ideal

in the algebra of clopens; hence, B 1is a Boolean ring.

The argument of the last paragraph also shows that in view of the assumptions

on @ , the finite clopens form a basis; thus,
p = V{keB|ks<p}

holds for all pef® . But {keBlk<p} is an ideal of B . If I were any
ideal of B , we would only have to let p = VI toget I = {keBl|lk<p}
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by virtue of the finiteness of all elements of B . This establishes the isomorphism

between # and I(B) . d

If B is a Boolean algebra, then in I(B) we have T = (1) finite. If in
1.12 , @ has T finite, then all clopens are finite. Having T finite is the

abstract notion of compactness. We may thus state:

1.13. COROLLARY. The compact, zero-dimensional cHa's are all algebraic and are,

up to isomorphism, the ideal lattices of Boolean algebras.

Isbell [21] provides an interesting characterization of zero-dimensional
cHa's. We reformulate his result in order to give an intuitionistic presentation.
If A is any complete lattice, call an element xe A Iinear (say xel ) iff it
satisfies the dual distributive law

= A
x VAT fer (VY3

for all yie A . (The reader should be warned that Isbell [21] has half the
lattices upside down from our conventions.) The set L of linear elements is
obviously closed under finite joins. We remark that <f A is a cHa, then every
clopen element is linear. Let K be the set of clopens, let keK , and let k'eK

be its complement. Argue as follows:

A v /\ . = = /\ . M
kA (k ieT yl) k LAY (kVyl) ; and

YA vVIAL . = AN .
k (k /\lEI yl) k AlEI yl

= 'A . Ay,
= k'/\ A. ' .
T (k /\(kVZy ))

= '
kA AieI (kVyi)

Thus,

v, _y. = A vy,
k lel yl ieTl (k yl)

1.14. THEOREM (Isbell). A complete lattice A is a zero—dimensional cHa iff the
linear elements form a "cobasis" (in the sense that for all p,qeld , we have p=gq

iff whenever tel and tVp =T, then tvg =T ). In such lattices the linear

elements are just the clopens.

Proof. If A 1is any zero-dimensional cHa, then, since K forms a basis, we can
write:

(1) p<q +> VkeKl[k<p>ksql

But, as we already indicated, KcL and of course k<p iff k'vp =7 . Thus,

the elements of K form a cobasis, and so A satisfies the condition.
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Conversely, assume A 1s complete with L as a cobasis. We need to prove:

pA Vi s Vi (orgy)

By assumption it suffices to show that for telL , the equation tV(pa VEEI qi) =T
implies tV VieI (p;ﬂqi) = T . Assume the first. As t 1is linear, we see that
tvp=T and tv V q. =T . Now calculate:
1€l ™1
v V. Aqg. = . v .
tv V. 1 (pag) = tv V. (tviparg))
= v V. vp)Aa{tvaq.
tv V. o ((tvp)a(tva))
= v . Vq.
t \/1eI (v ql)
= v V. .=
t vleI ql T
Thus, A 1is a cHa. We wish to argue next that LcK
Suppose tel . Define t!' = A{yltvy=T} . By linearity, tvt' =T
To show that t At' = | , assume that sv(tAt') = T for an element sel . Then
(svt)a(svt') =7 ,and so sVt =T ; hence, t'<s . But svt' =T, so
s =T =3sVvl . This proves that tAt'<l1 by the cobasis property. We have shown,

therefore, that teK . Furthermore t'e¢K and tvp =7 1iff t'<p . Thus the
cobasis property implies (1) above, which in turn implies that every element is

the sup of clopens; or, in other words, A 1is zero-dimensional with K =1L . O

Note the easy corollary: in a complete Boolean algebra (cBa) both distributive
laws hold (both the algebra and its dual are cHa's). Isbell's Theorem will be applied

in the proof of 2.20 in & very nice way.

2. MORPHISMS AND QUOTIENTS

The reader must have felt an urge in the last section to ask several times
whether there is some relationship between various of the examples we presented.
Many of these questions are best expressed by making the class of all cHa's into

a category.

2.1. DEFINITION. A morphism between cHa's is a map that preserves finite meets

and arbitrary joins.

If @ and Q' are two cHa's, then by 2.1 for amap f*¥ : Q> Q' +to be a
cHa-morphism we must have:

(1) f*(7)=71"

(ii)  r*(pagq) = £*(p) A" £*(q) ;

(i) eV, 0 = Vi | o)
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(Generally we drop the dash (') on the operations of Q' , since there is little

chance of confusion. However, for elements we will usually write p',q',r', ...c¢€ Qr.)
2.2. EXAMPLE. Let X and Y be topological spaces and let f : Y > X Dbe
continuous. Then defining

f%(p) = {teY|f(t)ep} s

which is just inverse image, we verify in the known way that £¥* : 0(X) » 0(Y) 1is
a cHa-morphism. And this motivates 2.1 . (That f¥ is well-defined is of course

just the definition of continuity.)

This remark includes P(X) and the Kripke models K(X) Jjust by taking the
appropriate topology on X . In the Kripke model sense, where KX, IF) and
<Y, ') are two partially ordered sets, a "continuous" map f : Y + X 1is just

a function such that:
J -1 always implies f£(j)I £(i)

Not all morphisms come from continuous maps, however.

2.3. EXAMPLE. Let E and E' be two semilattices "distributive" in the sense

explained in 1.9 . We wish to consider the ideal lattices % and B , which are
cHa's. Let f : E~+ B' be a function preserving L1 and Vv . On ideals pe® we
define:

*(p) = {y'eE'|Txep y'=<r(x)}

Clearly, f*(p)e®' . Is it a cHa-morphism? Since f is monotone, f* maps the
principal ideals to principal ideals; in this way, just as we can think of E
embedded isomorphically into E , we can regard f* as an extension (indeed, the

extension) of f to E

It is obvious from the definition that f¥ preserves directed unions of ideals
(that is, directed joins in E ). To check other preservation properties, we note

first that for p,qek :
pvqg = {xVylxep,yeaql ,

owing to the distributivity of E . Therefore,
*(pvaq) = f*(p)vi*(q)

It is also clear that f£¥((1)) = (1) , where wc are thinking of principal ideals, so

% preserves all finite sups. It thus follows easily that f* preserves all sups.

Meet is just intersection in E . since f* is monotone, all we have to show

is:

£*(p) n £*¥(q) c f*(pnq)
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Suppose z'< f(x) with xep and that z'<f(y) with yegq . Is z'ef¥(png) ?
Now there just does not seem to be any reason why this should be so in general -
especially as we did not assume that E and E' are lattices and that f is a

lattice morphism. The property we need is:
(%) z' < f(x) and z'=<f(y) imply 2z'<f(u) for some usx and u<y
Obviously this holds in the lattice case.

But there is another problem: what is f¥(T) (where actually T =E as an

ideal)? Tt will not be T'eE' unless we also assume:
(*%) Vy'eE' dxeE,y'<f(x)
This says, more or less, that the image of E is cofinal in E'

Perhaps this is not an especially good example: not only do we have to make
rather strong assumptions, but not every morphism from E into E' need be
obtained in this way. However, if f©* : E > E' does map finite elements to finite
elements, its restriction to E (which determines it) will satisfy (*) and (%*¥) ;

so we have not completely wasted our time with this discussion. O

Here is a curious little problem about cHa's: if £* : @ > Q' is a cHa-morph-
ism, is the image f*(Q) also a cHa ? The usual proof from universal algebra is to
show that it is a T,A,V—subalgebra of €' ; but the usual proof is not intuitionist:
ically valid, because it depends on the Axiom of Choice in showing that the range of
£* is closed under V . The problem is avoided, however, by using special lattice
properties that give us a canonical choice of p when we want p' = f{p) ,

namely, the maximal solution of that equation.

2.4. PROPOSITION. Given two complete lattices A and A' , there is a one-one

correspondence between VY -morphisms f£* : A > A' and A —morphi sms fot AT > A

which is determined by the adjointness relationship:
f¥p<p' iff p=<f.p'

for all peA and p'eAl'

Proof. Suppose we are given f* . Define f, by the equation
fup' = Vipif*p<p'}
This makes it trivial that f¥*p<p' implies p<f,p' . Suppose then that p<f,p'

holds. We calculate:

f¥p < F*f,p’ ( £* 1is monotone)

* V{q| f¥q<p'} (by definition)

V{f*q | f¥q<p' } ( £* preserves V )
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< p! (by lattice properties)

This proves adjointness. It is easy to see that adjointness uniquely determines
f

*
For A -preservation, we argue as follows:
< . P, iff f¥p< AL p.t?
P Tx Al pl * *p /\1 By
iff Vi.f*pﬁpi'
. . < '
1ff vi.ps< f*pi
iff < AL !
iff p /\l f*pl
Hence, the two A -expressions are equal.
As this whole proof can be dualized word for word, we see that f, determines

f* . DNote too that adjointness requires the preservation properties. [J

It must be admitted that 2.4 1is a special case of a well-known result about

adjoint functors in category theory.

2.5. COROLLARY. The image of a cHa under a cHa-morphism is again a cHa.

Proof. If f*¥ : Q- Q' is a cHa-morphism, then, as we said, it is clear that
£#(Q) contains T' and is closed under A' . Suppose pi' e £*¥(Q) for all iel
Now if p'ef*(Q) , ©p' = f¥(p) for some peQ . It is a consequence from adjoint-
ness that, generally, f£¥f p'<p' . But we have f¥p<p' , so p< f.p' and then
p' = f¥p< f*fyp’ . Thus, p' = f*f,p' , and this means that f.p' is a well-deter-
mined preimage of p' . Thus, even with infinitely many pi' , we can write:

Vir ' = Vi om0 = £V L0 ) e o) o

Example 2.2 continued. We saw for continuous f : Y > X that
% ¢ 0(X) » 0(Y) is inverse image. What then is f, ? No, it is not direct image
since f need not even be an open map. Intuitionistically there does not seem much
more to say than what we said in 2.4 and its proof, but classically we can simplify

the definition:
.00 = Ulp|fopep'}
= U{pl VteY f(t)ep implies tep'}

= Ulp!l vteY tép' dimplies £(t)dp}

Ulplf{Y~p')ecx~p}

UlplpeX~£(Y~p")}

(X~ (Y ~p"))
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In case f were a closed map we could leave off the Anf - and then we get the

Boolean dual of the direct image. 0

2.6. IMPLICATION. A lattice § is a cHa iff rw pAr is always a V -preserving
function. V —preserving functions have adjoints, so what 1s it in this case? What-

ever it is it is uniquely determined by:
pAr<g iff r<p->g

This is a corollary of what we have already proved. Furthermore, we can have such
a relationship iff £ is a cHa. (We speak only of complete lattices here.) From
this point of view, this is the algebraic significance of the “mplication operation

in a cHa.

We can go back to topological spaces and ask what is going on. Classically,

in any case, we can show that:
p>a = int({X~p)uq)

In Kfipke models we can even show intuitionistically that:
p>q = {1} ¥V jJiki.jep implies jeq}

By the way, it is well known that all the formal properties of = follow
from that adjointness relation. If we specialize q to L we get negation:
=p = p~>1 . The lattice-theoretic meaning of negation is that -1p 1is the
largest element of Q disjoint from p . Classically, in the topological case we

find from the above:
“p = Ant(X~p)

But this holds intuitionistically as well. (If we wanted an intuitionistic version

of p * g , we could take the interior of the "implication" between the two sets,

namely, {xeX|xep implies xeql .) 0

2.7. OPEN MAPS. In the topological case if f : Y » X 1is an open map, then the

direct image is a well-defined mapping

£, 0(Y) » 0(X)

!
It is a U -preserving map, and we can easily prove that:

f!p' <p iff p'<f¥p
It follows then that f* is a A -preserving map, and we can use this (or the
existence of an opposite adjoint f ) as a definition of an open cHa-morphism.
(Such morphisms are also called essential.) In the Kripke model case, all

"continuous" maps (I -preserving maps) are "open". But this does not mean that

all cHa-morphisms f* : K(X) > Q' from a Kripke model are open. This will become
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clear in the next section when we speak about sober spaces and representations. 0

As soon as one has algebras and morphisms, it is natural to ask about free
algebras. The following goes back to Benabou [2]

2.8. DEFINITION. Let I be any set. Let o, be the cHa (actually, a Kripke

model) of all sets of finite subsets of I closed under taking supersets.

2.9. PROPOSITION. In the category cHa , <I>I is the free algebra on I-gener-—

ators.

Proof. Let E bve the family of finite subsets of I (finite in the sense of
finitely indexible). If eeE and f : I » Q is any function, then the finite
neet Aiee (i) is well-defined. This means we can extend f from I to a map

T:o >0 by the formula:

I

f(p) = Veep Aiee (i)
Now we note that the sets [i] = {ecE|lice} generate ¢, in view of the
formula:

p o= Ueep nise (1]

= ' '
Uesp {e'"|ece'}

Furthermore, we see that £([il]) = £(i) ; so, if we can show that f is a cHa-

morphism, it not only is an extension of f but it is uniquely determined.

Since the T-element of <1>I contains the empty set, we see f(T) =T . For

binary products, we note first that:

PAg = png
= {evdleep,deq} , and so
tpna) = Vs Mo T A AL 20
= veep Aiee £{i) A vdeq Aiee £(3)

T(p) AT(q)

Finally, T preserves V , because V s U in <I>I , and the required formula

is obvious from the definition of f . 0

As an instant corollary we see that every cHa  is the quotient of a Kripke
model <I>I » where we have only to take I = Q . Then the map T <I>I > Q , where
f: I~+>Q is the identity function, is a surjection. Perhaps a more interesting
representation is given by considering the poset Q as a Kripke model with pit g

iff p<q . We then have an A,V—surjection K@) > 9 given by Uw VU .

Quotients are sometimes easier to think of in terms of congruence relations,
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especially in making a construction when we may not know in advance what the quotient
structure really is. Thus, if f*¥ : Q@ > Q' is a morphism, then in the usual way
{ (p,q) | f*p = f*q} is the congruence relation on Q determined by f* . As £¥

has certain properties, so will the congruence relation.

2.10. DEFINITION. The class of all cHa-congruence relations, C(®) , on the cHa

Q , consists of all equivalence relations preserving A and V  in the sense that:
(i) pRp' and qRq' imply (pAq)R(p'Agqg') ; and
(ii) vier pqui implies VieI p; R VieI o

for all elements of &

We note that C(Q) 1is a complete lattice, because it is closed under n
What other properties it has will emerge: we have to be careful intuitionistically
when infinitary operations are involved. We did not have to be very careful in
1.11 . One of the first questions is : will (/R be a cHa ? The answer is yes,

but we have to proceed as we did in 2.4 and 2.5

If we look at 2.4 , we see we can transfer the congruence relation determined

by the values f¥peQ' back to values f,f¥p which remain in & . Indeed, we see
f¥p = f*f f*p ,

50 we can show:
£*p = f*q Iff £,f%p = f,f*q

The map p *» f,f¥p has nice properties. It preserves T and A , since both f¥
and f, do. From the above equation, it is seen to be idempotent. But also by
adjointness we find that p<f,f*p . (This can be called Znereasing, or more

colourfully: inflationary.) And these are all the properties we need.
2.11, DEFINITION. The class of all J-operators, J(®) , on the cHa § , consists
of all self-maps J : Q@ + Q where:

(i) p<dJdp =JJp ; and

(i1)  J(pagq) = JIpadq,
hold for all elements of @

We remark that J-operators are not cHa-morphisms as, in general, they are not
V—preserving in the whole of § . But they are closely related to morphisms: the

range of J will turn out to be a cHa and, with the codomain so restricted, we

then obtain a morphism. Some lemmas are helpful in seeing this.

2.12. LEMMA (Tarski). The fixed points of any monotone operator on a complete

lattice form a complete lattice.
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Proof. Suppose f : A > A is monotone, and A is complete. Consider the poset:
I = {peilp=1f(p)}

We wish to show that, in itself, T is a complete lattice. BSo let b, € I for

iel . We will define a join W b, € I . (The dual proof giving the meet works

iel
just as well.) Let:

W

Now by completeness this exists in A . Call the element r for short. Of course

= < i <

ie1 s A{qlf(q)sq and Vier p,<q}l

Viel. pis r ; and thus YV ieTl. p; < f(r) , because f 1is monotone and all the

b, € I . In the same way we show that if q satisfies the condition in the definitior
of r , then so does f(g) . But r<q for all such gq , so f(r)<f(q)sq for

all these q . It follows that f(r)<r by definition. This shows that r itself

satisfies the condition; hence, we conclude r<f(r) because f(r) satisfies the

condition. Therefore, rell . Any other element se¢l which is an upper bound to
the p; clearly satisfies the condition; whence r<s . This makes r a least
upper bound. 0

As a corollary of 2.12 we note that the posets {plp<f(p)} and
{pl f{p)<p} are also complete lattices; because if f : A > A 1is monotone, then

50 are the two maps:
p» pAf(p) and pw pvi(p)

Their fixed-point sets are, respectively, the two sets we want.
2.13. LEMMA. The fixed points of a multiplicative operator on a cHa form a cHa .

Proof. Suppose f : > Q 1is multiplicative (i.e., 2.11 (ii) ), and Q is a
cHa. Then f is monotone. So the fixed points form a complete lattice by =2.12
Since f is multiplicative, the fixed-point set 1 1is closed under A . Thus, to

prove that I is a cHa, we need only verify for elements of 1

pa W, _q < wieI (praq;)

iel “1

Now for each 1el :
pAg, = W

By 2.6 we can write (use - as an operation):

eI (p/\qi)
. < . ( .
9 p*wld ‘p/\ql)

Consider for a moment any r,sell . Again by 2.6 , we can prove that
rA{r »s)<s . Since f is monotone and multiplicative, we find

f(r)Af(r - s) < f(s) and thus:

flr >s) < f(r) » f(s) = r>s
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We then see that
. Ag.)) = . Aq.
t(p ~ “0161 (p ql)) P> \Vlel (o ql)
In view of the proof of 2.12 , this i1s enough to show that

\Y/ q.£p—>\W

iel *i iel (PAqi)

By 2.6 , again, we get our conclusion. a

2.14. PROPOSITION. The range of a J-operator on a cHa is a cHa, and the mapping

so construed is a cHa-morphism.

Proof. Given J : @ » Q as in 2.11 , and noting that the range of J is the
same as the fixed-point set of J , we see by 2.13 that the range is a cHa. The

map
J:a->J)

maps T to J(T) and it is multiplicative. Thus we need only show it preserves

V . 1Indeed, in J(9) we can easily show that

- 3y

Wipa = 3V a) s

whenever the q; € J(Q) . For arbitrary p; € , we can also easily show:
IV peg) = (Vo)

and this gives the answer. U

We note that for pe® and p'eJ(Q) , we have:

p<p' iff Jpsp!
This means that J,p' = p' ; so we have shown that every J-operator comes from a
morphism, as was illustrated in the discussion leading up to 2.11 . To complete
the story we also have to connect the J-operators with the cHa-congruence relations.

Before doing so, however, a few more remarks about multiplicative operators may be

helpful.

The content of 2.13 does not seem to be contained in 2.14 , because there
can be multiplicative operators with fixed-point sets that are not the fixed-point
sets of any J-operator. (Assuming that the four-element Boolean algebra is complete,
consider its one non-trivial automorphism.) If M : @ > Q is an <nflationary
multiplicative operator, on the other hand, then we can define a J with the same

fixed points. Indeed, let
gp= N{alpsa=Mg}

by 2.12 , Jp 1is just the least fixed point of M covering p . Thus, p<Jp =
MJp = JJp ; and if p = Mp , then p = Jp . It only remains to prove that J 1is
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multiplicative. Now pAg<J(pAg) holds, so
a9 <p~>Jlpargq)

Note that since pA(p > r)<r , we can assert:
MpAM(p » J{pag)) < MI{pagqg) = J(prq)

Because ps<Mp , we can derive from this:
M(p > J(pAraqg)) <p > J(pra) ,

which must be an equality in fact. Thus:
Jg € p~>Jdlprq) , and so
psJqg~>Jd(praq)

Exactly as before, we prove:
M{(Jq ~ J(pAgq)) < Jg > J(prq) ,  and so
Jp < Jg » J(pArgq)

This shows that J 1is multiplicative and therefore a J-operator.

2.15. RADICAL IDEALS. Here is a different kind of example taken from (intuitionist-
ic!) algebra. Let A be a commutative ring with wnit. In classical mathematics we
can show that A has lots of prime ideals, and this is very helpful for many
arguments. The existence proofs are non-constructive, however, and the lack of prime
ideals is a great bother. We can still consider the lattice of ideals, nevertheless,
but it is hardly ever distributive. Closely related to the (non—existant) prime
ideals are the so-called radical ideals. These rather conservative ideals are well-
behaved because they have preserved their roots. For ideals peA , all we need is

this square condition:
2 . .
VxeA x ep implies xep ,

and then the same will hold for nth powers. Let v (A) be the set of all such
radical ideals. Obviously it is a complete lattice (even: algebraic), and one can
verify the distributive law directly by a strajght-forward calculation. Thus, v (A)

is a cHa.

We can look at this example in another way. Let @ be the family of all subsets

peA such that
Vxep VaechA.axep

2 is N,U-closed, and thus  1is a cHa. Define Jp as the least radical ideal
generated by p . This mapping J : Q@ = Q clearly satisfies 2.11 (i) . An induct-
ive proof shows that zeJp 1iff there is a finite sequence {XO, cee SX } cp

and an integer m such that = Xy + ...+ X _q - Thus if zedp and zedJg we
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have zl = yo+ s YL for y;eq . Multiplying these together we find

+ . . e . .
" 26 J(pAg) , so zed(pArg) . This shows that J is multiplicative on the lattice
Q. As V/(A) = J(Q) , we have another proof that this is a cHa. u

2.16. PROPOSITION. The complete lattices C(Q) and J(Q) are isomorphic, and
the one-one correspondence is provided by this relationship for Re(C(Q) and
JeJ(Q)

pAgRq 1ff gs=<Jp ,

for all p,qef

Proof. Perhaps the reader did not note that J(Q) 1is a complete lattice. This

can be verified directly by defining:
J<K iff V p.,Jps<Kp , and

(A Jdp = A

ie1 71 (7;p)

icl
(The only trick is to show that the pointwise meet is an idempotent operator.)
Given a cHa-congruence R , we define
Jep = Vialpra}

Since R preserves ' , we see that J is the maximal element of the congruence

P
R
class of p . It follows that In satisfies 2.11 (i) and:

pRq iff JRp =J_q

R
Since pRJRp and qRJRq , We see also:

A v
(pva)R(JgpVviga)
In consequence:
v <
JgPVIpa < Jo(pva)
Thus JR is monotone. By the same style of argument we can show:
A < A
JgpAdra S Jplpaa)

but the converse < holds by monotonicity. This proves that JR is multiplicative.
We can now easily check that JR satisfies the relationship stated above. Clearly

this relationship between R and J_ uniquely determines J

R R

In the converse direction, suppose that JeJ(Q) and define:
pRJq iff Jp = Jg

By 2.14 this is indeed a cHa-congruence. Note that if (p/\q)RJq , then

JpAadg =Jq 3 so q<Jg<Jp . In the other way, if q=<Jp , then Jq<JJp = Jp

So JpaJdg = Jg , and thus (p/\q)RJq . That is, RJ and J satisfy the relation-
ship. Suppose S5 1is some other congruence so related to J ; then if pSq ,
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pAgSq also, so g<Jp . Similarly ps<Jq and Jp = Jq follows. If Jp = Jq ,

then both- pAgSq and pAgSp 3 so pSq . This means that S=RJ

Perhaps this has been worked out in too much detail; in any case we find:
R. =R and J =J ,

IR s

which gives us the one-one correspondence. It is easy to see that RcS implies

JRS<I Suppose that J<K . If pRJq , then Jp = Jg . Since psJq , we have

S
Kp<KJg<KKq = Kq ; also Kg<Kp . Thus RJE;RK holds. The one-one correspondence
is order preserving and hence is a lattice isomorphism. D

Contained in what has just been proved is the fact that Q/R 1is a cHa because
it is obviously isomorphic to JR(Q) . Before going further, it might be well to
look at some easy examples of congruences, their J-maps, and the corresponding
guotient cHa's. In obtaining these examples and further ones, we often wish to form
joins of operators in the operator lattice. These joins exist by 2.16 , but the
proot there does not make them very explicit. When needed, the following may be

helpful:

2.17. LEMMA. If Q@ is a cHa and {Mi}iE is a family of inflationary, mulbi-

I
plicative operators, then the least J-operator pointwise greater than or equal to

the Mi is defined by the formula:
Jp = Nlalpsq=Maq,sall iel}
The proof is just like the argument given in the discussion following 2.13 ,

because the trick is to show that J 1is multiplicative. The reader can check the

details.

2.18. ELEMENTARY J-OPERATORS. In these examples ¢ 1s a given cHa.
(i) The closed quotient. The operator is defined by:
JaP = aVvp
This is obviously a J-operator, and the congruence relation is:
aVp = avgag
The set of fixed points (quotient lattice) is:

{peQla<p}

Classically speaking in the spatial case where Q = 0(X) , the quotient corresponds
to the topology on the c¢losed subspace complementary to the open set a . This

quotient makes the element a '"false'" and is the least such.

(ii) The open quotiemt.  The operator is defined by:
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Jap = a=>p
The congruence relation is:

aAp = aAgq (equivalently, a<p<+>q )
The set of fixed points is thus isomorphic to

= <

Qa {peQlp<al
Intuitionistically speaking in the spatial case, this gquotient corresponds to the
topology on the open subspace a . This quotient makes a "true" and is the least

such.

(iii) The Boolean quotient. The operator is defined by:
= >
B p (p>a)>a

The congruence relation is:

The set of fixed points is:
{pe@l(p+a)>as<spl

In case a = L , this is the well-known =7 -quotient giving the (complete) Boolean
algebra of "stable" elements. For arbitrary a , we could first form Q/Ja and
follow this by the -1= -quotient to obtain Q/Ba . (In general, if J<K , then
Q/K is a quotient of Q/J .)

We remark that in general Q/J 1s a cBa iff J = BJL . Further, if Q is
already Boolean, then every J-operator on § 1is of the form Ba = Ja
(iv) The forcing quotient. The operator is a combination of previous ones:
(Ja/\Jb)p = (avp)Aa(b > p)
The congruence relation is a conjunction:
aVp =aVvVqg and bAp =bAg .
The set of fixed points is:
{peQlb>p<a-+p}

The point of the quotient is that it provides the least J-operator such that

Ja<Jb ; that is, we take the least quotient that "forces" a + Db to be true. If

we want to force a sequence of statements a; > bi , for 1i<n , the operator needed
is \/i<n (Ja'A Jbi) . It is important to note that in general sup's of J-operators
cannot be calculated pointwise. We shall see below, however, that it is possible to
find a finite expression for this particular sup. (We owe this remark to John
Cartmell. )
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(v) A mized quotient. The interest of this example lies in the fact that it

has a neat finite definition:
(BaAJa)p = (p+a)=+p
The congruence relation is:
(pra)+p = (g>a)»q ,
which is equivalent to the conjunction:
aAp =aAq and p+a = q-~> a
The set of fixed points is:
{peal(p>a)>p<p}

It is difficult to make this set vivid except to say that it is the set of elements

p satisfying Pierce's Law (for a fixed a ). 0

If we take a polynomial in » , A, Vv, L , say f(p,a,bs...) , it is a
decidable question whether for all a,b, ... it defines a J-operator. This does
not, however, help us very much in cataloguing such operators (nor in seeing what
good they are!) Some techniques can be developed from the following formulae, which

were pointed out to us by Cartmell, see also [33] and [L7]

2.19. PROPOSITION. In the following, K 1is an arbitrary J-operator, T 1is
the constant function (the greatest J-operator with the most trivial quotient),
and 1 1is the least J-operator (namely, the identity function on @Q ):

a b aAnb

(i) I VI =9ave (ii) J°va =7
- . a .b_ _avb
(iii) JaAJb = JaAb (iv) J Ad =27
a . a
(v) JaAJ = 1 (vi) JaVJ = T
(vii) J_ VK = KeJ_ (viii) o%vk = g%k
1 = a -
(ix) JaVBa B, (x) J VB, B Lo
Proof. Equations (i) - (iv) are easy calculations; while (v) comes down to
showing p = (aVvp)A(a > p) . Formula (vi) is a direct consequence of (vii)

(equally, of (viii) ).
To prove (vii) we use 2.17 since it gives us the definition:
(3,vK)p = N{alpsq=avqg=Kq}

Now p<K(avp) =avK(avp) = KK(avp) ; also if g satisfies the condition in
the curly brackets, then aVp < g , so K(avp)<g . Thus the right hand side works
out to K(aVvp)

To prove (viii) we use 2.17 again to write:
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Alglipsqg=a~gq=kKq} .

Now p<a > Kp=a~> (a~>Kp) . Of course a - XKp < K(a > Kp) , and in general

K(a +Db) <a->Kb; so

K(a > Kp) < a > KKkp = a > Kp . Suppose g satisfies the

condition in the curly brackets. Then Kp<Kgq =q , so a->Kp <a->qgq=g . Thus

the right hand side works out to a - Kp .

Formula (ix) simply says that J, <B_ , which is clear. For (x) we calcul-

ate by (viii)

(3*vB)p = a~+ ((p+1) +1b)

b

= {a~> (p~+>0b)) > (a~+0b)

= (p>(a>1b)) > (a~>0)

Ba»bp

d

The next result is due to Dowker and Papert [5] and was also proved in

Isbell [21] . Isbell's proof (based on 1.14 ) is particularly simple involving

no lengthy calculation.

One can of course employ 2.17 and work out the proof

of the distributive law directly.

2,20. THEOREM (Dowker-Papert-Isbell)., The lattice J(Q) 1is a zero-dimensional

cHa.

Proof. By 2.19 (vii)

we can prove that J_ is linear in J(Q) ; because if the

K. are J-operators, then:

1

@ v Ay Ep

(A
AieI
( AieI

(AieI

set K5 )TpP
(Kinp)
KiOJb)p

(g VKi))p

b

Similarly, by 2.19 (viii) we find:

a
(v A K o=

a . .
so d is linear also.

o> A K
A ieIA(EL - Kip)
AieI

(A

Therefore Ja'VJB is linear. But remark that for a,be@ ,

a
(7 °Ki)p

a
fer VE P

JaVJbVK = T iff a<Xb .

Thus the linear elements of J(Q) do indeed form a cobasis. Now 1.1k applies. 0O
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By the techniques we have illustrated in the foregoing it is easy to see that
the map a v Ja is a cHa-morphism embedding € into J(Q) . As each Ja is
clopen in J(f) , this is an isomorphism iff @ is Boolean. This situation is
discussed further by Isbell [21] and Simmons [47] . 1In general, the construction
of J(Q) can be iterated transfinitely. Isbell also shows that this construction
is functorial. Unfortunately, we have been unable to find any application of these

facts in our present context go we stop here.

2.21. THE ALGEBRA OF PROPOSITIONS. We close this section with some remarks on
P(1) , a cHa that intuitionistically plays the role assumed by the two—element
Boolean algebra classically. To begin with, we have already taken note of the
correspondence between propositions ¢ and elements {0|¢} e¢P(1) ; this is
an isomorphism and makes P{ 1) the algebra of propositions in intuitionistic
logic. We can also prove easily that P( 1) is Znitial in the category of cHa's,
because there is a unique morphism from P( 1) into a given 0 defined by

pr VI{ L |0ep} . (Keep in mind that the peP{ 1) are just the subsets of
{0} .) The reason this morphism is unique is that in P( 1) we have p =

V{T|0ep}; that is, {T} is a basis of P(1) . (Note that {1} 1is a cobasis.)

One way to say that a cHa @ is non-trivial is to say that — (1L = 7) , but
this is rather weak intuitionistically. A better notion is to say that the morphism
from P(1) into Q is an embedding. Such cHa's we term proper. The condition

comes down to the schema:

V{TQ|¢} = T, in @ implies ¢ ,

or in quantified form:

¥V peP(1) [V{TQ!Oep} =T, implies Oep J

(We could have also had "iff" in place of "implies".) Obviously if we have an
embedding, the above condition holds. Conversely, if V{ o [oep} = V{ T | 0eaqal,
this implies by the condition: QOep iff Oeq . But as 1 has only one element,

this is the same as p = q .

A quotient of P{ 1) 1is proper iff the congruence is trivial (the identity),

so P(1) /== is proper iff P(1) is Boolean (that is, our logic is classical).

In the case of power set algebras like P{X) , such an algebra 1s proper iff

X 1s inhabited. This is obviously stronger than saying -1 X = @ .

Recall that Lawvere and Tierney [31] defined a topology on P(1) as an
operator j : P(L1) > P(1) satisfying:

(1) jed =3

(2)  jea = Ae<j,i>

>
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(3) jotrue = true .

Evidently, every J-operator in the sense of 2.11 is a topology. But in view of
the special character of P(1) , we can quickly argue that every topology is a
J-operator. The only part missing is to show j inflationary. To prove p<jilp) »
assume Oep . Thus p=7T, so jl(p) =7 and Oej(p) . Therefore Oep implies
Oe¢ j{p) , which is what we wanted. Of course this abbreviated definition only works

on P(1) , that is why in 2.11 we say inflationary in place of (3) above.

3. POINTS AND SOBER SPACES

Much of our intuition about cHa comes from the example of the opens of a
topological space. To see just how far this example is typical, we review the duality
between the categories cHa and Top (with A)/— maps and continuous maps respect-
ively). To make the classical theory constructive is just a matter of using the
right definitions. No new ideas are needed. We think of a topology as defined by
opens as in 1.4 . A map between spaces is continuous iff the corresponding inverse
image map takes opens to opens. We have a functor

0 : Top ~ cHa®®

since £~ : 0(Y) » 0(X) is an A¥Y-map for each continuous f : X > Y . GCiven a
point t of a topological space X we have an AV-map t : 0(X) = P(1) given
by Oet(U) iff teU or, equivalently, t{(U) = {0|teU} . In fact, this is
the A)ﬁ-map associated to the continuous map from the one point space to X which

singles out t

3.1. DEFINITION. A point t of a cHa © is an AV-map
t :0->P(1)

We topologize the set pt(Q) of points of Q , taking as opens the sets U¥ =
{t]0et(U)} where UeQ . Since U¥nV¥ = (UnV)* and UieI (u,*) =

( VieI Ui)* , this indeed gives a topology on pt{(Q) . Any AV—map F : Q + Q'
induces a map F¥ : pt(Q') > pt(R) by composition. Since (F*)7L(U¥) = (F(U))* ,
for UeQ , we see that F¥ is continuous and we have another functor

pt : cHaOP -+ Top

Now taking Ue to U*¥e0(pt(Q)) gives an AV- map
gq P 2> 0{pt(Q))

and taking te X to the corresponding point of 0(X) gives a continuous map

ng ¢+ X > pt(0(x))
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We are interested in the cases where these maps are isomorphisms.

3.2, SOBER SPACES AND cHa WITH ENOUGH POINTS. We say a space X 1is sober iff

n, is an isomorphism, that is, if for every AY—map f:0(X)>P(1L) there is

X
a unique te X such that for all Ue0(X) we have teU iff Oe f(U) . We say
a cHa Q has enough points iff £ is an isomorphism, that is if to see for

U,VeQ that U =7V it suffices to check that for every IN% map f : Q@ ~» P(1)

we have f(U) = £(V)

Evidently, if X is a topological space then 0(X) has enough points and
if @ 1is a cHa then pt(Q) is sober. What about the spaces we know, are they
sober? Classically, T2 = sober > TO , while T1 and sober are incomparable.
Intuitionistically, sobriety is far more rare (we shall later present a model where
Q 1is not sober!), though of course sober = TO trivially. Sober spaces are hard

to find. We give some examples.

3.3. CONTINUOUS LATTICES. Martin Hyland [20] has pointed out that every

continuous lattice is sober in the induced topology (see Scott [45] ). We recall
that in a lattice L we say x 1is way below y (written x<<y ) iff whenever
y < vieI z; then x < VieF Zi for some finite FcI . A continuous lattice is

a complete lattice in which every element if the join of the elements way below it:

v= Vix|x<y} . The induced topology has as basic opens the sets

04= {xld<<x} for delL . For UeO0(L) we have U = V{OdldeU} and if

S 1is a directed set such that VS >>y then for some xe5 we have x>y . (For

this and other facts about continuous lattices we refer the reader to Scott [U45] .)

Now let L be a continuous lattice, we write nlJ for the operations on the

cHa 0(L) of opens and /\V etc., for the lattice operations. To any point

t : 0(L) » P{1L) there corresponds a superfilter F = {Uec0(L)|0et{(U)} such
that if U and V Dbelong to F then UnVeF and if UieI Ui eF then Ui eF
for some ieI . Nowlet y= V{AU|UeF} . If UeF then OdeF for some

deU thus we can write y = V{ /\Od | Ods Fl note that this is a directed join
since F is closed under n . We now show that ye04 iff 0.eFf . If OdeF

d
then because Od= U{Oflfeod} , we have OfeF for some f>>d . Thus
yz /\Ofo>>d and yeOd . Conversely, if yeOd then y>>d . Because we have
y as a directed join, we can write A Oe >>d for some e with OeeF . Then

Oe_C_Od and Ode F . To see that the y we have found is uniquely determined by
the property yeU iff UeF for Ue0(L) (which it certainly enjoys), recall
that y = Vial ye Od} in any continuous lattice.

3.4, R IS SOBER. We sketch a proof that the Dedekind reals are sober. These

are constructed as the set of pairs <U,L>e P(Q)xP(Q) of subsets of rationals
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such that U is an inhabited, open, upper cut, L an inhabited, open, lower cut,
U and L are disjoint and for rationals p<q either pel or geU . R is

topologized by taking as a basis the rational opens (corresponding to open intervals):
(psa) = {<U,I>eR|qeU and pel}

Now suppose we have an AV-map f : 0(R) >~ P(1) . We define the real number

corresponding to this point of 0(R) . Let

U

{ae Q| T pe@ .0eflp,q)}

and L {pe Q| T3 qge Q.0e flp,q)}

We show U is an open upper cut. If geU and g'>q then for some p we have
O¢ f(p,q) and, since (p,q)c(p,a') , also Oe f{p,q') so q'eU . Thus U is
an upper cut. Again let qeU so for some p again Oe f(p,a) . Now observe that
(pra) = V{(p,g-1/n) InelN } because any real in (p,q) is itself defined by
open cuts. So, f being an AV-map, we have T neWN. Oc f(p,q—1/n) whence
q-1/neU for some nelN and U is open. By a similar argument, L 1s an open

lower cut. If pel and peU then we would have Oe f(p,q) and Oe f(r,p)

where, since f(@) =@ , we have r<p<gq . But this is absurd since then
Oe f(p,q) A flr,p) = f({r,p)r(p,q)) = f(@) = ¢ . Finally, suppose p<gq then
R = U{(p,p+n)ula-n,q) lnemW } . Since f(R) = {0} and f preserves U

we must have for some ne N either Oe¢ f{p,p+n) , in which case pelL , or
0Oef(lg-n,g) , when geU . So we have defined a real. Looking back, the reader
will see that the definition we gave was precisely that forced upon us by the require-

ment that for U a basic rational open
<U,L>e U iff 0e £(U)
Since the basic rational opens are a basis, this will now hold for all Ue((R) . O

We now present some examples of cHa without points., It turns out that this is
simpler intuitionistically than classically. Of course, the trivial cHa ( T = 1)
can never have any point. To avoid such degeneracy, we insist that our examples be
proper. If we accept intuitionism then no complete Boolean algebra (cBa) can have
a point ~ this would imply the law of the excluded middle as follows: Suppose
Q 1is a Boolean algebra and t : @ > P(1) a point. Composing with the unique
map © : P(1) >Q we must have for peP( 1) that t(p) =p since P(L) is
initial in cHa. Now let U be a complement for p in @ . Since A,\/-maps
preserve Boolean complements, t(U) is a complement for p in P{1) . We shall

easily find models later where =1 VpeP(1l) (pviIp=71) .

3.5. POINTLESS cHa. (i) We have seen that any cHa is embedded in its algebra of
J-maps. Thus the AV-map P(1) > J(P(1)) is one-one and each element J_ of

the image of this map is complemented. Now consider the J-map —3—1 on - J(P( 1))
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Each Jp is a fixed point of 37 and so the composite map
P(L) - J(P(L)) >~ J(P(L))/~~

is one-one and J(P( 1))/ is a proper cBa. If this algebra has a point then

mathematics is classical.

(ii) It seems worthwhile to give a construction of a pointless cHa which works
classically as well as intuitionistically. Let X be a sober topological space.
We shall kill its points leaving a pointless cHa S(X) . For Ue 0(X) define

PU) = U{weo(X)| Zx )°

,...,Xn (w\{x.la-":xn} EU}

1
(where ¥Ce 0(X) is the interior of Ye (X) ). This operation F 1is multiplicative
since

o
)° )

(W‘\{x1,...,xn} )O n(V‘\{y1,...,ym} = (WnV\ {X1,...,Xn,y1,...,ym}

As F is obviously inflationary, we may identify the fixed points of F as a
quotient cHa J : 0(X) > S(X) . We call the elements of S(X) coperfect opens of

X . (Classically, if X is T1 , they are the complements of perfect closed subsets
of X .) Now any point of $(X) would give by composition a point £ of 0(X)

and, as X is sober, a point teX such that,for Ue 0(X), we have teU <> Oe f(U).
Consider U = (X\{t})°; we have =1 0e £(U), but J(U) = X (we killed this point),
which contradicts f(X) = {0} since f factors through J . Thus, S(X) has no
points. In general, S(X) is proper. For example when X = R , each open

{xeR|0ep} = V{R|Oep} = p is a fixed point of F for peP(1) . O

The map e, Q> 0(pt(Q)) identifies two elements of § iff they agree on
all points of Q@ . If f : Q> 0(X) is an AyL map,then for any U,VeQ which
agree on all points of Q we must have £(U) = £(V) , since f£(U) = {t ]| 0et(f(U))}.

Thus, for any such map we have a factorization
8 ——0(pt(Q))
1
\\\\\\\\i i
'
v
0(x)

which is unique since 0(pt(Q)) is a quotient of @ . This universal property tells
us that € 1is the counit of an adjunction. A similar argument shows that n 1is

the unit. (See MacLane [32] p. 81 .)

3.6. THEOREM. The functor (¢ is left adjoint to pt , that is, there is a natural
isomorphism

Top PIX,pt(2)] & cHal,0(X)1

and 11 and € are the unit and counit of this adjunction.
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Proof. We have seen that ¢ has the universal property of a counit. So we have
shown that 0 is left adjoint to pt . To check that n 1s the unit of this

adjunction is routine. a

n

If X is sober, then pt{0(X)) ¥ ;and if Q has enough points, then
0(pt(Q)) =

IV.3 , Theorem 1 ).

Q Dby definition. Thus we can state a corollary (see MacLane [32] ,

3.7. COROLLARY. The category Sob of sober spaces is dual to the category Pts,
of cHa with enough points. 0

We shall make use of this duality tc give a description of sheaves as étale
spaces in the next section and again in §8 to give a representation for internal
sober spaces. For this, apart from the abstract duality, we need to know what happens

to open inclusions.

3.8. LEMMA. Let X Dbe a topological space, Q = 0(X) and U<sX an open
inclusion. This morphism is mapped by @ to the quotient £ = = {VelvsUu}
by the open quotient topology gV (up to a canonical isomorphism).

Proof. Evidently 0(U) Q_, and the map dual to the inclusion takes WeQ to

U1
WnUsQU; but we saw in 2.18 that this is just the quotient of @ by JU . O
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CHAPTER II. FIRST-ORDER STRUCTURES

Here we introduce models for intuitionistic logic with partial elements. Heyting
algebras give models for intuitionistic propositional logic. The models we introduce
are the obvious extensions of these to predicate logic. To make this extension it
is natural to introduce Heyting-valued sets or Q-sets. Section 4 is devoted to
a study of these and their relation to sheaves. Every presheaf determines an
Q-set. Sheaves correspond to complete Q-sets (which arise inevitably when one wishes
to interpret descriptions), and every presheaf or §-set has a completion. Sheaves
or §-sets may be thought of as collections of elements "varying continuously" over
some domain. In Section 5 , we describe operations and relations on Q-sets;
the requirement of extensionality turns out to be just the requirement that these be
defined locally. We interpret the logic of Chapter 0 as the logic of local propert-
ies of variable elements; by using complete Q-sets or sheaves, we are able to
interpret descriptions. In section 6 , we consider briefly the effect of changing
cHa. The most important cases arise when we have an AV map ¥ : Q> Q' . We
then have constructions of the so—called inverse and direct images of structures,

which have interesting logical properties.

4, Q-SETS AND SHEAVES

A fundamental example is the sheaf of germs of continuous functions on a
space X . To fix ideas, we consider first real-valued functions and denote this
sheaf by RX . We will not define straightaway germs and stalks but will work direct-
1y with (a representation of) the sections of this sheaf. Because we wish to
emphasize the interpretation of logical formulae in these sheaves, we generally find
it is easier to introduce them via sections; also when we discuss abstract cHa's not
of the form 0(X) , we cannot intuitionistically expect points over which to have

these germs, so this is a second reason for preferring sections.

The set of sections, denoted by |R,| , of RX is the collection of continuous

x|

maps a : U~> R with open domain UcX . We write Fa = U = dom a , and call this
the extent of & . The set Eae 0(X) measures the "time" for which a "exists";

we regard a , then, as a variable quantity defined over X , but we have to agree
that for one reason or the other a is only partially defined. Sometimes such
partial elements can be extended to global elements where acb and Eb =X , but

this is not always possible.
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Given a,be |RX| , we can measure how much they cotneide by defining:
Ta=b0 = int{teBankb|al(t) =b(t)}

The interior operator is applied here because the properties of elements we are to
be concerned with are local properties; thus, when tel a = b1 , the functions

have to coincide in a neighbourhood of the point t . By interpreting 0(X) as a
truth-value algebra, then [ a = b1 is the truth value of the statement "a = b"

Note that Ea =Ta=al . Wecall [+ =+1 the equality map.

Given ace |RX| and an arbitrary Ue0(X) , we can easily define the restriction
a iU of a as the obviocus function. a U : UnEa > R . In the sequel we will
abstract the "algebraic" properties of restrictions, extents, and the equality map

to define the general notions of sheaf and Q-set.

As a second, slightly more abstract example, let A be any commutative ring
with 1 . Let B be the Boolean algebra of idempotents of A , so that B =
{ech] 62 = e}l and eAf =e+f and evVf=e + f - e.f , for e, feB . Consider
the cHa I{(B) of ideals of B . We can use ideals to measure the equality of

elements of A . Say a,belA , and define:
fa=bp0 = {eecBlea=c¢eb}

Obviously ML a=bTel(B) , and Ta=b0 =71 iff a=5b . But in general

L a =bI may be a nontrivial ideal different from both L = (0) and T = (1)
Here Xa =T for all aeh , so all elements are global. This happens sometimes
with Q-sets but not with sheaves. The exact relationship between these concepts
will be fully explained below. In the example at hand, note the absence of points:
intuitionistically the Boolean algebra B may have no prime filters. It was easy
to define the Q-set for @ = I(B) , but there may be no "underlying" space of

points.
We turn now to the abstract definitions, remark that our examples satisfy them,

and show they begin to give models for the formal logic of Chapter O

L.1. DEFINITION. Let § be a cHa. An Q-set A is a set |A| equipped with
an Q-valued equality [ » = « ] : |A¢ x |a] » @ satisfying:

(i) CTa=vD=0b=2a1 (symmetry)

(ii) [Qa

bIAlb=cll<Ta=clI (transitivity)

On any Q-set we define extents and equivalence by:

(iii) EBa=[CLa=2a] , and

(iv) TazbD =(EavEb) »Ta=1]

Discussion. In our two examples ( |A| = IRX| and |Al = the ring A ), the
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elements are completely distinguished by [+ = + I in the sense that [T a=1bI =1
iff a =7b . This need not always be the case, and we return to the gquestion later.
If A is an Q-set and M : Q > Q' is a multiplicative operator between cHa's,
then A Dbecomes an '-set with the equality M[@la = b1 . The multiplicative map
int : P(X) » 0(X) 1is a case in point, as is seen by reference to the definition of
equality on RX . Often throwing on such an M will collapse elements, and our
definition does not exclude this. Nevertheless, any Q-set satisfies the Axioms

for Equality of Chapter O , §2 , and so the concept has model-theoretic interest.

The connection between restrictions and equality and equivalence in RX is

particularly simple:

Lazbd

Ulvueo(x)la|u=b[u} , and

LCa=5b]

U{UcFan®bla |[U=1v |U}

Our definition of presheaf allows us to generalize this:

4.2, DEFINITION. A presheaf over a cHa Q 1is a set IA! equipped with maps
E: |A] 9 and 1: |A]xQ > |a] of extent and restriction satisfying:

(i) afEa=a

(ii) afipfe = af(prq)

(iii) E(a1p) EaAp

for all ace ]Ai and all p,qef . On any presheaf we define equality by:

(iv) Ta=bv0 = V{p<FBaafblaip=11p}

L.3. PROPOSITION, Every presheaf A over Q 1s an Q-set, and we have for
a,be ]Al and peQ :

Tafqea=bpT = Ta=bldagqg

Proof. Symmetry of [« = « 1 as defined in 4.2 (iv) is obvious. For transitiv-—
ity, apply the distributive law to L a=bJAlb=cl . We get the sup of
elements pAq where p<FEaAEb , q<EbAEc , a1p=b1p,and b']q=c1q.
From 4.2 we see af{(pArg) =c¢{{prq) . Also immediate is pAq<EaAEc . Thus
prgsla=cl , and transitivity now follows. To prove the formula for restrict-

ions, note that

A

Cafg=bv0 = V{psEBaaBbaglalp=b{p} sTa=blnrg

On the other hand, if p is in the set defining T a=1bv D in 4.2 (iv) , then
pAg 1is in the set of the above sup. By the distributive law, then,
|Ia=b]]/\qs|]:a1q=b]] . O
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The notions of Q-set as given in 4.1 and presheaf over §© in 4.2 are
in some ways incomparable without further conditions. For example, we cannot put a
presheaf structure on every Q-set because restrictions need not exist. These
restrictions could be added "formally", and we discuss this below. In the case of
presheaves, the axioms of 4.2 allow for the passage from elements to restrictions,
a cutting down operation, but they give no information about building up. Thus the
formula for [ a = bl that holds for RX does not hold in general: two elements
might be "locally" equal and have the same extents but not be actually equal. We
thus introduce in 4.6 a uniqueness condition that avoids this difficulty. Some

auxiliary definitions and a lemma are helpful in stating the exact requirement.

L.4. DEFINITIONS. 1In a presheaf A for a,be |A] , we say a is a restriction
of b, or b is an extension of a , and write a<b , iff a=1b {Ba . If
Bc IAI is any set of elements, we say B is compatible iff the elements are
pairwise compatible in the sense that if b,b'eB , then b '1Eb' = %' 1Eb . A join

for B 1is a minimal upper bound for B under <
The proof of the following is straight forward.

L.5. LEMMA. Let A Dbe a presheaf; then:
(1) < partially orders |A] ;
(ii) b<a implies Eb<Ea , for all a,be |A]| ;

(iii) If B [A] , then ae |A| is a join for B iff Ea= V{Zb|beB}
and b<a for all beB

(iv) a’|\/iEI b, is a join of {a']pilisI} for ae |A| and
{p,lieI}cay

(v)  Every bounded subset of |A| is compatible and has a join and a (unique)

meet under the partial ordering. 0

L.6. DEFINITIONS. A presheaf is separated iff joins of subsets (when they exist)

are unique. An Q-set A 1is separated iff [ a = b1 = T always implies a = b

L.,7. PROPOSITION. Let A Dbe a presheaf. Then the following are equivalent:
(i) A 1is separated;
(ii) = /|pi =b '1pi > 8ll ieI , always implies a /| \/iEI p, =D 1 \/i

(iii) afla

er P13

bI=bffa=bD ,all a,bela] ;

H
n

(iv) aqflazbI=bv4laz=bD ,all a,bel|a] ;

i

(v) psTazbvl iff a1p=b’]p,all a,be|A] , peq
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(vi) A is separated as an Q-set ;
(vii) as<b iff FasDa=1b0 , all a,be {A] .
Furthermore, if A is separated, we can write for a,be |A]
(viii) Ta=1v0 = V{peQ]a1p=b1p} s

(ix) a and b are compatible iff QT a =1b I = EaAEd

Proof. That (i) implies (ii) follows from 4.5 (iv) . That (ii) implies

(iii) follows from Definition 4.2 (iv) . To prove (iii) implies (iv) , note
that aqfla =bI0 =a{(Faalflazbpl) =aq(Farla=>b0) =afla=v0,
because [ a = bJl is defined by 4.1 (iv) . To prove (iv) implies (v) assume

first that p<CTa=bD . Then afp=aqflazblTap=b{LlazoIrap=>1p .
Conversely, suppose a ']p =0 ’]p , then BEaAp = EbAp<EaAEb . Therefore, since
a |(Banp) =1b {(Eanp) , we see FaapsTa=1b] and Ebap<Cfa=Db0 . It
follows that (EaVEb)Ap<Ta=DbTI , and so p<Ca=1bI . Next (v) at once
implies (vi) . Assume (vi) . To show (vii) assume a<b . Then a=b']Ea,
and so Ea<Eb . But a =a {Ea ; thus Ea<[ a=bI by definition. In the
converse direction, assume Ea<[ a =bI . If p<Ea , then a’]p=b1p iff
alp=b1Baqp . Also EanEb = EanE(b4Ea) , so Ta=bI=DCa=b4Eall by
definition 4.2 (iv) . Therefore Fasla =b4Bal . But E(b4Ea)sla=0b48al
too; thus [[aEb1EaII=T . By (vi) , a=b']Ea follows; that is, a<b

Now assume (vii) . To prove (i) let a, and a, both be joins of Bc |A| .
We wish to show aj<a, . By (vii) it is enough to show Ea, < T ay = a1]] . Now
by 4.5 (iii) , Fa; = {Fb|beB} . But for beB , b<a; and b=ao']Eb.

Similarly, b = a, 1Eb and Eb<Ea AEa, . Thus Eo<la, = a, I . Therefore
Ea, < L 8, = 2, T as was to be shown, and the circle is complete. Clearly (v)
implies ({viii) , because by (v) we see [[a = bJ] is a meximum not just a sup.
Finally for (ix) , if a {Eb =b {Ea , then Ta=bI =0 a=bJAEa =
Ta=b{Eall=DTa=a{Ebl]=0a=allaEb = EaaEb . On the other hand, if
Ca=0bl = EaAEb , then we just substitute into 4.7 (iii) to show that a 4Eb =
b {Ea . O

4.8, EXAMPLES. We began the section with "interesting" examples, but it is perhaps

helpful to insert here some particularly easy constructs.

(i) The space of propositions. We have already regarded Q as a model for
propositional algebra, but we can also think of it as an Q-set. Define [ p=ql
= (p<+>q) . All elements are global and it is not a presheaf. With this definition

Q 1is separated.

(ii) The one-point set. Again use § as the underlying set, but this time
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define I p=ql =pAg . Equally well we can define Ep =p and p‘ g = pagq .
Now we have a presheaf where everything is a restriction of one global element T
Clearly T 1is the principal element and there is only one of these. Note that in
this example [ p = qIl = (p<«>q) . Indeed, any Q-set becomes a new Q-set if
[+=+1 is replaced by L+ = -7

(iii) The constant set. Let A be any set, and define |A | = A where by

QI
definition:

CTa=b0 = V{tTla=1}

Classically, we could say L a=bJl =71, if a=0b , and 1 otherwise. This is
not, however, intuitionistic. AQ is an § —set but not a presheaf. If Q is
proper {see 2.21 ), then AQ is separated. If we wanted a presheaf, we would have

to define |A | = AxQ where

Q l

E<a,p> = p and <a,p> {q = <a,pAg>

(In case A = {0} , we just obtain the previous example.) This, however, is not

separated; for consider <a,l1> and <b,1> , where — a =D

(iv) The Cartesian product. Let A and B be two presheaves over Q . We

define AXxB over Q , but perhaps not in the way expected. Set
[axB] = {<a,b>|ac|A] , be|B| , Ea = Eb}

Then define:

]
=
ol

1
<3|
o
o
1
o

E<a,b>

<a,b>1p = <a 1p,b 1p>

This is separated if A and B are. We return to this construction in 5.15 when
we justify calling it a product. Of course, we could use all the ordered pairs,

and define

E<a,b> = <Ea,Eb> , and

<a,b> <p,q> = <a {p,b 1q>
But then this is a presheaf over QxQ not over £ . The reader can easily work
out the meaning of [ + = « I here for himself.

(v) Presheaves as functors. TFor any presheaf A over ( and for pef ,

define the sections over p by:
Alp) = {ac|A| |Ea=1p}

Restriction as a map a v a /g , where q<p , gives us maps pg : Alp) > Alq)

If g =p , this is the identity. If r<q<p , then the triangle commutes:
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As every partially ordered set, in this case Q , is a category, we can say in short
that the presheaf gives us a functor, which we alsoc call A and write
A 2% > Sets

Conversely, given any such functor, we can recover the presheaf in our sense.

Regard the sets A(p) for pe as pairwise disjoint. Define [A| = Up€Q Alp)
Define Ea = p to mean aceA{p) for ae |A| . And finally if aec [Al and qeQ,
define
alq = pf (a)ehlprg) ,
pPAgQ
where Ea = p . It is easy to verify that this makes a presheaf which redetermines

the same functor. It is certainly fair to say that the view of presheaves as functors
led Grothendieck to far-reaching generalizations of the notion of sheaf and to the

notion of topos introduced in SGA4Y [1]

When is the presheaf separated ? Let us say that { pil ieI} covers p

O

provided that p = v Then the functor A : 9°F > Sets gives rise to a

iel Pi

separated presheaf iff whenever { pi| iel} covers p , then the obvious map

A .
(p) ~ X 1el

pp. is a monomorphism (one-one embedding). When we come later to the notion of
i

sheaf, this remark will have to be phrased in a more subtle way, as the simple

A(pi) into the cartesian product obtained from the restriction maps

cartesian product is too crude.

(vi) Kripke models as presheaves. Let X be a set equipped with a reflexive
and transitive relation W= . In 1.5 we defined a propositional model @ = K(X)
as the cHa consisting-of all pcX such that Jjl—1ep always implies Jjep
Suppose now we have a family of sets { Dil ieTI} , each equipped with an equivalence
relation. We write il a = b to mean that a and b belong to Di and are
equivalent therein. By definition we have a Kripke model iff whenever JjiHil-a=b
then jh a=b . This implies in particular that if jWw—1i , then nggDi . Each

Kripke model gives us a K(X)-set D where |D| = kJieI Di and we define
Ca=bv0 = {ieIlita=0b}
In general Kripke models in this form are not separated. a

The presheaf ( 0(X)-set) RX is separated by definition, but it has an
additional, gquite important property: to define a continuous function on an open
set U, it is sufficilent to define it locally. More precisely, suppose we have a

cover where U= J{ Ui |ieI} . Suppose also the £t Ui + R are given. We
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could not hope to glue these separate functions together into a whole, unless there
were some compatibility conditions. The obvious one is that £, = fj on Uierj
for all i,jeI . Then we can {by a union, so to speak) define a (unique) function
f:U >R such that f =7 1Ui ,all ieI . The existence of such compatible

joins is exactly the definition we can state in an abstract form.

4.9. DEFINITION OF SHEAF. A presheaf is a sheaf iff every compatible family of

elements has a unique join.

Discussion. The definition implies at once that every sheaf is a separated presheaf.
The converse does not hold: RX is a sheaf; the collection of bounded functions in
IRXI forms a separated presheaf which, in general, is not a sheaf. We can now, if
we wish, write unambiguously V. a, for the join of elements in a sheaf -

1el
provided we know that { ail ieI} 1is compatible. O

It is more complicated to say when a separated Q-set is a sheaf, because here
restrictions need not exist. Of course we could say what restrictions are to be in

the {-set, because
a=bfp iff Ea=DTa=b0Ap ,

and the right hand side is meaningful in Q-set terms. But, since it is necessary
to secure not only the existence of restrictions but also the existence of joins,

it is better to put both existence conditions into one uniform statement. To be
able to make a succinct statement, it is helpful here and in other places to use the

terminology of singletons.
4,10. DEFINITION. Let A be an Q-set. A singleton of A is amap s : |A| > @
such that
(1) s(a)Ala=bT0 < s(b) , and
(ii) s(a)Aas(pb) <Ta=1v1 ,
for all a,be |A]
Discussion. Suppose we already have an element ce [A] fixed. It determines a
map at [ a=cl which is obviously a singleton (transitivity!); call this map
P . Note that e = q iff Tec=dl =7 . Thus an §-set is separated iff P

always uniquely determines ¢ , or better; a singleton determines at most one

element. But must a singleton determine an element?

4,11, DEFINITION. An Q-set is complete iff every singleton determines a

unique element.

Discussion. The definition means that for every singleton s : [Al -~ Q there is
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one and only one element ce |A| with s = P ; that is, s(a) =La=c]

for all ae |A| . Any complete Q-set is separated, but not conversely. O

4.12. PROPOSITION. Every sheaf as an Q-set is complete.

Proof. Let s : |A|l ~Q be a singleton, where A 1is assumed to be a sheaf.
Define B= {afs(a)laca} . Note that by L4.10 (ii) , we have s(a)<Ea ,
so E(aqs(a)) = s(a) . Using 4.7 (iii) we then calculate:

a {s(a) {1E(b {s(p))

2 1s(a) A s(b)

a’1[[a=b]]As(a)/\s(b)

b/iLa =bIAs(a)as(b)
b 4s(p) 1E(a {s(a))

This proves that B is compatible. Let b = VB . Certainly a ']s(a) <b and so

s{a)<sTa=b0 . Thus s{a) =s{a)al a=DbT<s{b) . As this holds for all
aclAl , Eb= V{s(a)|ae|al} < s(b) . Whence, Ta=bT =0a=>bIAs(b)
< s{a) . This proves that s = T . 0

4.13. THEOREM. Sheaves and complete Q-sets come to the same thing.

Proof. Start with a sheaf A . We have just seen that as an Q-set it is complete.
But if we have a complete @-set, how do we regard it as a sheaf? Well, we know what
Fa = [ a =a]l means already. To define restrictions for ae |A] and peQ ,

note that the map b L a =bIAp is a singleton. Hence, there is a unique
element, called a{p , such that [ a 1p =pI =DQa=bJAp . We need to verify

the equations of k.2 .

Since Ta=bI=CTa=bl0AEa , wve see afBa=a . Since Taqpia=1T
=La=bJaprag=DCaf(prg) =bpI , we see aflpiq=allpaq) . Because
Elaqp) =MTafp=afpD =Ca==allap=EaAp , we find all of (i) - (iii) of
4.2 are true. Thus, the Q-set A can be regarded as a presheaf. Is it separated

- as a presheaf? This will follow if we can verify equation 4.2 (iv)

If p<EaAEb and a']p=b1p,then p=prla=all=CTa=a ipl =
fFa=b{pll=0Ta=blAp . Thus p<la=1b]J] . In the other direction, if
p<ffTa=b1 , then p<EsAEb at once. But note that [[a’|p=c:[]=|]:a=c]]/\p
=[[a=c]]/\[[a=b]]/\p=[[b=c]]/\[[a=bI|Ap=[[b=CI|/\p=|Ib1P=C:U

Since a 1p and b 1p determine the same singleton, they must be equal. So the

desired formula holdsjy and by L.7 it follows that A as a presheaf redetermines

the same equality as the original Q-set,and separation must be true.

It remains to prove that A has joins. Let Bc|A| be a compatible subset.

Define a map s : |A|] = Q by the formula:
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s(a) = V{La=bp0(veB}

To show s(a)Aalla=2a'l < s(a') is very easy by the distributive and transitive

laws. We also apply distributivity to calculate:
sla)ras(a') = V{la=bTaAla' =b" N|b,b" e¢B}
Because B is compatible, we see by 4.7 (ix)
Ta=bI0ala'=bp'"T] = Ta=bJAala" =b" TAEbAED'

= [[a

pINAala'=b'ITADb=0b"1

A

La=a'l

Thus s(a)As(a') <Ta=2a'"l , so s 1is a singleton.
Now let z=s. If beB , then
Lc=b50= V{Co=0'T1v B}

Clearly Eb=[Lb=b0<Mc =11, so b<c by 4.7 (vii) . That proves c is
an upper bound to B . But Zc=DTc=cl= V{Ic=bIlbeB} = V{Eb|beB} ,
because for beB , we know Eb<OIb=cIADlb=>b0 =Eb . Thus by 4.5 (iii)

¢ is a join of B , and separation means it is unique. Therefore A 1is a sheaf.

We have shown that, starting with a complete Q-set A , we can define restrict-
ions so that A 1is a sheaf that redetermines the same Q-set by the standard recipe.
But just to make sure nothing goes wrong, suppose you are given first A as a sheaf.
By L4.12 it becomes a complete Q-set. But by 4.3 we know all along that restrict-
ions are indeed determined as singletons, so we get the same sheaf back again using

the new recipe employed in the last paragraphs. Hence, the theorem. O

In L4.13 +the phrase "come to the same thing" is a trifle inexact. In the next
section when we define morphisms of sheaves and f-sets, we can be more precise by

showing that there is an equivalence of categories.

4,14, MORE EXAMPLES. This time we want sheaves. We saw that RX was a sheaf,
but the commutative ring A as an I(B)-set was not a sheaf since all elements
were global (that is, there were no restrictions). Our next project will be to
give a general method for adding restrictions and joins.  In some cases, however,

a direct construction is very simple.

(1) The sheaf of propositions. Ve define Q as an (-set so that
|QI = {<p,>e@xQ|p<qg} . For ael|Ql we also write a = <lal|,Ea> ; that is
Ea 1is Just the second coordinate of a . Fquality is defined by:

Ta=1bv0={(lal<>|b|)AEaAEDb

We leave a&s an exercise the verification that this is a separated §-set in which
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Tazbpl = (lal«>|b|)Ar (Ea<>Eb) , and

afp = <lalAp,Banp> .
It should also be verified that a and b are compatible iff EaAEb< fal <> [b]|
If Bc |Q| dis a compatible set, then the join is given by:

VB = <V{Ibl|beB}, V{(Eb|beB}>

In this way, by direct verification, 8 is seen to be a sheaf.

(ii) Comstant sheaves. Alas, over an arbitrary § , an explicit description
of all sections of a constant sheaf is messy since @ is not necessarily proper
and we cannot decide whether p = L or not. For the moment, then, we restrict
ourselves to constant sheaves over P( 1) , where the description is simple. In
the following paragraphs, in any case, we will show how any Q-set can be "completed"
to a sheaf (this construct also incorporates a suitable quotient by an equivalence

relation).

Let A be any set and construe it as a presheaf over P( 1) , where (compare
0.7.12 ):

Al = & = {acA] Vx,yea,x =y }

Further, define:

Ea = {0] Ix,xeal ,
alp = {xea|Oepl} , and
fa=bp0 = {0] Ex{xeanxebl}

It is easy to see that:
Lfazbv T={0fla=b} ,

so the presheaf is separated. Now a,be |A| are compatible iff
Vxea Vyeb.x =y . The join of a compatible family Bc |A| is going to be

just its set-theoretical union; thus, A so construed is a sheaf.

(iii) Sheaves as functors. We now return to the view of presheaves as functors
introduced in 4.8 . To'characterize, in a purely category-theoretic way, those
functors which give rise to sheaves, we need some terminology. A crible of pe@
is a set K of elements g<p below p vwhich is closed downwards: q'<qgek
implies q'eK . We say a crible K of p covers p iff p= VK . Now if A
is a presheaf and X a crible of p the sets A(q) for gqeK form, together with

the restriction maps, a system over which we can take the inverse limit 1<i—mqu Alq)
The presheaf A 1is a sheaf iff whenever K covers p the canonical map

s . . . . . - ) g
A(p) l(l_quK Alq) is an isomorphism. To see this note that 1f p \/lEI P, hen
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[pil ieIl = {ql|aqs b for some ieI} , the crible generated by the family
{ pil ieI} , covers p . Moreover, since we have pairwise intersections
pij =p; A pje [pil ieI] , the limit over [pii ieI] is just the limit over

{pij |i,5eI}, which is the collection of compatible families { a, € A(pi)l iel}
In Grothendieck's hands, this way of looking at things was generalized to give the
notion of site, an abstract category with a notion of covering crible or Grothendieck

"sieve".

topology [1] . The word "crible" is commonly translated by the English
It describes an agricultural sieve (more properly, a riddle) presumably used to

separate germs from stalks (cf., Courbet [3] ).

(iv) The sheaf of germs of holomorphic functions.  Suppose X 1is a complex
anslytic manifold (in a simple case X might be C" where @€ 1is the complex
field). CX is the sheaf of germs of complex-valued continuous functions on (open
subsets of) X , which is constructed ,just like RX ; it has interesting subsheaves,
since X 1s more than just a topological space. Thus, let HX be the sheaf obtained
from holomorphic functions: We let HX be the collection of holomorphic maps
f:U> C where UcX 1is open. As usual Ef = dom f = U , and for f,geIHXI s

Cf=gl = Aint{teEfnEg| f(t) = g(t)?} .

Of course T 4U is just f restricted to Undom f . As being holomorphic is a

local property, it is easy to verify that HX so defined is a sheaf over 0(X)

(v) The sections of a contimuous map. Suppose we are given a continuous map
m: Y+ X from one topological space into another. We define an 0{(X)-set Ty
as the maps a : U~ Y , where mea is the identity on U = Ea . Again:

Ta=b0 = int{teEanEb|a(t) =Dblt)} .

Not only is it easy to prove that Ty is a sheaf, but it 1s clear that it generalizes
the construction of RX , Since this can be regarded as the sections of the projection

function : RxX » X

T

(vi) The power-sheaf. There is no difficulty in proving that the product
AxB of sheaves, as defined in 4.8 (iv) , is again a sheaf. A more interesting
construction is that of the power-sheaf P(A) of an Q-set A . The elements of
IP(A)| are pairs <P,p> , where pe® (the underlying cHa), and P : [A] > Q

satisfies the extenstonality and strictrness conditions:
(1) Pla)ala=1b0 <P , and
(2) P(a) < BaAp ,

for all a,be (Al . Of course E<P,p> = p . We define:
[<P,p> = <Q,q> 0 =paga A{(P(a)<>Q(a)) laclal} .

It follows that:
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It follows that:

I <P,p> = <Q,g>0 = (p<rg)r A{(P(a)Qqla))laclal} , and
<P,p> {q = <Q,pAg> , where
Qla) = PpPla)Aaq , all aelA]

Also, <P,p> and <Q,q> are compatible iff pAgq < (P(a)<«>Q(a)) , for all

ac |Al . The join of a compatible family { <Pi’pi>| ieI} is just done pointwise
(also (V; ; P)(a) = V
the distributive law to prove P(A) 1is a sheaf. In Section 7 we shall show. via

Pi(a) ). Admittedly, it takes a few applications of

the interoretation of logic, that P(A) plays the role of the power set in the

categorv of sheaves over Q . 0

We now turn to the question of how any Q-set can be comvpleted (and, hence,
how any presheaf can be "sheafified"). The original §-set (if separated) will be

found as a generating sub-Q-set of its completion.

4.15. DEFINITIONS. Let A and B be Q-sets. We say A 1s a sub-Q-set of B ,
and write AcB , to mean that |A] c|B] and the equality on A 1is just the
restriction of that on B . We say AcB generates B iff for each be |B| we

have:
Eb= V{La=bDac|al}

In the case of presheaves AcB ( subpresheaf ) means that on |A| restrictions
and extents are inherited from B . (Note: any subset of an Q-set gives a

sub—Q-set, but subpresheaves must be closed under restrictions.)

4.16. PROPOSITION. Let AcB be Q-sets, then:

(1) A generates B iff every singleton of A extends wniquely to a single-
ton of B

(ii) If B is a presheaf, then A generates B iff every element of B
is a join of restrictions of elements of A
(ii1) If B 1is a presheaf and © is a basis for § . then if we let

Al = {ac|B| |Bac©} , then A generates B .
Proof. (1). Suppose A generates B and s : |A| > Q 1is a singleton. Define
t : |B|l » Q by the formula:

t(®) = Vi{s(a)ala=bDlaclal}

Clearly t extends s and t 1is a singleton. Suvmpose t' were any other singleton

extending s . Then

t1(b) = t'(b)AEb = V{t'(t)aAla=bT|acl|al}
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= Vi{t(a)ala=DvDlaclal}l = t(v) .

So t is unique.

Assume now A-singletons have unique extensions. Let be [Bl . The function
where s{a) =L a =bJ is a singleton on A . The formula for t above gives
an extension. But the map b'w» [ b' = b1 is also an extension. Thus by unigque-

ness:
Tv'=b0 = V{Ta=bTaAla=0b"Dlaclal}

Substituting b for b' gives the desired formula of k.15
For (iv) , assume that B is a presheaf. If A generates B , we can write:
b=b4E = V{aila=bT]aclAl}

In the other direction, suppose that:

b = V{ai1pi|1€I} R
where the a, ¢ |A| and the p;€Q . Now since a; 1pi < b , we have E(ai 1pi) =
Ta 1pi =1 . Thus Eb = V{E(ai '1pi) lie1} = Vi{Ta '|pi =b0N[iel} ,
so A generates B .

For (iii) , assume B is a presheaf and © is a basis for Q . Define A
as shown. Since

b‘V{b1p]psQ,psEb} ,
we can use (ii) to conclude that A generates B . 0

4,17. DEFINITION OF SHEAFIFICATION. For any Q-set A the sheafification A of
A 1is the Q-set defined by:

[A] = {s: |Al »Q]s is a singleton} , and
Cs=tD = V{s(a)at(a)]laea} ,
for all s,t elﬁ[ .
The proof that A is an Q-set is left as an exercise; what is more interesting

is:

4,18. THEOREM. For any Q-set A , we have A complete and generated by
{g |aelA]l} . Furthermore,
Ta=50 = Ca=b0 ;
so if A 1is separated, it can be regarded as a sub-Q- set of A . If B 1is any

other sheaf generated by A , then B is iscmorphic to i,

Proof. First observe that for be |A| and se |A| we have (recalling the
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a-notation from 4.10 )

Ts=%0 = Vis(a)ala=bT]acla]} = s(b) ;

whence, Ta=5%1 = fTa=bI follows. But we also have:

Es Cs=s0 = V{s(a)lac|al}

ViCs=2allaca} ;

therefore, {glaeIAI} generates A .

Suppese now that o is a singleton on A . Define s(a) = ¢(3) . This is
obviously a singleton on A . Also o(a) =L s =al , so we see two singletons on
A which agree on { gl aeA}l . Thus o 1is determined by an element of i , which

is unique in view of the generating subset.

It is quite clear that if {&a|acA} generates B , where B is a sheaf,
there is a one-one, [ « = « J-preserving correspondence between the elements of B

and the singletons in x. N

L.19. EXAMPLES. (i) The sheaf of germs of real-valued comtinuous functions.
We know from previous remarks that RX is a sheaf. The subpresheaf BX of bounded
functions is not a sheaf (if X has any interest as a topological space); however,
it is evident that every real-valued function is locally bounded, so BX generates
RX .
(ii) Presheaves as sheaves. 1In general, a presheaf is not a sheaf. However...
Let A be a presheaf over Q and let K(Q) be the cHa of downwards closed subsets
of @, or cribles of T . (We use the notation of k.1k (iii) .) Define a presheaf

A* over K(Q) by A*(K) = lim A(q) with the obvious restrictions. Now it is

easy to check that A¥* is a sheZEKand that A*([q]) = A(g) . PFurthermore, if B
is anv K(Q)-sheaf. it arises in this way from the Q-presheaf whose sections over
peQ are given by B([pl) . Thus we mav say that presheaves over { come to the
same thing as sheaves over K(Q) . This type of equivalence is best formulated as

an equivalence of categories. We shall return to this point later.

(iii) The sheaf of propositions.  as a sheaf (cf. 4.1k (i) ) 1is generated
by its global sections, an Q-set isomorphic to 9 as an Q-set with = taken as
<> . For very similar reasons we see that the powersheaf P(X) is generated by its

global sections: indeed, every element is a restriection of a global section! Such
strong generation properties may very well fail in a sheaf like RX ,» Where even if
global elements generate it mav not be true that everv continuous function on an

open set can be extended continuously to the whole space.

(iv) Rings and Boolean ideals. We began this section with an example of a

ring A as an I(B)-set, using the cEa of ideals of the Boolean algebra of
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idempotents. All elements are global; A is not a sheaf. So, the question is:
what is A ? We will have some interesting answers to this question in the next
section where we can regard A as a ring in its own right. For the moment, we just
ask about the nature of the elements of A . From the general construction we know
A is generated by the global sections corresponding to elements aecAd . Are there

any others?

A global element is a singleton seh where Es = V{s(a)laecal} =7= (1),
as an ideal. Now the sup of ideals is just the ideal generated by the union, so

there must be idempotents e € s(ao) s eee s € s(an_1) » where I. e, = 1
As we are in a Boolean algebra B , we can as well suppose that ei-ej = 0 for

. e.+»a. . We wish to prove that s = B , and this will show
i<n 1 71

that A provides all the global elements of A

izj . Let b= 1

To this end, note that eib = e;a. . Thus if eel a=1b]J , then ea = eb ,

so e.ea = e,eb = e.ea. . Thus e.eclla=a.] . But e.ees(a,) ; therefore,
i i i1 i i i i

e;ee s{(a) . As this holds for all i , we find by sums that ees(a) ; thus,

[fa=bles(a) . In the other direction, if ee s(a) , then eiees(a) As(ai) ,

s0 e.ee [La-= a; T . This means, for all i<n , e.ea = ecea, . Again summing

up, ea = eb ; that is ecLa=bJ ; and s =Db is proved. Following Mulvey
[37] we call this sheaf h(A) =4 .

(v) Rings and radical <deals. In 2.15 we remarked that the collection
© = /(A) of radical ideals of a commutative ring formed a cHa. As first pointed
out to us by Tierney, this cHa can be used in a natural way to make A into a
Q-set. This has simularities to the previous example, but it is less trivial. We
return to it again in Section 6 when we discuss a larger §-set, spec(A) , with

very interesting algebraic properties. Returning to A , define this time:
Ca=bT = {tea|t'a=1t"> for some n>0}

What we have on the right hand side is the least radical ideal generated by the
ideal {teA|ta =1tb} ; this is a measure of how nearly a and b are equal,
and L a=b1 = (1) iff a=b . Thus A is separated over . Of course all
elements are global, so A is no sheaf. We show in this case, too, that A gives
exactly the global elements of A : sheafification adds no new global elements.

(This is quite different from RX =8 for example.)

X >

So suppose sechA is global with Es = V{s(a)laea} = (1) . We obtain,
as before, 1 = I.
i<n 1

ui-uj € s(ai) as(a.) < T ai = aJ. T ; whence, for a suitably large m we can say

(uiuj )m(ai ~aj) =0 . (The same m for all i,Jj<n can be found by taking the

u. for suitably chosen uies(ai) , i<n . Now ui-uj

maximum.) By taking a very large power k of I sen B and multiplying out, we

can write:
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1 = . z.u.m
i<n i1
for suitable coefficients. Call uim = v, for short. We have v; € s(ai) and
v.v.{a.-a.) =0 . Define
131

J
b=z v.a

. Z. -
1<n 1 1 1

It is easy to prove vib = v.a

i1
As before , if tela=1b1 , then tPa = tP» . Then tpvizia = tpviziai ,
S0 tpvizie [a-= a; T . But tpvizie s(ai) also, so since s is a singleton,
tpvizie s(a) . Summing up, we get t¥e s(a) , 50 tes(a) . In a similar way

(just like the other proof) tes(a) implies tel a =Db1 . Tt follows that

s =%b as we wish. 0

Our examples have for the most part been Q-sets rather than presheaves. There
is a reason for this: not only do we think Q-sets arise in practice more often, but
they have the technical advantage that to obtain i one only has to define A -

a generating subset. Even to evaluate logical formulae ( Section 5 ) it is only

necessary to do the work on generating subsets.

In passing from Q-sets to presheaves it is only necessary to add restrictions.
This could be done by forming pairs <a,p> with p<Ea - but they have to be
divided into equivalence classes using the relation between <a,p> and <b,q> that
p=q and p<la=bI . This is tiresome, and it seems marginally better to
employ singletons. Similarly in passing from presheaves to sheaves it would be
possible to "complete" by adjoining the joins of compatible subsets - somewhat in
the style of the ideal completion of a lattice. Again some effort has to be expended

to obtain separation, so we feel that singletons are better here also.

Our discussion of the theory of sheaves so far has been rather algebraic (model-
theoretic), so to tie up the presentation with more well-known treatments we show
how to obtain the usual geometric definition for sheaves over @(X) . The ideas will
be used later in Chapter IIT when we give a representation of internal topological

spaces in the sheaf category.

4.20. DEFINITION. An étale space over a space X 1is a continuous map w7 : E > X

which is a local homeomorphism; that is, every point of E has a neighbourhood

mapped homeomorphically onto its image by the restriction of % . We call E the
total space of = . (Note that we do not assume, as is done in some books, that =

is surjective.)

In L.14 (iv) we have already remsrked that the sections of amy continuous
7w : E>X (not just local homeomorphisms) form a sheaf. We shall now prove the

classical theorem that every sheaf over a space comes (up to isomorphism) not just



356

from a continuous map but from an &tale space. The problem, given a sheaf A
abstractly, is to construct the total space. The proof given below, though Just
the classical method in disguise, is perhaps useful to know since it avoids taking
any limits and uses instead the duality between cHa's and sober spaces. For the

classical proof, see Godement [14]

.21, LEMMA. Let A be a presheaf over @ . The collection of global elements
of the power sheaf P(A) forms a cHa @I under pointwise A and Y . If for
pe we let 771(p) be the map taking ae |[A| to FaapeQ then I I

is an /\,V— map. The singletons {;] ae |Al } form a basis for I and

(i) aar i) = (afp)

Proof. The global elements of P(A) are just the maps P : |A] - @ where for
all a,be Al we have Pla)alla=1bD < P(b) and P(a)<Ea . Since these are
closed under pointwise A and v they form a cHa with ar L as zero and a » Ea

1 commutes with these pointwise operations, it is an /\,V- map.

as unit. As 77
Now a<P iff P(a) = Ea so the singletons form a basis for I because p<P(a)
iff (a |p) <P (remember, P 1is strict). Now (i) is [La=bTAp =
Cafp=1bI0 rewritten, (ii) is Easla=1bI iff a<b , in new guise, and

(iii) follows from the transitivity of = . 0

4,22, THEOREM. Let X be a space and A a sheaf over 0(X) . Then A 1is
isomorphic to the sheaf of sections of an étale space w : E + X where 0(E) is

isomorphic to the cHa T of global elements of the power sheaf P(A)

Proof. Suppose first that X 1is sober (we shall return later to the general case)

and that € = 0(X) . Then X ¥ pt(Q) and the duality between cHa and spaces gives

a continuous map T : pt(Q) + X . This will turn out to be our étale space. We now
show that an element of [A| gives a section of m . For each ac{A] let

a~l(P) = P(a) for Pell , further, let Q, = {peQ|p<Ea} . Now a7l : T >
is an Ay- map and a }{n7l{p)) = pAEa for peQ . Dualizing, we get a section

a : Ea > pt(l) of =

This is the general picture, it remains to demonstrate, firstly that = is a
local homeomorphism, and, secondly that A is precisely the sheaf of sections of
m . Now if P<a then P(o)sTa=bl so Pb) =Ta=0bITAP(a) for belAl
Thus we have a factorization a™l .1 Ha - Qa where the first factor is an open
quotient (see 2.18 ), and the second an isomorphism. Dualizing, we see that a

maps FEa homeomorphically to the open set P pt(l‘[a) ., Thus 7 must map a%
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homeomorphically to Ea and as the a generate 1 , we have shown that 7 is a
local homeomorphism. Furthermore, 1T must have enough points because each

I, = 2, = 0(Fa) certainly does.

If we are given a section ¢ : U » pt{ll) of 7w over Ue0(X) we dualize

to get an Ay— map o} : I+ 0(U) such that o~ 1{(n1(p)) =pAU for pel(X)

Now for se |Al define s(a) = o-1(a)e ¢(X) . We claim that s is a singleton
of A . Firstly, s(a)as(b) = c‘l(g/\g) <o Mrlla=v]) = Ta=5b1
Secondly, s(a)ala=bI =ol(arrifa=1bT) = o !({a |[[a=b:[|)~) <

o-1(b) = s(b) . Further, Vis(a)lae|Al} =0 (T)=U . S0 if A 1is a sheaf,

.-
(5) for be Al or (equivalently,

there is a unique ae Al with T a=b0 = ¢!

since the b form a basis for T ) with P(a) = ¢~}(P) for each Pel . Thus,
the sections of w correspond exactly to the elements of {A| . For a,be |Al
we have

Ca=1b1 =al(p) = {teBaABp|alt)

b{t) }

?

since (B)* = {b(t) |teEb} and a and b are both sections of = . Also,
since 7 is a local homeomorphism, we have a local section through every point of
I

When X 1is not sober, we cannot write X = pt(0(X)) . We obtain the desired

space by pulling back

E — pt(m)

1

X ——;; pt(0(X))

As is well-known, the pull back of a local homeomorphism is a local homecmorphism.

Explicitly we can write

E 2 {<a(n,(t)),t>|aclA] and teEa}

X
with 0(E) ® I consisting of the opens

U¥ = {<e,t>ecE|ecU} for Ue 0(pt(I))

Sobrification preserves open inclusions. By the universal property of

n, ¢ P > pt{0(p)) , any section of = over pe0(X) gives a section of the origina’
map pt(M) + pt(0(X)) over pt(0(p)) . By the universal property of pullback

every section over 7pt(0(p)) arises in this way from a unique section of w over

p . As 0(X)

n

0(pt(0(X))) , the sections of 7 are exactly the sections of the

original map. 0

If a sheaf A is represented in this way as the sheaf of sections of an
étale space T : E > X , the stalk of A at t 1is the set At = r-1{t} . For
ae |A] and teBa we call a(t) eAt the germ of a at t . Note that
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A, = {a(t)]|teEBa} and

a(t) =b(t) iff tela=b1

We conclude this section with a discussion which would classically be trivial.
Since {T} is a basis for P(1) , global sections generate any P( 1 )-sheaf.

Classically, P{ 1) is the only non-trivial such cHa.

4.23. PROPOSITION. Let Q be a cHa. ZEvery @-sheaf is generated by its global

sections iff {7} is a basis for Q

Proof. Consider the Q-set A with underlying set {p} for some peQ and
CTp=pl=p. Anymap s : {p} > 9 with s(p)<p is a singleton of A .
Such a singleton is inhabited iff s{p) =T (and hence p =T ). BSo, the set of

global sections of A , the completion of A , is
{s:{pt>qls(p) =7 and p=r1}

If global sections generate A then [ p=pI = V{s{p)] s is a global section}

and we have a = V{Tla=T1T} . O

The cHa for which {T} is a basis can be described in other ways. For example,
an A-semilattice I can be embedded as a semilattice of P( 1) iff a<b iff
a =T dimplies b =T for a,bel . For cHa this latter conditions is equivalent
to {T} Dbeing a basis. We shall be interested primarily in the particular case

where © is a quotient of P( 1)

5. TFIRST-ORDER LOGIC

In this section we use sheaves to provide interpretations for first-order logic.
To do this we must say what a structure is, which amounts to introducing operations
and predicates. This may be done in various ways which turn out to be equivalent.
Here we start from a definition which is precisely that necessary to ensure the
validity of the axioms of first-order logic. This is given in terms of Q-sets.
When we see what it means for sheaves, it turns out that it is equivalent to
demanding that our operations and predicates be defined locally. Our Q-valued
models or sheaves are analogous to Boolean-valued models for classical logic, and
similar to Mostowski's topological models [42] . The introduction of partial
elements allows us a greater variety of models and means that, using complete
Qi-sets or sheaves, we may interpret descriptions. The recognition of these models

as sheaves provides us with many models from mathematics.
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5.1. OPERATIONS AND RELATIONS. We define an n-ary operation F on an Q-set

A tobeamap F : [A]" > |A] which is =-extensional in the sense that
= < =
/X\i<n [[ai_bi]] < [[F(ao,...,an_1) = F(bo,...,bn_l) T
An n-ary relation R on A is a map IAIn + Q c-extensional is the sense that
i<n IIaizbiD A R(ao,...,an_1) < R(bo,...,bn__1)

(We could define many-sorted operations and relations similarly, each sort
being interpreted by an Q-set.) We call a collection of operations and relations

on A a structure on A .

These definitions will ensure that the axiom of eguivalence

(eq) o(x) Axzy > ¢(y)

becomes valid (by the usual induction on the structure of ¢ ). The distinctions
discussed in 0.3 have their counterparts in the models. Thus we say an operation
F is striet iff EF(a ys M Ea, , and total iff equality holds.

0°" """ n-1 i<n M
A predicate R is striet iff [ R(ao,...,an_1) I=< i<n Eai

%3

5.2. EXAMPLES. (i) ©Let J be a J-map on £ . Then (p+>q)=<(Jjp+>Jjg) for
P>q€Q , so we can consider j as an operation on . We have [ EpTl = L Ejp I
=7 and DMp=qIl<CJjp=Jjgl from which =-extensionality follows formally.

In fact j 1is a strict total operation on Q@ . A similar argument shows that the

operations A, Vv, >, 7 on  also become strict total operations on @ .

(ii) In the last example, because the equality on § is non-trivial we had to
some work to verify extensionality. If A 1is a set, any operation on A may be
viewed as an operation on the simple Q-set AQ . Any relation on A gives a

relation on Ay as follows:

a )}

T R(ao,...,an_1) 1= {1] R(aO""’ =1

This may be trivial but it will prove useful nonetheless.

(iii) Any (strict) continuous function f : R® - R gives a strict operation

on RX by composition. That is
(£))

Extensionality is immediate since DT az bl = int{t|a{t)=b(t)} . The arith-

Lf(ags . eha  )I(8) = f£la (t),...ha

metic operations + and x in particular arise in this way. They are strict and
total. The same definition can be applied to a partial continuous function

g : R + R to give a partial operation on RX : Recall that x~! 1is defined
for x#0 so applying this construction to the inverse function we get a partial

operation on RX with Ea=! = {teX|alt)=0}
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Any predicate on r" gives a predicate on RX as follows:

T R(ao,..., )T = ipnt{teX|Rla(t),...,a {(t))}

Sa-1 0 n-1
Particular examples are the predicates of apartness =# , strong ordering < ,

weak ordering < and of course equality =

(iv) The Q-set k(A) associated to a ring A , discussed in L.,1.9 , itself

carries a ring structure. We check that the ring operations on A = |k(A)] are
extensional. Consider addition. We have trivially E(a+b) = EanEb = T . Less
trivially, recall [a =bJ = {eecB|ea =eb} so that, since if ea = ea'

then e(a+b) =e(a'+b) , we have T a=a'J<Ta+b=a'+b1 . From this, and

the corresponding fact for b , it follows that + 1is a strict total operation

on k(A) . The verification that x is also a strict total operation is similar.
Since we like to work with sheaves, but find it easier often to present a

generating Q-set, we must show how to extend any structure on a generating set.

5.3. LEMMA. Let A be a complete Q-set and BcA a sub-f-set. Any structure
on B can be extended to one on A . Furthermore, if |B| generates A then
any strict operation or relation on B has a unique strict extension to A
Proof. Extending relations is easy: for aec |A|] define

R(a) = V{R(b)ALazbD|be |B|}

We check two things: Firstly, since R was extensional on B , the new R is

an extension of the old. Secondly the new R is extensional,
Taza'"TaRa) = VY{Laza'IaR(b)ATa=0b1|be B}
V{R(®b)ALa'z=bT|be|B} = R(a')

A

For an operation F we define F(a) for ac |[Al to be the unique element of |A]

such that for all a'e |A] we have
Ta'=Fa)D = V{la'=°r(b)IalazbN|beB} = s(a')

which exists since the term on the right is a singleton. Again it is straightforwar

to check that the new F is a =-extensional extension of the old.

If |[B| generates A then any section ac |A| 1is locally{where it exists )
equal to a section of B . Since strict operations and relations are determined by
the properties R(a)AEa = R(a) and F(a) {Fa = F(a) , the extensions we have

defined are unique. g

This will enable us later to extend any structure on an f-set A to its
completion A . 8ince P{A) , the power sheaf, is defined in terms of strict,
extensional predicates, it also means that P(A) ¥ P(A) . Now we take a look at

presheaves. Any presheaf is an Q-set. We characterize operations and relations
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on a separated presheaf in terms of the presheaf structure.

5.4, THECREM. Let A be a separated presheaf. A map F : iAln > |A] is an

operation iff F(ao,...,an_1) 1p =n F(aO '1p,...,an_1 41p) {p identically for
pef and a; € |A] . Amap R : |A|” > Q is a relation iff
R(ao,...,an_1)A p = R(ao ’]p,...,an_1 1p) Ap identically.

Proof. Since p<lazaf{pll , if R is a predicate, the last equation holds.

Conversely, if a; 1p = bi 1p then this equation implies that R(a - Yap =

R(bseresb _

0" n-1
1)/\ p . Nowby L4.7 (viii) we see that R 1is extensional. The

proof for operations is similar. One way is easy again. In the other direction,
suppose &, ip = b, 1p then, by the condition, F(ao,...,an_1) 1o

F(bO,...,bn_T) 1p so that pS[[F(aO,...,an_1) = F(bo,...,bn_1
appeal to 4.7 to complete the proof. O

)1 . Again, we

We shall often want to define operations and relations on a presheaf which is

not separated. Strict operations and relations are easy to present in this way.

5.5. LEMMA. To give strict operation or relation on a presheaf A , it suffices

to give a map of the appropriate kind which is strict

EF(aO, ,an_1) < m\i<n Eai or R(ao,...,an_1)£ Aai<n Eai

and local
F(ao,. ,an_1) ip = F(ao '}p,...,an_1 {p) or, for relations,
R(ao,...,an_1)Ajp = R(ao ’]p,...,an_1 1p)

Proof. To simplify notation, take the case n = 1 . We must show that [ a = v 1

<T P(a) = F(b) T . This is equivalent to M a = b A (EF(a) vEF(b)) < L F(a)=F(b)
<L ¥a) =F(b)I . Since F is strict, this reduces to [ a = b DA (EF(a) VEF(b))
<TF(a) = F(b) I . Now take peQ such that a{p =b {p and p<EF(a) then

F(a) 1p = Fla 1p) = (b 1p) = F(b) 1p . From this we deduce firstly that p<EF(b)
and secondly that p<[I F(a) = F(b) I1 . However, such p cover the left-hand side

of our putative inequality so we are done. Strictness of course is immediate.

The proof for relations is analogous. 0

Strict total operations have a special interest. It turns out that they are
also particularly easy to present. Let A be a presheaf viewed as a functor as in
4.8 (v) . Any strict total operation on A given by F : NN gives, for
each pef , a map Fp : (A(p))n > A(p) . These maps commute with the restriction

maps, SO we have a natural transformation between functors F : An > A : The square
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Alq)" ——> A(q)

F
Q

commutes for gq<p

Any such natural transformation gives us a strict total operation: define this

by F(ao,... ) = Fp(aO ']p,...,an_1 1p) where p = M Ea, . For example,

>8-1 i<n ~ 1 o
if we have a category C of algebras and homomorphisms any functor F : @ P o
gives a presheaf (take underlying sets) equipped with the appropriate operations:

if the restrictions are homomorphisms, then the operations are natural.

Before going on with the logic, which will enable us to say something more

interesting about our examples, we pause to introduce morphisms.

5.6. MORPHISMS. Let A and B be presheaves over Q . A morphism f : A > B
of presheaves is a map f : |A| - |B| such that Ef(a) = Ea and f(a {p) =
f(a) {p for ac |A| and peq

By our previous remarks, a morphism f : A > B is just a strict total operation
from A to B . Every sheaf is in particular a presheaf. Thus we have a category
Sh(Q) of sheaves on £ . We shall consider its properties from time to time. We
note in passing that for pe® we have a functor Sh(Q) -~ Ens taking A to A{p) .
We write T for the global section functor which arises when p =T . To give a
morphism f : A > B of presheaves is to give maps fp : A(p) » B(p) for peq ,
which commute with restrictions. Thus a morphism is just a natural transformation
between A and B viewed as functors. If B is a sheaf, it suffices to give such
maps for p in some basis for @ (again commuting with restrictions): every element
of |Al 1is a join of elements a; with Eai a member of the basis and joins in B

are uniquely defined in terms of extents and restrictions.

5.7. PRESHEAVES AS SHEAVES (bis). We also have a category Psh(Q) of presheaves
over { , of which Sh(Q) is a full subcategory. We do not dwell on the properties
of Psh{Q) as such,since it is equivalent to the sheaf category Sh(K(2)) where
K(2) 1is the cHa of downward closed subsets of { described in 4.19 (ii) . There
it was shown that each Q-presheaf A corresponds to an K(Q)-sheaf A¥* with
A*([pl) ¥ A(p) for pef . To see that we have the claimed equivalence of
categories, it suffices to remark that the elements [p] for peQ form a basis
for K(Q)

If we tried to define a morphism of Q-sets to be a strict total operations we

should have an unwieldy notion (or at least an unwieldy category), since B may
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fail to have elements which morally should be there. Instead, we define a morphism

of Q-sets to be the graph of a strict total operation.

5.8. DEFINITION. A morphism f : A+ B of Q-sets is a relation
£ : |Alx|B| » @ which is singlevalued f(a,b)Aaf'(a,b')<I b =1b'] , strict and
total Ta=a 1=V {f(a,b)|belB|}

It is easily seen that any strict total operation f gives a morphism
f{a,b) = ML f{a) = b . This of course is how we think of any morphism even when
there are not enough elements to give a value f{a)e |B|] for each ae |A] . With
this in mind, we define the composite of two morphisms f : A+ B and g : B-+C
by gof(a,c) = \/{f(a,b)rg(b,c) | be|B|} . Now the whole point of sheaves is
that they do have the elements they ought to have so if A and B are sheaves,

sheaf maps from A to B are exactly Q-set morphisms from A to B

5.9. THEOREM (Higgs [18] ). The category of Q-sets and the Q-set morphisms is
equivalent to Sh{q)

Proof. If B 1is a sheaf and f : A > B an Q-set morphism then defining f(a)
to be the unique element of |B| such that f(a,b) = [ f{a) =b I for all be |B|
gives a strict total operation corresponding to f . Thus for sheaves our two
notions of morphism are equivalent but by Lemma 5.3 , morphisms f : A > B of

Q-sets are just the same as morphisms between their completions. 0

5.10. THEOREM. The category of sheaves over a topological space X 1s equivalent
to the category of étale spaces over X with as morphisms Tyt EA - X to

. E . . . .
LY 5 -+ X , continuous maps f : EA *AEB commuting with 7

Proof. Every such continuous map gives a sheaf map acting on sections by composit-
ion. TIts inverse image f£-! : HB > HA is given by [f~1(P)1(a) = P(f(a)) . Given
a sheaf map f : A > B we can define an ANL map 1o HB > HA in the same way
and since sheaf maps preserve extents, this f~! commutes with the maps =~ ! and
hence by duality arises from a continuous map commuting with =© . But now every

sheaf is the sheaf of sections of some étale space (L.21) . 0

We continue our discussion by considering some particular categories of sheaves.
Classically what we are about to look at is trivial. However, in §9 we shall apply
these intuitionistic results to give information of interest to the purely classical

mathematician.

5.11. THEOREM. If {T} is a basis for Q then Sh(Q) is (equivalent to) a full
subcategory of Ens , the category of sets.
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Proof. Since global sections generate any §-sheaf, any morphism is determined
by its action on global sections, and T , the global section functor, is faithful.
Any map f : TA > I'B on sections is extensional: since [ a = bll = T implies

a =b which leads to f(a) = f(b) and hence [ f(a) = f(b) 1 = T , we see that
La=bTcl f(a) = £(b) T . Thus I is full. o

~

In particular, if Q ® P(1) then Sh(Q) Ens . In the case where Q arises
as a quotient of P(1) , we can characterize SA(Q) as a full subcategory of

Ens . Firstly we need some notation. Let Jj be a topology on P(1) as in 2.21
We shall say a property ¢ is locally true iff 0e€ j{0| ¢} and may write j¢ for
" ¢ 1s locally true". We catalogue some evident properties for later use; three

basic properties follow from the definition of topology :
(1) ¢ >d¢
(i1) Ji¢ = J¢
(ii1) (¢ > ¥) » (3¢ > jv)
From these, the following facts follow formally:
J(pap)ejonjy ;5
3l = w) > (J¢ » Jv) s
Ix.30>J T x.0
JVxé~> ¥VxJjo

We have stated these principles formally to save space. However, we shall use them

informally in the proof of our next theorem.

5.12. THEOREM. A set A arises as the set of global sections of some  Q-sheaf,
where @ = P(1)/j , iff

(%) for any XcA we have JEIx.xeX » EIx.j xeX

In words: if locally there is a unique xe X then there is a unique x locally

in X .

Proof. Suppose A = [X, where X 1is an {i-sheaf then for x, ye€A we have
x=y iff Ix=yId =71 iff Oel x =y T3 and, since T x =y is a fixed point
of j , this happens iff Qejlx =y iff jl0elx =y TI) iff jx =y . Thus

(1) Vx,yehA (jx=y>rx=y)

Certainly (1) follows from (*) (let X = {x|x =y} ). Thus it suffices to
show that, for A satisfying (1) , condition (¥) is equivalent to each inhabited

singleton of A_ Ybeing realised uniquely by an element of A . So let A satisfy

Q

(1) . Now any subset XcA gives a predicate on AQ
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OxexT=35{0lxex} (or ODxexT =71 iff jxeX),

and every predicate arises in this way. For such a predicate to be a singleton we

must have for x,yeX that

JxeX and JyeX » x=73y
For this singleton to be inhabited

vxeAD:XEXII:T (or equivalently jE xehA.xeX ) .
In the presence of (1) these are equivalent to JEIx xeX .

Now given such a singleton, it is uniquely realised by an element x of A

iff Cx=y1

CyexD for yeh

iff Cx=y1

T iff jyeX for yeA
iff x=y 1iff jyeX for yehA

(that is, iff x 4is the unique x such that Jj xeX ). 0

We shall interpret this theorem later in an elementary topos.

We shall now, finally, see how f-sets, structured by operations and relations,
may be used to interpret first-order logic. We begin by considering a language
without descriptions but with an existence predicate as discussed in 0.1 and
equalify (see 0.2 ). We allow many sorts and infinitary disjunctions into our
languages. This will allow us to say more about our models than we could otherwise.
Given a first-order language L , an f-structure A suitable for L 1is a collect-
ion of Q-sets, one for each sort of L , equipped with operations and relations of
the appropriate types, to correspond with those of L . In general, we abuse
notation by using the same symbol for a sort, operation or relation and its inter-

pretation.

5.13. DEFINITION. Let A be an Q-structure suitable for L . The language
L(A) 1is obtained by adding a constant of sort A for each element of [A] (again
we use the same symbol for an element and its name). For each sentence ¢ and
closed term 1t of L(A) we define a value T ¢ Te and O tIelA|l (where

T is of sort A ).

SENTENCES
CR(tgs.eor) )T = R(Lr,D,...,0r I
Lr=01 = L0« =0s0T10
TEc D = EL< T

Conrypd = [ToeIalyD (v, >, = similarly)
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I Vxed.olx)T A{ITEa~+¢(a)Dlaclal}

T @xea,.d(x)T Vi{ilEanrola)Dlaclall

T V.47 = Vi@e Tliel}
TERMS

Lal = a for ae [A]

Cr(rgeeent )3 = FLryDs...,0r )
We say a formula ¢(XO""’Xn—1) of L is valid in A (equivalently, A satisfies
¢ , or, in symbols A F ¢ ) iff for every a, € IAOI,...,an_1 € IAn—?' (of the
appropriate sorts) we have [[ ¢>(aO,...,an__1) T =71 . Inparticular, if ¢ is a
sentence, Ak ¢ iff T¢I =71 .
5.14. THEOREM (Soundness). Let A be an Q-structure suitable for L . The
axioms of first-order logic are valid in A . Validity is preserved by the rules

of first-order logic. In particular, if ¢ is provable (& ¢ ) then ¢ 1is valid
in every interpretation ( E ¢ ). Furthermore, A F VieI ¢, >V iff
AE ¢, > ¥ for each iel

Proof. It is well known that Heyting algebras soundly model propositional
intuitionistic logic (Dummett [6] ). It is also immediate from our definitions
that the quantifier rules (see Ch. O , 1.1, 1.2, 1.4 ) and the rules of equality

(0, 2.1, 2.2 ) are valid, as is our last claim. 0

5.15. EXAMPLES,

(i) The Pierce represemtation (see [37] and [41] ). Returning to example (iii)
of 4.19 , we view a ring A as an I(B)-set using the cHa of ideals of the Boolean
algebra B of central idempotents of A with the equality given by La=1v1=
{eeB|lea=¢eb} for a,bed . In 5.2 we saw that the ring operations are
strict total operations on this I(B)-set k{A) . Now, trivially, viewed as an
1(B)-structure, k(A) is a ring. So, what have we gained? We have some new

properties. For example:
2
E vx[x=x +x=0vx =1]

To check this out, suppose ea=ea2 then eaeB and also e-eaeB . Now
(e-ea)a =0 and eara = ea+1 , so {e-ea)el a=00 and eaela=11

Thus eella=0va =17

We can write down other pleasant properties we might like our I(B)-ring
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to have. We list three, each one stronger (more demanding) than the oune before:
(a) E Vx[x=0v x=0]

(b) E Vx[x=0v Vy [xey

0~+y = 0]1]

(e) E Vx[x=0v &y Ix.,y=1]1]

These, we do not get for nothing. We leave the reader to check that they are

equivalent to the following requirements on the original ring A . In order:
(a)' VxdTeVe' [xee=xAlxre'=0>cere'=0]]
(b)' VxdeVyl[xee=xAlxey=0>y=0]]
(e)' vxagylxeyex =x]

(A ring satisfying this last condition is said to be regular.)

(i1) For this example let Q = (0(X) be the opens of a topological space. The
sheaf RX equipped with the operations + , x introduced in 5.2 is a ring.
Furthermore, these ring operations are strictly extensional with respect to the
apartness relation # that is k a+b 2z a'+b > a#a' {(and similarly for
multiplication). The apartness on this sheaf is a tight apartness in the sense of
0.k 4 in particular, & vy x,y [(xzy > x=y] . In general of course

¥ vx,ylx=yv-ax=yl] . To be definite, consider the case where our underlying
space is the real line X = R, then,for se¢R, define a : R~> R Dby
a(t) = max(0,t-a) . We have Ta=00= {t|t<s} and T7a=00= {t]lt>s}
thus, s¢La=0v-aa=0T . Infact K =Vx (x=0v-1x=0)

(1ii) VNow take @ = 0(C) opens of the complex plane and consider the sheaf

of holomorphic functions on H . If two holomorphic functions f,g : U+ €

agree on some inhabited open set V&U then they are equal intuitionistically just
as classically (see Rousseau [L3] for a constructive treatment of complex analysis).
Thus B Vx,y (x=yvax=y) . However, the theory of equality in this sheaf is
not entirely classical. We have a relation [ a=b 0 = {t|a(t)=b(t)}, which

is a tight apartness relation,and it is easy to check that & =1¥ x (x=0vx=z0)

(iv) For another algebraic example let A be a commutative ring with 1 and

define the YA-set with
n n
La=bp0={t|ta=tb for some n>0}

as in L4.19 . The operations inherited from A make this set into a ring. We now

define a vA-valued subset by

LaeM] = {t!tn=ar for some n>0 and reld}

+ n . .
Note that if t'a = t'b and t° = ar, then t° © = b(rt’); so this subset is

=-extensional. Since it is defined by a strict relation it is =-extensional. Here
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are some of 1ts properties
TeM A 10eM

abeM > aelM

aeMAbeM » gbe M

—laeM<—>Vn an=O

=
=

(¢) k= at+beM>aeMVbeM
=

= eV

Classically, the first three properties describe the complement of an ideal and
the fourth says that the ideal in question is prime. Intuitionistically there is
no straightforward duality between ideals and their complements. In this case the
dual notion seems more useful.We say M is a prime coldeal or coprime. Putting
azb iff (a-b)eM gives an apartness on M (this follows formally from the
properties given), and our last property shows just how close this comes to being
a tight apartness. Now to see that the properties hold. Obviously [ 1eMI = A
=7 in /A’ and [ 0eMT is just the nilradical 1 e VA . Suppose % = abr 3
then t" = a{br), so the second property holds trivially. For the third property:

. n

if t = (a+b)r, we must express some power of t as 54 +52, where 51n1 = ar,

and S2n2 = br2 . This is already done: t" = ar+br . If t" = ar and t™ = bs R
+ . -

then t7% = ab(rs), so the fourth property holds. Now write v (a) for the radical

of aecA . We have tel—1 aeM]] iff /(t) < Y(a) iff Y(t)a/(a) =Y(0) , but
this happens if and only if at is nilpotent (in which case t%a" = (at)? = 0)ys0

n . . .
tella =07 for some n>0 . Also,of course, if " = 0, then at 1is nilpotent.

We shall in general want to use interpretations in sheaves or complete Q{Q-sets
in order to interpret descriptions. Often, as we have seen, it is simplest to
arrive at a sheaf via a presentation of some generating Q-set. Normally it is
not straightforward to give an explicit description of the sections of the resulting
sheaf. We therefore need to see how to use a generating set of sections to interpret

the logic.

5.16. LEMMA. Let BcA Dbe a generating sub-f-set of A then

i

T vxeh.¢(x)T T VvxeB.é¢lx)D 3

I @xeh.élx)T

T @axeB. ¢(x)T

Proof. Certainly AaeIAI LEa » ¢(a) T < AbsIB[ Db > ¢(b) T . Now
AbeIBI TEb > ¢(b) Trala=aT <O ¢(a) T for each de |Bl and ae|A] . So
Nocip T2 > T aA o Tazal =0 vxeb.o(x) Drke < Lofa) T
Thus [ VxeB, ¢(x) W =0T Vxehd.¢(x)T . The argument for & 1is similar,

but easier. 0
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5.17. DEFINITION. We say an Q-structure A is complete iff each sort of

L is interpreted by a complete Q-set or sheaf.

We have seen that any Q-set can be completed L.17 and that any operations
or relations can be extended to this completion (5.3) . Thus,given any Q-structure
A , we can define its completion A in which we interpret each sort by the completion
A of its interpretation A in A and each operation and relation by the extension

(defined in 5.3 ) of the corresponding operation or relation in A

5.18. THEOREM. For any closed term 1 or sentence ¢ of L(A) we have
[[TI]K = [[T]]A and E[d)]]ﬁ = I]Zd)]]A

Proof. This is by induction on the structure of T and ¢ . Each step in the
induction is trivial, with the exception of the quantifiers. These are dealt with

by Lemma 5.16 . O

This theorem will allow us to use interpretations in sheaves while using only
a generating set of sections to do our calculations. A sheaf or complete Q-set
has all the elements it should have. DNote that for any formula ¢(x) with one

free variable, the map ar» L EaA ¥V x (¢(x)«>x=a) D is a singleton:
CEoA ¥ x (¢{x)«>x=b) T < TEbag(p) D
L vx (¢(x)>x=a)T ALEbA¢(b) T < MLa=0vT
This allows us to interpret descriptions in any complete structure A .
5.19. DEFINITION. Let A %be a complete Q-structure for L . We extend the
definition of valuation (5.13) +to include descriptions (as described in 0.6 )

by defining I Ix.¢(x) I +to be the unique be |A| such that for all ac |A] we

have

Ta=bT =DEar Vx (¢(x)«>x=a) ]

5.20. THEOREM. The axioms and rules of first—order logic with descriptions are

valid in any interpretation in a complete Q-structure.

Proof. We need only check the axiom for descriptions (0.6.1) . By definition,

for ae |A| we have
Ta=1Ix.¢{x)T = DTEanr Vx (¢(x)«>x=a)]
So, since = is strict,
Ba » [a = Ix ¢{x) <> ¥ x (¢(x)<>x=2a)] .

and, as this holds for any a , we have
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Vyly=1Ix ¢(x) = ¥V x (¢(x)>x=y)] . 0

5.21. EXAMPLES. We now show how internal and external properties of a sheaf may
be related (see [9] and [39] ).

(i) Terminal objects. A sheaf A 1is a terminal object in Sh(q) iff

F EIxeA.x=x . Suppose F EIxeh,x=x then [ IxecA.x=x1 is a global
section * of A such that,for any section ae |Al , we have Ea = [[a= * 05 that
is,a = * {Ea. hus A 1is certainly terminal: take be |B] to * 1Eb . Conversely,
if A 1is terminal,we certainly have at least one global section * (map any sheaf
with a global section to A ). Now the identity A -+ A must be the same map as

a~>*{Ea;so a=%*4Fa and *=[Ix x=x]

(ii) Finite products. The cartesian product of two presheaves was dealt with
briefly in 4.8 . We take another look. Let Ai be a presheaf for i<n . View
each A, as a functor and defi . . = . . i

5 nd define { X i<n Al)(p) X1<n (Al(p)) for peQ with

the obvious restrictions. With this definition it is easy to see that if each Ai

1s separated so 1is X i<n Ai and that if each Ai is a sheaf, so is X i<n Ai
The maps giving tuples and projections are natural so we have strict total operations
<...> and LI It is also obvious that this construction gives a product either

in the category of presheaves, or in Sh(Q) . Furthermore
(1VEVye XAi. y = <'noy,...,nn_1y>

(2) BV x ech

o€ g2 . 5X

X €A . X, = TM.<X
n-1 n-1 i 1

O,.. n—‘|>

It is easy to verify these,but we do not go through the details as their validity
follows from the general result in 6.4 . In fact a categorical product in Sh(Q)
is completely characterized by these logical properties: Given fi : C -~ Ai we can
define the required morphism <fO""’fn~1>(C> = <fO(C)""’fn—1(C)> =

T 1y. M ﬂi(y) = fi(c) Tl , thanks to the logical properties. In the other direction
we can argue that since all products are isomorphic, they must share the same

logical properties.
(iii) Equalizers. A diagram

c—e>A%B
g
is an equalizer in Sh(Q) iff E vVachlf(a) = gla) > BlceC.elc) = al
and F vceC [flele)) = gle(e))] . The latter condition tells us that our
diagram commutes, and the former shows us how to construct the unigue factorization

of any e'

with fee' = goe'; so the conditions imply that we have an equalizer.
Conversely,it is again easiest to consider some particular equalizer of f and g

and appeal to the uniqueness up to isomorphism. Let C Dbe the subsheaf of A
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with |C| = {aelAl | f(a) = g(a)} obviously we have an equalizer since we have
taken the equalizer in Sefs of f and g viewed as maps on sections. It is

straightforward to check that in this case our formulae are valid.
We shall later (6.10) wuse the fact that the categorical properties of finite

limits are simply characterized in the internal logic.

(iv) Functions. We can use descriptions to define (partial) functions. Let X

be a topological space, RX the sheaf of germs of continuous real functions on X

structured as a ring as in 5.15 . If we write x ! = Iy xxy=1 then for
a : U~> R a section of RX we have a section a~! with Ea=l = {teU|a(t)=0}
and a=l'(t) = 1/a(t) for teEa~! . This structure makes RX almost a field

F v x[x=20<«> Bx~11 . 0

We state but do not prove a completeness theorem for sheaf models. A standard
proof would give a completeness theorem for §-sets and the theory of the last two
sections shows how these may be completed. For a fuller discussion of this point
see Scott [UL6] §5.3
5.22. THEOREM. It ¢i for ieI 1is a collection of sentences and Y any
formula, then { ¢i [ieI}br @ iff, for every sheaf model A) ir AF $. for all
iel , then AFE y .

6. CHANGE OF BASE.

Thus far, we have considered sheaves over a Tixed (but arbitrary) cHa. Here
we consider a morphism f¥ : @ > Q' of cHa and the interplay it induces between
models over § and models over Q' . This interplay introduces an aspect not found
in classical model theory, a thoroughgoing pursuit of which leads inevitably to
sites (see Makkai and Reyes [3L4] ). For technical reasons (which will be explained)
we restrict ourselves to strict operations and relations for the whole of this
section. We start with a general definition. We are primarily interested in two
special cases which will enable us to relate the properties of a sheaf to the

properties of its stalks and sections.

6.1. DEFINITION. Let A be an Q-set and g : @ » Q' a map between cHa preserv-
ing finite A . We define an Q'-set g(A) by |g(a)| = [A] and [ a=1)ﬂg(A) =
gl a= b:ﬂA . Any strict operation on A becomes a strict operation on g(A) since,
for strict operations, =-extensionality follows from =-extensionality. (This was

our reason for restricting our attention to strict operations.) Similarly any strict

)1

relation on A gives a strict relation on g(A) by [ R(ao,---,a

n-1" “g(4)
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gll R(ao,...,an_T) T . Thus to any structure A over  we associate a structure
g(A) over Q' . In general, g(A) 1is not complete, by abuse we also call its
completion g(A) . Furthermore, since any strict total operation on A gives a
strict total operation on g(A) , we have a functor g : Sh(q) -+ Sh(a') . O

6.2. STALKS AND SECTIONS. (i) If X is a topological space any point teX
gives an AV-map +t : 0(X) > P(L) . For any O0(X)-structure A , we call the
P( 1 )-structure t(A) the stalk of A at t . We also write At for t(A) in

this special case as this is the customary notation

(i1) For any cHa © 'and peQ we define an A-map D : Q > P( 1) vy plg) =
{0lps<gq} . For an Q-structure A , we call p(A) the structure of sections

over p. n this case it is customary to write A(p) for p(A),

(iii) A P(1)-set A is generated by its global sections and operations and
relations on A correspond exactly to ordinary operations and relations on this
set of global sections. Thus P( 1 )-structures correspond to structures in the
usual sense. The global sections of At can be identified with the elements of the

fibre over t of the étale space representing A  (cf. L.22 }, since

Octla=b T iff tela=bI iff a(t) = b(t) . The global sections of p(A)
may be identified with A(p) (ef. 4.8 (v) ) because Oepla=bp 1 iff
p<Ta=bT . g

We return to the general situation of 6.1 to see what can be said about the
properties of g(A) . We say a formula is basic if it involves only T , A , =

and the primitive (strict) operations and relations. A Horn formula is one of the
form YV x (¢(x) ~ ¥(x)) where ¢ and ¢ are basic. A Horn theory is one all of

whose axioms are (provably equivalent to) Horn sentences.

6.3. THEOREM. If ¢ 1is a basic sentence of L(A), then [H’]]g(A) = glI(b]]A
Thus if 8 is a Horn sentence and A = 6, then g(A) ¥ 9 jand if A is a model

for some Horn theory, so is g(A)

Proof. This is really all immediate: the first part holds for basic atomic sentences
by definition,and for the rest because g preserves A . The second and third parts

follow as g 1is order preserving. 0

In particular, we can see from 6.3 that if A 1is a model for a Horn theory
T , s0 is the structure of sections A(p) for each pe@ . In fact,this is a

sufficient condition for A to be a model for T .

6.4. THEOREM. Let A be an Q-structure for L then for 6 a Horn sentence
(say vx (6(x) »w(x)) ), A¥ © iff for each pef the structure A(p) of

sections over p satisfies 6
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Proof. For each sequence & of elements of the appropriate sorts let p< ﬂA‘Eai
1

So the 8, may be regarded as naming elements of A(p)) and we have both:

Alp) = ¢(3) iff p=<C ¢(a) T , and
Alp) E w(a) ifr p<Ty(a) T

So if each A(p) satisfies 9, we see that A E V x (¢(x) ~ ¢(;d) .0

A special case deserves mention. Suppose A is a sheaf and on each set of
sections A(p) we have some algebraic structure compatible with restrictions.
(So that A is a functor from 0°F into some category of algebras.) This gives
us a structure of strict total functions on A, and passing to structures of sections
we regain the original structure on each A(p) . Thus,if each A(p) is a model for
some Horn theory, so is A . In particular, if the A(p) all belong to some

equational variety (say all are groups),so does A

The examples we gave in 6.2 are rather special. More generally, we can
consider an AN— map f* : Q > Q' ; this is certainly an A map. Furthermore,
as explained in 2.4 , it determines an A-map fy : @' > Q by the relationship
f¥p<p' iff ps<f.p' . Thus,we have a pair of A-maps to which we now apply

Definition 6.1

6.4. INVERSE AND DIRECT IMAGES. The terminology here is, at first sight, rather
confusing: Think of the Ay— map f¥ : 0 > Q' as a'geometric map going in the
opposite direction. We call £¥*(A) the inverse image of A . In the special case
where f¥* : Q + Q/J is a quotient map, we write A/J for f,A . Still thinking
geometrically, we call f*(A) the direct image of A . Direct images are actually
somewhat tricky to deal with. It will be useful to have an alternative description
of them in terms of presheaves. For this purpose, let us view presheaves again as
functors as in 4.8 (v) . Since f* is order preserving, it may be regarded as a
functor. Given a presheaf A : Q1P Sets , we can compose with ¥ (or strictly
speaking, its opposite) to obtain f.A : Q%P - P Sets , with [£ (4)1(p) =
A(f*(p)), for pe®, and the restriction maps inherited from A . Now if p = \/pi
in §, then f¥p = \/f*pi in Q'j; so that if A is separated,so is fy,A . The

; % % _
map f A(p) + XieI f*A(pi) is exactly the map A(f*¥p) - )(iel INGs pi) . Further

more, since f¥ preserves A , we see that lim[pi] f*A(pi) = lim[f*Pi] A(f*pi);
and so, if A 1is a sheaf so is B . Now let A be a separated presheaf over Q',

and for f¥*¥ : @ > Q' construct B , a presheaf over { , as above. We claim that
fyfh can be embedded as a generating sub-Q-set in B . For each ae |f,A| with
Ea = fyq' we have a section aeB(f,q') corresponding to the restriction of b
to f¥fo,q'<q' in A . Now such sections generate B : for any peQ the
restriction mep B(f,f*p) > B(p) is an isomorphism because T*f f¥p = f¥p . Thus

it suffices to show that for these generating sections, [ a =Db BB =La=5% ﬂf A=
¥
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f*IIa=bIIA. Now,for p<EaABbeQ, we have psf*[]:a=b:[]A iff f*ps[[a=bI|A
iff a {f%*p = b {f¥p (since A is separated) iff a{p=Db4p in B . 0

Because f* preserves \/ , the inverse image preserves much more than the
basic sentences mentioned in 6.3 . Before seeing what is preserved, we look again

at an example.

6.5. EXAMPLE. For any cHa @ we have an A)/— map P(1) > @ . As usual, we
identify P( 1 )-structures with ordinary structures. Here, inverse image gives
just the structure on constant sheaves described in 5.2 (ii) . Direct image

corresponds to taking global sections as in 6.2 (ii) . |

6.6. GEOMETRIC FORMULAE. We say a formula is positive if it involves only 7T ,
1, A, V , 1 , = and the primitive operations and relations. A geometric
formula is one of the form V¥ x (¢ + ¢) where ¢ and ¢ are positive. A theory

T is geometric if each of its axioms is (provably equivalent to) a geometric

seutence. 0
Now let f*¥ : Q - Q' be an ANL map.

6.7. THEOREM. Let A be an Q-structure for L . For ¢ a positive sentence
of L(A) we have

TeD L ¢ Dy

*A

Proof. An easy induction on the structure of ¢ . 0

6.8. COROLLARY. For 6 a geometric sentence, if A 6, then f*AE 0 . Ience,
if T is a geometric theory and A 1Is a model of T, then so is f*A . Furthermore,

if f* is an embedding then Ak 8 iff f*¥AE 6 . 0

If we have enough points,then we can test the validity of a geometric sentence

by testing it at each point.

6.9. THEOREM. Let A be an 0(X)-structure for L, then AE ¥ x (¢(x) » y(x) ),
x))

a geometric sentence, 1ff for each +te¢X we have AtF V;(M;)+W()

Proof. For teX and for each sequence a of elements of the appropriate sorts
we have tell ¢(a) T ifr At|= ¢ola), and tel ¢(a) D iff Atr: ¢(a) . Thus, if
for each t we have Ati= Vx (¢(x) +¢(x)) then Mola)D ¢ Tyla) I, and we

> )

3

are done. |

So much for the logical properties of f£¥ . It also has interesting categorical

properties which we deduce in the main from 6.8
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6.10. THECREM. The inverse image functor f¥* 1is a left exact left adjoint to

Ty

Proof. To see that f, is left exact, observe that the formulae characterizing
finite limits, given in 5.15 , are geometric. We must now convince ourselves that
for A an Q-set and B an Q'-set,we have a natural isomorphism [ f*A,B]1 =
[A,£,B] . Using the fact that morphisms to a separated presheaf are uniquely
determined by their action on a generating set, we see that a morphism from f*A
to B is Just a map ¢ assigning to each section of A a section of B subject
to the conditions: E¢(a) = f*Ea and *T a=a' D<[ ¢(a)=¢(a') ] . But, if B
is a sheaf then a morphism from A to f,B 1is just a map ¢ assigning to each
section a of A a section of B over f¥Ea such that T a=a'l <

.l ¢(a) =¢(a') I . By the adjointness relating f* and f, these are

equivalent. u

Two special cases of this adjointness are worth mentioning. The A)L-map
P(L) » @ gives us an adjoint pair with left exact left adjoint Sets ~ Sh(gq)
"taking constant sheaves" and right adjoint T : Sh(g) - Sets "global sections".
In 89 we shall see how the general situatiommay be retrieved from this special
case by the technique of relativization. Another case is given by the ﬁV-.map
K(Q) 9 of 2.9 . We have already remarked that Sh{K(Q)) is just the category
of presheaves over . Here the left adjoint functor may be viewed as "sheaf-
ification" and the right adjoint as the forgetful functor. Since we can easily
form quotients of a cHa giving an NV- map £ -+ Q/J , Theorem 6.9 gives us a
method of constructing models with particular geometric properties. This technigue
of geometric foreing is best described by means of an example. Let A be a commut-

ative ring with 1 . We set off now on a road which will lead to the spectrum of A
Let Q@ be the cHa of multiplicative subsets of A . That is
Q= {McA| for aeh we have aMcM}

We equip the constant sheaf A_ with a non-standard relation of separation

Q
by defining LT a=bd = (a~b)A for a,beA . We shall also make use of the ring
structure on AQ . Now the following formulae are valid:

(1) = 0=
(i1) B Vx,y,z (x+zzy+z <> xzy)
(iil) B V¥x,y,z (x,z2y.2z > x=zy)

Suppose for a moment that we have an A)L map f : @ > Q'. The inverse image
structure f(A) will again be a ring and have the properties (i) - (iii) above,
since these are all geometric properties. We now ask ourselves when f{A) will

also have the following geometric properties:
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(iv) vx (nxzx)
(v) VX,y,2 (x2y >x=0Vvy=z0)
(vi) Vx,y (x20Ay20 > xy20) ?
In answer, Theorem 6.7’ gives us a condition on f for each sentence:
(iv)* f£(0) < 1
(v)' flazbv D < flaz00vflb=0] for a,beh
(vi)' flaz00AfCbz00 < fLa-b200 for a,beh

There is a universal solution to the problem of finding such an f . We simply

form the /\,V— guotient of Q Dby the least J map such that
(iv)" {0} =1
(v)" Ta=b0 <J(La=0TNuvlbz0TD)
(vi)" Taz=z00A0lbp20T<Jlabz071

Then f{A) will satisfy (iv) - (vi) iff f factors through & = Q/J . We now

describe the J which forces our three properties more concretely.
6.11. LEMMA. The fixed points of J are the radical ideals of A

Proof. We saw in 2.15 <that the radical ideals of A form a cHajthus,it suffices
to show that (iv)" - (vi)" hold iff every fixed point of J 1s a radical ideal.
Our first condition, (iv)" , will hold iff every fixed point contains {0}

Our second condition is that (a-b)AcJ(ahnbA): this will hold iff whenever

a and b belong to a fixed point M then (a-b)eM . Finally aAnbAcJabA
iff,given abeM ,a fixed point,and x,ye¢A such that ax = by, we have axeM .
But this happens iff whenever c2€M then ceM . (In one direction, let

¢ = ax = by ; in the other, x =y =1 .) d

We see that A/J is a YA-ring equipped with a multiplicatively closed subset
S

{xeA|x#0} . Of course we cannot strictly talk of subsets in this way until
§7 ; however, we can formally form the corresponding ring of fractions and embed
a in it a w» a/l . The well known condition a/1 = b/1 iff dces (ac = be)

tells us that in the ring of fractions we shall have
Ca/1=b/10 = [ gecz0(ac=be)l = {c]| dn ac = v}

This is reminiscent of L.19 (iv) . We shall call our ring of fractions Spec(A)

the spectrum of A . DNow to the definition:
Ispec(a)] = {ab~lla,ben}

Here we regard ab~! as a formal symbol - strictly speaking this is just a set
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of ordered pairs.but the present notation is suggestive.
CLabt=cdlD = [Ebz0ad=0r 3 ex0 elad-be) = 0T

Strictly speaking this is just a presentation of Spec{A) which is the completion

of this YA-set. In the manner of 4.19 we can identify at least some of the

sections of Spec(h) . We write v{(a) = {xehA| Tn.x cah }.
for the radical of aecA . These ideals form a basis for VA
6.12. THEOREM. Spec(a)(/a) = Ala"l]

Proof (see EGA [17] ). Suppose s is a singleton and Fs = V {s(ad™!)|a,belr},

then we can write ak =z i<n ui , Where ui e s(ab=l) . Hence we can write
w.™ = r.b. and (u.u.)m(a.b. -a.b.) = 0 for some large enough m . Write v.

1 i1 17 i J i J
for uj . Taking a high enough power and suitable coefficients, we can now
write ak = Zz.,v.b., . Let b= I z.v.a.,then bv.b. = akv.b. 3 80

% 111 111
v.e[[ ba & = ajbj_l T . Thus,every section of Spec(A) over V(a) is of the form
-k . . . - - . .
ba . To tie up what remains, consider bwa k and b2a k (there is no loss in
assuming a common denominator), I1f ace (L bia_k = bga_k 1, then for some N we have
N - =] . -
a (bT_b2> =0 . So b1ak=b2ak in Afa717 . 0

In particular, we have shown that global sections of Spec(A) correspond

exactly to the elements of A . The Q-set of 4.19 (iv) is embedded in Spec(A)

6.13. Spec(A) AS A LOCAL RING. If we define an operation x ! = Ty.x.y = 1
on Spec(A), then for abnke Spec(A)(vb) we have [ E(a.b_k)_1 1 = /(ab); because
= E(a‘b_k)_1 < Eb !l AEa"l , and for ach there is an inverse for a in A[b~1]

just in case vbcva . Thus,it is easy to check that Spec(A) is a local ring:

E Vvx,y [Blx+y)™t » ex1vEy-1] |

and in addition

oy x [DExl =V =0 ]
nelN

(Compare 5.15 (vii) .)

We now see how the theory of Chapter 1 together with that of this section

may be used to prove a conservative extension result.

6.1L. LEMMA. If ¢ and ¢ are first-order sentences,and for any structure A
satisfying ¢ we have AFE ¢, then for any structure B we have Bk ¢ > ¢

Proof. Let B %ve an Q-structure and p =L ¢ TeQ . The open quotient
% . Q- Qp = {qlgsp} opreserves all the logical structure A , vV, », 7

1 . Therefore for any sentence 6 we have by induction on structure:
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Cel = f*[[@:[lB = IIeIlB/\p

Thus £*B &= ¢ ; whence by hypothesis f*B k= ¢ and Bk ¢ > ¥ . O

6.15. THEOREM. If ¢ and d)i , for i<n  are geometric sentences and classically

)

M i<n ti>i % , then in any sheaf model we have

B0y

Proof. The /\,V—- map b¥ : Q +J(Q) >J(Q)/~ is an embedding of @ into a

i<n q)i ?
then b*A E M i<p $;, Decause the ¢, are geometric. Moreover, b*¥A F ¢ since
it is Boolean. Now because ©b* 1is an embedding A E ¢ . Appealing to Lemma 6.14

complete Boolean algebra. Let A be an Q-structure such that Akl A\

we are done. O

The completeness theorem 5.22 gives as an immediate corollary the fact that
if a geometric consequence is deducible classically from geometric axioms, then it
is deducible Zntuitionistically from these axioms. Of course this result is also

obtainable proof-theoretically [3L4]
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CHAPTER III. HIGHER-ORDER STRUCTURES

In Chapter II we saw how a sheaf may be considered as a Heyting-valued set
and used such variable sets to interpret first-order logic. Here we extend these
interpretations to higher—order logic. In mathematics, we not only deal with objects
of various types - integers, rationals, reals and so on - but also construct
new types, for example pairs, sequences or sets of integers, from old. In Chapter
0 it was shown how such type constructions can be formalized once we have the
basic type-forming operations: product and power types. In Section b, we
described the corresponding basic constructions on sheaves { 4.8 and h.1bk ).
Having products of sheaves and power sheaves, we can extend our interpretations
to higher-order logic. In Section 7T we do this and see how various constructions
discussed formally in 0.7 look concretely when applied to sheaves. The next
section is used to give some examples of higher—order structures. We give well-
known representations for the models of Baire space and the Dedekind reals,which
lead us to a general representation for internal topological spaces (announced in
[10] ). Our final section is an attempt to show that concentrating on sheaves over
a cHa does not prevent us from saying something about more general topoi. Because
we have taken the trouble to work intuitionistically, we can interpret out treatment
in any topos. We obtain some basic results of the theory of sheaves for a topology

on a topos in this way.

7. TYPES AND HIGHER-ORDER LOGIC

We begin by comparing the logical properties of product and power sheaves with
the axioms discussed in 0.7 . The logical properties of products discussed in

5.15 corresvond precisely to those axiomatized in 0.7

7.1. THE POWER SHEAF (bis). TLet A be a sheaf, the power sheaf P(A) has as
sections. pairs <P,p>, where P 1is a strict extensional predicate on A, and
P(a)<p for all ae |Al . For ae|A] and <P,p>¢ |P(A)| define

Lae<P,p>T = Pla)

This gives a strict membership relation. The global sections <P,T> (for which we

write simply P ) generate P(A) . The formula
Crp=qQ0 = A{Pla)<Qqla)laclal}

can be rewritten
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IP=Q0 = A{LEa~+ (aeP+racq)llaclal} ,
because P and Q are strict. Thus
E vP,QePA) [P=Q<+> ¥V xechAxeP+>xeQl]

Also, for any formula ¢(x) with one free variable, aw P(a) = [ Eaa¢(a) Il
gives a strict predicate on A and,hence,a global section of P(A) . TFor ace Al

we have Ea<[l aeP<«+>¢(a) I and so
E ZPeP(A) VxeAlxeP+ro¢(x)]

Thus, we have the two properties we need for power types. (In 89 we shall see that
the power types just defined have the categorical properties necessary to make
Sh(Q) a topos. Our higher-order logic may be interpreted in any topos. What we
are discussing concretely is a particular case of this abstract theory.) Since we
use all strict, extensional predicates when constructing P(A) , these are the

standard Q-valued models of higher-order logic. We could (but do not) consider

non-standard models, formed using only some of the predicates on A .

T.2. THE INTERPRETATION OF HIGHER-ORDER LOGIC. An interpretation of higher-order
logic is given by assigning to each sort A a sheaf [ AJ 1in such a way that

T AT commutes with powers and products. Thereafter interpreting higher-order

logic is just like interpreting first—order logic. The syntactic operations of
tuples < ee«e> and projections . and the membership relation e are interpreted
by the corresponding operations and relation on sheaves ( 5.15 and 7.1 ). We

add constants of sort A for the sections of [ AJ and define the valuations of

terms and sentences, validity and satisfaction according to 5.13 and 5.19 Just

as in the first-order case.

7.3. THEOREM {Soundness). The axioms and rules of higher-order logic are valid

for standard interpretations in sheaves.

Proof. The first—-order axioms and rules were checked in Chapter III . They have
not changed. The axioms concerning products are just the logical properties
remarked in I11.2.17 . Finally, (comp) follows formally from two principles we

"

have noted (so-called "comprehension" and "extensionality") in 7.1 . O

Suppose we have an interpretation. We may identify the global sections of
[ P(A) I with the subsheaves of T ATl . If {x!¢(x)} 1is a closed type,
where # x = A , we have a subsheaf [ {x|¢(x)} I of TAT . The relativization
introduced in 0.7.7 corresponds to quantification over this subsheaf. Thus
Metatheorem 0.7.8 is not so surprising. Extending an established abuse, we use
the same notation henceforth for a type { x |¢(x)} and the sheaf which interprets

it.
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Now, as promised, we give concrete descriptions of some of the types described

formally in 0.7

7.4, QUOTIENTS. Suppose A is an Q-set and R a symmetric, transitive relation
on A . In 0.7.10 the type A/R 1is defined formally. Following through this
formal description would lead us to A/R as a subsheaf of P(A) . However, we
can describe immediately an Q-set (which generates a sheaf isomorphic to) A/R

we take |A/R| = |A| and [ a= bl =T aRb ] . Of course, in general this

A/R
Q-set will not be separated and, even if we took a gquotient of |A] to make it so,
it would still not normally be complete. However, this Q-~set approach does provide

a simple presentation of A/R

T.5. FUNCTION SPACES. Here again we could follow through the formal description
of function spaces (0.7.11 ); however, another presentatioﬁ is more manageable.

Let A and B Dbe sheaves over § . Recall that a morphism from A to B 1is a
map acting on sections which commutes with extents and restrictions. The sheaf

BA has these morphisms as its global sections and, as sections over pe @, the
morphisms from A ’|p to B ’]p . Restrictions are easy: for f : A ’]p > B ’Ip

we define £ ’]q A 1p/\q -+ B 1p/\q by restricting f , as a map, to the appropriate
collection of sections. With this definition it is easy to see that EA is a
sheaf; in fact, for this to be so, it is sufficient that B be a sheaf - A can
be a presheaf. We have an obvious evaluation map ev : A><BA -+ B whiCh,given a
section (a,f) of A><BA with Ea = Ef , gives us ev(a,f) = f(a) , a section of
B with the same extent. Perhaps the easiest way to see that the sheaf BA just
defined is isomorphic to the one we would arrive at by following through the formal
definition 1is to observe that this evaluation has the appropriate universal

property. For the record:
7.6. LEMMA. Sh(Q) is cartesian—-closed. g

So far we have discussed certain type constructions. Now we turn to look at
some particular basjc types: ¢ , 1 , © , I . In the next section we shall look
at others: ]N]N and R , our reason for deferring these is that they seem more

properly mathematical, though the dividing line is hard to draw.

7.7. ¢ , 1 AND SO ON ... . @ is the empty sheaf} it has one section * with
E¥ = L . As an Q-set it can be presented as Q-set with the empty set as its under-
lying set. As a sheaf, 1 has one global section, 0 = 0O ']T and all its restrict-
ions O ']p for peQ . As an Q-set it can be presented as the simple Q-set ILQ
Categorically, @ 1is initial and 1 terminal in Sh(Q) . The various finite

sets 2, % and so on are represented by simple sheaves 2Q , 3 etec. Here a

Q
presentation is easily given,but an explicit description of all the sections would
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be messy.

7.8, N . 1In order to verify Peano's Postulates (O.7.1L4), the sort N must be
interpreted by (a sheaf isomorphic to) the simple sheaf ]I\IQ . It is easily checked
that ]1\1Q and its power sheaf form a model for Peano's axioms. The usual proof

that these axioms are categorical is constructive and gives a unique isomorphism
between any two models. Externally, this gives an isomorphism of sheaves. A

categorical characterization of T 1is also possidble ( [29] ).

T7.9. THEOREM. IINQ is a natural number object in Sh(Q) . ]

We described @ as an Q-set in Chapter II (1.4). Now we give a description
of the corresponding sheaf.
7.10. Q@ -AND A Let A be a sheaf; we describe the sheaf i of singletons
of A directly:

&l = {(a,p) laeclAl , pe and Ea<pl,

where E(a,p) = p and (a,p) {q = (a {q,pArg) . All ve do is to confer upon each

section of A an existence. Since 2= 1 we can describe it as follows:
gl = {(p,a)ip,qef and p<q}
with E(p,q) = q and (p,q) 11- = (pAr,gAar) . 0

T.11. FINITE SETS AND FINITE SEQUENCES. We shall later need to consider the

collections P_. (A) of finitely indexed subsets of A and A* = J .
fin nelN
of finite sequences of elements of A . If A 1s a sheaf then Pfin(A) may be

presented as an Q-set as follows:
P..(a) = {Fcl|Al|F 1is finite and,for a,beF, Fa = Eb}

with CF=c¢cD = M W Ta=bD M W Ta=bI . We shall not attempjt to
aecl beG beG aeckF

describe explicitly all the sections of Pfin(A) . A description of A¥* {is similar:
® = =
|a¥*| {<a0,...,an_1>{neN s aiEIAI and Eai Eaj}
with [[<ao,...,an_1>=<bo,...,bn_1>:[]= /X\{[[ai=bi]]|i<n} . Of course,

T <@gsese58 1> = <b .,b T =1 if m#n (a decidable question). When

. >
A 1is a simple sheaf?these Igo;st1"uctions become particularly simple. In this case,
both A%* and Pfin(A) are simple sheaves. Thus, for example N, IN* and

Pfin(lN) are all represented by simple sheaves: we say these structures are
absolute. Essentially nothing is added by passing from sets to Q-sets as far as
these structures are concerned. We shall see that with ]N]N and R the situation
is quite different: new sections arise which are not even locally equal to "constant

sections" arising from the "real world". O
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This concludes our general discussion of higher—order models apart from one
remark: If A is a sheaf, any set of sections Bg |A| generates a subsheaf of
A , and hence a global section of P(A) . We write B again for this subsheaf.

This is not pernicious since T beBI = V{Ib=alllaecB}

8. THE REALS AND TOPOLOGICAL SPACES.

Our purpose here is to give some examples of higher-order structures. It
turns out that in modelling natural higher-order structures, we arrive at sheaves
with their own mathematical interest. For much of this section, we restrict our-
selves to sheaves over spatial cHa . These are easy to visualize and also have their

own particular properties.

8.1. BAIRE SPACE. Our first example of a higher-order structure is the Baire
space ]1\]1'N . The first question is, what sheaf represents Baire space in our models?
In discussing this, we restrict ourselves to spatial cHa, since the general case

( 111, [12] ) involves Bar Induction or formal spaces, which we do not wish to
discuss here. Our representation involves the usual Baire space endowed with the
product topology (or finite information topology) having as subbasic opens the

sets

v = {aelNNIa(n)=m}

n,m
This space is easily visualized: it is homeomorphic to the irrational numbers
(those apart from every rational) topologized as a subspace of the reals. Our

second gquestion will be to represent this topology on the internal Baire space.

8.2. THEOREM. Let T Dbe a topological space. ININ is represented by C(T,H\IIN)

the sheaf of (germs of) continuous maps from T to i

Proof. Let a be a section of ININ . For teBa and nel , define a _(n)

to be the unique mel such that tel a(n) =mI . This m certainlytexists
and so a, elNIN . As an element of Baire space, a, depends continuously on 1t eEa
since {t[ateVn,m} = {tlat(n) =m} = Ja(n) =ml is open. Thus,
a is represented by a continuous function a : Ea - and,as Qa(n) =ml =
{tlat(n) =m} , we have

Ta=b0 = I Vn.aln)=1>bxn)I =iM{t|at=bt}

Of course, it is cbvious that every continuous map comes from some section of

. 0

As always, we can regard this sheaf of germs of continuous maps as the sheaf

of sections of the projection Txn\]]N > T . Doing this will enable us to represent
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not only the elements but also the topology of IN!N .

8.3. TOPOLOGY ON IN[N . Working internally we endow II\]IN with the product topology:
basic opens are given by finite information. For F a finite subset of NXN we

have a basic open

VF = {ala(n)=m for (n,m)eF }.

If a 1s a section of T><ININ - T, we have

[[aeVFIl = a‘l(TXVF) = {tlat(n)=m for (n,m)eF }.

A global internal open of H\]IN is the union of an internal family U of basic opens.
U is determined by the values [[ VFe Ul where F 1is a finite subset of INxIN

since Pfin(IN xW) is a simple sheaf. For a a section of il\IJN we have

TaceUUIl = [ # VFEU,aeVF]]
VL aeV

F/\VFEU T

V(a_l(TXVF)/\IIVFle]])

Vai(D VeelUDxv)

a”t V(L Veel Txvy)

(where the sups are taken over all finite subsets F of IxXIN ). Global internal
opens of IN]N are thus represented by opens of TXH\:N . Any open U of TxlNlN

gives an internal open U¥* as follows:

Caeuv*DI = a~l(vU).

>
and if k u* = V¥%, then U=V, since (t,a)eU iff tel geU* T (where o
is the constant section). The same argument applied to IN]N W will give us the

following theorem:

8.4. THEOREM. 0('INN) is represented as the sheaf whose sections over We 0(T) are
the opens of wxnh . O

We shall soon see that this representation is not at all special: Essentially
all internal topological spaces are represented in a similar way by external ones.
Before going on to this general case, we consider another specific example, the
Dedekind reals. These are constructed from W via the rationals. We leave it to
the reader to prove that the construction of the rationals (as a partial quotient Q

of NxWxWN ) is absolute:

8.5. LEMMA. Q 1s represented by the simple sheaf QQ . O

8.6. THE DEDEKIND REALS. These are constructed as a subtype of P(Q)xP(Q) as

described briefly in 3.3 . More formally, we consider those pairs
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<U,I>eP( Q) xP{ Q) satisfying the following conditions:
(1) & p,qeQ (peUrqel)
(2) V p 7(peUArpel)
(3) ¥V p(pelL<«> Tqgel.qg>p)
() v p(peU< HqgeU.q<p)

(5) ¥ p,a(p>qg>peUvqel)

8.7. LEMMA. Let r = <U,L> be a section of R over We0(T) . For teW define

U = {altelqeUd}
L= {altelqgel I}
then r, = <U_,L > is a real and Ater, defines a continuous map (which by abuse

t kv t
we call) r : W~>R .

Proof. The axioms (2) for a Dedekind real are geometric,so r, being the inverse
image of r along the stalk map is a Dedekind real. For qe€ Q we have

tellgqeUlD iff Q> T, and dually for L . Given teW and €>0, choose
rationals g, g' within e of r, such that g« T <q' . Now for any s in

the open set D qeLAg'eUID (a neighbourhood of t ) ,we have q< T < q' and,

hence r -r | <eg
| s tl

8.8. THEOREM. R 1is represented by the sheaf C(T,R) of germs of continuous
real functions on T or equivalently as the sheaf of sections of the projection

m: ITxR > T

Proof. If r : W~R is continuous,then setting L qeUD = {tlr(t)<q}
and TgelT = {tlr(t)>q} gives a pair of sections of P(Q) whose inverse
image at each stalk is a real r(t) = <U,,L.> . As the axioms (2) are geometric,

we have an internal real. We have a correspondence between sections of R over
W and continuous functions W + R which is obviously natural (i.e., restrictions

are given by restriction). The last equivalence is trivial. o

8.9. TOPOLOGY ON R . Working internally, we endow R with the usual topology
having rational open intervals as a base. Considering a section of R over W
as a section over W of the projection

m: TxR~>T

we have for p,qe Q :

Tae(p,a)Dd = a[Tx(p,q)]
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A global internal open of R is the union of an internal family U of rational
opens. U is determined (as @ is a simple sheaf) by the values [ (p,q)el T,

where p,qeQ . For a a section of R we have

TacUUI = a 1VI(I (p,q) el D (p,q))

(the sup being over all rational open intervals). The argument is just like the

one we used for l\I]N and leads along similar lines to, in essence, the same result:

8.10. THEQREM. 0(R) 1is represented as the sheaf whose sections over We 0(T) are
the opens of WxR . O

As promised, we now generalize the representations just given to provide a

representation for arbitrary internal topological spaces.

We recall that a topology on A is just a set of opens 0(A)<P(A) closed
under finite n and arbitrary U . We give an example which we shall show to

be quite general.

3.11. EXAMPLE. Let m : Y > T be a continuous map between topological spaces.
We define a topology on L the sheaf of sections of w , by letting O(TTT) be
the subsheaf of P(nT) generated by the global sections U* given by

Cacu*] = a-l(U) for Ue0(Y)

We leave the reader to check that this gives a topology. We call this internal

space the space of sections of 7 . 0

We make use of the duality between the category of sober spaces and that of
cHa with enough points to give a representation of internal sober spaces. For the
moment, we consider an arbitrary cHa H in Sh(Q) . That is, H is an Q-set
or sheaf equipped with a relation < and total operations T (unary) s A
(binary) and V : P(H) + H satisfying the axioms of 1.1 . We spend some time

getting a representation for such internal cHa .
8.12. LEMMA. (i) Every section of H is the restriction of some global section,
in fact, & U= V{ul{mu

(ii) The lattice T(H) of global sections of H is a cHa (where U<V iff
Lfu<v I =71 ) whose meets are just those calculated in H and whose joins are given
by associating to a family {Ui |ieI} <T(H) the corresponding global section of

P(H) and taking its join.
(iii) The map =1 = xp- V{Tlp} : o + r(¥) is an ",V‘ map .
Proof. (i) {U} is a shorthand for {xec¢H|x =U} . So we have

E xeH (x<sV{U} — Zy (y=Uax<y)) , and also
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E - Vi = V{w
Thus & EU > U = V{U} {RU
So F U= V{u} {8

(ii) By abstract nonsense (6.4), T(H) is a lattice with the finitary operat-

ions inherited from H . Now,given {Ui|ieI} cT(H) and We I‘(H),we have
W=l \/{Ui[ieI} T iff E W2 V{U, |iel}

»

iff | for each Ue |H| E Ue {UilieI} > W2U

iff for each Ue [H| | V{D:U=Ui]]}£[[sz]]

iff for each iel , Eow>u,
8o IIV{UiIieI}I]eI‘(H) is a sup for {U |ieT} . Now for VeT(H) we
have

VI{TUu=0AvIliel} = V{(V{LWw=UTlieT} alU=wWavI )}
so D {waviWwe {U/lieI} } T = L {u,Aav]iel} T

and distributivity of TI(H) follows from that of H

(iii) By internal distributivity V{T|paaql} = V{TlIp} A V{Tlq},

so 7} preserves A (the empty meet is a trivial case). Furthermore,
Uz2V{Tlq} iff E q>U=T

Given {pi |ieI} cQ we have a string of equivalences:

for all iel U=z V{T|pi} iff
for all iel pi—>U=T iff
= \/pi >U=T ife
u=ViT]| Vpi }o. 0
We have now seen that any internal cHa H gives rise to an Ay- map
‘ITH_I : Q> T(H) . We now show that every such /\V— map arises from an (essentially

unique) internal cHa and that internal A‘\/—maps correspond exactly to external

Ay—maps making the triangle

r(H) — 1(X)
“ﬁl\ / n}zl
Q

commute. An internal AY- map is & strict total function commuting with A and
V . Sucha map restricts, obviously, to an Ay— map on global sections and,

since T anda V (in terms of which =~ ! is defined) are preserved, this map
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mekes the triangle commute. In fact,we have a functor T from the category of

internal cHa and (global) internal AyL maps to the category of cHa under Q

I : [eHa{Q)] » Q/cHa

8.13. THEOREM. I' is an equivalence of categories.

Proof. We must show two things. Firstly that T is full and faithful, secondly
that every cHa under § 1is (isomorphic to one) of the form “H_l : Q> r'(H) for

some internal cHa H . This will take some time.

Starting from an A)L.map ¢ : T(H) » I'(K) making the triangle commute,
we see that ¢ could arise from at most one sheaf map & : H—> K , since every
section is the restriction of a global section. Thus, T is faithful. We now

show that defining (as is forced upon us)

${u) = ¢(V{u}) 18U

gives a well defined internal ANL-map extending ¢ . $ obviously preserves

extents. Now for global U,V we have
U']p = V’]p iff Uanlp = vanrlp

(both are eguivalent to E VW (pAWSU <> pAWS<V) ). Since ¢ preserves

m~! and A, we see that ¢ is compatible with restrictions and hence a sheaf map.

As ,$ preserves finite infs of global sections and global sections generate
H we see that & preserves A internally. The argument for V is slightly more
complicated. Global sections generate T{(H). So it suffices to show,for U a globa!

section of P(H), that
oVU = V{gw)lueuy

which is indeed the case, since we can translate everything in terms of global

sections using
{6(U) Ue U]}
VI{I V{u}dlvuelul}

[{é(U) | Uel} ]
LvVuxD

Thus $ is an Ay— map internally. It remains, given an A)ﬁ-map 8 :0Q>Q'
to construect the appropriate internal cHa H . We construct H as an Q-set

Take |H| = Q' as underlying set and

CusvI = V{penlUnrs(p)<svas(p)}

2

for U,Veq' (and of course D U=V =0UusvIAalLvsul ). Infs in H are,
on global sections, just those in Q' . For U an Q-valued subset of H , we

define

VU = V{uas(lUeUT) |Ueq'}
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We leave to the reader the tedium of verifying that H is now a cHa internally

and that the embedding ' » I'(H) is an isomorphism (under Q ). ]

We look at some examples of internal cHa before returning to our proper study

of topological spaces.

8.14. EXAMPLES. (i) The archetypical internal cHa is P(L) it is represented by
the identity Q > Q

(ii) Our paradigm of an ANL map is the inverse image of a continuous map

between spaces f : ¥ >~ T gives 7% : 0(T) » 0(Y)

o= /-\\f”w)

WU = Wnf'(U)

AN

£ 3
\ 7
Here the cHa we get internally is easy to visualize. The global sections T(H) =

0(Y), and for V,WeTl(H) we have
Cv=wl = VY{Uue0(T)|Wne~(U) = vnrl(u)}

The reader should recognize this cHa as the algebra of opens of the internal space

of sections of f .

(iii) In Chapter O an example was promised to show the consistency of
1V peQ [pv-1p] . We can now give this. Take @ = 0(R) , the opens of the
real line. P(1) is represented by the identity map (as in example (i) ) and has as
global sections O(R) . Now for reR let p= {teR| tzr} c0(R) . We
have réDpv-apIl=p . As r was arbitrary, [ VpeQ [pv-apll=1

In Chapter O various principles were disproved by showing they imply
classical logic. Our present example shows that all such principles have counter-

examples in the model of sheaves over O(R)

(iv) As an example (due to Grayson) of the pathology which is possible
intuitionistically, we exhibit a model with a T, space which 1s not sober. Here
we take Q = 0(Q) the opens of the rationals. The internal space of rationals

with the usual topology will give our example. The rationals are always given by
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the simple sheaf Qg - Every section is locally constant. To represent the topology
of Q 1is a matter of adapting the arguments leading to 5.4 and 5.10 . We

see that 0(Q) is represented by the AV-map 0(Q) » 0(QxQ) dual to the
projection m. : @xQ ~ Q; thus internal qVL maps 0(Q) > P(1) correspond to

1
commuting triangles

or dually, to sections of the projection map. Of these, only the "locally constant"
ones correspond to sections of §Q . So § 1s not sober. In any reasonable sense,

Q is Hausdorff. 0

We return to our representation of internal cHa to obtain a similar result
for internal topological space. For this we specialize to the case where @ is

spatial, say & = 0(T)

8.16. LEMMA. Let H be a cHa with enough points in Sh(T), then T{(H) has

enough points.
Proof'. We are given that

E vV, WeH ( YAV ¢ : B> ¢(V) = ¢(W) >~V =W)

(Where we write @ for the internal P{1) +to avoid confusion with the external
P(1) which we also need here.) Suppose now that V ,We T(H), and that for every
Ay— map 6 : I(H) > P(1) we have 6{(V) = 6(W) . We must show that V =W . For
this it suffices to show that E YAV ¢ : Ho>Q ¢(V) = ¢(W) . Now let ¢

be an internal AV- map and teE¢e 0(T) . The map ¢ taking V to
{0]ltel0e¢(V)D } 1is an Ay—map I'(H) - P(1) (being the composite of TI(¢)
and the characteristic map of t ). Thus (V) = ¢(W) ; in other words

tel0ed(Vv)D iff tel 0ed(w) D

So E¢ <[ ¢(V) = ¢(W) T, and we are done. 0

Assuming T 1is sober we now have a diagram of functors

cHa (0(T)) = 0(T)/cHa
Pts(0(T)) Coos 0(T)/Pts
Top(0(T)) —=> Sob(0(T)) <——— Sob/T
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where the vertical arrows come from the abstract nonsense of 3.7 , and the top
equivalence 8.13 drops down to a full faithful embedding by 8.16 . [ ¥ denotes
an equivalence, =< duality, <—> full faithful embedding.]

8.17. REPRESENTATION OF INTERNAL SOBER SPACES. We have a full faithful functor
Sob(0(T)) > Sob/T taking each internal sober space A to its representation which
we write as Py EA » T . The special case where A 1is a discrete space internally
gives the representation of sheaves by étale spaces h.po . 0

8.18. THE SPACE OF SECTIONS OF A CONTINUOUS MAP (bis). We return to Example

8.11 . Given a commuting triangle of continuous maps
£
Y —>
g\/h
T
we have two spaces of sections &1 and hT . Since global opens generate the

internal topologies, it is easy to see that the sheaf map f : & hT’ acting on
sections by composing with f, is continuous in the internal topology. Also, the
map taking Ue 0(Y) to U¥e¢ F(O(gT)) is an AV-map so, if Y is sober, every
internal AV- map O(gT) > P(L) gives externally 0(Y) - F(O(gT)) + 0(T) (all

under 0(T) ) and, by duality, a section of g . Thus,if Y is sober, then 8

is sober internally and we have a functor T : Sob/T - Sob( (T))

8.19. DEFINITION. We say m : Y > T is a bundle iff points through which a

local section passes separate opens of Y

Evidently, the representation of any internal space is a bundle. We leave the

reader to prove the following theorem:

8.20. THEOREM. I' 1s right adjoint to the representation and is an eguivalence

on the category of sober bundles. a

8.21. DEFINITION. We say 7 : ¥ » T ds full 1ff there is a local section of

through every point of Y

Unfortunately not every sober bundle is full. However, any bundle has an
obvious full subbundle having the same opens (take those points through which

there is a local section). If Ty EA + T represents an internal space A we

call the associated full bundle Ty FA + T the full representation of A

External properties of the full representation are closely tied to internal propert-

properties of A . We mention an example.
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8.22. THEOREM. A is strongly T, internally; that is, & A is T. and

2 0

E VyeU VxlxeUVv I V,W (VaW =@AxeVAayeW) (where U,V ,W range over
0(A) and x,y over A ) iff G FA + T 1is separated; (classically) distinct

points in a fibre have disjoint neighbourhoods in the total space; intuitionistic-

ally, fibres are TO and

VyeU ¥x [ﬂA(x) = (y) >xeUv 3V, W (VnW =@dAxeVAayeW)]

A

(where U,V ,W range over O(FA) and x,y over F, ).

Proof. Constructively, trivial. Classically, show that classically the constructive

and classical forms of separated are equivalent. 0

We now return to spaces of the form XT , sections of the projection
m: TxX~>T . Any projection is a full bundle. Examples are rife, in particular
the internal spaces W , N]N ) 2“‘N , I and R are represented as spaces of sections

of projections.

8.23. THEOREM. Continuous maps A ~ XT are represented by external continuous
E »~X.
maps E,
Proof. This is a corollary of our general representation,since commuting triangles

EA—> TxX
TTA\ /TT
T

are just continuous maps EA > X . 0

8.2k, EXAMPLE. The special case of a continuous map R » R is well known. Such
a map is represented by a continuous map f : TxR - Ry the corresponding map on
sections is given by [f(a)l(t) = f(t,a(t)) . We shall see that in spatial topoi
every continuous real function is uniformly continuous on closed intervals. Scott
has shown that in some spatial topoi every function is continuous. ]

8.25. LEMMA. Let B be a basis for the topology on X . The global opens fJ,
represented by TxU for UeB, generate (in the sheaf sense) a basis for the
topology on XT .

Proof. Just as for (8.9) . ad

8.26. THEOREM. If X is compact,then XT is compact internally.
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Proof. Let B ©De the internal basis generated by the opens § for Ue0(X)
Suppose K UcB and tell VXEXTHUEU xeUT, then for each section x of

XT
te VI{iTxeUaTecUD | Ue0(X)}

Specializing to constant sections,we obtain that,for each xeX,

xe U{U|telUelUT} (i.e., this set covers X )
Take a finite subcover { Uil ien} . Then
tel M U.cln Vxex Wxeuv. T . il
;1 T i 1

This proof is entirely comstructive. It shows us that if the unit interval
is compact,then in any spatial topos the unit interval is again compact. From this
it follows that if the unit interval is compact,then in any spatial topos a function
continuous on a closed interval is uniformly continuous and its range has a least

upper bound.

9. TOPOI AND INTERNALIZATION

The interpretation of higher-order logic in Sh(Q) generalizes to any
elementary topos (Fourman [9] ). To every topos E there 1s associated a
language L{E) together with an interpretation in IE for which the axioms and
rules of higher-order logic are sound. Every object of TE gives a sort of
L(IE) . To every closed term 1t of sort P(A) there corresponds a subobject
{xehAlxet} of A . Morphisms f : A+ B in E correspond to closed terms

of sort P(AxB) such that
EkEr f:A->B

("f:A~>B" abbreviates " EfA ¥V acA EIbeB,<a,b>ef " ). Furthermore,
feg =h iff E k& feg =h

Throughout these notes we have taken care to work constructively. Statements
appearing to talk about the class of all sheaves may be thought of as shorthand for
schematic statements involving only a finite number of types. Our results are
formalizeble in intuitionistic type theory and are valid in any interpretation of
that theory. Here we interpret some facts about sheaves on a cHa in an elementary
topos. This process is called relativization - we interpret our results relative
to the base topos E 1in place of Ens , the category of sets. Although we recall
some basic definitions from topos theory, the reader is advised to consult the

standard references ([13] , [23] , [51] ) for more details. Unexplained
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categorical terminology can be found (explained) in MacLane [32]

9.1. TOPOI. A topos is a cartesian closed category with finite limits and a

subobject classifier.

We sﬁall explain this definition in more detail shortly. Since it is often
easier to see that a given category has these properties than to describe explicitly
the corresponding interpretation of higher-order logic, this definition (due to
Lawvere and Tierney [31] ) has led to many interesting new models for intuitionistic

logic. The interpretations we have been considering are a case in point.
9.2. PROPOSITION. The category Sh(Q) is a topos.

Proof. Finite products and exponents have already been described explicitly:

Sh(Q) is cartesian closed. To provide finite limits it suffices to describe
equalizers. Given f,g : A » B , morphisms of sheaves we can describe their
equalizer as the subsheaf of A whose sections are those ae |[A| such that

f{a) = g(a) . Since this is essentially just the equalizer of f and g regarded
as maps {on the sections), the universal property 1is easy to verify. We must next
explain briefly what a subobject classifier is. Given a category C with finite
limits we have a functor P : C°F » Sets taking an object to its set of subobjects
and a morphism to the corresponding inverse image function. A subobject classifier
is an object § of C +together with an isomorphism P{(A) ¥ Hom[A,0] natural

in A . We say each subobject of A is classified Dby the corresponding morphism
A -+ Q . The morphism classifying 1 - 1 1is called tZrue : 1 =+ Q (where 1

is the terminal object of C ). In our case, subobjects may be identified with

subsheaves. Our subobject classifier is just @ . To a subsheaf B of A, we
associate the morphism A > Q taking ae [A] to (LaeBD ,Ea)e lQl . Naturality
is immediate,since [ ac 18T = [ fla) e B defines inverse images in Sh(Q) . ]

9.3. MORPHISMS OF TOPOCI. A geometric morphism £ : E - F of topoi is an

adjoint pair f* — f, of functors

Ty
Ee——— F
f*
where f¥ is left exact (preserves finite limits). We call f* the inverse image

and f, the direct image part of f .

9.4. EXAMPLES. (i) Any AV-map f£¥ : Q' > 0 induces a geometric morphism
£ : Sh(Q) » Sh{Q') by the results of §6 . The subobjects of 1 in Sh(o')
may be identified with Q' . Every object of Sh(Q') is a gquotient of a coproduct

of subobjects of 1 ; since subobjects of 1 generate. The inverse image part of T
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is the unigue left exact continuocus (preserving all colimits) functor extending

f* . (Whence the abuse of notation.)

(ii) Since there is a unique Ay-map P(1) > @ , for any cHa Q , there is a

geometric morphism
Sh(q) > Ens

(In 8§85 we saw that Sh(P(1)) T Ens .) O

We shall see that relativizing the second of these examples to Sh(Q') gives

us the first. Since our logic does not allow talk of classes, we need a definition.

$.5. DEFINITION. Let E be a topos and H = <H,<> a cHa in E 3 that is,
EEH is a cHa . The category Sh]E (H) has as objects structures A = <|A|,E,1:
in E such that T & " A is an H-sheaf " , and as morphisms, morphisms

f i |Al > |B] of E suchthat EF f : A ->B . 0

9.6. THEQREM. ShIE (H) 1is a topos with a geometric morphism T : Sh]E (H) ~ &
given by T*(4A) = A, and r,(A) = {ac|al |Ea=7} in E

Proof. This is almost as immediate as it seems. We interpret 9.2 in I

The explicit constructions we have given provide finite limits, exponents and power
types. We need to check however that they indeed perform these roles in ShE (H)
Consider products: the statement that A « AxB > B is a product is formalized as
a schema. For each C we have E ¥ V f: C->AV g :C~>B (<f,grom, = A

1
<f,g>em, = g)A ¥h:C>AxB <hem, ,hem > =h . Since the pairing and projection

maps are given explicitly we can deduce tiat A« AxB > B is indeed a product
in ShIE (H) . We apologize if this appears obvious: it seems worthwhile to spell
out in some detail how it 1s that we can deduce facts about ShIE (H) from the
intuitionistic provability of the corresponding facts about Sh{(2) . 1In any case,
we shall not go into such detail again: the argument for equalizers, exponents and

the subobject classifier is analogous, and the geometric morphism which exists

internally by 9.10 gives us the geometric morphism we want in the same way. 0O

We now look at this construction in the special case where E = Sh(Q)
An internal cHa H is then represented by an AV-map 77! : @ > I'(H) as in

8.8 . We give a similar representation for internal sheaves on H

9.7. LEMMA. If Sh(Q)FE " A =<A,1,E> is an H-sheaf ", then T(A) is a
sheaf over T(H)

Proof. Evidently T(A) is a presheaf over T(H), since the axioms are equational.

»

By an argument analogous to that showing r'{H) 1is complete, we see it is a sheaf:
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Every family XcI'(A) gives an internal family X¥ = {acA] \/XE &= x}
If X dis compatible externally then X* 1is compatible internally because X

generates X% ; and certainly for x,yeX we have [ x |[Ey =y |[ExT =T, so

j
E Va,beX* a ']Eb =5b 1Ea . The internal join gives a global section

L Vx*1 which is a join for X in T(A) . 0

9.8. LEMMA. Every sheaf A over T'(H) arises by taking global sections of

some sheaf A over H in Sh(Q) determined up to a canonical isomorphism.

Proof. We define A = <A, {,E> a sheaf in Sh(Q) with T(A) = A .

Let A be the Q-sheaf with all sections of A ’]n‘l(U) as sections over U,
that is, T'(A,U) = { (a,U) | ae [A|] and Easx 7~1(U)} , and restrictions are given by
(a,U0) W = (a {n-lW,WnU) . Tt is obvious that this gives an Q-presheaf. We claim
that the join of a compatible family (ai,Ui) of sections of A 1s given by
<vai’ VUi) . If (a,U) and (b,V) are compatible then a {n7lv =1 {r 1y
so a and b are compatible in A, and this "join" is well defined. Furthermore,
a |r7lv = b {v7lU implies that EbA7~l1(U)<Ea . From this and Vai ’1Eai =&
it follows that V a; 117_1Ui = a., which makes (Vai, VUi) the required join.

Since |A| ¥ r(A) generates A , the structure making A into a T(H)-sheaf
extends to make A an H-presheaf, A , the necessary compatibility with restrict-
ions being immediate: a 177lu =1br7lu > a{v s lu =11V 177U and
Eanw~lU = Ebnn7lU . To show that A is an H-sheaf, let XcCA be a sub—{i-sheaf
of A such that

v x,yeX.x’]Ey=y'1Ex

Then X¥ = {ac|Al | for some UeQ (a,U)e |X|} is a compatible family in A .
The join of X in A 1is given by (V X¥,T) ; to see it works argue just as we did
to see A is complete. Since any internal compatible family is a restriction of
a global compatible family'we are done (alternatively, localize the above argument

over ). O

We are now in the position to spell out the appearance of ShIE (H) when
E = Shiq)

9.9. THEOREM. ShE(H) = Sh(T(H))
I‘]El l i
E = ShiqQ)

That is to say, we have an equivalence of categories commuting with the two

"structure maps" Ty and 7
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Proof. Fortunately most of the work has been done. Now we fill in the arrows.

Any morphism f : A > B in ShﬂE(H> restricts to a sheaf map on global sect—
ions. This gives a functor Shng(H) > Sh(r(H#)) . Any sheaf map ¢ : I'(A) » I'(B)

satisfies the compatibility condition
aln7lu = v {rlu (¢a) {v71Uu = (4v) fnlu
and so extends to a sheaf map A + B . Since global sections generate A, this

extension is unique. This shows that our functor is full and faithful. By Lemma

9.8 it is an equivalence.

Take A a sheaf over { and let A Dbe the corresponding simple sheaf over
H in ShﬂE(H) . Each section a of A gives a global section a¥ of A with
Ca* =b*¥] =7 !Ta=1bI0 : these sections generate T(A) as a T(H)-sheaf.

Since this is just a presentation of 7 1(A), we see that the diagram commutes. [J

One case of the theory we have discussed in this section has received much

attention. Let IE be a topos and J : Q@ » Q@ a topology on E (see Johnstone

[23] , p.76 ). Working internally, Q € P(1) and we have a J-map J : Q = Q
giving a quotient cHa § > Q/j . We discussed sheaves over gquotients of P(1)
in II.2 . We introduce some more terminology from topos theory.

9.10. DEFINITICHN. A monomorphism A' > A in IE, classified by ¢ : A > Q ,
is J-dense 1iff jed 3 A' > Q@ factors through true . An object B of TE 1is
a J-sheaf iff, whenever A' > A 1is j-dense, each f : A' > B has a unique

extension g : A > B making the diagram

A'>—> A

commute. We write Shj(ﬁﬁ for the full subcategory of IE whose objects are the

Jj-sheaves.

Any endomorphism of ( can be used to interpret a propositional operator.
Thus Jj gives us a "modal" operator [ jé DA = jell ¢ DA (in the notation of
[9]) ). Following Lawvere, we read j¢ as '"locally ¢ "
9.11. LEMMA. (i) A" > A is Jj-dense iff E V xeA JjlxeA'")

(ii) B is a j-sheaf iff

(%) E vV XeP(B) [JEIxeB.(xeX) » EIxeB.j({xeX)]

Proof. The first of these is immediate. As for the second, in one direction
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(& ), we work internally: Suppose ¥ XeP(B) JjEIxeB (xeX) > EIxeB j(xeX)

and we are given f : A' > B with A'<s A j-dense. Define g(a) =
IxeB.j(x=rf(a)) . Since jlaecA') and (aecA') > EIxeB.(x=f(a)) we have
JEIxeB (x=rf(a)) . But now, by our hypothesis, EIxeB.j{x=f(a)) so gla)

is well defined. It is easy to check that g extends f uniquely. Thus, B 1is

a Jj-sheaf.

Conversely ( => ) , let B be a j-sheaf. We write A' = A for the

inclusion
{XeP(B)|Elx.xeX} & {XeP(B) | jBIx.xeX}, (1)

which is j-dense by the first part of the lemma. But we have an obvious map
f: {XeP(B) | EIx xe¢X} > B defined by f£(X) = Ix.xeX . Let T be its unique
extension along (1) . Certainly, V¥ Xed.j(F(X)eX), so

JEIx.xeX > dxeB. jlxeX) (2)

We must show this x 1s unique. To this end, consider

W o= {<X,y,2>eP(B)xBxB| j(EIw.weX)AjlyeX)anjlzeX)}
The subset W' = {<X,y,z>e¢W |y =21} is Jj-dense, and the two morphisms
W + B induced by the projections agree on W' . Thus,by the sheaf condition they
are equaly soc VYV <X,y,z>eW y = z . Continuing this with (2) we are done. [J

9.12. THEOREM. ShE(Q/j) = ShJ-(IE)

Proof. Internalizing theorems 5.11 and 5.12 shows us that ShIE (2/3) is equivalent
to the full subcategory of T consisting of those objects satisfying condition

(#) of 9.11 . But, by that Lemma , this is just the category Shi(]E) . 0
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