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PREAMBLE 

It seems fair to say that the connection between sheaves and logic originates 

with Lawvere [29] . In generalizing the notion of sheaf to define sheaves over a 

site (rather than a topological space), Grothendieck and his coworkers were led to 

the study of categories of sheaves or topoi [I] . Lawvere realized that these 

categories have the structure necessary to interpret higher-order logic and, together 

with Tierney [31] , gave an elementary axiomatization of a class of categories which 

includes the Grothendieck topoi and which provide interpretations for higher-order 

intuitionistic logic. Various formalizations of these interpretations have been 
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given ( [38] , [9] ). Although it was soon shown that an elementary topos is "the 

same thing" as a theory in higher-order intuitionistic logic [9] , the importance 

of Lawvere's insight lies in the many new mathematically interesting models of 

intuitionistic logic provided by various categories of sheaves. (To any "geometric" 

first-order theory we can also associate a topos, its "classifying topos" [34] . 

It is to be hoped that this "geometrization of logic" will prove fruitful.) 

Scott's paper in this volume [46] describes a system of higher-order logic 

which may be interpreted in any topos [9] • Here we describe the models of this 

logic given by sheaves over a complete Heyting algebra (cHa). These sheaf models 

subsume the more familiar Beth, Kripke and topological interpretations of intuition- 

istic logic [6] , [42] , which correspond to interpretations in sheaves over the 

appropriate cHa of "truth values". They also provide a uniform way of extending 

these interpretations to higher-order logic and thus help to explain the models 

of analysis of Scott [44] , Moschovakis ~3~] and van Dalen [4] . Once we go 

beyond first-order logic, these sheaf models are more general than Beth, Kripke 

or topological models [12] . Models over a site ( = a small category with a 

Grothendieck topology [I] ) provide yet more generality. Peter Freyd has pointed 

out that the axiom of choice fails in the topos of ~ -sets with finite orbits. 

This model is similar to the well-known Fraenkel-Mostowski permutation models in 

that it includes urelements. (Using sites one can make the axiom of choice fail in 

the well-founded part of a Grothendieck topos (Freyd) and give a topos-theoretic 

accoumt of Cohen's permutation models.) Sites also arise naturally in first-order 

model theory once we take into account the comparisons between various models made 

possible by geometric morphisms. For a presentation of this theory see Makkai and 

Reyes E34] . However, we find a full-blown categorical presentation is often too 

abstract and results in very heavy machinery's being brought to bear on very simple 

problems. By restricting our attention to the special case of models over a cHa , 

we hope to make what is simple look simple. Models over cHa show clearly the link 

with traditional models for intuitionistic logic and are sufficient for many 

applications. 

We develop a general theory, of sheaves over a cHa, which is itself intuition- 

istically valid. In principle, our treatment is fo~nalizable in a system like that 

we are modelling. Our insistence on working constructively has metamathematical 

significance: our treatment can be interpreted, wholesale, in the models for higher- 

order logic built on a given Heyting algebra, or more generally~ in any elementary 

topos. This bonus (extra theorems as a reward for working constructively) is 

exploited in 59 to show how our treatment includes the theory of taking sheaves 

for a topology on an elementary topos. Other applications of this idea have been 

given by Mulvey [36] and Rousseau [43] (using in each case an interpretation in 

a spatial topos). 
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Our paper is organized in three chapters. In addition, we refer to Scott 

[46] as Chapter 0 . Scott's paper provides not only a description of the formal 

systems we are modelling, but also a discussion of the logical principles we use 

in our constructive but informal mathematics. Aside from these logical principles, 

we use the natural numbers (0.7.14) to deal with various questions of finiteness. 

Although the Axiom of Choice must be abandoned in our constructive mathematics 

(0.7.15) , a finite version is provable. By a finite set, we mean one indexed by 

a natural number (this, by the way, is exactly what Kuratowski-finite means in the 

presence of a natural-number object [28] ). If S. cA for i < n and for each 
l- 

i< n we know ~ x. xcS. (that is, S. is inhabited) then it is easy to show 
i i 

that there is a function f : { i I i < n } + A with f(i) c S i for i< n . The 

proof (as in classical logic) is by induction on the natural number n . 

Our first chapter is devoted to (complete) Heyting algebras (cHa) which play 

a r$1e in intuitionistic logic analogous to that of Boolean algebras in classical 

logic. Heyting was the first to codify the formal rules which characterize them 

as algebras, which is why we use his name. Heyting algebras have been studied 

classically (under various names: locale, frame, pseudo-Boolean algebra, etc.), 

notably by Benabou [2] , Dowker and Papert [5] , Isbell [21] , MacNab [33] , 

and Si~ons [47] ,largely because they arise mathematically as the lattice of open 

sets of a topological space. This chapter is basically a collection of known results, 

though we have occasionally had to do some work to ensure that they are intuitionist- 

ically valid. The basic examples we introduce in §I come from topology (lattices 

of open sets) and algebra (lattices of ideals). Other examples can be obtained by 

taking quotients of these. Most of the theory deals with these quotients. The 

main result (due to Dowker and Papert [5] ) is that the quotients of a given cHa 

themselves form a cHa. The proof we give in §2 is essentially that of Isbell 

[21] -expressed constructively. Not every cBa arises as the open-set lattice of a 

topological space. Classically, those that do (the cHa with enough points) correspond 

to sober spaces (a notion defined in SGA4 [I] in terms of irreducible closed sets). 

In §3 we give a positive definition of sober and show that this duality also holds 

constructively. We also give examples of non-spatial cHa . 

Of course Heyting algebras also arise logically as the lattice of truth values 

of an intuitionistic theory (for the connection with first-order logic see Rasiowa 

and Sikorski [42] ). This is why a study of cHa is fundamental to what follows. 

See 6.14 for an example of the logical information we can glean from our theory. 

The first-order structures we introduce in Chapter II are based on ~-sets or 

sheaves which are defined in §4 . We start from ~-sets which are Heyting-valued 

sets analogous to the classical Boolean-valued sets and were studied independently 

by Higgs [18] . We single out complete ~-sets as those in which we can interpret 

definite descriptions and find that they correspond exactly to sheaves. Specializing 
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to the case where 2 is the lattice 0(X) of opens of some space, we apply the 

theory of §3 to give a new presentation of the well-known equivalence between 

sheaves and @tale spaces [14] . In fact the essential idea here is already implicit 

in [18] , however, we stumbled on this proof as a corollary of the representation 

of internal spaces given in §8 . We introduce the operations and relations needed 

to structure our ~-sets ~n §5 • These lead naturally to the proper notion of 

morphism of ~-sets. With this notion, we can rephrase two of our earlier results, 

saying that the categories of ~-sets, sheaves over ~ and (when 2 = 0(X) ) 

etale space over X are equivalent. While in categorical spirit we continue to 

characterize the category of sheaves over a quotient of P(1) as a full subcategory 

of E~ . We shall apply this characterization in §9 • The interpretation of 

first-order logic is straightforward. We give simple examples from category theory, 

algebra and analysis to show how it may be used to express interesting properties 

of sheaves. We then in §6 deal with the logical effects of changing cHa along a 

morphism and the related direct and inverse image functors. This theory goes back 

to Joyal, and has been used by Tierney [49,50] to give an elegant construction of 

classifying topoi. We give an example showing how it may be used to force geometric 

axioms on a given structure. 

We have not mentioned applications of sheaves to classical model theory (e.g., 

Ellerman [7] and Kaiser [26] ). However, we believe that the general theory we 

present provides the proper abstract setting for such work. In particular, even if 

one is interested only in classical logic, intuitionistic logic is useful. Logical 

considerations have also provided a new stimulus in representation theory (Johnstone 

[22] , Kennison [27] , Mulvey [37] ) which one might have thought immune to 

intuitionism. 

In Chapter III we consider higher-order structures. Section 7 deals concretely 

with the construction of higher types in the topos of sheaves on a eHa, and uses them 

to provide an interpretation of higher-order logic. As examples, in §8 , we intro- 

duce the Baire space and the Dedekind reals, and, in the case where ~ is spatial, 

give their representations as sheaves of germs of continuous functions. Generalizing 

these examples gives the representation of internal sober spaces announced in [10] . 

As a corollary we obtain a completely general representation of internal continuous 

real functions, extending results of Scott [44] and Rousseau [43] . In our final 

section §9 we recall the definitions of topos and geometric morphism. The category 

of sheaves on ~ is a topos with a geometric morphism to E~ . Internalizing this 

result gives us the basic facts about sheaves for a topology on an elementary topos 

[23] . We also give a representation of sheaves on an internal cHa as sheaves on the 

cHa of global sections. 

These notes date back to seminars on sheaves and logic organized by Scott in 

Oxford starting in the autumn of 1972. Most of the basic ideas ( 2-sets and 
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singletons, for example) first arose in '72-'73. However, much of this paper is 

more recent (the representation of sober spaces for example was inspired by a visit 

(by Fourman) to Montreal in February 1976). Although we have tried to give credit 

where it is due, it is impossible to catalogue the various contributions made to 

our thinking by the many people who 'have helped us to understand this subject. 

Our thanks are due to all those who participated in the Oxford seminars. The 

contributions of Robin Grayson, Martin Hyland and Chris Mulvey have in particular 

left their marks here. We are also grateful to Andre Joyal and Bill Lawvere, whose 

influence has been profound though infrequent. 
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CHAPTER I. COMPLETE HEYTING ALGEBRAS 

We begin Section I with an abstract, lattice-theoretic definition, and then 

step by step bring in examples from and applications to logic. Completeness is 

assumed from the start as our main interest is interpretations of quantified (higher- 

order) logic. Constructions of complete Heyting algebras (cHa's) from topology and 

algebra are discussed in detail. In Section 2 morphisms and quotients are given 

quite a full theory for two reasons: the concept of a cHa is very useful in under- 

standing intuitionistic topology independently of possible logical applications, and 

quotients provide new, non-topological cHa's (they are related to forcing and to 

Grothendieck topologies on sites). In Section 3 the theory is applied to give the 

definition and basic properties of sober spaces - a topic which has somewhat greater 

importance in intuitionistic mathematics than in the classical case. 

I. DEFINITIONS AND FIRST EXAMPLES 

A complete Heyting algebra (cHa) is a special kind of complete lattice. Since 

we will often regard them as models of systems of propositions, we use for the latt- 

ice-theoretic operations the logical notation: ^ , v , A , V . When we come to 

interpret a formal language, this means that the same symbols are being used in two 

different ways; but the context will always make clear whether we are speaking logic 

or algebra. The zero (bottom) element and unit (top) element are, respectively, 

denoted by ± and T ; these correspond to the logical false and true . The 

partial ordering is denoted by ~ and elements by p , q , r , etc. There are many 

standard references on lattice theory, and we do not rehearse the well-known definit- 

ions. 

1.1. DEFINITION. A cHa is a complete lattice ~ satisfying the A,V -distributive 

law: 

p^ V qi : V (p^qi) 
i~l isl 

for all ps 2 and all systems { qi Iie I } ~ . 

In any lattice, the partial order relation p s q is equivalent to either of 

the equations p^ q = p or pV q = q . We note that the = in the distributive 

law can be replaced by ~ , since the other inclusion ~ holds in any complete 

lattice. The order p s q can be read logically as the relation of implication. 
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An operation, p ÷ q , of implication will be introduced in the next section. 

We consider empty and binary meets ( T and ^ ) and arbitrary joins ( V ) as 

primitive in our definitions of cHa. This choice determines the meanings of 

such concepts as subalgebra, homomorphism, and the like. Other operations can, and 

will be defined in terms of the primitive ones. For example, if P~ ~ , then we 

define the meet by: 

AP = V{ q I q~ p for all pep } 

Finite meets can be defined more explicitly in terms of ^ and T : 

i<nA x.l = v ^ x 0 A ... A Xn_ I (by induction on n ). 

This makes it clear that taking finite meets and arbitrary joins as primitive would 

not alter our notions of homomorphism, etc. This may seem obvious, but we have to 

be a little careful intuitionistically; since, for example, a subset of a finite 

(that is, finitely indexed) set is not in general finitely indexed. When we wish 

to stress that we are taking finite meets and arbitrary joins as primitive, we talk 

of ^, V-morphisms, ^ , V -quotients, etc. (The empty meet T is included tacitly.) 

A great temptation, which must be resisted in intuitionistic reasoning, is to 

use the Axiom of Choice. For example, consider a lattice A and a subset LsA • 

The closure of L under ~ consists, intuitionistically just as classically, of 

those elements of A expressible as p = Vjej qj with qj e L . We are asked to 

show that a sup VieI Pi is again of this form. The classical universal-algebraic 

proof requires us to show that VieI Pi = V i{i~/icJ~ qij , where the indicated 

representation has to be chosen over the (infinite) index set I . In this case we 

can avoid the axiom of choice since each Pi has a canonical representation, 

Pi = V{ qc L I qSpi } , and we can easily show that 

V p i = V{qcL I ~ i~l. q~pi} 
iei 

In an arbitrary complete lattice A we can consider the set D of those 

p• A satisfying the distributive law of ].I . This set of distributive elements 

of A is evidently closed ~nder finite meets. It turns out that the ~/-closure 

of D in A is a cHa. With no more work we can say slightly more: 

1.2. PROPOSITION. Let A and D be as above. If LHD is a subset closed 

v_nder finite meets then ~ , the V-clo~ure of L in A , is a cHa. 

Proof. By definition, ~ is a complete lattice where the V in ~ is the same 

as that in A . Also meets of finite subsets of L are the same as those in A . 

(In particular, ± and T belong to ~ .) In general, the meet in ~ will not 

be the same as that in A , so we write ]~ for meet in ~ . Since for q~ ~ we 

have: 
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q = V{pcLJ p-<q} 

we can calculate the meet of Q~ 2 as follows: 

~Q = V{ p~ L J pS q for all q~ Q ] 

Next, to show ~ is distributive we need only show, for r , s i ~ 2 , that the 

conditions p~ r and p~ Vi~ I s.l for pc L , always imply p~ Vi~ I (r~s.)z o 

Because p(L , we know that p S Vi~ I (p^ s.)z " But since the s.l ( 9 ' we can 

write: 

p^ s. = V { p^ q J q E L ~ q~ s. } 
i I 

And as L is closed under ^ , we see that p^ s. Sr m s. ; and so we have: 
I i 

G p S Vic I (pAsi) s Vie I (r ~ si) 

We shall use 1.2 later. For the moment we turn to some easy examples. 

1.3. THE POWER SET. If X is any set, then the power set, P(X) = { Y J Y~X } , 

is obviously a cHa. We say "obviously" because we assume intuitionistic logic in 

defining and proving properties of n and U Thus, we accept the law: 

¢ ^ ~x.~(x) ÷ ~x [¢^¢(x)] , 

but not the dual law: 

Vx [eve(x)] ÷ ¢ v Vx.¢(x) 

This is valid classically, so then the dual lattice to P(X) would be a cNa. This 

is not so intuitionistically. We should remark that the dual distributive law does 

not imply classical logic (as an interpretation in a three-element chain shows). 

But more of this later. 

1.4. TOPOLOGIES. Given a cHa, a T , ̂  , V-closed subalgebra is again a cHa - 

the definition is equational. So what are these subalgebras of P(X) ? Answer: 

topologies on X . If X is a topological space, then the lattice 0(X) of open 

subsets of X is just such a subalgebra of P(X) . This provides many excellent 

models for logic because (even intuitionistically) we know so many non-trivial 

topological spaces. 

Suppose X is the space of real numbers. Then the dual of 0(X) is not a 

cHa. This is easy to calculate out, because in any topological space we find for 

qi ~ 0(X) : 

AicI qi = imt(#]i~I qi ) " 

Now if we take the open intervals p = (0,1) and qn = (1 - I/n,2) , then we see: 
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p u i~ ~ qn = (0,1) u (1,2) ; 
n=O 

while on the other hand, 
co 

i~t N (puq n) : (0,2) 
n=O 

Many topological properties of spaces may be expressed entirely in terms of the 

lattice of open sets. These notions can then be carried over to all cHa's. For 

example, take (quasi) compactness : If C_an and VC = T , then there exist 

x 0 , ... , Xn_ I c C with x 0 v ... v Xn_ I = T Another example is zero-dimensio~lity: 

every element is the sup of clopen elements (where p is clopen iff for some q 

we have p^ q = i and pVq -- T ); that is, the clopen elements form a basis. 

Intuitionistically, however, one has to be careful. Formulating connectedness as: 

whenever p^ q = ± and pVq = T , then p = T or q = T , is fairly weak. 

The equational definition of cHa also makes other properties obvious: closure 

under direct product, for example. Thus, P(X) is just isomorphic to P(l) X 

with the pointwise operations. In a different direction, for topological spaces 

X and Y , we know 0(X) x 0(Y) is a cHa . In fact, it is isomorphic to 0(X+Y) , 

with the obvious topology on the disjoint union. All of this works intuitionistic- 

ally, even with infinitely many factors. 

I .5. KRIPKE MODELS. As a special case of I .4 we could take a ~ ,U-closed 

family of subsets of X (with the convention that N ¢ = X in P(X) ). Call 

such a family K . This is "K" for Kripke, since we shall show that these are the 

well-known Kripke models. K is a cHa (and, in classical logic, so is its dual). 

It is quite special, however. Because, define the "forcing" relation i~ on X 

by: 

jl~-i iff VpeK [icp implies j~p]. 

This relation is reflexive and transitive (and, by passing to equivalence classes, 

we could even assume it was a partial ordering; but we will not bother). Note 

that if we have such a relation, we can define a ~] ,U-closed family by the equation: 

K(X) = {p_~X I Vicp Vj~i.j~p} 

But if we start with K ; pass to I~ ; then pass back we get the same K . The 

reason is that: 

P = U{ {J I J l~i} liEp} , 

if p satisfies the above definition; but obviously: 

by the definition of I~ in terms of K . Thus, any such p belongs to K . 
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There is in fact a one-one correspondence between reflexive and transitive relations 

on X and A ,U-closed families K(X)HP(X) . 

It is easy to show that Kripke models are really more special than topological 

models: in Kripke models points have minimal neighbourhoods. More precisely, 

the sets P = ( j [j i~i } , which we can call point-like, can he characterized 

abstractly in K(X) as those which satisfy: 

Vi£1 qi implies ~i~ I . p P 
qi 

for all systems {qi)icl in the cHa. What it means to be a Kripke model (up to 

isomorphism) is that every element is the sup of the point-like elements contained 

within it. 

Somewhat intermediate between topological and Kripke models are the distributive 

algebraic lattices; we need some definitions. 

1.6. DEFINITION. An element p of a (complete) lattice A is called finite iff 

whenever a set QH A is such that p ~ VQ • then p ~ VQ0 for some finitely 

indexible subset Q0 of Q . 

We note that, obviously, point-like elements are finite. The finite joins of 

finite elements are again finite elements. (This includes ± as finite, which is 

not point-like.) We shall see later that there are lattices with many finite elements 

but without point-like elements. 

1.7. DEFINITION. An alsebraic lattice is a complete lattice in which every element 

is the join of its finite subelements (that is, the finite elements form a basis). 

A Kripke model is thus an algebraic lattice. There are, however, non-distribut- 

ive algebraic lattices: the distributive ones are the ones we want for our present 

purposes. 

1.8. PROPOSITION. An algebraic lattice satisfying the finite distributive law is 

a cHa. 

Proof. First of all we will verify a weaker infinite distributive law that holds 

in all algebraic lattices. We say that Q is directed if every finite subset of 

Q has an upper bound in Q . Then for directed Q we can prove: 

p ^ VQ = V( p^q I q~Q} 

Because if e is finite and e-<p and e -< VQ , then e-<q for some qcQ . (Why?) 

Thus e-< V{ p^q I q~Q} And that is enough to make the above equation work in 

an algebraic lattice. 

Now if Q is an arbitrary set, then 
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V Q = V( VQ0 I QoEQ , Q0 finite ) 

That is, every sup is also a directed sup. Now if we have assumed that 

p^ VQ 0 = V(pAqlq~Q 0) 

for all finite(ly indexible) sets Q0 ' and that the lattice is algebraic, then it 

is a cHa. D 

1.9. THE IDEAL LATTICE. With an algebraic structure with finitary relations, the 

subalgebras form an algebraic lattice with the "finite" subalgebras being really the 

finitely generated subalgebras. Usually these lattices are not distributive. (This 

example, by the way, is the reason for the mame "algebraic lattice".) Another 

example of the same sort is the lattice of ideals of a lattice. More generally, 

let E,i,v be a semilattice (that is, ± vx = x = xVx , xVy = yVx , 

xV (yV z) = (xVy) v z all hold identically). We define ~ on E in the usual 

way. By an ideal of E we understand a subset p ~ E where: 

( i )  i E p  ; 

(ii) x,ycp always implies xVy~p 

(iii) x~y~p always implies x~p 

In words: p is a directed and downward closed subset of E . The totality of such 

forms an algebraic lattice E , where the finite elements are just the principal 

ideals: 

(x) = ~y~Jy~x~ 

Indeed, the map x ~ (x) is an isomorphic embedding of the semilattice E into 

the lattice of ideals, as is easily proved. Thus any semilattice can turn up as the 

semilattice of finite elements of an algebraic lattice E . 

When is the lattice of ideals distributive? Answer: just when E is. But, 

since E need not be a lattice, we have to formulate the distributive law in E 

as a refinement property: 

x~yVz implies ~u~y Zv~z. x = uVv 

This is a necessary and sufficient condition for the lattice of ideals to be a cHa. 

Thus if E is a distributive lattice, this is satisfied. 

Consider in this connection the semilattice in the picture. This is in fact a 

distributive lattice. Note that every element is the join of two smaller elements 

(except for ± , of course). Thus, there are no point-like elements in the lattice 

of ideals. 
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SjS ~ %%~%% SSj ~ ~%~%%% Sj~ ~jf 
jjJ ~%%~ S~ ~ 

A Distributive Lattice 

~'~, ss S/ ~',. 

What we have just defined in 1.9 is a kind of completion, but it only preserves 

finite joins. We shall see later how to take quotients in order to be able to 

preserve other joins. 

Another remark: Suppose E is finite with a decidable equality relation 

(that is, just in a one-one correspondence with an initial se~ent of the integers). 

Then, if it is distributive, it is a distributive lattice; because E will be 

closed under the joins of decidable subsets. In particular, we can write: 

x^y = V(zlz~x , z~y} , 

because for that subset we can (by assumption) say whether or not a given z belongs. 

The usual finite examples of which we can draw complete pictures are of this kind: 

() 

) ( 

() 

Various Finite Distributive Lattices 

i 

What may come as a bit of a shock, however, is the fact that, in general, none of 

these are cHa's. The reason is that they are not complete in the lattice-theoretic 

sense. If we want cHa's, we have to pass to the lattices of ideals, which are in 
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general infinite structures. 

( 

1.10. PROPOSITION. The two element lattice 

law of logic holds generally: ~ ¢ v ~ ~ @ 

Proof. Suppose { I , T } is complete, where 

proposition @ . Define a subset: 

P = {xl x = T and @ } 

{ i , T }  

± ; ~ T  . 

is complete iff the following 

Consider any (mathematical) 

(Note: This is not in general a decidable subset.) If we had V P~ { I , T } well 

defined, there would be two cases: the first is VP = Z and the second is M P = T . 

In the first case, not T ~ P follows, so ~ @ (that is, not ¢ ). In the second 

case, if m ¢ , then P = ~ and VP = A , which is impossible. Therefore ~ @ . 

In the converse direction, suppose this weaker version of the Law of the 

Excluded Middle does indeed hold. Let P 2 { ± , T } be any subset. As far as sups 

are concerned, the element ± is unnecessary. Thus, if it exists, 

VP = {x I x = T and T~P} 

Now either ~ T~ P or ~I T E P . In the first case P = ~ and VP = I . In the 

second case we want to show VP = T . By definition this means: 

V p [ V q¢ P q~p implies p = T ] , 

where p , q range over { ± , T } The value p = T is trivial, SO this is 

equivalent to V qcP. q~± implies ± = T , that is, 9 V q~P ° q~± 

In this, the value q = ± is trivial, so this is equivalent to ~ [ T ~ P implies 

T ~ I ] , that is, ~ T ~ P But this is our assumption, so ~P exists. D 

The weak excluded middle of 1.10 is equivalent in intuitionistic logic to 

De Morgan's law for distributing negation across conjunction. In Johnstone [24] 

the reader will find 15 equivalent conditions including 1.10 . Scott had noted 

1.10 independently, as well as the fact that De Morgan's law implies that every 

finite, decidable semilattice is a complete lattice. The reason for this rests on 

E 
the fact that if { ± , T } is complete, then so is the direct power { ± , T } 

But this is just the lattice of decidable subsets of E , our given finite, decidable 

semilattice. As we argued before, E is a lattice because it has joins of all its 

decidable subsets. But the map p(x) = { y~ E I xSy } is a V-preserving represent- 

ation of E into the complete lattice of decidable subsets of E . Which sets are 

of this form? Well, they all have the property that T ~ s and xAy~ s iff xc s 

or y~ s , for all x , y~ E . The totality E of all such sets is clearly closed 

under arbitrary unions, and so E is also a complete lattice. But for s ~ E , the 

inf x = A{y~E ly~s} is such that ~(x) = s . So E and E are isomorphio;" 

therefore E itself is complete. 
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Since we have spent so much time on lattices in this section, we may as well 

prove a few more general results. As we noted, the ideals of a lattice do not in 

general form a cHa. With congruence relations, it is another story. 

1.11. PROPOSITION. The congruence relations of any lattice form a cHa. 

Proof. The congruence relations of any (finitary) algebra form an algebraic lattice; 

this is well known and easy to check, since congruence relations are rather like 

subalgebras of the cartesian square - except as relations they are equivalence 

relations. As a lattice, the congruence relations are closed under A The join 

operation is not U , however. In the case of two congruence relations R and S , 

the join R v S is the least transitive relation containing both R and S . 

Now to prove that we have a cHa , we have only to show the finite distributive 

law holds, in view of 1.8 . This comes down to: 

Tn(RvS) S (TnR) v(TnS) , 

where, say, R , S and T are congruence relations for a lattice E,^,v 

(we do not even need ± or T ). Suppose, then, xTy and x(RVS)y . The second 

means that xRz0SziRz 2 ... Z2nRZ2n+iSY for a suitable finite sequence of elements 

z. . Now note that if zRw , then 
1 

y V ( x ^ z )  ( T n R )  y V ( x A w )  

And s i m i l a r l y  f o r  S . T h u s  we c a n  p r o v e :  

yVx = yV (x^x) ((TnR) v (TnS)) yV (x^y) = y 

By the same argument we can prove: 

x v y  ((TnR) v(TnS)) x 

Thus x ((TnR) v(TnS)) y , as we wanted. D 

As a special case of 1.11 , consider a Boolean ring B,0,+,. (This is a 
2 

ring where x = x for all x(B ; we do not assume there is a unit ] . B becomes 

a distributive lattice with x^y = x y and xVy = x+y+x.y .) As is well known, 

the lattice congruences of B are the same as the ring congruences (because the ring 

equation x+ y = z is equivalent to the conjunction of the two lattice equations 

xAy^ z = 0 and (xAy) v z = xVy ); and, moreover, ring congruences correspond to 

ideals, let I(B) be the lattice of ideals of B ; by 1.11 and the remarks just 

made, I(B) is a cHa - this can, of course, be easily proved directly. (Note, 

however, that in general the ideals of a commutative ring do not form a distributive 

lattice; we return to this question in 2.15 ) . In I(B) meets are just intersect- 

ions; while joins are the closures of the union of ideals under + . The principal 

ideals form a clopen basis for the lattice, since the complement of (x) in I(B) 

is the ideal { y E B I x'y = 0 } ; thus the lattice is zerodimensional . The 
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principal ideals may be identified lattice-theoretically as the finite elements of 

the algebraic lattice I(B) : evidently everyone is finite, and the converse follows 

from the fact that the principal ideals form a basis. 

1.12. PROPOSITION. The zero-dimensional algebraic cHa's are, up to isomorphism, 

exactly the ideal lattices of Boolean rings. 

Proof. We have just seen how this works in one direction. So, let ~ be a cHa 

of the kind mentioned. The clopens of any cHa of course form a Boolean algebra 

(that is, Boolean ring with unit). Let B be the set of finite clopens of ~ ; 

we want to show that B is a Boolean ring, and ~ is isomorphic to I(B) . 

Let p• ~ be finite and let k-~p be clopen. We show k is finite. 

Because k is complemented, we can write p = k v k' where k ^ k' = ± . Suppose 

now that k -~ VQ where Q _c ~ Without loss of generality we may suppose 

q -~ k for q• Q Now we have p = ~/( Q o {k'} ) . Since p is 

finite we can write P = q0V ... Vqn_1 where qi • Q or qi = k' for each i< n . 

As these possibilities are not mutually exclusive we cannot immediately define a 

finite subset of Q covering k . Intuitionistically, we must appeal to the finite 

axiom of choice. The set A.I = { I I qi • Q ) u {0 I qi = k' } is inhabited for 

each i<n . Let f be a choice function so f(i) •A. for i<n . A decidable 
1 

subset of a finite set is finite so { qi I f(i) = I } is finite. We show that this 

set of elements covers k . Write: 

p = V{ qi I i<n} = V{ qi I f(i) = I} u V{ qi I f(i) = 0} 

of course, if f(i) = I then qi • Q and if f(i) = 0 then qi = k' so, multiplying 

by k on both sides and distributing, we have: 

k = V{ qi^k I f(i) = I } u V{ qi^k I f(i) = O} 

= V { qi I f(i) = ] } v V{ ± i f(i) = 0} 

= V{qil f(i) = i} u • = V{qil f(i) = i} 

So we did find a finite subset of Q covering k , and this proves k is finite. 

(We thank Robin Grayson for showing us this trick and apologize to the classical 

reader for the pain we have had to inflict to make the proof intuitionistic.) 

Looking back, we have shown in particular that the finite clopens form an ideal 

in the algebra of clopens~ hence, B is a Boolean ring. 

The argument of the last paragraph also shows that in view of the assumptions 

on ~ , the finite clopens form a basis~ thus, 

p = V{k•Blk-<p} 

holds for all p • ~ . But { k • B I k-<p } is an ideal of B . If I were any 

ideal of B ~ we would only have to let p = VI to get I = { k • B I k-<p } 
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by virtue of the finiteness of all elements of B . This establishes the isomorphism 

between ~ and ~(B) . 

If B is a Boolean algebra, then in ~(B) we have T = (I) finite. If in 

1.12 , ~ has T finite, then aIZ clopens are finite. Having T finite is the 

abstract notion of compactness. We may thus state: 

1.13. COROLLARY. The compact, zero-dimensional cHa's are all algebraic and are, 

up to isomorphism, the ideal lattices of Boolean algebras. 

Isbell [21] provides an interesting characterization of zero-dimensional 

cHa's. We reformulate his result in order to give an intuitionistic presentation. 

If A is any complete lattice, call an element x c A l~ear (say x e L ) iff it 

satisfies the d~Z distributive law 

x v Ai~ I Yi = Aiel (xvyi) 

for all Yi c A . (The reader should be warned that Isbell [21] has half the 

lattices upside down from our conventions.) The set L of linear elements is 

obviously closed under finite joins. We remark that i~ A is a cHa, then every 

clopen element is linear. Let K be the set of clopens, let k~ K , and let k' £ K 

be its complement. Argue as follows: 

kA (kv Aic I yi) 

k'A(kVAi{ I Yi ) 

= k = kA Aic I (kVYi) ; 

= k' A Ai( I Yi 

= k' A Aic I (k' AYi) 

= k' A Aie I (k' A (kvYi)) 

= k' ^ Aic I (kVy i) 

Thus, 

k v Aie I Yi 

and 

= Aic I (kVY i ) 

1.14. THEOREM (Isbell). A complete lattice A is a zero-dimensional cHa iff the 

linear elements form a "cobasis" (in the sense that for all p , q c A , we have p-< q 

iff whenever t eL and t Vp = T , then t v q = T ). In such lattices the linear 

elements are just the clopens. 

Proof. If A is any zero-dimensional cHa, then, since K forms a basis, we can 

write: 

(I) p-<q ~-+ V kcK [k-<p + k-<q] 

But, as we already indicated, K_cL and of course k-<p iff k' Vp =v Thus, 

the elements of K form a cobasis, and so A satisfies the condition. 
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Conversely, assume A is complete with L as a cobasis. We need to prove: 

P^ VieI qi s VieI (pAqi) 

By assumption it suffices to show that for t e L , the equation t v (pA Vic I qi ) = T 

implies t v Vie I (pA qi ) = T . Assume the first. As t is linear, we see that 

tVp = m and t v Vie I qi = r . Now calculate: 

tV Vic I (pAqi) = tv ViE I (tv (pAqi)) 

= tv Vic I ((tvp) A (tVqi)) 

= tv Vi~ I (tvqi) 

= tv Vici qi = T 

Thus, A is a cHa. We wish to argue next that L~ K . 

Suppose t ( L . Define t' = ~ { y lt v y = T } By linearity, t v t' = T • 

To show that t At' = ± , assume that s v (t At') = T for an element s(L . Then 

(svt) A (sVt') = T , and so s vt = T ; hence, t' S s . But sVt' = T , so 

s = T = sV± . This proves that t At' ~± by the cobasis property. We have shown, 

therefore, that t ~ K . Furthermore t' { K and t Vp = T iff t' Sp . Thus the 

cobasis property implies (I) above, which in turn implies that every element is 

the sup of clopens; or, in other words, A is zero-dimensional with K = L . D 

Note the easy corollary: in a complete Boolean algebra (cBa) both distributive 

laws hold (both the algebra and its dual are cHa's). Isbell's Theorem will be applied 

in the proof of 2.20 in a very nice way. 

2. MORPHISM8 AND QUOTIENTS 

The reader must have felt an urge in the last section to ask several times 

whether there is some relationship between various of the examples we presented. 

Many of these questions are best expressed by making the class of all cHa's into 

a category. 

2.1. DEFINITION. A morphism between cHa's is a map that preserves finite meets 

and arbitrary joins. 

If ~ and ~' are two cHa's, then by 2.1 for a map f* : ~ ÷ ~' to be a 

cHa-morphism we must have: 

(i) f*(T) : T' ; 

(ii) f*(pAq) = f*(p) A' f*(q) ; 

(iii) f*( Vic I pi ) = V'iEi f*(Pi ) 



319 

(Generally we drop the dash ( ' ) on the operations of ~' , since there is little 

chance of confusion. However, for elements we will usually write p',q',r', ... c ~'.) 

2.2. EXAMPLE. Let X and Y be topological spaces and let f : Y ÷ X be 

continuous. Then defining 

f*(p) = { toY I f(t) c p} , 

which is just inverse image, we verify in the known way that f* : O(X) ÷ O(Y) is 

a cHa-morphism. And this motivates 2.1 . (That f* is well-defined is of course 

just the definition of continuity.) 

This remark includes P(X) and the Kripke models K(X) just by taking the 

appropriate topology on X . In the Kripke model sense, where <X,i~> and 

<Y, ~'> are two partially ordered sets, a "continuous" map f : Y ÷ X is just 

a function such that: 

j i~' i always implies f(j)J~ f(i) 

Not all morphisms come from continuous maps, however. 

2.3. EXAMPLE. Let E and E' be two semilattices "distributive" in the sense 

explained in 1.9 . We wish to consider the ideal lattices E and E' , which are 

cHa's. Let f : E ÷ E' be a function preserving l and v . On ideals p£ E we 

define: 

f*(p) = ( y'£ E' [ ~ x~p y' ~ f(x)} 

Clearly, f*(p) ~ E' . Is it a cHa-morphism? Since f is monotone, f* maps the 

principal ideals to principal ideals; in this way, just as we can think of E 

embedded isomorphically into E , we can regard f* as an extension (indeed, the 

extension) of f to E . 

It is obvious from the definition that f* preserves directed unions of ideals 

(that is, directed joins in E ). To check other preservation properties, we note 

first that for p , q£E : 

pVq = { xVy I xEp,y~q} , 

owing to the distributivity of E . Therefore, 

f*(pvq) = f*(p) v f*(q) 

It is also clear that f*((±)) = (l) , where wc are thinking of principal ideals, so 

f* preserves all finite sups. It thus follows easily that f* preserves all sups. 

Meet is just intersection in E . Since f* is monotone, all we have to show 

is: 

f*(p) o f*(q) s f*(po q) . 
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Suppose z' ~ f(x) with x~ p and that z' ~ f(y) with y~ q . Is z' £ f*(p n q) ? 

Now there just does not seem to be any reason why this should be so in general - 

especially as we did not assume that E and E' are lattices and that f is a 

lattice morphism. The property we need is: 

(*) z' ~ f(x) and z' ~ f(y) imply zi~ f(u) for some u~x and u~y 

Obviously this holds in the lattice case. 

But there is another problem: what is f*(T) (where actually T = E as an 

ideal)? It will not be T' c E' unless we also assume: 

(**) Vy'~E' ~x~E,y' ~ f(x) 

This says, more or less, that the image of E is cofinal in E' . 

Perhaps this is not an especially good example: not only do we have to make 

rather strong assumptions, but not every morphism from E into E' need be 

obtained in this way. However, if f* : E ÷ E' does map finite elements to finite 

elements, its restriction to E (which determines it) will satisfy (*) and (**) ; 

so we have not completely wasted our time with this discussion. D 

Here is a curious little problem about cHa's: if f* : ~ ÷ ~' is a cHa-morph" 

ism, is the image f*(~) also a cHa ? The usual proof from universal algebra is to 

show that it is a T,^, V-subalgebra of ~' ; but the usual proof is not intuitionist- 

ically valid, because it depends on the Axiom of Choice in showing that the range of 

f* is closed under V The problem is avoided, however, by using special lattice 

properties that give us a canonical choice of p when we want p' = f(p) , 

namely, the maximal solution of that equation. 

2.4. PROPOSITION. Given two complete lattices A and A' , there is a one-one 

correspondence between V -morphisms f* : A + A' and A -morphisms f. : A' ~ A 

which is determined by the adjointness relationship: 

f*p~p' iff p~ f.p' 

for all p~ A and p' £A' 

Proof. Suppose we are given f* . Define f. by the equation 

f.p' = V(pl f*p~p' 

This makes it trivial that f*p ~ p' implies p ~ f.p' Suppose then that p ~ f.p' 

holds. We calculate: 

f*p ~ f*f.p' ( f* is monotone) 

= f* V( q l f*q ~p' ~ (by definition) 

= V( f*q I f*q~P' ~ ( f* preserves V ) 
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p' 

This proves adjointness. 

f. • 

(by lattice properties) 

It is easy to see that adjointness uniquely determines 

For A -preservation, we argue as follows: 

P s f* Ai Pi' iff f*p s Ai Pi' 

iff v i . f*pspi' 

iff v i. ps f*Pi' 

iff PS Ai f*Pi' 

Hence, the two A -expressions are equal. 

As this whole proof can be dualized word for word, we see that 

f* . Note too that adjointness requires the preservation properties. 

It must be admitted that 2.4 

adjoint functors in category theory. 

f. determines 

D 

is a special case of a well-known result about 

2.5. COROLLARY. The image of a cHa under a cHa-morphism is again a cHa. 

Proof. If f* : ~ ÷ ~' is a cHa-morphism, then, as we said, it is clear that 

f*(~) contains T' and is closed under ^' . Suppose Pi' e f*(~) for all ie I . 

Now if p' e f*(~) , p' = f*(p) for some pe ~ . It is a consequence from adjoint- 

ness that, generally, f*f.p' ~ p' But we have f*p ~ p' , so p ~ f.p' and then 

p' = f*p~ f*f.p' . Thus, p' = f*f.p' , and this means that f.p' is a well-deter- 

mined preimage of p' Thus, even with infinitely many Pi' , we can write: 

VieI Pi' = Viei f*f*Pi' = f*( Vieif.Pi ,) E f*(~) D 

Ex~nple 2.2 continued. We saw for continuous f : Y ÷ X that 

f* : 0(X) ÷ 0(Y) is inverse image. What then is f. ? No, it is not direct image 

since f need not even be an open map. Intuitionistically there does not seem much 

more to say than what we said in 2.4 and its proof, but classically we can simplify 

the definition: 

f.p' = U {pl f*psp'} 

= U{p I V t eY f(t) ~p implies t ~p' ) 

= U {p I v tcY t@p' implies f(t) @p) 

= U{p I f(~~p,)sX~p} 

= U {p ] psx~f(y~p,) } 
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In case f were a closed map we could leave off the ~ - and then we get the 

Boolean dual of the direct image. D 

2.6. IMPLICATION. A lattice ~ is a cHa iff r ~ p^r is always a V-preserving 

function. V -preserving functions have adjoints, so what is it in this case? What- 

ever it is it is uniquely determined by: 

p^ r~ q iff r~p ÷ q 

This is a corollary of what we have already proved. Furthermore, we can have such 

a relationship iff ~ is a cHa. (We speak only of complete lattices here.) From 

this point of view, this is the algebraic significance of the implication operation 

in a cHa. 

We can go back to topological spaces and ask what is going on. Classically, 

in any case, we can show that: 

p ÷ q = Z~((X~p) u¢ 

In Kripke models we can even show intuitionistically that: 

p + q = { i I V jl~ i . j cp implies j c q } 

By the way, it is well known that all the formal properties of ÷ follow 

from that adjointness relation. If we specialize q to ± we get negation: 

p = p ÷ ± . The lattice-theoretic meaning of negation is that ~p is the 

largest element of ~ disjoint from p . Classically, in the topological case we 

find from the above: 

~p = Z~(X-p) 

But this holds intuitionistically as well. (If we wanted an intuitionistic version 

of p ÷ q , we could take the interior of the "implication" between the two sets, 

namely, { xE X I x£p implies xc q) .) D 

2.7. OPEN MAPS. In the topological case if f : Y + X is an open map, then the 

direct image is a well-defined mapping 

fz : O(Y) + O(x) 

It is a U -preserving map, and we can easily prove that: 

f!p' ~p iff p' ~ f*p 

It follows then that f* is a A -preserving map, and we can use this (or the 

existence of an opposite adjoint f! ) as a definition of an open cHa-morphism. 

(Such morphisms are also called essential.) In the Kripke model case, all 

"continuous" maps (I~ -preserving maps) are "open". But this does not mean that 

all cHa-morphisms f* : K(X) ÷ ~' from a Kripke model are open. This will become 
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clear in the next section when we speak about sober spaces and representations. 

As soon as one has algebras and morphisms, it is natural to ask about free 

algebras. The following goes back to Benabou [2] . 

2.8. DEFINITION. Let I be any set. Let ¢I be the cHa (actually, a Kripke 

model) of all sets of finite subsets of I closed under taking supersets. 

2.9. PROPOSITION. In the category eHa , ¢I is the free algebra on 1-gener- 

ators. 

Proof. Let E be the family of finite subsets of I (finite in the sense of 

finitely indexible). If e c E and f : I ÷ ~ is any function, then the finite 

meet Aide f(i) is well-defined. This means we can extend f from I to a map 

: ¢I ÷ ~ by the formula: 

f(p) = V A. f(i) 
eep zce 

Now we note that the sets [i] = 

formula: 

{ e ~ Eli ~ e } generate ¢ I  in view of the 

P = Ueep ~iee Ei] 

= U { e' l ese' } 
e~p 

Furthermore, we see that ~([i]) = f(i) ; so, if we can show that ~ is a cHa- 

morphism, it not only is an extension of f but it is uniquely determined. 

Since the T-element of ¢I contains the empty set, we see ~(T) = T . For 

binary products, we note first that: 

pAq = 

T(p A q) 

pnq 

{eud J e~p, d£q} , and so 

= Ve~p,dc q (Aic e f(i) ^ AjE d f(j)) 

Vd~ q - f(j) = Ve~ p A ice f(i) A AI~ e 

= ~'(p) Af(q) 

Finally, ~ preserves V , because V is U in ¢I ' and the required formula 

is obvious from the definition of ~ • D 

As an instant corollary we see that every cHa ~ is the quotient of a Kripke 

model ¢I ' where we have only to take I = ~ . Then the map f : @I ÷ ~ ' where 

f : I ÷ ~ is the identity function, is a surjection. Perhaps a more interesting 

representation is given by considering the poset ~ as a Kripke model with pl~ q 

iff p~q . We then have an ^ , V - s u r j e c t i o n  K(~) + ~ given by U~ VU . 

Quotients are sometimes easier to think of in terms of congruence relations, 
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especially in making a construction when we may not know in advance what the quotient 

structure really is. Thus, if f* : ~ ÷ ~' is a morphism, then in the usual way 

(P,q) I f*P = f*q } is the congruence relation on ~ determined by f* . As f* 

has certain properties, so will the congruence relation. 

2.10. DEFINITION. The class of all cHa-con~ruence relations, 

, consists of all equivalence relations preserving ^ and V 

(i) pRp' and qRq' imply (pAq)R(p' Aq') ; and 

(ii) V i~ I PiRqi implies Vicl Pi R Vicl qi ' 

for all elements of ~ . 

C(~) , on the cHa 

in the sense that: 

f*p = f*f.f*p 

so we can show: 

f*p = f*q iff f.f*p = f.f*q 

The map p ~ f.f*p has nice properties. It preserves T and ^ , since both f* 

and f. do. From the above equation, it is seen to be idempotent. But also by 

adjointness we find that p ~ f.f*p (This can be called increasing, or more 

colourfully: inflationary.) And these are all the properties we need. 

2.11. DEFINITION. The class of all J-operators, J(~) , on the cHa ~ , consists 

of all self-maps J : ~ ÷ ~ where: 

(i) p~Jp = JJp ; and 

(ii) J(pAq) = JpAJq , 

hold for all elements of ~ . 

We remark that J-operators are not cHa-morphisms as, in general, they are not 

V-preserving in the whole of ~ . But they are closely related to morphisms: the 

range of J will turn out to be a cHa and, with the codomain so restricted, we 

then obtain a morphism. Some lemmas are helpful in seeing this. 

2.12. LEMMA (Tarski). The fixed points of any monotone operator on a complete 

lattice form a complete lattice. 

We note that C(~) is a complete lattice, because it is closed under ~ . 

What other properties it has will emerge: we have to be careful intuitionistically 

when infinitary operations are involved. We did not have to be very careful in 

1.11 . One of the first questions is : will ~/R be a cHa ? The answer is yes, 

but we have to proceed as we did in 2.4 and 2.5 . 

If we look at 2.4 , we see we can transfer the congruence relation determined 

by the values f*p ~ ~' back to values f.f*p which remain in ~ . Indeed, we see 
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Proof. Suppose f : A ÷ A is monotone, and A is complete. Consider the poset: 

= {pcAlp = f(p)} 

We wish to show that, in itself, H is a complete lattice. So let Pi { ~ for 

i c I . We will define a join ~/ icI Pi • ~ " (The dual proof giving the meet works 

just as well.) Let: 

WicI Pi = A {ql f(q)-<q and Vi•I pi-<q} 

Now by completeness this exists in A . Call the element r for short. Of course 

VieI. pi-<r ; and thus V ieI. piSf(r ) , because f is monotone and all the 

Pi • H . In the same way we show that if q satisfies the condition in the definitior 

of r , then so does f(q) But r- < q for all such q , so f(r)-< f(q)-< q for 

aZl these q . It follows that f(r)-< r by definition. This shows that r itself 

satisfies the condition; hence, we conclude r- < f(r) because f(r) satisfies the 

condition. Therefore, r (H . Any other element s • H which is an upper bound to 

the Pi clearly satisfies the condition; whence r_< s . This makes r a least 

upper bound. 

As a corollary of 2.12 we note that the posets { p I P-<f(P) } and 

{ p ] f(p) <-p } are also complete lattices; because if f : A ÷ A is monotone, then 

so are the two maps: 

p ~ pAl(p) and p ~ pV f(p) 

Their fixed-point sets are, respectively, the two sets we want. 

2.13. LEMMA. The fixed points of a multiplicative operator on a cHa form a cHa . 

Proof. Suppose f : ~ ÷ ~ is multiplieative (i.e., 2.11 (ii) ), and ~ is a 

cHa. Then f is monotone. So the fixed points form a complete lattice by 2.12 . 

Since f is multiplicative, the fixed-point set H is closed under A . Thus, to 

prove that H is a cHa, we need only verify for elements of H : 

P^ ~iEI qi -< ~ieI (pAqi) 

NOW for each i e I : 

pAqi -< Wie I (PAq i) 

By 2.6 we can write (use ÷ as an operation): 

qi -< p ÷ ~iel (pAqi) 

Consider for a moment any r , s £ H . Again by 2.6 , we can prove that 

r A (r ÷ s) -< s . Since f is monotone and multiplicative, we find 

f(r) A f(r ÷ S) -< f(s) and thus: 

f(r ÷ s) -< f(r) ÷ f(s) = r ÷ s 
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We then see that 

f(P ÷ ~/i~I (p ̂  qi 1) s p + ~/i(I (p ̂  qi ) 

In view of the proof of 2.12 , this is enough to show that 

~/iel qi ~ p ÷ ~/iel (p ̂  qi ) 

By 2.6 , again, we get our conclusion. 

2.14. 

so construed is a cHa-morphism. 

Proof. Given J : ~ ÷ ~ as in 

same as the fixed-point set of 

map 

PROPOSITION. The range of a J-operator on a cHa is a cHa, and the mapping 

2.11 , and noting that the range of J is the 

J , we see by 2.13 that the range is a cHa. The 

J : ~ ÷ J(n) 

maps T to J(w) and it is multiplicatlve. Thus we need only show it preserves 

V . Indeed, in J(~) we can easily show that 

Wicl qi = J(giEl qi ) ' 

whenever the qi c J(~) . For arbitrary 

J(Vi~ I Pi ) = j( Vie I Jpi ) , 

and this gives the answer. 

We note that for p ¢ ~ and 

pSp' iff JpSp' 

This means that J.p' = p' ; 

Pi £ ~ ' we can also easily show: 

p' ~J(~) , we have: 

so we have shown that every J-operator comes from a 

morphism, as was illustrated in the discussion leading up to 2.11 To complete 

the story we also have to connect the J-operators with the cHa-congruence relations. 

Before doing so, however, a few more remarks about multiplicative operators may be 

helpful. 

The content of 2.13 does not seem to be contained in 2.14 , bec&use there 

can be multiplicative operators wi~h fixed-point sets that are not the fixed-point 

sets of any J-operator. (Assuming that the four-element Boolean algebra is complete, 

consider its one non-trivial automorphism.) If M : ~ + ~ is an inflationary 

multiplicative operator, on the other hand, then we can define a J with the same 

fixed points. Indeed, let 

Jp= A{qlp-<q=Mq} ; 

by 2.12 , Jp is ~ust the least fixed point of M covering p . Thus, p<Jp : 

MJp = JJp ; and if p = Mp , then p = Jp . It only remains to prove that J is 



327 

multiplicative. Now p ^ q ~ J(p ̂  q) holds, so 

q ~ p ÷ J(pAq) 

Note that since p^ (p ÷ r) ~r , we can assert: 

Mp^M(p÷J(p^q)) ~MJ(p^q) = J(p^q) 

Because p ~Hp , we can derive from this: 

M(p÷J(p^q)) ~p÷J(p^q) , 

which must be an equality in fact. Thus: 

Jq ~ p ÷ J(pA q) , and so 

p ~ Jq ÷ J(pAq) 

Exactly as before, we prove: 

M(Jq ÷ J(p^q)) ~ Jq ÷ J(pAq) , and so 

Jp ~ Jq ÷ J(pAq) 

This shows that J is multiplicative and therefore a J-operator. 

2.~5. RADICAL IDEALS. Here is a different kind of example taken from (intuitionist- 

ic!) algebra. Let A be a commutative ring with unit. In classical mathematics we 

can show that A has lots of prime ideals, and this is very helpful for many 

arguments. The existence proofs are non-constructive, however, and the lack of prime 

ideals is a great bother. We can still consider the lattice of ideals, nevertheless, 

but it is hardly ever distributive. Closely related to the (non-existant) prime 

ideals are the so-called radical ideals. These rather conservative ideals are well- 

behaved because they have preserved their roots. For ideals p ~ A , all we need is 

this square condition: 

2 
V x~A x cp implies xcp , 

and then the same will hold for n th powers. Let ~ (A) be the set of all such 

radical ideals. Obviously it is a complete lattice (even: algebraic), and one can 

verify the distributive law directly by a straight-forward calculation. Thus, ~(A) 

is a cHa. 

We can look at this example in another way. Let ~ be the family of all subsets 

p~A such that 

V x~ p V acA .ax~p 

is A, U -closed, and thus 

generated by p . This mapping 

ive proof shows that z c Jp iff 
m 

and an integer m such that z 

is a cHa. Define Jp as the least radical ideal 

J : ~ ÷ ~ clearly satisfies 2.11 (i) . An induct- 

there is a finite sequence {x 0, ... ,Xn_ I } SP 

= x 0 + ... + Xn_ I . Thus if z c Jp and z~ Jq we 
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have z~ = Y0 + "'" +Yk-1 for Yi E q • Multiplying these together we find 
m+Z z ~ J(p^ q) , so z~ J(p^ q) . This shows that J is multiplicative on the lattice 

. As /(A) = J(~) , we have another proof that this is a cHa. 

2.16. 

the one-one correspondence is provided by this relationship for 

J E J(~) : 

PROPOSITION. The complete lattices C(~) and J(D) are isomorphic, and 

for all p , q~ ~ . 

R E C(~) and 

Proof. Perhaps the reader did not note that J(~) is a complete lattice. This 

can be verified directly by defining: 

J~K iff V p • Jp~Kp , and 

(Ai~l Ji )p = Aicl (Ji p) 

(The only trick is to show that the pointwise meet is an idempotent operator.) 

Given a cHa-congruence R , we define 

JR p = V~qJpRq 

Since R preserves V , we see that JRp is the maximal element of the congruence 

class of p . It follows that JR satisfies 2.11 (i) and: 

pRq iff JRp = JRq . 

Since PRJRP and qRJRq , we see also: 

(p V q) R (JRp v JRq ) 

In consequence: 

JRPVJRq s JR(pvq) 

Thus JR is monotone. By the same style of argument we can show: 

JR p^JR q S JR(p^ q) , 

b~t the converse s holds by monotonicity. This proves that JR is multiplicative. 

We can now easily check that JR satisfies the relationship stated above. Clearly 

this relationship between R and JR uniquely determines JR " 

In the converse direction, suppose that J£ J(~) and define: 

pRjq iff Jp = Jq 

By 2.14 this is indeed a cHa-congruence. Note that if (p^ q)Rjq , then 

JpAJq = Jq ; so q~Jq~Jp . In the other way, if q~Jp , then Jq~ JJp = Jp . 

So Jp ^ Jq = Jq , and thus (p ̂  q)Rjq . That is, Rj and J satisfy the relation- 

ship. Suppose S is some other congruence so related to J ; then if pSq , 

p^qRq iff q-<Jp , 
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p^ qS q also, so q~Jp . Similarly p~Jq and Jp = Jq follows. If Jp = Jq , 

then both p^ qS q and p^ qSp ; so pSq . This means that S = Rj . 

Perhaps this has been worked out in too much detail; in any case we find: 

RJR= R and  J R j  = J ' 

which gives us the one-one correspondence. It is easy to see that R~ S implies 

JR ~JS " Suppose that JSK . If pRjq , then Jp = Jq . Since p~Jq , we have 

Kp ~ KJq ~KKq = Kq ; also Kq ~ Kp . Thus Rj Z R K holds. The one-one correspondence 

is order preserving and hence is a lattice isomorphism. 

Contained in what has just been proved is the fact that O/R is a cHa because 

it is obviously isomorphic to JR(S) . Before going further, it might be well to 

look at some easy examples of congruences, their J-maps, and the corresponding 

quotient cHa's. In obtaining these examples and further ones, we often wish to form 

joins of operators in the operator lattice. These joins exist by 2.16 , but the 

proof there does not make them very explicit. When needed, the following may be 

helpful: 

2.17. LEMMA. If S is a cHa and {Mi}ic I is a family of inflationary, multi- 

plicative operators, then the least J-operator pointwise greater than or equal to 

the M. is defined by the formula: 
1 

Jp = A{ q Ip~q = Miq , all i~l} 

The proof is just like the argument given in the discussion following 2.13 , 

because the trick is to show that J is multiplicative. The reader can check the 

details. 

2.18. ELEMENTARY J-OPERATORS. In these examples ~ is a given cHa. 

(i) The closed quotient. The operator is defined by: 

Jap = aVp 

This is obviously a J-operator, and the congruence relation is: 

aVp = aVq 

The set of fixed points (quotient lattice) is: 

{ pc S la ~ p } 

Classically speaking in the spatial case where ~ = O(X) , the quotient corresponds 

to the topology on the closed subspace complementary to the open set a . This 

quotient makes the element a "false" and is the least such. 

(ii) The open quotient. The operator is defined by: 
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jap = a ÷ p 

The congruence relation is: 

aap = a^q (equivalently, a-<p*-*q ) 

The set of fixed points is thus isomorphic to 

= {pE~Ip_<a} 
a 

Intuitionistically speaking in the spatial case, this quotient corresponds to the 

topology on the open subspace 

such. 

(iii) 

a . This quotient makes a "true" and is the least 

The Boolean quotient. The operator is defined by: 

BaP = (p + a) ÷ a 

The congruence relation is: 

p÷a = q÷a 

The set of fixed points is: 

(P~ I (p ÷ a) ÷ a ~ p) 

In case a = ± , this is the well-known ~ -quotient giving the (complete) Boolean 

algebra of "stable" elements. For arbitrary a , we could first form ~/Ja and 

follow this by the ~ -quotient to obtain ~/B (In general, if J ~K , then 
a 

~/K is a quotient of ~/J .) 

We remark that in general 0/J is a cBa iff J = Bj± . Further, if ~ is 

already Boolean, then every J-operator on ~ is of the form B = J a a 

(iv) The forcing quotient. The operator is a combination of previous ones: 

(Ja^Sb)p = (aVp)^(b ÷p) 

The congruence relation is a conjunction: 

aVp = aVq and b^p = b^ q . 

The set of fixed points is: 

{ pc~ I b ÷ p ~ a ÷ p } 

The point of the quotient is that it provides the least J-operator such that 

Ja~Jb ; that is, we take the least quotient that "forces" a ~ b to be true. If 

we want to force a sequence of statements a. ~ b. , for i < n , the operator needed 
1 1 

is V i< n (Jai ̂  J hi) . It is important to note that in general sup's of J-operators 

cannot be calculated pointwise. We shall see below, however, that it is possible to 

find a finite expression for this particular sup. (We owe this remark to John 

Cartmell.) 
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(v) A m~xed quotient. The interest of this example lies in the fact that it 

has a neat finite definition: 

(~a ̂ Ja)p = (p + a) + p 

The congruence relation is: 

(p+ a) +p = (q+ a) + q , 

which is equivalent to the conjunction: 

a^p = a^ q and p ÷ a = q + a 

The set of fixed points is: 

{pc~l (p+ a) ÷ p ~ p} 

It is difficult to make this set vivid except to say that it is the set of elements 

p satisfying Pierce's Law (for a fixed a ). 

If we take a polynomial in ÷ , ^ , v , ± , say f(p,a,b,...) , it is a 

decidable question whether for all a , b , ... it defines a J-operator. This does 

not, however, help us very much in cataloguing such operators (nor in seeing what 

good they are!) Some techniques can be developed from the following formulae, which 

were pointed out to us by Cartmell, see also [33] and [47] • 

2.19. PROPOSITION. In the following, K is an arbitrary J-operator, T is 

the constant function (the greatest J-operator with the most trivial quotient), 

and ± is the least J-operator (namely, the identity function on ~ ): 

(ii) ja vJb = ja^b (i) JaVJb = Javb 

(iv) jaAjb = jaVb (iii) Ja ̂  Jb = Ja ^ b 

(v) j ^Ja = ± (vi) J vja = T a a 

(vii) J vK = KoJ (viii) javK = jaoK a a 

v B = B (x) jay B b (ix) Ja a a = Ba÷ b 

Proof. Equations (i) - (iv) are easy calculations; while (v) comes down to 

showing p = (a v p) A (a ÷ p) . Formula (vi) is a direct consequence of (vii) 

(equally, of (viii) ). 

To prove (vii) we use 2.17 since it gives us the definition: 

(j vK)p = A{qlp~q=avq=Kq} 
a 

Now p~K(aVp) = aVK(aVp) = KK(avp) ; also if q 

the curly brackets, then aVp ~ q , so K(avp) ~q . 

out to K(aVp) . 

To prove (viii) we use 2.17 again to write: 

satisfies the condition in 

Thus the right hand side works 



332 

(JaVK)p = A{ q I p~q = a + q = Kq} 

Now p~ a ÷ Kp = a ÷ (a ÷ Kp) . Of course a + Kp ~ K(a + Kp) , and in general 

K(a ÷ b) ~ a ÷ Kb ; so K(a ÷ Kp) ~ a ÷ KKp = a ÷ Kp . Suppose q satisfies the 

condition in the curly brackets. Then Kp~Kq = q , so a ÷ Kp N a ÷ q = q . Thus 

the right hand side works out to a ÷ Kp . 

Formula (ix) simply says that J ~ B , which is clear. For (x) we calcul- a a 

ate by (viii) : 

(jav Bb) p = 

= 

= 

= 

a ÷ ((p ÷ b) ÷ b) 

(a÷ (p÷b)) ÷ (a+h) 

(p + (a ÷ b)) ÷ (a ÷ b> 

B a ÷ b p 

The next result is due to Dowker and Papert [53 and was also proved in 

Isbell [21] . Isbell's proof (based on 1.14 ) is particularly simple involving 

no lengthy calculation. One can of course employ 2.17 and work out the proof 

of the distributive law directly. 

THEOREM (Dowker-Papert-lsbell). The lattice J(2) is a zero-dimensional 2.20. 

•Ha. 

Proof. By 2.19 (vii) we can prove that 

K. are J-operators, then: 
i 

(JbV Ai• I Ki) p = ( Ai• I Ki)Jbp 

= A~• I (~iJb p) 

= ( Ai• I Ki°Jb)P 

= (Aiei (JbVKi)) p 

Similarly, by 2.19 (viii) we find: 

(jay Ai• I Ki) p = a ÷ Ai• I KiP 

= Ai•l (a + KiP) 

= Ai• I (Ja°Ki)P 

= ( Ai•i (jav K i))p 
ja 

so is linear also. Therefore javJb 

ja VK = T iff a~Kb v Jb 

Thus the linear elements of 

J is linear in J(~) ; because if the a 

is linear. But remark that for a , b • ~ , 

J(~) do indeed form a cobasis. Now 1.14 applies. D 
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By the techniques we have illustrated in the foregoing it is easy to see that 

the map a ~ J is a cHa-morphism embedding ~ into J(~) . As each J is a a 

clopen in J(~) , this is an isomorphism iff ~ is Boolean. This situation is 

discussed further by Isbell [2]] and Simmons [47] . In general, the construction 

of J(~) can be iterated transfinitely. Isbell also shows that this construction 

is f~ictorial. Unfortunately, we have been unable to find any application of these 

facts in our present context so we stop here. 

2.2]. THE ALGEBRA OF PROPOSITIONS. We close this section with some remarks on 

P(~) , a cHa that intuitionistically plays the role assumed by the two-element 

Boolean algebra classically. To begin with, we have already taken note of the 

correspondence between propositions ¢ and elements { 0 I ¢ } e P(~) ; this is 

an isomorphism and makes P(]i) the algebra of propositions in intuitionistic 

logic. We can also prove easily that P(]L) is initial in the category of cHa's, 

because there is a unique morphism from P( i ) into a given ~ defined by 

P ~* V( T~ I 0E p } (Keep in mind that the p~ P(]L) are just the subsets of 

{0} .) The reason this morphism is unique is that in P(7_) we have p = 

V{ T I 0~p } ; that is, {T} is a basis of P(~) . (Note that {±} is a cobasis.) 

One way to say that a cHa ~ is non-trivial is to say that -I (± = T) , but 

this is rather weak intuitionistically. A better notion is to say that the morphism 

from P( X ) into ~ is an embedding. Such cHa's we term proper. The condition 

comes down to the schema: 

V { T~ I ¢ } = T~ in ~ implies ¢ , 

or in quantified form: 

V pcP(]L) [ V{ v~ I 0Ep} = T~ implies 0ep ] 

(We could have also had "iff" in place of "implies".) Obviously if we have an 

embedding, the above condition holds. Conversely, if V{ T~ I 0£p } = ~/{ T~ I 0c q}, 

this implies by the condition: 0 c p iff 0 c q . But as X has only one element, 

this is the same as p = q . 

A quotient of P( ]l ) is proper iff the congruence is trivial (the identity), 

so P(i) /~-~ is proper iff P(]L) is Boolean (that is, our logic is classical). 

In the case of power set algebras like P(X) , such an algebra is proper iff 

X is inhabited. This is obviously stronger than saying -I X = ~ . 

Recall that Lawvere and Tierney [31 ] defined a topology on P( X ) as an 

operator j : P(i) ÷ P(]L) satisfying: 

(I) joj = j ; 

(2) joA = Ao<j,j> ; 
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(3) j°true = true 

Evidently, every J-operator in the sense of 2.11 is a topology. But in view of 

the special character of P( i ) , we can quickly argue that every topology is a 

J-operator. The only part missing is to show j inflationary. To prove p N j(p) , 

assume 0• p . Thus p = v , so j(p) = T and 0e j(p) . Therefore 0• p implies 

0 ~ j(p) , which is what we wanted. Of course this abbreviated definition only works 

on P(i) , that is why in 2.11 we say inflationary in place of (3) above. 

3. POINTS AND SOBER SPACES 

Much of our intuition about cHa comes from the example of the opens of a 

topological space. To see just how far this example is typical, we review the duality 

between the categories cHa and Top (with ^~- maps and continuous maps respect- 

ively). To make the classical theory constructive is just a matter of using the 

right definitions. No new ideas are needed. We think of a topology as defined by 

opens as in 1.4 . A map between spaces is continuous iff the corresponding inverse 

image map takes opens to opens. We have a functor 

0 : Top ÷ cHa °p 

since f-1 : 0(Y) ÷ 0(X) is an A~-map for each continuous f : X ÷ Y . Given a 

point t of a topological space X we have an ^,V-map t : 0(X) + P( I ) given 

by 

the 

singles out t . 

3.1. DEFINITION. A point 

t : ~÷P(~) 

We topologize the set pt(~) 

0 c t(U) iff t • U or, equivalently, t(U) = { 0 It ~ U } In fact, this is 

A~- map associated to the continuous map from the one point space to X which 

t of a cHa ~ is an AjV-map 

of points of ~ , taking as opens the sets U* = 

{ t I O•t(U) } where U•O . Since U* nV* = (UnV)* and ~i•l (Ui*) = 

( Vic I Ui)* , this indeed gives a topology on pt(O) . Any a~--map F : ~ ÷ ~' 

induces a map F* : pt(O') ÷ pt(~) by composition. Since (F*)-I(u *) = (F(U))* , 

for U • ~ , we see that F* is continuous and we have another functor 

pt : cHa °p ÷ Top 

Now taking U•~ to U* • 0(pt(~)) gives an AM- map 

e~ : ~ ÷ 0(pt(8)) 

and taking t • X to the corresponding point of 0(X) gives a continuous map 

~x : x ÷ pt(0(x)) 
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We are interested in the cases where these maps are isomorphisms. 

3.2. SOBER SPACES AND cHa WITH ENOUGH POINTS. We say a space X is sober iff 

n X is an isomorphism, that is, if for every ^y- map f : 0(X) ÷ P(~) there is 

a unique t e X such that for all Uc 0(X) we have t c U iff O£ f(U) . We say 

a cHa ~ has enough points iff ~ is an isomorphism, that is if to see for 

U, V~ ~ that U = V it suffices to check that for every ^~-map f : ~ ÷ P(~) 

we have f(U) = f(V) . 

Evidently, if X is a topological space then 0(X) has enough points and 

if ~ is a cHa then pt(~) is sober. What about the spaces we know, are they 

sober? Classically, T 2 ~ sober =~ T O , while T I and sober are incomparable. 

Intuitionistically, sobriety is far more rare (we shall later present a model where 

Q is not sober!), though of course sober =~ T O trivially. Sober spaces are hard 

to find. We give some examples. 

3.3. CONTINUOUS LATTICES. Martin Hyland [20] has pointed out that every 

continuous lattice is sober in the induced topology (see Scott [45] ). We recall 

that in a lattice L we say x is way below y (written x << y ) iff whenever 

Y ~ ~icl zi then x ~ Vic F z. for some finite Fcl . A continuous lattice is 
1 

a complete lattice in which every element if the join of the elements way below it: 

y = V( x I x<<y} The induced topology has as basic opens the sets 

O d = { x[ d<<x } for dc L . For UE 0(L) we have U = V~ Odl d~U} and if 

S is a directed set such that Vs >>y then for some xe S we have x>> y . (For 

this and other facts about continuous lattices we refer the reader to Scott [45] .) 

Now let L be a continuous lattice, we write nU for the operations on the 

cHa 0(L) of opens and AV etc., for the lattice operations. To any point 

t : 0(L) ÷ P(~) there corresponds a superf~iter F = { U~ 0(n) I 0~ t(U) ) such 

that if U and V belong to F then UnV~ F and if Ui~l U.ic F then U.ic F 

for some ie I . Now let y = V{ Au I ue F ) If Ue F then O d~ F for some 

d~ U thus we can write Y = V( A Od I O d~ F ) note that this is a d~rected join 

since F is closed under n . We now show that y~ 0 d iff O de F . If O de F 

then because O d = U( Of I f £ 0 d} , we have Ofe F for some f>> d . Thus 

ya AOf~ f>>d and y~ O d . Conversely, if y~ O d then y>> d . Because we have 

y as a directed join, we can write A 0 >> d for some e with O e F . Then 
e e 

O e_cO d and O dE F . To see that the y we have found is uniquely determined by 

the property yc U iff U£ F for UE 0(L) (which it certainly enjoys), recall 

that Y = V{ d lycO d} in any continuous lattice. 

3.4. R IS SOBER. We sketch a proof that the Dedekind reals are sober. These 

are constructed as the Set of pairs <U,L>~ P(Q) × P(Q) of subsets of rationals 
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such that U is an inhabited, open, upper cut, L an inhabited, open, lower cut, 

U and L are disjoint and for rationals p < q either p~ L or q~ U . R is 

topologized by taking as a basis the rational opens (corresponding to open intervals): 

(p,q) = { <U,L>ER I q£U and p~ L} 

Now suppose we have an ^,V-map f : 0(R) ÷ P( I ) We define the real number 

corresponding to this point of 0(R) . Let 

U = { q~ Q I ~ pc  Q . 0 <  f ( p , q )  } 

and L = { p~ Q[ ~ qc ~. 0E fi(p,q) } 

we show U is an open upper cut. If q£ U and q'> q then for some p we have 

0~ f(p,q) and, since (p,q) c (p,q') , also 0~ f(p,q') so q' ~U . Thus U is 

an upper cut. Again let q~ U so for some p again 0~ f(p,q) . Now observe that 

(P,q) = V{ (p,q- I/n) i n~ IN } because any real in (p,q) is itself defined by 

open cuts. So, f being an ^y- map, we have ~ n ~ I~ . 0 c f(p,q- ]/n) whence 

q- I/n ~ U for some n ~ IN and U is open. By a similar argument, L is an open 

lower cut. If p~ L and p~U then we would have 0~ f(p,q) and 0£ f(r,p) 

where, since f(~) = ¢ , we have r <p< q . But this is absurd since then 

0£ f(p,q) ^ f(r,p) = f((r,p) ^ (p,q)) = f(~) = ~ Finally, suppose p<q then 

R = ~{ (p,p+n) u (q-n,q) I n~ IN } Since f(R) = {0} and f preserves U 

we must have for some n< ]~ either 0~ f(p,p+n) , in which case p~ L , or 

0~ f(q-n,q) , when qeU . So we have defined a real. Looking back, the reader 

will see that the definition we gave was precisely that forced upon us by the require- 

ment that for U a basic rational open 

<U,L> E U iff 0< f(U) 

Since the basic rational opens are a basis, this will now hold for all Uc0(R) • D 

We now present some examples of cHa without points. It turns out that this is 

simpler intuitionistically than classically. Of course, the trivial cHa ( T = ± ) 

can never have any point. To avoid such degeneracy, we insist that our examples be 

proper. If we accept intuitionism then no complete Boolean algebra (cBa) can have 

a point - this would imply the law of the excluded middle as follows: Suppose 

is a Boolean algebra and t : ~ ÷ P( i ) a point. Composing with the unique 

map ^ : P(X) ÷ ~ we must have for p~ P(]~) that t(p) = p since P(]L) is 

initial in cHa. Now let U be a complement for p in ~ . Since A~-maps 

preserve Boolean complements, t(U) is a complement for p in P(~) . We shall 

easily find models later where ~ Vp~ P(l) ( pv ~p = T ) , 

3.5. POINTLESS cHa. (i) We have seen that any cHa is embedded in its algebra of 

J-maps. Thus the ^~-map P(]k) ÷ J(P(~)) is one-one and each element J of 
P 

the image of this map is complemented. Now consider the J-map -i-7 on J(P( i )) . 
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Each J is a fixed point of ~ and so the composite map 
P 

is one-one and J(P( i))/~ is a proper cBa. If this algebra has a point then 

mathematics is classical. 

(ii) It seems worthwhile to give a construction of a pointless cHa which works 

classically as well as intuitionistically. Let X be a sober topological space. 

We shall kill its points leaving a pointless cHa S(X) . For UE 0(X) define 

F(U) = ~{Wc0(X) I ~ x I ..... x n (W\{x I ..... x n} )°HU } 

(where yO E 0(X) is the interior of YE (X) ). This operation F is multiplicative 

since 

(W\ {Xl ..... Xn } )On (V\{y I ..... ym} )o = (WnV\ {Xl ..... Xn'Yl ..... ym} )o 

As F is obviously inflationary, we may identify the fixed points of F as a 

quotient cHa J : 0(X) ~ S(X) . We call the elements of S(X) coperfect opens of 

X . (Classically, if X is T I , they are the complements of perfect closed subsets 

of X .) Now any point of S(X) would give by composition a point f of 0(X) 

and, as X is sober, a point t c X such that,for Uc 0(X)~ we have t ~ U ~-+ 0~ f(U). 

Consider U = (X\{t})°~ we have i 0~ f(U), but J(U) = X (we killed this point)~ 

which contradicts f(X) = {0} since f factors through J . Thus, S(X) has no 

points. In general, S(X) is proper. For example when X = R , each open 

{ x ~ R I 0 ~ p } = V { R I 0 ~ p } = p is a fixed point of F for p ~ P( ~ ) . D 

The map s~ : ~ ÷ 0(pt(~)) identifies two elements of ~ iff they agree on 

all points of ~ . If f : ~ ÷ 0(X) is an ^y- map,then for any U , V~ ~ which 

agree on all points of ~ we must have f(U) = f(V) , since f(U) = { t I 0~ t(f(U))}. 

Thus,for any such map we have a factorization 

~ O(pt(~)) - . . . ,  
I 
i 

o 
0(x) 

which is unique since 0(pt(a)) is a quotient of a . This universal property tells 

us that s is the counit of an ad~unction. A similar argument shows that n is 

the unit. (See MacLane [32] p. 81 .) 

3.6. THEOREM. The functor 0 is left adjoint to pt , that is, there is a natural 

isomorphism 

Top°P[x,pt(~)] ~ cHaE~,0(X)] , 

and q and s are the unit and counit of this adjunction. 
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Proof. We have seen that E has the universal property of a counit. So we have 

shown that 0 is left adjoint to pt . To check that ~ is the unit of this 

adjunction is routine. D 

If X is sober, then pt(0(X)) ~ X ~and if ~ has enough points then 

0(pt(~)) ~ ~ by definition. Thus we can state a corollary (see MacLane [32] , 

IV.3 , Theorem I ). 

3.7. COROLLARY. The category Sob of sober spaces is dual to the category Pts~ 

of cHa with enough points. D 

We shall make use of this duality to give a description of sheaves as @tale 

spaces in the next section and again in §8 to give a representation for internal 

sober spaces. For this, apart from the abstract duality~we need to know what happens 

to open inclusions. 

3.8. LE~94A. Let X be a topological space, ~ = 0(X) and Uc-~X an open 

inclusion. This morphism is mapped by 0 to the quotient ~ ÷ ~U = { VE~ I V~U} 

by the open quotient topology jU (up to a canonical isomorphism). 

Proof. Evidently 0(U) ~ ~U 7 and the map dual to the inclusion takes W E ~ to 

WnUE~u; but we saw in 2.18 that this is just the quotient of ~ by jU . 
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CHAPTER II. FIRST-ORDER STRUCTURES 

Here we introduce models for intuitionistic logic with partial elements. Heyting 

algebras give models for intuitionistic propositional logic. The models we introduce 

are the obvious extensions of these to predicate logic. To make this extension it 

is natural to introduce Heyting-valued sets or ~-sets. Section 4 is devoted to 

a study of these and their relation to sheaves. Every presheaf determines an 

a-set. Sheaves correspond to complete ~-sets (which arise inevitably when one wishes 

to interpret descriptions), and every presheaf or 2-set has a completion. Sheaves 

or 2-sets may be thought of as collections of elements "varying continuously" over 

some domain. In Section 5 , we describe operations and relations on ~-sets; 

the requirement of extensionality turns out to be just the requirement that these be 

defined locally. We interpret the logic of Chapter 0 as the logic of local propert- 

ies of variable elements; by using complete 2-sets or sheaves, we are able to 

interpret descriptions. In section 6 , we consider briefly the effect of changing 

cHa. The most important cases arise when we have an ^V map f* : ~ + 2' . We 

then have constructions of the so-called inverse and direct images of structures, 

which have interesting logical properties. 

4. 2-SETS AND SHEAVES 

A fundamental example is the sheaf of germs of continuous functions on a 

space X . To fix ideas, we consider first real-valued functions and denote this 

sheaf by R X . We will not define straightaway germs and stalks but will work direct- 

ly with (a representation of) the s~ctions of this sheaf. Because we wish to 

emphasize the interpretation of logical formulae in these sheaves, we generally find 

it is easier to introduce them via sections; also when we discuss abstract cHa's not 

of the form 0(X) , we cannot intuitionistically expect points over which to have 

these germs, so this is a second reason for preferring sections. 

The set of sections, denoted by IRXI , of R X is the collection of continuous 

maps a : U ÷ ~ with open domain UHX . We write Ea = U = dom a , and call this 

the extent of a . The set Ea ~ 0(X) measures the "time" for which a "exists"; 

we regard a , then, as a variable quantity defined over X , but we have to agree 

that for one reason or the other a is only partially defined. Sometimes such 

partial elements can be extended to global elements where a~ b and Eb = X , but 

this is not always possible. 
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Given a , b ~ IRXI , we can measure how much they coi~ide by defining: 

~ a = b~ = ~(t~EanEb I a(t)= b(t) } 

The interior operator is applied here because the properties of elements we are to 

be concerned with are local properties; thus, when t ~ E a = b ~ , the functions 

have to coincide in a neighbourhood of the point t . By interpreting 0(X) as a 

truth-value algebra, then E a = b ~ is the truth value of the statement "a = b" . 

Note that Ea = E a = a~ We call E • = • ~ the equality map. 

Given a~ IRx I and an arbitrary Uc 0(X) , we can easily define the restriction 

a IU of a as the obvious function a IU : Un Ea ÷ ~ In the sequel we will 

abstract the "algebraic" properties of restrictions, extents, and the equality map 

to define the general notions of sheaf and ~-set. 

As a second, slightly more abstract example, let A be any commutative ring 

with I . Let B be the Boolean algebra of idempotents of A , so that B = 

{ e ~A I e 2 = e } and eA f = e'f and eV f = e + f - e-f , for e , f£ B . Consider 

the cHa I(B) of ideals of B . We can use ideals to measure the equality of 

elements of A . Say a, b~A , and define: 

a = b ~ = { eEB Iea = eb } 

Obviously E a = b ~ ~ I(B) , and E a = b ~ = T iff a = b . But in general 

E a = b ~ may be a nontrivial ideal different from both ± = (0) and T = (I) . 

Here Ea = T for all a ~ A , so all elements are global. This happens sometimes 

with ~-sets but not with sheaves. The exact relationship between these concepts 

will be fully explained below. In the example at hand, note the abser~e of points: 

intuitionistically the Boolean algebra B may have ~ prime filters. It was easy 

to define the ~-set for ~ = I(B) , but there may be no "underlying" space of 

points. 

We turn now to the abstract definitions, remark that our examples satisfy them~ 

and show they begin to give models for the formal logic of Chapter 0 . 

4.1. DEFINITION. Let ~ be a cHa. An ~-set A is a set IAI equipped with 

an ~-valued equality E • = • ~ : IAI × IAI + ~ satisfying: 

(i) E a = b ~ = E b = a~ (symmetry) ; 

(ii) ~ a = b ~A Eb = c ~ ~ a = c ~ (transitivity) . 

On any ~-set we define extents and e~uivalence by: 

(iii) Ea = E a = a~ , and 

(iv) Ea ~ b~ = (EaVEb) ÷ E a = b~ 

Discussion. In our two examples ( IAI = IRxI and IAI = the ring A ), the 



341 

elements are completely distinguished by [ • = • ~ in the sense that E a = b ~ = I 

iff a = b . This need not always be the case, and we return to the question later. 

If A is an ~-set and M : ~ ÷ ~' is a multiplicative operator between cHa's, 

then A becomes an ~'-set with the equality MEa = b ~ • The multiplicative map 

ivlt : P(X) ÷ 0(X) is a case in point, as is seen by reference to the definition of 

equality on R X . Often throwing on such an M will collapse elements, and our 

definition does not exclude this. Nevertheless, any ~-set satisfies the Axioms 

for Equality of Chapter 0 , §2 , and so the concept has model-theoretic interest. 

The connection between restrictions and equality and equivalence in 

particularly simple: 

E a ~ b ~  = U { u •  O(X) I a I U = b IU} , and 

E a = b~ = U { U s E a n E b  I a Iu  = b IU} 

Our definition of presheaf allows us to generalize this: 

4.2. DEFINITION. A presheaf over a cHa ~ is a set IAI 

E: IAl ÷~ and I: IAl×~÷IAl 

(i) a dEa = a 

(ii) a IP Jq = a J(pAq) 

(iii) E(a Jp) = EaAp 

for all a• I AI and all p, q• ~ . 

(iv) ~ a = b 

R X is 

equipped with maps 

of extent and restriction satisfying: 

On any presheaf we define equality by: 

= V{P~Ea^Eblaflp=h~p} 

4.3. PROPOSITION. Every presheaf A over ~ is an ~-set, and we have f.pr 

a,b• IA[ and p•[~ : 

Ealq=b~ = Ea=b~Aq 

Proof. Symmetry of ~ • = - ]] as defined in 4.2 (iv) 

ity, apply the distributive law to ~ a = b ]] A [[ b = c ]] 

elements pAq where p-<EaAEb , q<-EbAEc , a Jp = b IP , and b lq = c lq • 

From 4.2 we see a ~(pAq) = c J(pAq) . Also immediate is pAq-<EaAEc . Thus 

p ^ q-< [[ a = c ]] , and transitivity now follows. To prove the formula for restrict- 

ions, note that 

E a lq -- b]] = V {p-<EaAEhAq I a dp = b Jp} -< [[ a = b]]Aq 

On the other hand, if p is in the set defining ~ a = b ]] in 4.2 (iv) , then 

p A q is in the set of the above sup. By the distributive law, then, 

Ea=h~Aq-< Ealq=h~ D 

is obvious. For transitiv- 

We get the sup of 
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The notions of ~-set as given in 4.1 and presheaf over ~ in 4.2 are 

in some ways incomparable without further conditions. For example, we cannot put a 

presheaf structure on every ~-set because restrictions need not exist. These 

restrictions could be added "formally", and we discuss this below. In the case of 

presheaves, the axioms of 4.2 allow for the passage from elements to restrictions, 

a cutting down operation, but they give no information about building up. Thus the 

formula for E a ~ b ~ that holds for R X does not hold in general: two elements 

might be "locally" equal and have the same extents but not be actually equal. We 

thus introduce in 4.6 a uniqueness condition that avoids this difficulty. Some 

auxiliary definitions and a lemma are helpful in stating the exact requirement. 

4.4. DEFINITIONS. In a presheaf A for a , b • IAI , we say a is a restriction 

of b , or b is an extension of a , and write aSb , iff a = b I Ea . If 

Bi IAI is any set of elements, we say B is compatible iff the elements are 

pairwise compatible in the sense that if b , b' • B , then b ~Eb' = b' ~Eb . A join 

for B is a minimal upper bound for B under S . 

The proof of the following is straight forward. 

4.5. LEMMA. Let A be a presheaf; then: 

(i) -< partially orders IAI ; 

(ii) b-<a implies Eb-<Ea , for all 

(iii) If B i IAI , then a• IAI 

and b-<a for all b • B . 

(iv) a ~ Vi•l Pi is a join of 

{pi I i•l} _c~ ; 

(v) Every bounded subset of 

meet under the partial ordering. 

a, b • IAI ; 

is a join for B iff Ea = V{ Eb I b• R } 

( a IPi i i• I ) for a• I AI and 

IAI is compatible and has a join and a (unique) 

B 

4.6. DEFINITIONS. A presheaf is separated iff joins of subsets (when they exist) 

are unique. An ~-set A is separated iff E a ~ b ]] = T always implies a = b . 

4.7. PROPOSITION. Let A be a presheaf. Then the following are equivalent: 

(i) A is separated; 

(ii) a ~Pi = b ~Pi ' all i• I , always implies a ~ Vi•l Pi = b ~ Vi• I Pi ; 

(iii) a IE a = b]] = b I~a = b]] , all a,b• IA I ; 

(iv) a dE a - b]] = b ~[F a --- b]] , all a, b• IA I ; 

(v) p-<~ a _= b]] iff a Ip = b dp , all a, b• IA I , p•~ ; 
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(vi) A is separated as an n-set ; 

(vii) a~b iff Ea~ E a = b~ , all a, be IAI - 

Furthermore, if A is separated, we can write for a , b c IAI : 

(viii) Ea ~ b~ = V{P~l a Ip = b Ip} , 

(ix) a and b are compatible iff ~ a = b ~ = Ea A Eb 

Proof. That (i) implies (ii) follows from 4.5 (iv) . That (ii) implies 

(iii) follows from Definition 4.2 (iv) To prove (iii) implies (iv) , note 

that a IEa ~ b~ = a J(EaAE a Z b~) = a ~(EaAE a = b~) = a ~E a = b~ , 

because E a z b~ is defined by 4.] (iv) . To prove (iv) implies (v) assume 

first that p~E a ~ b~ . Then a ~p = a ~E a ~ b~Ap = b J~ a ~ b~Ap = b ~p • 

Conversely, suppose a ~p = b Jp , then EaAp = EbAp~ EaAEb . Therefore, since 

a ~(EaAp) = b l(EaAp) , we see EaAp~ E a = b ~ and EbAp~ E a = b ~ . It 

follows that (EavEb) Ap~ E a = b ~ , and so p~ E a ~ b ~ . Next (v) at once 

implies (vi) . Assume (vi) . To show (vii) assume a~ b . Then a = b ~Ea , 

and so Ea~Eb . But a = a IEa ; thus Ea~ E a = b ~ by definition. In the 

converse direction, assume Ea~ E a = b ~ . If p~ Ea , then a ~p = b ~p iff 

a ~p = b JEa Ip . Also EaAEb = EaAE(b ~Ea) , so E a = b~ = E a = b JEa~ by 

definition 4.2 (iv) . Therefore EaNE a = b ~Ea~ . But E(b ~Ea)~E a = b ~Ea~ 

too; thus E a ~ b JEa~ = T . By (vi) , a = b ~Ea follows; that is, a~b . 

Now assume (vii) . To prove (i) let a 0 and a I both be joins of BS IAI 

We wish to show a O~ a I . By (vii) it is enough to show Ea 0~ E a 0 = a I~ Now 

by 4.5 (iii) , Ea 0 = {El) I b~ B } But for b~ B , b~ a 0 and b = a 0 J Eb . 

Similarly, b = a I ~Eb and Eb~Ea 0AEa I . Thus Eb~ a 0 = a I ~ . Therefore 

Ea 0 ~ ~ a 0 = a I ~ as was to be shown, and the circle is complete. Clearly (v) 

implies (viii) , because by (v) we see ~ a ~ b ~ is a maximum not just a sup. 

Finally for (ix) , if a IEb = b JEa , then ~ a = b ~ = E a = b ~AEa = 

a = b IEa~ = ~ a = a ~Eb ~ = ~ a = a~ AEb = EaAEb . On the other hand, if 

a = b ~ = EaAEb , then we just substitute into 4.7 (iii) to show that a J Eb = 

b ~a 

4.8. EXAMPLES. We began the section with "interesting" examples, but it is perhaps 

helpful to insert here some particularly easy constructs. 

(i) The space of propositions. We have already regarded n as a model for 

propositional algebra, but we can also think of it as an n-set. Define E p = q 

= (p++q) . All elements are global and it is not a presheaf. With this definition 

is separated. 

(ii) The one-point set. Again use n as the underlying set, but this time 
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define E p = q~ = pA q . Equally well we can define Ep = p and p ~q = p^ q . 

Now we have a presheaf where everything is a restriction of one global element T . 

Clearly v is the principal element and there is only one of these. Note that in 

this example [ p ~ q ~ = (p*-+q) . Indeed, any ~-set becomes a new ~-set if 

E • = • • is replaced by [ • ~ • ~ . 

(iii) The constant set. Let A be any set, and define IA~I = A where by 

definition: 

Ea = b~ = V { T l a  = b )  

Classically, we could say E a = b~ = T , if a = b , and ± otherwise. This is 

not, however, intuitionistic. A is an ~-set but not a presheaf. If ~ is 

proper (see 2.21 ), then A~ is separated. If we wanted a presheaf, we would have 

to define IA~I = AxD where 

E<a,p> = p and <a,p> ~q = <a,p^ q> 

(In case A = {0} , we just obtain the previous example.) This, however, is not 

separated; for consider <a,±> and <b,l> , where ~ a = b . 

(iv) The Cartesian product. Let A and B be two presheaves over q . We 

define AxB over ~ , but perhaps not in the way expected. Set 

IAxBI = ( <a,b> I aE IA I , b~ IB I , Ea = Eb } 

Then define: 

E<a,b> = 

<a,b> ~p 

Ea ( = Eb ) , and 

= <a Ip,b Ip> 

This is separated if A and B 

we justify calling it a product. 

and define 

E<a,b> = <Ea,Eb> , and 

<a,h> ~<p,q> = <a ~p,b ~q> 

But then this is a presheaf over ~× ~ not over ~ . 

out the meaning of E • = • ~ here for himself. 

(v) Presheaves as functors. For any presheaf A 

define the sections over p by: 

A(p) = { a~ IA I I Ea = p} 

Restriction as a map a ~ a ~q , where 

If q = p , this is the identity. If 

are. We return to this construction in 5.15 

Of course, we could use all the ordered pairs, 

The reader can easily work 

over ~ and for pe ~ , 

P : A(p) ÷ A(q) qSp , gives us maps pq 

r s q s p , then the triangle commutes: 

when 



345 

A(p) ) A(q) 

A(r) 

As every partially ordered set, in this case ~ , is a category, we can say in short 

that the presheaf gives us a functor, which we also call A and write 

A : ~op + S£A5~ . 

Conversely, given any such functor, we can recover the presheaf in our sense. 

Regard the sets A(p) for pE ~ as pairwise disjoint. Define IAI = ~)p~ A(p) . 

Define Ea = p to mean asA(p) for a~ [AI • And finally if a£ IAI and q~ ~, 

define 

a~q = ~^q(a)si(p^q) , 

where Ea = p . It is easy to verify that this makes a presheaf which redetermines 

the same functor. It is certainly fair to say that the view of presheaves as functors 

led Grothendieck to far-reaching generalizations of the notion of sheaf and to the 

notion of topos introduced in SGA4 [13 . 

When is the presheaf separated ? Let us say that { Pi I i ~ I } covers p 

provided that P = Vi~l Pi " Then the functor A : D °p ÷ S~ gives rise to a 

separated presheaf iff whenever { pi I i( I } covers p , then the obvious map 

A(p) ÷ X icl A(Pi) into the cartesian product obtained from the restriction maps 

pP is a monomorphism (one-one embedding). When we come later to the notion of 
Pi 

sheaf, this remark will have to be phrased in a more subtle way, as the simple 

cartesian product is too crude. 

(vi) Kripke models as presheaves. Let X be a set equipped with a reflexive 

and transitive relation I~ In 1.5 we defined a propositional model ~ = K(X) 

as the cHa consisting of all PHX such that jl~-iep always implies j ep . 

Suppose now we have a family of sets { D. l i ~ I } , each equipped with an equivalence 
i 

relation. We write il~ a = b to mean that a and b belong to D. and are 
m 

equivalent therein. By definition we have a Kripke model iff whenever jl~ ill a = b 

then j l~ a=b . This implies in particular that if jl~-i , then D. mD. . Each 
j - i 

Kripke model gives us a K(X)-set D where IDI = U ic I D.l and we define 

~a = b~ = {i~l I ilia=b} 

In general Kripke models in this form are not separated. 

The presheaf (0(X)-set) R X is separated by definition, but it has an 

additional, quite important property: to define a continuous function on an open 

set U , it is sufficient to define it locally. More precisely, suppose we have a 

cover where U = [J{ U. l i ~ I } Suppose also the f. : U. ÷ • are given. We 
1 l l 
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could not hope to glue these separate functions together into a whole, unless there 

were some compatibility conditions. The obvious one is that f. = f. on U. n U. 
1 ~ 1 

for all i , j ~ I . Then we can (by a union, so to speak) define a (unique) function 

f : U ÷ ~ such that f'1 = f IUi , all i c I . The existence of such compatible 

joins is exactly the definition we can state in an abstract form. 

4.9. DEFINITION OF SHEAF. A presheaf is a sheaf iff every compatible f~mily of 

elements has a unique join. 

Discussion. The definition implies at once that every sheaf is a separated presheaf. 

The converse does not hold: R X is a sheaf; the collection of bounded functions in 

I~Xl forms a separated presheaf which, in general, is not a sheaf. We can now, if 

we wish, write unambiguously Vi~l a.l for the join of elements in a sheaf 

provided we know that { a. ] i E I ) is compatible. D 
l 

It is more complicated to say when a separated ~-set is a sheaf, because here 

restrictions need not exist. Of course we could say what restrictions are to be in 

the ~-set, because 

a = b ~p iff Ea = E a = b~Ap , 

and the right hand side is meaningful in ~-set terms. But, since it is necessary 

to secure not only the existence of restrictions but also the existence of ,ioins, 

it is better to rut both existence conditions into one uniform statement. To be 

able to make a succinct statement, it is helpful here and in other places to use the 

terminology of singletons. 

4.10. DEFINITION. Let A be an ~-set. A singleton of A is a map s : IAI + 

such that 

(i) s(a) ^~ a = b ~ ~ s(b) , and 

(ii) s(a) As(b) ~ ~ a = b2 , 

for all a, b~ I A] 

Discussion. Suppose we already have an element c E IAI fixed. It determines a 

map a ~ ~ a = c ~ which is obviously a singleton (transitivity!); call this map 

c . Note that ~ = ~ iff ~ c ~ d~ = T . Thus an ~-set is seoarated iff c 

always uniquely determines c , or better; a singleton determines at most one 

element. But must a singleton determine an element? 

4.]I. DEFINITION. An ~-set is complete iff every singleton determines a 

unique element. 

Discussion. The definition means that for every singleton s : IAI ~ ~ there is 
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one and only one element ce IAI with s = ~ ; that is, s(a) = E a = c 

for all a e IAI • Any complete 2-set is separated, but not conversely. D 

4.12. PROPOSITION. Every sheaf as an 2-set is complete. 

Proof. Let s : IAI + 2 be a singleton, where A is assumed to be a sheaf. 

Define B = { a ~s(a)I aeA} Note that by 4.10 (ii) , we have s(a) ~Ea , 

so E(a ~s(a)) = s(a) . Using 4.7 (iii) we then calculate: 

als(a) IE(bls(b)) = a~s(a)^s(b) 

This proves that 

s(a)-<Ea = b11 

a~ IAI , 

-< s(a) 

= a ~[[ a = b]]As(a) A s(b) 

= b JEa = b]]As(a) As(b) 

= b Is(b) IE(a Is(a)) 

B is compatible. Let b = V B . Certainly a ~s(a)-<b and so 

Thus s(a) = s(a)^ [[ a = b~-< s(b) As this holds for all 

Eb = V { s(a) I a£ IAI ) -< s(b) . Whence, ~ a = b]] = E a = b~A s(b) 

This proves that s = ~ . D 

4.13. THEOREM. Sheaves and complete m-sets come to the same thing. 

Proof. Start with a sheaf A . We have just seen that as an ~-set it is complete. 

But if we have a complete ~-set, how do we regard it as a sheaf? Well, we know what 

Ea = E a = a ]] means already. To define restrictions for a~ I AI and p~ ~ , 

note that the map b ~* [[ a = b ]] A p is a singleton. Hence, there is a unique 

element, called a ~p , such that ~ a IP = b 77 = E a = b ]] ̂ p . We need to verify 

the equations of 4.2 . 

Since [[ a = b]] = [[ a = b ~ AEa , we see a~Ea = a . Since [[ a ~p ~q = b]] 

= [[ a = b]]ApAq = ~ a ~(pAq) = bq] , we see a ~p ~q = a ~(pAq) . Because 

E(a Jp) = [ a IP = a IPl] = n- a = a~Ap = EaAp , we find all of (i) - (iii) of 

4.2 are true. Thus, the ~-set A can be regarded as a presheaf. Is it separated 

- as a presheaf? This will follow if we can verify equation 4.2 (iv) . 

If p-<EaAEb and a Ip = b Ip , then p = pail a = a~ = E a = a Jp]] = 

[[ a = b ~p ]] = IF a = b ]] Ap . Thus p-< E a = b ]] . In the other direction, if 

p-< [[ a = b ]] , then p_< EaAEb at once. But note that [[ a IP = c 7] = E a = c ]] Ap 

= E a = c ]]AE a = b]]Ap = Eb = c ~A~ a = bq]Ap = ~b = c ]]Ap = Eb ~p = c ]] 

Since a Jp and b IP determine the same singleton, they must be equal. So the 

desired formula holds~ and by 4.7 it follows that A as a presheaf redeter,rn~ne8 

the same equality n s the original q-set,and separation must be true. 

It remains to prove that A has joins. Let B_c IAI be a compatible subset. 

Define a map s : IAI ÷ ~ by the formula: 



348 

s ( a )  = V { E a = b ~  I b ~ B  } 

To show s(a) A E a = a' ~ ~ s(a') is very easy by the distributive and transitive 

laws. We also apply distributivity to calculate: 

s(a) As(a') = V { E a = b~aE a ' = b' ~ I b, b' cB} 

Because B is compatible, we see by 4.7 (ix) : 

Thus 

E a = b]]AH] a ' = b' ]] = IF a = b]]A ~ a' = b' ]]AEbAEb' 

= [[ a = b]]AE a' = b']]A ~b = b' ]] 

_< Ea= a']] 

s(a) ^ s(a') -< ~ a = a' ]] , so s is a singleton. 

Now let ~ = s . If bc B , then 

E c  = b ~  = V ( E b = h ' ~ I b ' ~ B }  

Clearly Eb = ~b = b ~ E c = b~ , so b~ c by 4.7 (vii) . That proves c is 

an upper bound to B . But Ec = E c = c ~ = V{ E c = b • I bs B } = V { Eb I b£ B } , 

because for b~ B , we know Eb~ ~ b = c ~ ^ E b = b ~ = Eb . Thus by 4.5 (iii) 

c is a join of B , and separation means it is unique. Therefore A is a sheaf. 

We have shown that, starting with a complete ~-set A , we can define restrict- 

ions so that A is a sheaf that redetermines the same ~-set by the standard recipe. 

But just to make sure nothing goes wrong, suppose you are given first A as a sheaf. 

By 4.12 it becomes a complete ~-set. But by 4.3 we know all along that restrict- 

ions are indeed determined as singletons, so we get the same sheaf back again using 

the new recipe employed in the last paragraphs. Hence, the theorem. 

In 4.13 the phrase "come to the same thing" is a trifle inexact. In the next 

section when we define morphisms of sheaves and 2-sets, we can be more precise by 

showing that there is an equivalence of categories. 

4.14. MORE EXAMPLES. This time we want sheaves. We saw that R X was a sheaf, 

but the commutative ring A as an I(B)-set was not a sheaf since all elements 

were global (that is, there were no restrictions). Our next project will be to 

give a general method for adding restrictions and joins. In some cases, however, 

a direct construction is very simple. 

(i) The sheaf of propositions. 

I~I = { <p,q> s ~×~ I p~q } For 

Ea is just the second coordinate of 

E a  = b 2  = ( l a l * - * l b l ) ^ E a ^ E b  

We leave as am exercise the verification that this is a separated 

We define ~ as am 2-set so that 

a ~ I~I we also write a = <laI,Ea> ; that is 

a . Equality is defined by: 

2-set in which 



~g 

~ a ~ b ] ]  = ( l a l * - * l b l ) A  ( E a * - + E b )  , a n d  

a ~p = < l a l  A p , E a ^ p >  

I t  s h o u l d  a l s o  b e  v e r i f i e d  t h a t  a a n d  b a r e  c o m p a t i b l e  i f f  E a a E b _ <  I a I  *-* Ib l  . 

I f  B ~  121 i s  a c o r a p a t i b l e  s e t ,  t h e n  t h e  j o i n  i s  g i v e n  b y :  

VB = <V{ Ibl I b ~ B } , V { E b l b ~ B } >  

In this way, by direct verification, fi is seen to be a sheaf. 

(ii) Oonstant s~ea~es. Alas, over an arbitrary ~ , an explicit description 

of all sections of a constant sheaf is messy since ~ is not necessarily proper 

and we cannot decide whether p = ± or not. For the moment, then, we restrict 

ourselves to constant sheaves over P(~) , where the description is simple. In 

the following paragraphs, in any case, we will show how any 2-set can be "completed" 

to a sheaf (this construct also incorporates a suitable quotient by an equivalence 

relation) . 

Let A be any set and construe it as a presheaf over P(]L) , where (compare 

0.7.12 ): 

Ikl =~-- {acil Vx,y~a.x =y } 

Further, define: 

Ea = { 0 I Z x,xEa] , 

a Ip = { xEa I O~p} , and 

D[ a = b]] = { 0 I ~ x [x~aAxcb] } 

It is easy to see that: 

~ a - b ]] = {0 I a = b) , 

so the presheaf is separated. Now a, bc IAI are compatible iff 

V xc a V ycb .x = y . The join of a compatible family BH IA[ is going to be 

just its set-theoretical union; thus, A so construed is a sheaf. 

(iii) Sheaves as ~u~ors. We now return to the view of'presheaves as functors 

introduced in 4.8 . To characterize, in a purely category-theoretic way, those 

functors which give rise to sheaves, we need some terminology. A crible of p c 2 

is a set K of elements q~p below p which is closed downwards: q' -<q~K 

implies q' cK . We say a crible K of p covers p iff p = VK . Now if A 

is a presheaf and K a crible of p the sets A(q) for q~K form, together with 

the restriction maps, a system over which we can take the inverse limit limqc K A(q) 

The presheaf A is a sheaf iff whenever K covers p the canonical map 

A(p) ÷ limqc K A(q) is an isomorphism. To see this note that if p = Vic I Pi ~then 
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[pi I ic I] = { q l q~Pi for some i~ I) , the crible generated by the family 

{ pi I i~ I) , covers p . Moreover, since we have pairwise intersections 

Pij = Pi ^pj ~ [Pi IiE I] , the limit over [pi I i~ I] is just the limit over 

{ Pij I i,j ~ I }, which is the collection of compatible families ( a i~A(pi) I i~ I ) 

In Grothendieck's hands, this way of looking at things was generalized to give the 

notion of site, an abstract category with a notion of covering crible or Grothendieck 

topology [I] . The word "crible" is commonly translated by the English "sieve". 

It describes an agricultural sieve (more properly, a riddle) presumably used to 

separate germs from stalks (cf., Courbet [3] ). 

(iv) The sheaf of germs of holomorphic functions. Suppose X is a complex 

analytic manifold (in a simple case X might be ~n where ~ is the complex 

field). C X is the sheaf of germs of complex-valued continuous functions on (oven 

subsets of) X , which is constructed just like R X ; it has interesting subsheaves, 

since X is more than just a topological svace. Thus, let H X be the sheaf obtained 

from holomorphic functions: We let H X be the collection of holomorphic maps 

f : U ÷ ~ where U~X is oDen. As usual Ef = dom f = U , and for f, gc IHxI , 

~ f = g~ = i~(t £EfnEg I f(t) = g(t) } 

Of course f ~U is just f restricted to Un dom f . As being holomorphic is a 

local property, it is easy to verify that H X so defined is a sheaf over 0(X) . 

(v) The sections of a continuous map. Suppose we are given a continuous map 

: Y ÷ X from one topological space into another. We define an 0(X)-set w X 

as the maps a : U ÷ Y , where woa is the identity on U = Ea . Again: 

~a = b~ = i~{t ~Ea0Eb I a(t) = b(t) ) 

Not only is it easy to prove that w X is a sheaf, but it is clear that it generalizes 

the construction of R X , since this can be regarded as the sections of the projection 

function w 2 : ~×X + X 

(vi) The power-sheaf. There is no difficulty in proving that the product 

AxB of sheaves, as defined in 4.8 (iv) , is again a sheaf. A more interesting 

construction is that of the power-sheaf P(A) of an O-set A . The elements of 

IP(A) I are pairs <P,p> , where p~ (the underlying cHa), and P : IAI ÷ 

satisfies the extensio~lity and strictness conditions: 

(I) P(a) ^~ a = b ~ ~ P(b) , and 

(2) P(a) ~ Ea^p , 

for all a , b~ IAI • Of course E<P,p> = p . We define: 

<P,P~ = ~Q,q> ~ = P^q^ A((P(a)*-*Q(a)) I a~ IAI ) 

It follows that: 
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It follows that: 

E <P,p> ~ <Q,q> ~ = (p*-*q) a A ((P(a)*-*Q(a)) I a¢ IAI } 

<P,p> ~q = <Q,pa q> , where 

Q ( a )  = P ( a )  ^ q , a l l  a •  IAI 

, and 

Also, <P,p> and <Q,q> are compatible iff p^ q ~ (P(a)*-*Q(a)) , for all 

a• IAI . The join of a compatible family { <Pi,Pi> I i• I } is just done pointwise 

(also ( Vi•l P.)(a)m = Vi61 Pi(a) ). Admittedly, it takes a few applications of 

the distributive law to prove P(A) is a sheaf. In Section 7 we shall show. via 

the internretation of logig, that P(A) plays the role of the power set in the 

category of sheaves over O . D 

We now turn to the question of how any 2-set can be comnleted (and, hence, 

how any presheaf can be "sheafified"). The original 2-set (if separated) will be 

found as a generating sub-2-set of its comnletion. 

4.15. DEFINITIONS. Let A and B be O-sets. We say A is a sub-2-set of 

and write AHB , to mean that IAI E IBI and the equality on A is just the 

restriction of that on B . We say AHB 5enerates B iff for each b• IBI we 

have: 

Eb = V { ~a = b~ I a• IAI } 

In the case of presheaves AHB ( 9ubpresheaf ) means that on IAI restrictions 

and extents are inherited from B . (Note: any subset of an 0-set gives a 

sub-~-set, but subpresheaves must be closed under restrictions.) 

4.]6. PROPOSITION. Let AHB be ~-sets, then: 

(i) A generates B iff every singleton of 

ton of B ; 

(ii) If B is a presheaf, then A generates B 

is a join of restrictions of elements of A ; 

(iii) If B is a presheaf and @ is a basis for 

IAI = { a• IBI ]Ea• 0 } , then A generates B . 

Proof. (i). Supnose A generates B and s : IAI + 

t : IBI ÷ 2 by the formula: 

t(b) = V{ s(a) A~a = b~ I a• IAI } 

Clearly t extends s and t is a sinaleton. 

extending s . Then 

Suppose t' 

B , 

A extends uniquely to a sin~le- 

iff every element of B 

, then if we let 

is a singleton. Define 

were any other singleton 

t'(b) = t'(b) ^Eb = V(t'(b) ^E a ~ b]]I a~ IAI } 
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= V { t,(a) AE a = b]]I aE IAI ) = t(b) 

So t is unique. 

Assume now A-singletons have unique extensions. Let b ~ I BI • The function 

where s(a) = F a = b ]I is a singleton on A . The formula for t above gives 

an extension. But the map b' ~ D] b' = b ]] is also an extension. Thus by unique- 

ness: 

~b' = b]] = V { Ea = b~A~a = b' ]] I ac IAI } 

Substituting b for b' gives the desired formula of 4.15 . 

For (iv) , assume that, B is a presheaf. If A generates B , we can write" 

b = b IEb = V{ a Ilia = b]]I ae IAI } 

In the other direction, suppose that: 

h = V{a i Jpi I ieI} 

where the a.1 e IAI and the Pi • ~ " Now since a i Ip i -< b , we have E(a i Jpi ) = 

[[a Ipi = b]] . Thus Eb = V{E(ai Jpi) I i~I} = V{[[a Jpi = b]] I i(I} , 

so A generates B . 

For (iii) , assume B is a presheaf and 0 is a basis for ~ . Define A 

as shown. Since 

b = V {b JP I P•~ , p-<Eb} , 

we can use (ii) to conclude that A generates B . 0 

4.17. DEFINITION OF SHEAFIFICATION. For any ~-set A the sheafification A of 

A is the ~-set defined by: 

IAI = { s : IAI + ~ I s is a singleton } , and 

E s = t ]] = V { s(a) At(a) I a• A} , 

for all s , t ~IAI. 

The proof that A is an ~-set is left as an exercise; what is more interesting 

is: 

4.18. THEOREM. For any ~-set A , we have A complete and generated by 

{ a I ac IAI } Furthermore, 

E~= ~]] = Ea = b]] ; 

so if A is separated, it can be regarded as a sub-a- set of ~ . If B is any 

other sheaf generated by A , then B is isomorphic to A . 

Proof. First observe that for b • IAI and s ~ IAI we have (recalling the 
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~-notation from 4.10 ) : 

~ s = ~ = V{ s(a)^Ea = b~ I ac IAI } = s(b) ; 

whence, ~ = ~ = ~ a = b ~ follows. But we also have: 

Es = E s = s~ = V { s(a) I a~ IAI } 

= V { E s  = ~ 3  l a ~ A }  ; 

therefore, { ~ I a~ IAI } generates A . 

Suppose now that ~ is a singleton on ~ . Define s(a) = ~(~) . This is 

obviously a singleton on A . Also ~(~) = ~ s = ~ ~ , so we see two singletons on 

which agree on { ~I a ~ A } Thus ~ is determined by an element of A , which 

is unique in view of the generating subset. 

It is quite clear that if { a I ac A) generates B , where B is a sheaf, 

there is a one-one, E • = • ~-preserving correspondence between the elements of B 

and the singletons in ~ • D 

4.19. EXAMPLES. (i) The sheaf of germs of real-valued continuous functions. 

We know from previous remarks that R X is a sheaf. The subpresheaf B X of bounded 

functions is not a sheaf (if X has any interest as a topological space); however, 

it is evident that every real-valued function is locally bounded, so B X generates 

R X • 

(ii) Presheaves as sheaves. In general, a presheaf is not a sheaf. However... 

Let A be a presheaf over ~ and let K(~) be the cHa of downwards closed subsets 

of ~ , or cribles of T . (We use the notation of 4.14 (iii) .) Define a presheaf 

A* over K(~) by A*(K) = l~mqc K A(q) with the obvious restrictions. Now it is 

easy to check that A* is a sheaf and that A*([q]) = A(q) . Furthermore, if B 

is any K(2)-sheaf. it arises in this way from the 2-presheaf whose sections over 

p E 2 are given by B([p]) . Thus we may say that presheaves over 2 come to the 

same thin~ as sheaves over K(2) . This type of equivalence is best formulated as 

an equivalence of categories. We shall return to this point later. 

(iii) The sheaf of propositions. ~ as a sheaf (cf. 4.14 (i)) is generated 

by its glob~& sections, an 2-set isomorphic to ~ as an 2-set with = taken as 

• -+ For very similar reasons we see that the powersheaf P(X) is generated by its 

global sections: indeed, every, element is a restriction of a global section! Such 

strong generation properties may very well fail in a sheaf like R X , where even if 

global elements ~enerate it may not be true that every continuous function on an 

open set can be extended continuously to the whole svace. 

(iv) Rings and Boolean ideals. We began this section with an example of a 

ring A as an l(B)-set, using the cHa of ideals of the Boolean algebra of 
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idempotents. All elements are global; A is not a sheaf. So, the question is: 

what is A ? We will have some interesting answers to this question in the next 

section where we can regard A as a ring in its own right. For the moment, we just 

ask about the nature of the elements of ~ . From the general construction we know 

is generated by the global sections corresponding to elements a • A . Are there 

any others? 

A global element is a singleton s•A where Es = V{ s(a) I a•A} = T = (I) , 

as an ideal. Now the sup of ideals is just the ideal generated by the union, so 

s(a 0 ..... S(an_ ~ , . e. = I . there must be idempotents e 0 • ) en_ I • ) where Z i<n i 

As we are in a Boolean algebra B , we can as well suppose that e..e. = O for 
i j 

i~ j . Let b = Z . e..a. We wish to prove that s = ~ , and this will show 
l<n 1 I 

that A provides all the global elements of A . 

To this end, note that e.b = e.a. Thus if e • ~] a = b 77 , then ea = eb , 
1 1 1 

so e.ea = e.eh = e.ea. . Thus e.e• [[ a = a. ]] . But e.e • s(a i) ; therefore, 
1 1 1 I 1 I l 

e.e • s(a) . As this holds for all i , we find by sums that e • s(a) ; thus, 
l 

[[ a = b ]] • s(a) . In the other direction, if e• s(a) then e.e • s(a) ^ s(a i) , 
' i 

so e.e• D[ a = a. ]] . This means, for all i <n , e.ea = e.ea. . Again summing 
1 I 1 1 1 

up, ea = eh ; that is e • ~ a = b ]] ; and s = ~ is proved. Following Mulvey 

[373 we call this sheaf k(A) = A . 

(v) Rings and radical ideals. In 2.15 we remarked that the collection 

= /(A) of radical ideals of a commutative ring formed a cHa. As first pointed 

out to us by Tierney, this cHa can be used in a natural way to make A into a 

~-set. This has simularities to the previous example, but it is less trivial. We 

return to it again in Section 6 when we discuss a larger ~-set, spec(A) , with 

very interesting algebraic properties. Returning to A , define this time: 

a = b ~ = { t £A I tna = tnb for some n > 0 } 

What we have on the right hand side is the least radical ideal generated by the 

ideal { t • A I ta = tb ) ; this is a measure of how nearly a and b are equal, 

and ~ a = b ~ = (I) iff a = b . Thus A is separated over ~ . Of course all 

elements are global, so A is no sheaf. We show in this case, too, that A gives 

exactly the global elements of A : sheafification adds no new global elements. 

(This is quite different from RX = ~X ' for example.) 

So suppose s cA is global with Es = V{ s(a) I a•A } = (I) . We obtain, 

as before, I = Z l<n" u.l for suitably chosen u i c s(a i) , i < n . Now u..u.x j 

u..u. • s(a.) ^ s(aj) ~ ~ a. = a. ~ ; whence, for a suitably large m we can say 
i J m i l j 

(uiuj) (a i -aj) = 0 . (The same m for all i , j < n can be found by taking the 

maximum.) By taking a very large power k of Z . u. and multiplying out, we 
l<n I 

can write: 
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m 
I = Z. z.u. 

l<n I l 

for suitable coefficients. Call u'ml = v.1 for short. We have v-1 E s(a i)_~ and 

v.v. = 0 Define 
i j(ai - aj) 

b = Z . z.v.a. 
l<n 1 i i 

It is easy to prove v.b = v.a. . 
1 1 1 

As before , if t• [[ a = b ]] , then tPa = tPb . Then tPv.z.a = tPv.z.a. , 
1 1 1 1 1 

tPviz. • ~ a = a. 7] . But t~v.~ z. • s(a. ) also, so since s is a singleton, SO 
i i i i 1 

tPv.z. • s(a) . Summing up~ we get tP• s(a) so t£ s(a) In a similar way 
1 1 ' " 

(.just like the other proof) t • s(a) implies t • [[ a = b ]] . It follows that 

s = ~ as we wish. D 

Our examples have for the most part been a-sets rather than presheaves. There 

is a reason for this: not only do we think a-sets arise in practice more often, but 

they have the technical advantage that to obtain A one only has to define A - 

a generating subset. Even to evaluate logical formulae ( Section 5 ) it is only 

necessary to do the work on generating subsets. 

In passing from a-sets to presheaves it is only necessary to add restrictions. 

This could be done by forming pairs <a,p> with p ~ Ea - but they have to be 

divided into equivalence classes using the relation between <a,p> and <b,q> that 

p = q and p~ E a = b ~ . This is tiresome, and it seems marginally better to 

employ singletons. Similarly in passing from presheaves to sheaves it would be 

possible to "complete" by adjoining the joins of compatible subsets - somewhat in 

the style of the ideal completion of a lattice. Again some effort has to be expended 

to obtain separation, so we feel that singletons are better here also. 

Our discussion of the theory of sheaves so far has been rather algebraic (model- 

theoretic), so to tie up the presentation with more well-known treatments we show 

how to obtain the usual geometric definition for sheaves over 0(X) . The ideas will 

be used later in Chapter III when we give a representation of internal topological 

spaces in the sheaf category. 

4.20. DEFINITION. An @tale space over a space X is a continuous map w : E ÷ X 

which is a local homeomorphism; that is, every point of E has a neighbourho0d 

mapped homeomorphically onto its image by the restriction of w . We call E the 

total space of ~ . (Note that we do not assume, as is done in some books, that w 

is surjective.) 

In 4.14 (iv) we have already remarked that the sections of any continuous 

w : E ÷ X (not just local homeomorphisms) form a sheaf. We shall now prove the 

classical theorem that every sheaf over a space comes (up to isomorphism) not just 
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from a continuous map but from an @tale space. The problem, given a sheaf A 

abstractly, is to construct the total space. The proof given below, though just 

the classical method in disguise, is perhaps useful to know since it avoids taking 

any limits and uses instead the duality between cHa's and sober spaces. For the 

classical proof, see Godement [!4] . 

4.21. LEMMA. Let A be a presheaf over ~ . The collection of global elements 

of the power sheaf P(A) forms a cHa H under pointwise a and ~ . If for 

p~ we let ~-1(p) be the map taking aE IAI to Eaapc ~ then w -I : ~ ÷ H 

is an A~V-map. The singletons { a I a ~ IAI } form a basis for E and 

(ii) a-<b iff a-<b ; 

(iii) a A b  -< w-l[F a = b]] ]  

Proof. The global elements of P(A) are just the maps P : IAI ÷ ~ where for 

all a, b~ IAI we have P(a) A E a = b ~ ~ P(b) and P(a) ~ Ea . Since these are 

closed under pointwise a and V they form a cHa with a ~ ± as zero and a ~ Ea 

as unit. As ~-i commutes with these pointwise operations, it is an A~-map. 

Now ~P iff P(a) = Ea so the singletons form a basis for ~ because pSP(a) 

iff (a IP)~ ~ P (remember, P is strict). Now (i) is E a = b ~^p = 

E a ~p = b~ rewritten, (ii) is Ea~ E a = b ~ iff a~b , in new guise, and 

(iii) follows from the transitivity of = D 

4.22. THEOREM. Let X be a space and A a sheaf over 0(X) Then A is 

isomorphic to the sheaf of sections of an @tale space w : E ÷ X where 0(E) is 

isomorphic to the cHa H of global elements of the power sheaf P(A) . 

Proof. Suppose first that X is sober (we shall return later to the general case) 

and that ~ = 0(X) Then X ~ pt(~) and the duality between cHa and spaces gives 

a continuous map w : pt(~) + X . This will turn out to be our @tale space. We now 

show that an element of IAI gives a section of w . For each a~ IAI let 

a-1(P) = P(a) for PE H , further, let ~a = { P ~ ~ I P ~Ea} Now a -I : H ÷ ~a 

is an a~- map and a-1(w-1(p)) = p^ Ea for pE ~ . Dualizing, we get a section 

a : Ea ÷ pt(H) of w . 

This is the general picture, it remains to demonstrate, firstly that w is a 

local homeomorphism, and, secondly that A is precisely the sheaf of sections of 

w Now if P~a then P(b) ~ E a = b ~ so P(b) = ~ a = b ~ AP(a) for b E IAI • 

Thus we have a factorization a -I : H ÷ H ÷ ~ where the first factor is an open 
a a 

quotient (see 2.18 ), and the second an isomorphism. Dualizing, we see that a 

maps Ea homeomorphically to the open set a* ~ pt(H a) • Thus w must map ~* 



357 

homeomo~hically to Ea and as the ~ generate H , we have shown that w is a 

local homeomorphism. Furthermore, H must have enough points because each 

H ~ ~ ~ 0(Ea) certainly does. a a 

If we are given a section ~ : U ÷ pt(H) of z over UE 0(X) we dualize 

to get an ~V-m~ ~-I : H + 0(U) such that ~-i(w-1(p)) = paU for pc 0(X) 

Now for s~ IAI define s(a) = ~-1(~)c 0(X) • We claim that s is a singleton 

of A . Firstly, s(a) as(b) = ~-1(~a~) < ~-i(w-i~ a = b~ ) = ~a = b~ 

Secondly, s(a) aEa = b~ = ~-1(a^w-l~a = b~) = ~-l((a IE a = b~) ~) 

o-I(~) = s(h) Further, V { s(a) I aE IAI } = O-I(T) = U . So if A is a sheaf, 

there is a unique a ~ IAI with E a = b ~ = o-i(~) for h E IAI or (equivalently, 

since the ~ form a basis for H ) with P(a) = o-l(p) for each PE H . Thus, 

the sections of ~ correspond exactly to the elements of IAI For a , bE IAI 

we have 

a = b ~ = a-l(~) = { t~Eaa ~ I a(t) = b(t) } , 

since (~)* = {b(t) I tcEb} and a and b are both sectio~Is of w . ~so, 

since w is a local homeomorphism, we have a local section through every point of 

H . 

When X is not sober, we cannot write X ~ pt(0(X)) We obtain the desired 

space by pulling back 

E ~ pt(H) 

x - pt(0(x)) 
n X 

As is well-known, the pull back of a local homeomorphism is a local homeomorphism. 

Explicitly we c~ write 

E ~ { <a(~x(t)),t> I a~ IAI and t~Ea} 

with 0(E) ~ H consisting of the opens 

U* = { <e,t>~E I e~U} for UE0(pt(H)) 

Sobrification preserves open inclusions. By the universal property of 

~p : p ÷ pt(0(p)) , any section of w over p~ 0(X) gives a section of the original 

map pt(H) ÷ pt(0(X)) over pt(0(p)) . By the ~iversal property of pullback 

every section over pt(0(p)) arises in this way from a unique section of w over 

p . As 0(X) ~ 0(pt(0(X))) , the sections of ~ are exactly the sections of the 

original map. D 

If a sheaf A is represented in this way as the sheaf of sections of 

@tale space w : E ÷ X , the stalk of A at t is the set ~ = w-l{t} • For 

aE IAI ~d t EEa we call a(t) ~A t the 5erm of a at t . Note that 
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A t = { a(t) I t e Ea } and 

a(t) = b(t) iff te E a = b~ 

We conclude this section with a discussion which would classically be trivial. 

Since {T} is a basis for P(~) , global sections generate any P( 1)-sheaf. 

Classically, P( I ) is the only non-trivial such cHa. 

4.23. PROPOSITION. Let ~ be a cHa. Every 9-sheaf is generated by its global 

sections iff {T} is a basis for ~ . 

Proof. Consider the ~-set A with underlying set {p} for some p e ~ and 

p = p ~ = p . Any map s : {p} ÷ ~ with s(p) s p is a singleton of A . 

Such a singleton is inhabited iff s(p) = T (and hence p = T ). So, the set of 

global sections of A , the completion of A , is 

{s : {p} +~Is(p) = 

If global sections generate 

and we have a = V{ w I a = 

The cHa for which {v} 

and p = T } 

then E p = p~ = V{ s(p) I s is a global section } 

} D 

is a basis can be described in other ways. For example, 

an ^-semilattice L can be embedded as a semilattice of P(i) iff aSb iff 

a = T implies b = T for a , b ~ L . For cHa this latter conditions is equivalent 

to {T) being a basis. We shall be interested primarily in the particular case 

where ~ is a quotient of P(~) . 

5. FIRST-ORDER LOGIC 

In this section we use sheaves to provide interpretations for first-order logic. 

To do this we must say what a structure is, which amounts to introducing operations 

and predicates. This may be done in various ways which turn out to be equivalent. 

Here we start from a definition which is precisely that necessary to ensure the 

validity of the axioms of first-order logic. This is given in terms of 2-sets. 

When we see what it means for sheaves, it turns out that it is equivalent to 

demanding that our operations and predicates be defined locally. Our ~-valued 

models or sheaves are analogous to Boolean-valued models for classical logic, and 

similar to Mostowski's topological models [42] . The introduction of partial 

elements allows us a greater variety of models and means that, using complete 

2-sets or sheaves, we may interpret descriptions. The recognition of these models 

as sheaves provides us with many models from mathematics. 
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5.1. OPERATIONS AND RELATIONS. We define an n-ary operatio n F on an 2-set 

A to be a map F : IAI n + IAI which is m-extensional in the sense that 

~i<n Ea.i~b.i ~ ~ ~F(a0'''''an-1) ~ F(b0""'bn-1) ~ 

An n-ary relation R on A is a map IAI n ÷ ~ m-extensional is the sense that 

~. ~ ai~bi~ A R(ao, R(b 0 .... ) i<n "'''an-l) ~ 'bn-1 

(We could define many-sorted operations and relations similarly, each sort 

being interpreted by an ~-set.) We call a collection of operations and relations 

on A a structure on A . 

These definitions will ensure that the axiom of equivalence 

(eq) @(x) A X Ey ÷ @(y) 

becomes valid (by the usual induction on the structure of @ ). The distinctions 

discussed in 0.3 have their counterparts in the models. Thus we say an operation 

F is strict iff EF(a0'''''an-]) ~ ~i<n Eai ' and total iff equality holds. 

R(a 0 an_ l ) 
_ Ea. A predicate R is strict iff E ..... ~ < /~i<n 

1 

5.2. EXAMPLES. (i) Let j be a J-map on ~ . Then (p*-+q) ~ (jp*-+jq) for 

p, qe S , so we can consider j as an operation on ~ . We have ~ Ep ~ = ~ Ejp 

= T and E p = q ~ ~ E 3p = jq ~ from which ~-extensionality follows formally. 

In fact j is a strict total operation on ~ . A similar argument shows that the 

operations A , V , ÷ , -n on S also become strict total operations on ~ . 

(ii) In the last example, because the equality on ~ is non-trivial we had to 

some work to verify extensionality. If A is a set, any operation on A may be 

viewed as an operation on the simple S-set A2 . Any relation on A gives a 

relation on A S as follows: 

ER(a 0 ..... an_l) ~ = { T I R(a0,...,an_1) } 

This may be trivial but it will prove useful nonetheless. 

(iii) Any (strict) continuous function f : ~n ÷ B gives a strict operation 

on R X by composition. That is 

[f(a 0 ..... an_1)](t) = f(a0(t) ..... an_1(t)) 

Extensionality is immediate since E a ~ b ~ = int{ t I a(t)~b(t) } The arith- 

metic operations + and × in particular arise in this way. They are strict and 

total. The same definition can be applied to a partial continuous function 

g : Bn + B to give a partial operation on R X : Recall that x -I is defined 

for x ~ 0 so applying this construction to the inverse function we get a partial 

operation on R X with Ea -I = { t ~ X I a(t) ~ 0 } 



360 

Any predicate on ~n gives a predicate on R X as follows: 

~ R(a 0 ..... an_l) ~ = i~{ t£ X I R(a0(t ) ..... an_](t)) } 

Particular examples are the predicates of apartness ~ , strong ordering < , 

weak ordering ~ and of course equality = 

(iv) The ~-set k(A) associated to a ring A , discussed in 4.].9 , itself 

carries a ring structure. We check that the ring operations on A = Ik(A)l are 

extensional. Consider addition. We have trivially E(a+b) = Ea^Eb = v . Less 

trivially, recall E a = b ~ = { e ~B Iea = eb ) so that, since if ea = ea' 

then e(a+b) = e(a' +b) , we have E a = a' ~ ~ ~ a+b = a' +b ~ From this, and 

the corresponding fact for b , it follows that + is a strict total operation 

on k(A) . The verification that × is also a strict total operation is similar. 

Since we like to work with sheaves, but find it easier often to present a 

generating ~-set, we must show how to extend any structure on a generating set. 

5.3. LEMMA. Let A be a complete D-set and BEA a sub-~-set. Any structure 

on B can be extended to one on A . Furthermore, if ]BI generates A then 

any strict operation or relation on B has a unique strict extension to A . 

Proof. Extending relations is easy: for a~ IAI define 

R(a )  = V { R ( b ) ^  ~ a E b ~  I b c  IBI } 

We check two things: Firstly, since R was extensional on B , the new R is 

an extension of the old. Secondly the new R is extensional, 

~ a ~ a' ~^R(a) = V{ E a~a' ~^R(b) ^E a ~ b~ I b~ IBI ) 

~ V { R ( b )  A E  a '  E b ~  I b £  IBI } = R ( a ' )  

For  an o p e r a t i o n  F we d e f i n e  F ( a )  f o r  a c IAt t o  be  t h e  u n i q u e  e l e m e n t  o f  IA[ 

s u c h  t h a t  f o r  a l l  a '  £ IAI we h a v e  

E a' = F(a) ~ = V{ E a' = F(b) ~^~ a~b ~ I b~B } = s(a') 

which exists since the term on the right is a singleton. Again it is straightforwar 

to check that the new F is a ~-extensional extension of the old. 

If IBI generates A then any section a~ IAI is locally(where it exists ) 

equal to a section of B . Since strict operations and relations are determined by 

the properties R(a) ^Ea = R(a) and F(a) ~Ea = F(a) , the extensions we have 

defined are unique. 

This will enable us later to extend any structure on an 2-set A to its 

completion A . Since P(A) , the power sheaf, is defined in terms of strict, 

sxtensional predicates, it also means that P(A) ~ P(A) . Now we take a look at 

presheaves. Any presheaf is an D-set. We characterize operations and relations 
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on a separated presheaf in terms of the presheaf structure. 

5.4. THEOREM. Let A be a separated presheaf. A map F : IAI n ÷ IAI is an 

operation iff F(a 0 ..... an_l) ~p = F(a 0 Jp ..... an_ I ~p) Jp identically for 

pE 9 and a. £ IA I . A map R : IAI n ÷ ~ is a relation iff 
i 

R(a 0 ..... an- I) ̂ P = R(a 0 ~P ..... an_ IIP) Ap identically. 

Proof. Since pS E a~ a ~p~ , if R is a predicate, the last equation holds. 

Conversely, if a i (P = b i IP then this equation implies that R(a0,...,an_ I) ̂ p = 

R(b0,...,bn_1) Ap . Now by 4.7 (viii) we see that R is extensional. The 

proof for operations is similar. One way is easy again. In the other direction, 

suppose a i ~p = b i IP then, by the condition, F(a 0 ..... an_ I) ~p = 

F(b 0 .... ,bn_ I) ~p so that p~ ~ F(a 0 ..... an_l) ~ F(b 0 ..... bn_1) ~ . Again, we 

appeal to 4.7 to complete the proof. D 

We shall often want to define operations and relations on a presheaf which is 

not separated. Strict operations and relations are easy to present in this way. 

5.5. LEMMA. To give strict operation or relation on a presheaf A , it suffices 

to give a map of the appropriate kind which is strict 

• . Ea. or R(a0, )< ~ Ea. EF(a0 .... an-l) ~ ~1<n i "'''an-1 - i<n z 

and local 

F(a 0 ..... an_ I) Jp = F(a 0 Jp ..... an_ I ~p) or, for relations, 

R(a0 ..... %_i )^p = R(a 0 Ip ..... %-I Ip) 

Proof• To simplify notation, take the case n = I . We must show that E a ~ b 

E F(a) 5 F(b) ~ . This is equivalent to E a ~ b ~^ (EF(a) vEF(b)) s E F(a)=F(b) 

E F(a) = F(b) ~ . Since F is strict, this reduces to E a = b ~A (EF(a) vEF(b)) 

[ F(a) = F(b) ~ . Now take p~ D such that a IP = b IP and p£EF(a) then 

F(a) IP = F(a Ip) = F(b JP) = F(b) ~p . From this we deduce firstly that pSEF(b) 

and secondly that p ~ E F(a) = F(b) ~ . However, such p cover the left-hand side 

of our putative inequality so we are done. Strictness of course is immediate. 

The proof for relations is analogous. 

Strict total operations have a special interest. It turns out that they are 

also particularly easy to present. Let A be a presheaf viewed as a functor as in 

4.8 (v) . Any strict total operation on A given by F : IAI n ÷ IAI gives, for 

each p s ~ , a map Fp .: (A(p)) n ÷ A(p) . These maps commute with the restriction 

maps, so we have a natural transformation between functors F : A n ÷ A : The square 
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F 
A(p) n P ) A(p) 

A(q) n ~ A(q) 

F 
q 

commutes for q N p . 

Any such natural transformation gives us a strict total operation: define this 

• Fp(a 0 .. = Ea. . For example by F(a 0 .... an_ I) = ~p, .,an_ I Jp) where p ~ i<n I 

if we have a category C of algebra• and homomorphisms any functor F : op ÷ C 

gives a presheaf (take underlying set•) equipped with the appropriate operations: 

if the restrictions are homomorphisms, then the operations are natural. 

Before going on with the logic, which will enable us to say something more 

interesting about our examples, we pause to introduce morphisms. 

5.6• MORPHISMS. Let A and B be presheaves over ~ . A morphism f : A ÷ B 

of presheaves is a map f : IAI ÷ IBI such that Ef(a) = Ea and f(a ~p) = 

f(a) Jp for a• IAi and p~ . 

By our previous remarks, a morphism f : A + B is just a strict total operation 

from A to B . Every sheaf is in particular a presheaf. Thus we have a category 

Sh(~) of sheaves on ~ . We shall consider its properties from time to time. We 

note in passing that for p • ~ we have a functor Sh(~) ÷ E~ taking A to A(p) . 

We write F for the global section fur~tor which arises when p = T . To give a 

morphism f : A ÷ B of presheaves is to give maps f : A(p) ÷ B(p) for p• ~ , 
P 

which commute with restrictions. Thus a morphism is just a natural transformation 

between A and B viewed as functors. If B is a sheaf, it suffices to give such 

maps for p in some basis for ~ (again commuting with restrictions): every element 

of [AI is a join of elements a. with Ea. a member of the basis and joins in B 
l i 

are uniquely defined in terms of extents and restrictions. 

5.7. PRESHEAVES AS SHEAVES (bis). We also have a category Psh(~) of presheaves 

over ~ , of which Sh(~) is a full subcate~ory. We do not dwell on the properties 

of Psh(~) as such, since it is equivalent to the sheaf category Sh(K(~)) where 

K(~) is the cHa of downward closed subsets of ~ described in 4.19 (ii) . There 

it was shown that each ~-presheaf A corresponds to an K(~)-sheaf A* with 

A*([p]) ~ A(p) for p E ~ . To see that we have the claimed equivalence of 

categories, it suffices to remark that the element• [p] for p ~ ~ form a basis 

for K(~) . 

If we tried to define a morphism of ~-sets to be a strict total operations we 

should have an unwieldy notion (or at least an unwieldy category), since B may 
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fail to have elements which morally should be there. Instead, we define a morphism 

of ~-sets to be the graph of a strict total operation. 

5.8. DEFINITION. A morphism f : A ÷ B of ~-sets is a relation 

f : IAI x IBI + ~ which is singlevalued f(a,b) a f'(a,b')-~E b = b']] 

total ~ a = a ]] = V (f(a,b) I be IBI 

, strict and 

It is easily seen that any strict total operation f gives a morphism 

f(a,b) = E f(a) = b ~ . This of course is how we think of any morphism even when 

there are not enough elements to give a value f(a) ~ IBI for each a c IAI With 

this in mind, we define the composite of two morphisms f : A ÷ B and g : B ÷ C 

by gof(a,c) = V(f(a,b) A g(b,c) I b~ IBI ) Now the whole point of sheaves is 

that they do have the elements they ought to have so if A and B are sheaves, 

sheaf maps from A to B are exactly ~-set morphisms from A to B . 

5.9. THEOREM (Higgs [18] ). The category of ~-sets and the ~-set morphisms is 

equivalent to Sh(~) . 

Proof. If B is a sheaf and f : A + B an ~-set morphism then defining f(a) 

to be the unique element of IBI such that f(a,b) = E f(a) = b ~ for all b£ IBl 

gives a strict total operation corresponding to f . Thus for sheaves our two 

notions of morphism are equivalent but by Lemma 5.3 , morphisms f : A ÷ B of 

~-sets are just the same as morphisms between their completions. 

5.10. THEOREM. The category of sheaves over a topological space X is equivalent 

to the category of @tale spaces over X with as morphisms WA : EA ÷ X to 

w B : E E ÷ X , continuous maps f : E A ÷ E B commuting with w • 

Proof. Every such continuous map gives a sheaf map acting on sections by composit- 

ion. Its inverse image f-I : H B ÷ H A is given by [f-l(P)](a) = P(f(a)) . Given 

a sheaf map f : A ÷ B we can define an A~- map f-I : H B ÷ H A in the same way 

and since sheaf maps preserve extents, this f-I commutes with the maps 7 -1 and 

hence by duality arises from a continuous map commuting with w . But now every 

sheaf is the sheaf of sections of some @tale space (4.21) . D 

We continue our discussion by considering some particular categories of sheaves. 

Classically what we are about to look at is trivial. However, in §9 we shall apply 

these intuitionistic results to give information of interest to the purely classical 

mathematician. 

5.11. THEOREM. If (T) is a basis for ~ then Sh(~) is (equivalent to) a full 

subcategory of E~ , the category of sets. 
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Proof. Since global sections generate any ~-sheaf, any morphism is determined 

by its action on global sections, and r , the global section functor, is faithful. 

Any map f : FA ÷ FB on sections is extensional: since [[ a = b]] = T implies 

a = b which leads to f(a) = f(b) and hence [[ f(a) = f(b) ]] -- T , we see that 

Ea = h~ZEf(a) = f(h)~ . Thus r is full. D 

In particular, if ~ ~ P(]L) then Sh(~) % [~ . In the case where ~ arises 

as a quotient of P(]L) , we can characterize Sh(~) as a full subcategory of 

[~ . Firstly we need some notation. Let j be a topology on P(]i) as in 2.21 . 

We shall say a property @ is locally True iff 0~ j{0 I @} and may write j@ for 

" @ is locally true". We catalogue some evident properties for later use; three 

basic properties follow from the definition of topology 

(i) @ ÷ j¢ ; 

(ii) jj¢ ÷ j@ ; 

(iii) (¢ ÷¢) ÷ (j¢ + j~) 

From these, the following facts follow formally: 

j(@ A @)*-*j¢ A j¢ ; 

~x.j~+$ zx.¢ } 

jVx¢÷ Vxj~ 

We have stated these principles formally to save space. However, we shall use them 

informally in the proof of our next theorem. 

5.12. THEOREM. A set A arises as the set of global sections of some ~-sheaf, 

where ~ = P( I)/j , iff 

(*) for any X cA we have jElx.x~X ÷ Elx, j xEX . 

In words: if locally there is a unique x ~ X then there is a unique x locally 

in X . 

Proof. Suppose A = EX, where X is an ~-sheaf, then for x, y { A we have 

x = y iff ~x = y]7 = T iff 0~ [[ x = y]]~ and, since [[ x = y]] is a fixed point 

of j , this happens iff 0 (jE x = y]] iff j(0 ( [[ x = y]]) iff j x = y . Thus~ 

(I) Vx,y~A (jx=y+x=y) 

Certainly (I) follows from (*) (let X = { x I x = y } ). Thus it suffices to 

show that, for A satisfying (I) , condition (*) is equivalent to each inhabited 

singleton of A~ being realised uniquely by an element of A . So let A satisfy 

(I) . Now any subset X_cA gives a predicate on A~ : 
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~xcX2 = j{01x~X} 

and every predicate arises in this way. 

must have for x , y~ X that 

j xE X and j y~ X ÷ x = y 

For this singleton to be inhabited 

Vxc A E x E x ~ = T ( or equivalently j ~ x ~ A. x ~ X ) . 

In the presence of (I) these are equivalent to jElx xc X . 

Now given such a singleton, it is uniquely realised by an element 

(or FFx~X]] = T iff j x~X ), 

For such a predicate to be a singleton we 

iff [Fx = y]] = rry~xq] for y~A 

iff [Fx = y]] = T iff j y~X for y~A 

iff x = y iff j y~ X for y~ A ; 

x of A 

(that is, iff x is the unique x such that j xcX ). D 

We shall interpret this theorem later in an elementary topos. 

We shall now, finally, see how S-sets, structured by operations and relations, 

may be used to interpret first-order logic. We begin by considering a language 

without descriptions but with an existence predicate as discussed in O.1 and 

equality (see 0.2 ). We allow many sorts and infinitary disjunctions into our 

languages. This will allow us to say more about our models than we could otherwise. 

Given a first-order language L , an ~-structure A suitable for L is a collect- 

ion of ~-sets, one for each sort of L , equipped with operations and relations of 

the appropriate types, to correspond with those of L . In general, we abuse 

notation by using the same symbol for a sort, operation or relation and its inter- 

pretation. 

5.13. DEFINITION. Let A be an ~-structure suitable for L . The language 

L(A) is obtained by adding a constant of sort A for each element of 

we use the same symbol for an element and its name). For each sentence 

IAI (again 

¢ and 

(where closed term w of L(A) we define a value IT ¢ ]] ~ ~ and • w • ~ IAI 

T is of sort A ). 

SENTENCES 

I TR(T  0 . . . . .  T n _ l )  ]] = R ( I T t o - i l  . . . . .  I T T n _ I ] ] )  

E E~ 71 = EE ~ 3 

E @ A@ q] = E @ ]]A E ~ ]] ( V , ÷ , -I similarly) 
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E ~ x~A.¢(x)]] 

E Vi{ I ¢i ~ 
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= A{EEa ÷ ¢(a)~ la(IAl } 

= V{ [[ EaA@(a) ]] I a~ IAI } 

= V{E¢i]] [i~I} 

TERMS 

E a ]] = a for a~ IAI 

E F(T 0 ..... Tn_ I) ~ = F([ T 0 ~,-..,E Tn_ 1~ ) 

We say a formula @(x0,...,Xn_ I ) of L is valid in A (equivalently, A satisfies 

@ , or, in symbols A ~ ¢ ) iff for every a 0 { IA01,...,an_ I { IAn_11 (of the 

appropriate sorts) we have ~ ¢(a 0 ..... an_ I) ]] = T . In particular, if ¢ is a 

sentence, A~ @ iff E ¢ ]] = T . 

5.12. THEOREM (Soundness). Let A be an a-structure suitable for L . The 

axioms of first-order logic are valid in A . Validity is preserved by the rules 

of first-order logic. In particular, if ¢ is provable ( F ¢ ) then @ is valid 

in every interpretation ( ~ ¢ ). Furthermore, A # Vi~l ¢i + ~ iff 

n b ¢i ÷ ¢ for each i c I . 

Proof. It is well known that Heyting algebras soundly model propositional 

intuitionistic logic (Dummett E6] ). It is also immediate from our definitions 

that the quantifier rules (see Ch. 0 , 1.1, 1.2, 1.4 ) and the rules of equality 

(0, 2.1, 2.2 ) are valid, as is our last claim. 

5.15. EXAMPLES. 

(i) The Pierce representation (see [37] and [41] ). Returning to example (iii) 

of 4.19 , we view a ring A as an l(B)-set using the cHa of ideals of the Boolean 

algebra B of central idempotents of A with the equality given by ~ a = b ]] = 

{ e e B I ea = eb } for a, b EA . In 5-2 we saw that the ring operations are 

strict total operations on this l(B)-set k(A) . Now, trivially, viewed as an 

I(B)-str~cture, k(A) is a ring. So, what have we gained? We have some new 

properties. For example: 

2 
V x [x = x + x = 0Vx = I] 

2 
To check this out, suppose ea = ea then ea~B and also e-ea(B . Now 

(e-ea)a = 0 and ea-a = ea.1 , so (e-ea) { E a = 0]] and ea(F a = I]] . 

Thus e~ [[ a = 0v a : I ]] . 

We can write down other pleasant properties we might like our I(B)-ring 
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We list three, each one stronger (more demanding) than the one before: 

b V x Ix = OV x = O] 

b V x Ix = Ov V y Ex.y = 0 + y = 0]] 

to have. 

(a) 

(b) 

(c) ~ V x Ex = 0v z y [x.y = I]] 

These, we do not get for nothing. We leave the reader to check that they are 

equivalent to the following requirements on the original ring A . In order: 

(a)' V x Z e V e' [x.e = XA[x.e' = 0 ÷ e.e' = 0]] 

(b)' V x Z e V y [x.e = XA [x-y = 0 ÷ y = 0]] 

(e)' V x Z y [x.y.x = x] 

(A ring satisfying this last condition is said to be regul~.) 

(ii) For this example let g = 0(X) be the opens of a topological space. The 

sheaf R X equipped with the operations + , x introduced in 5.2 is a ring. 

Furthermore, these ring operations are strictly extensional with respect to the 

apartness relation ~ that is ~ a + b ~ a' + b + a ~ a' (and similarly for 

multiplication). The apartness on this sheaf is a tight apartness in the sense of 

0.4 ~ in particular~ b-- V x, y [7 x~y ÷ x=y] In general of course 

V x , y [x=yV ~x=y] To be definite, consider the case where our underlying 

space is the real line X = ~ then for s ~ define a : ~ ÷ ~ by 

a(t) = max(O,t-a) . We have ~ a = 0 ~ = { t I t < s } and ~ a = 0 ~ = { t I t > s } 

thus I s @ E a = 0v ~a = 0 ~ . In fact ~ ~V x (x = 0 v ~x = 0) . 

(iii) Now take ~ = 0(~) opens of the complex plane and consider the sheaf 

of holomorphic functions on H If two holomorphic functions f , g : U ÷ C 

agree on some inhabited open set VH U then they are equal intuitionistically just 

as classically (see Rousseau [43] for a constructive treatment of complex analysis) 

Thus ~ V x, y (x=y Vlx=y) . However, the theory of equality in this sheaf is 

not entirely classical. We have a relation ~ a~b ~ = { t a(t) ~b(t) }~ which 

is a tight apartness relation~and it is easy to check that ~ ~ V x (x=0Vx~ 0) . 

(iv) For another algebraic example let A be a commutative ring with I and 

define the ~A-set with 

E a = b ~ = { t I tna = tnb for some n> 0 } 

as in 4.19 . The operations inherited from A make this set into a ring. We now 

define a ~A-valued subset by 

E a~ M~ = { t I t n = ar for some n> 0 and r£ A} 

Note that if tna = tnb and t m = at, then t n+m = b(rtn)~ so this subset is 

=-extensional. Since it is defined by a strict relation it is s-extensional. Here 
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are some of its properties : 

(a) ~ I eM A ~ 0cM 

(b) ~ abeM ÷ a~M 

(c) ~ a+beM ~ aeMVb~M 

(d) ~ a~Mab~M ÷ ab~M 

(e) ~ -7 a~M*-+ VnE~an=o 

Classically, the first three properties describe the complement of an ideal and 

the fourth says that the ideal in question is prime. Intuitionistically there is 

no straightforward duality between ideals and their complements. In this case the 

dual notion seems more useful.We say M is a prime coideal or coprime. Putting 

a~ b iff (a-b) ~M gives an apartness on M (this follows formally from the 

properties given), and our last property shows just how close this comes to being 

a tight apartness. Now to see that the properties hold. Obviously ff I ~ M]] = A 

= x in /A~ and E OE M]] is just the nilradical i E ~A . Suppose t n = abr 

then t n = a(br), so the second property holds trivially. For the third property: 

if t n = (a+b)r, we must express some power of t as s I + s 2~ where slnl = ar I 

and s2n2 = br 2 . This is already done: t n = ar+br . If t n = ar and t TM = bsj 

then t n+m = ab(rs), so the fourth property holds. Now ~ite ~(a) for the radical 

of aEA . We have t~ N]-I a~M]] iff ~(t) -~ ~(a) iff ~(t) A~(a) = ~(0) , but 

this happens if and only if at is nilpotent (in which case tnan = (at) n = 0}~so 

tE ~ an=0]] for some n>0 . Also~of course, if tma n = 0~ then at is nilpotent. 

We shall in general want to use interpretations in sheaves or complete ~-sets 

in order to interpret descriptions. Often, as we have seen, it is simplest to 

arrive at a sheaf via a presentation of some generating ~-set. Normally it is 

not straightforward to give an explicit description of the sections of the resulting 

sheaf. We therefore need to see how to use a generating set of sections to interpret 

the logic. 

5.16. LEMMA. Let BHA be a generating sub-9-set of A then 

E v xcA.¢(x)~ = E VxEB. ¢(x) 

Proof. Certainly Aa~IA I [[Ea + ¢(a) ~ -~ Ab~iB I E Eb + @(b) ]] Now 

Ab~IB I ffEb÷¢(b)]]Affa=d]]-~ E@(a)]] foreach d~IBl and a~IAl So 

A bEIB I U] Eb + ¢(b)]] ^ Ad~IB I ~[ a=d]] = U] V xcB . ¢(x) ]]AEa < E @(a) ]] • 

Thus E V XEBo @(x) ]] = D] V x~A. @(x)]] The argument for ~ is similar, 

but easier. 
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5.17. DEFINITION. We say an ~-structure A is complete iff each sort of 

L is interpreted by a complete m-set or sheaf. 

We have seen that any ~-set can be completed 4.17 and that any operations 

or relations can be extended to this completion (5.3) • ThusTgiven any ~-structure 

A ~ we can define its completion ~ in which we interpret each sort by the completion 

of its interpretation A in A and each operation and relation by the extension 

(defined in 5.3 ) of the corresponding operation or relation in A . 

5.18. THEOREM. For any closed term T or sentence @ of L(~) we have 

E T ~ = ~ T ~A and E @ ~ = E ¢ ~A 

Proof. This is by induction on the structure of T and ¢ . Each step in the 

induction is trivial, with the exception of the quantifiers. These are dealt with 

by Lemma 5.16 . D 

This theorem will allow us to use interpretations in sheaves while using only 

a generating set of sections to do our calculations. A sheaf or complete 2-set 

has all the elements it should have. Note that for any formula ¢(x) with one 

free variable, the map a ~ ~ Eaa V x (¢(x)*-*x=a) ~ is a singleton: 

EEb^ Vx (¢(x)+~x=b) ~ ~ EEb^¢(b) ~ 

E V x (¢(x)*-+x=a) ~ ^ EEba@(b) ~ ~ ~a=b~ 

This allows us to interpret descriptions in any complete structure A . 

5.19. DEFINITION. Let A be a complete ~-structure for L . We extend the 

definition of valuation (5.13) to include descriptions (as described in 0.6 ) 

by defining ~ Ix.@(x) ~ to be the unique be IAI such that for all as IAI we 

have 

Ea=b2 = ~Ea^ V x (¢(x)++x=a)~ . 

5.20. 

valid in any interpretation in a complete 2-structure. 

Proof. We need only check the axiom for descriptions (0.6.1) 

for a£ IAI we have 

E a = Ix.¢(x) ~ = E Eaa V x (¢(x)*-+x =a) 

So, since = is strict, 

Ea + [a = Ix ¢(x) ++V x (¢(x)+~x=a)l , 

and, as this holds for any a , we have 

THEOREM. The axioms and rules of first-order logic with descriptions are 

By definition, 
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v y [y = Ix ¢(x) +~v x (¢(x)++x=y)] 

5.21. EXAMPLES. We now show how internal and external properties of a sheaf may 

be related (see [9] and [39] ). 

(i) Terminal objects. A sheaf A is a terminal object in Sh(~) iff 

EIxEA .x=x . Suppose ~ EIx~A. x=x then E IxcA.x=x~ is a global 

section * of A such that,for any section a~ IAI ~ we have Ea = ~ a=* ~ ~ that 

is, a = * ~Ea. bus A is certainly terminal: take bE IBl to * ~Eb . Conversely, 

if A is terminal~ we certainly have at least one global section * (map any sheaf 

with a global section to A ). Now the identity A + A must be the same map as 

a + * ~Ea; so a = * ~Ea and * = ~ Ix x =x ~ . 

(ii) Finite products. The cartesian product of two presheaves was dealt with 

briefly in 4.8 . We take another look. Let A. be a presheaf for i < n . View 
i 

each A.I as a functor and define ( ~ i<n Ai) (p) = Xi<n (Ai(P)) for p~ fl with 

the obvious restrictions. With this definition it is easy to see that if each A. 
i 

is separated so is ~i<n A. and that if each A. is a sheaf, so is ~. A. 
i I l<n i 

The maps giving tuples and projections are natural so we have strict total operations 

< ... > and z. . It is also obvious that this construction gives a product either 
l 

in the category of presheaves, or in Sh(fi) . Furthermore 

(I) b V ye ~A i. y = <z0y,...,~n_ly> 

(2) b V x 0 ~ A0,...,Xn_ I £ An_1. x i = wi<x0~...,Xn_1> 

It is easy to verify these,but we do not go through the details as their validity 

follows from the general result in 6.4 . In fact a categorical product in Sh(O) 

is completely characterized by these logical properties: Given f. : C ÷ A. we can 
i 1 

de~ine the required morphism <f0 ..... fn-1 >(c) = <f0 (c) ..... fn-1 (c)> = 

Iy.~ wi(y) = fi(c) ~ , thanks to the logical properties. In the other direction 

we can argue that since all products are isomorphic, they must share the same 

logical properties. 

(iii) Equalizers. A diagram 

f 
C e> A ~B 

g 

is an equalizer in Sh(~) iff ~ V a ~ A [f(a) = g(a) ÷ Elc ~ C . e(c) = a] 

and ~ V c ~ C [f(e(c)) = g(e(c))] . The latter condition tells us that our 

diagram commutes, and the former shows us how to construct the unique factorization 

of any e' with f°e' = goe' 5 so the conditions imply that we have an equalizer. 

Conversely, it is again easiest to consider some particular equalizer of f and g 

and appeal to the uniqueness up to isomorphism. Let C be the subsheaf of A 
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with ICI = { a~ IAI I f(a) = g(a) } obviously we have an equalizer since we have 

taken the equalizer in S@~ of f and g viewed as maps on sections. It is 

straightforward to check that in this case our formulae are valid. 

We shall later (6.10) use the fact that the categorical properties of finite 

limits are simply characterized in the internal logic. 

(iv) Functions. We can use descriptions to define (partial) functions. Let X 

be a topological space, R X the sheaf of germs of continuous real functions on X 

structured as a ring as in 5.15 . If we write x -I ~ ly x× y= I then for 

a : U + ~ a section of R X we have a section a -l with Ea -I = { t ~ U I a(t) ~ 0 } 

and a-](t) = I/a(t) for t ~ Ea -I . This structure makes R X almost a field 

V x [x~ 0 *-+ Ex -I] D 

We state but do not prove a completeness theorem for sheaf models. A standard 

proof would give a completeness theorem for 2-sets and the theory of the last two 

sections shows how these may be completed. For a fuller discussion of this point 

see Scott [46] §5.3 • 

5.22. THEOREM.. If ~i for i ~ I is a collection of sentences and ~ any 

formula~then { ¢i I i ~ I } ~ ~ iff for every sheaf model A ~ if A~i for all 

i c I ~ then A ~ ~ . 

6. CHANGE OF BASE. 

Thus far, we have considered sheaves over a fixed (but arbitrary) cHa. Here 

we consider a morphism f* : ~ + ~' of cNa and the interplay it induces between 

models over ~ and models over ~' This interplay introduces an aspect not found 

in classical model theory, a thoroughgoing pursuit of which leads inevitably to 

sites (see Makkai and Reyes [34] ). For technical reasons (which will be explained) 

we restrict ourselves to strict operations and relations for the whole of this 

section. We start with a general definition. We are primarily interested in two 

special cases which will enable us to relate the properties of a sheaf to the 

properties of its stalks and sections. 

6.1. DEFINITION. Let A be an ~-set and g : ~ ÷ ~' a map between cHa preserv- 

ing finite ^ . We define an ~'-set g(A) by Ig(A)l = IAI and ~ a=b ~g(A) = 

g~ a=b ~A " Any strict operation on A becomes a strict operation on g(A) since, 

for strict operations, ~-extensionality follows from =-extensionality. IThis was 

our reason for restricting our attention to strict operations.) Similarly any strict 

relation on A gives a strict relation on g(A) by ~ R(ao'''''an-1) ~g(A) = 
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gE R(a0,...,an_ I) ~ • Thus to any structure A over ~ we associate a structure 

g(A) over ~' . In general, g(A) is not complete, by abuse we also call its 

completion g(A) , Furthermore, since any strict total operation on A gives a 

strict total operation on g(A) , we have a functor g : Sh(9) ÷ Sh(g') . 

6.2. STALKS AND SECTIONS. (i) If X is a topological space any point t { X 

gives an ^y- map t : 0(X) + P(I) . For any 0(X)-structure A , we call the 

P( l)-structure t(A) the stalk of A at t . We also write A t for t(A) in 

this special case as this is the customary notation . 

(ii) For any cHa ~ and p ( ~ we define an A-map p : ~ ÷ P(]) by p(q) = 

{ 0 I p~ q } For an ~-structure A , we call p(A) the struoture of sections 

over p o n this case it is customary to write A(p) for p(A). 

(iii) A P( I )-set A is generated by its global sections and operations and 

relations on A correspond exactly to ordinary operations and relations on this 

set of global sections. Thus P( l)-structures correspond to structures in the 

usual sense. The global sections of A t can be identified with the elements of the 

fibre over t of the @tale space representing A (cf. h.22 ), since 

0 ErE a=b ~ iff t E E a =b ~ iff a(t) = b(t) The global sections of p(A) 

may be identified with A(p) (cf. 4.8 (v) ) because 0~ pE a=b ~ iff 

p ~ ~ a = b ~ . D 

We return to the general situation of 6.1 to see what can be said about the 

properties of g(A) . We say a formula is basic if it involves only T , ^ , = 

and the primitive (strict) operations and relations. A Horn formula is one of the 

form V x (@(~) ÷ @(~)) where @ and ~ are basic. A Horn theory is one all of 

whose axioms are (provably equivalent to) Horn sentences. 

6.3. THEOREM. If ¢ is a basic sentence of L(A)~ then E @ ~g(A) = gE @ ~A " 

Thus if @ is a Horn sentence and A ~ @ , then g(A) ~ @ ~ and if A is a model 

for some Horn theory, so is g(A) . 

Proof. This is really all immediate: the first part holds for basic atomic sentences 

by definition~and for the rest because g preserves a . The second and third parts 

follow as g is order preserving. 

In particular, we can see from 6.3 that if A 

T , so is the structure of sections A(p) for each 

sufficient condition for A to be a model for T . 

is a model for a Horn theory 

pE ~ . In fact~this is a 

6.4. THEOREM. Let A be an ~-structure for L 

(say V ~ (@(~) ÷ @(x)) ), A ~ e iff for each 

sections over p satisfies e . 

then for 8 a Horn sentence 

p E ~ the structure A(p) of 
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Proof. For each sequence ~ of elements of the appropriate sorts let p~ ~. Ea. 
i i 

So the a.m may be regarded as naming elements of A(p)~ and we have both 

A(p) ~ ¢(~) iff p~ E ¢(~) ~ , and 

A(p) ~ ~(~) iff p~E~(~)~ . 

So if each A(p) satisfies @~ we see that A ~ V ~ (¢(~) ÷ @(x)) 

A special case deserves mention. Suppose A is a sheaf and on each set of 

sections A(p) we have some algebraic structure compatible with restrictions. 

(So that A is a functor from ~op into some category of algebras.) This gives 

us a structure of strict total functions on A and passing to structures of sections 

we regain the original structure on each A(p) . Thus,if each A(p) is a model for 

some Horn theory, so is A . In particular, if the A(p) all belong to some 

equational variety (say all are groups),so does A . 

The examples we gave in 6.2 are rather special. More generally, we can 

consider an A~- map f* : ~ ÷ ~' ; this is certainly an A map. Furthermore, 

as explained in 2.4 , it determines an A- map f. : ~' ÷ ~ by the relationship 

f*p ~ p' iff p ~ f.p' . Thus~we have a pair of ^-maps to which we now apply 

Definition 6.1 . 

6.4. INVERSE AND DIRECT IMAGES. The terminology here is, at first sight, rather 

confusing: Think of the A - map f* : ~ ÷ ~' as a geometrmc map golng in the 

opposite direction. We call f*(A) the inverse image of A . In the special case 

where f* : ~ ÷ ~/J is a quotient map, we write A/J for f.A . Still thinking 

geometrically, we call f.(A) the direct image of A . Direct images are actually 

somewhat tricky to deal with. It will be useful to have an alternative description 

of them in terms of presheaves. For this purpose, let us view presheaves again as 

fumctors as in 4.8 (v) . Since f* is order preserving~ it may be regarded as a 

functor. Given a presheaf A : ~,op ÷ S~5~ ~ we can compose with f* (or strictly 

speaking, its opposite) to obtain f.A : ~op ÷ ~,op ÷ S~, with [f.(A)](p) = 

A(f*(p)), for p~ ~, and the restriction maps inherited from A . Now if P = ~/Pi 

in ~, then f*p = V f*Pi in ~' ; so that if A is separated so is f.A . The 

map f.A(p) ÷ ~i£I f*A(Pi) is exactly the map A(f*p) ÷ ~i£I A(f*Pi) " Further- 

more, since f* preserves A , we see that l~m[pi] f.A(Pi) = l~m[f.pi] A(f*pi) ~ 

and so, if A is a sheaf so is B Now let A be a separated presheaf over ~' 

and for f* : ~ ÷ ~' construct B , a presheaf over ~ , as above. We claim that 

f.A can be embedded as a generating sub-~-set in B . For each a ~ If.AI with 

Ea = f.q' we have a section a~B(f.q') corresponding to the restriction of b 

to f*f.q' ~q' in A . Now such sections generate B : for any pc ~ the 

restriction map B(f.f*p) + B(p) is an isomorphism because f*f.f*p = f*p . Thus 

it suffices to show that for these generating sections, E a = b ~B = ~ a = b ~f.A = 
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f.E a=b ~A " Now, for pS Ea^EbE ~, we have p< f.~ a=b ~A iff f*p~ E a=b ~A 

iff a If*p = b If*p (since A is separated) iff a Jp = b ~p in B . 0 

Because f* preserves V , the inverse image preserves much more than the 

basic sentences mentioned in 6.3 . Before seeing what is preserved, we look again 

at an example. 

6.5. EXAMPLE. For any cHa ~ we have an ^,~- map P( 2 ) ÷ ~ . As usuaE, we 

identify P( 2)-structures with ordinary structures. Here, inverse image ~ives 

just the structure on constant sheaves described in 5.2 (ii) . Direct image 

corresponds to takin~ global sections as in 6.2 (ii) . 

6.6. GEOMETRIC FORMULAE. We say a formula is positive if it involves only T , 

1 , ^ , V , ~ , = and the primitive operations and relations. A geometric 

formula is one of the form V ~ (# + @) where ¢ and @ are positive. A theory 

T is geometric if each of its axioms is (provably equivalent to) a ~eometric 

sentence. 

Now let f* : 9 ÷ ~' 

6.7. THEOREM. Let A 

of [(A) we have 

E ~ ~f*A = f*E ~ ~A 

be an ^,V-map. 

be an ~-structure for L . For @ a positive sentence 

Proof. An easy induction on the structure of ¢ . 0 

6.8. COROLLARY. For @ a geometric sentence, if A ~ @, then f*A~ 0 . IIence~ 

if T is a geometric theory and A is a model of T~ then so is f*A . Furthermore, 

if f* is an embedding then A~ @ iff f*A~ @ . 0 

If we have enough points, then we can test the validity of a geometric sentence 

by testing it at each point. 

u .  

6.9. THEOREM. Let A be an 0(X)-structure for L~ then A ~ V x (@(x) ÷ @(x) ), 

a geometric sentence, iff for each t cX we have At~ V x (@(~) ÷ ~(~)) . 

Proof. For t ~ X and for each sequence a of elements of the appropriate sorts 

we have t ~ E ¢(a) ~ iff At~ @(a)~ and t ~ ~ ¢(a) ~ iff At~ @(a) , Thus~ if 

for each t we have A t ~ V x (¢(x) + ~(x))~ then E ¢(a) ~ E E ~(a) ~ and we 

are done. 0 

So much for the logical properties of f* . It also has interesting categorical 

properties which we deduce in the main from 6.8 . 
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6.10. 

f. • 

THEOREM. The inverse image functor f* is a left exact left adjoint to 

Proof. To see that f. 

finite limits, given in 

for A an ~-set and B 

is left exact, observe that the formulae characterizing 

5.15 , are geometric. We must now convince ourselves that 

an ~'-set~we have a natural isomorphism [ f*A,B ] 

[ A,f.B ] Using the fact that morphisms to a separated presheaf are uniquely 

determined by their action on a generating set, we see that a morphism from C*A 

to B is just a map ¢ assigning to each section of A a section of B subject 

to the conditions: E¢(a) = f*Ea and f*~ a=a' ~ ~ E ¢(a) = ¢(a') ~ . But, if B 

is a sheaf~then a morphism from A to f.B is just a map @ assigning to each 

section a of A a section of B over f*Ea such that ~ a= a' ~ 

f.~ ¢(a) =@(a') ~ . By the adjointness relating f* and f. these are 

equivalent. D 

Two special cases of this adjointness are worth mentioning. The a~-map 

P(~) ÷ ~ gives us an adjoint pair with left exact left adjoint Sg~ ÷ Sh(~) 

"taking constant sheaves" and right adjoint r : Sh(~) ÷ S~ "global sections". 

In §9 we shall see how the general situati~may be retrieved from this special 

case by the technique of relativization. Another case is given by the ~V- map 

K(~) ÷ ~ of 2.9 . we have already remarked that Sh(K(~)) is just the category 

of presheaves over ~ . Here the left adjoint functor may be viewed as "sheaf- 

ification" and the right adjoint as the forgetful functor. Since we can easily 

form quotients of a cHa giving an ~V- map ~ ÷ ~/J , Theorem 6.9 gives us a 

method of constructing models with particular geometric properties. This technique 

of geometric forcing is best described by means of an example. Let A be a commut- 

ative ring with I . We set off now on a road which will lead to the spectrum of A 

Let ~ be the cHa of multiplicative subsets of A . That is 

= { M£A I for a~ A we have aM~M } 

We equip the constant sheaf A~ with a non-standard relation of separation 

by defining E a~h ~ = (a-b)A for a , b~ A . We shall also make use of the ring 

structure on A~ . Now the following formulae are valid: 

(i ~ 0=I 

(ii ~ Vx,y,z (x+z~y+z +~ x~y) 

(iii ~ Vx,y,z (x,z~y,z +x~y) 

Suppose for a moment that we have an ^~- map f : ~ ÷ ~'. The inverse image 

structure f(A) will again be a ring and have the properties (i) - (iii) above~ 

since these are akl geometric properties. We now ask ourselves when f(A) will 

also have the following geometric properties: 



(iv) 

(v) 

(vi) 

In answer, 

(iv)' 

(v)' 

(vi)' 
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V x (~x~x) 

V x, y, z (x~y ÷ x=0VyZ0) 

V x,y (xZ0hyZ0 -~ x'yZ0) ? 

Theorem 6.7~ gives us a condition on 

f ( o )  -< f -  

flu aCb]] -< f~ a~0 ]Iv flu b~0]] for 

f~ aZ0 ]]A fEbz0 ]] _< fE a-b~0]] 

f for each sentence: 

a,beA 

for a,beA 

There is a universal solution to the problem of finding such an 

form the map such that 

(iv)" 

(v)" 

( ~ i ) "  

Then f(A) factors through 

A V- quotient of ~ by the least J 

{o} ~ J ± 

E a ~ b  ~ s J ( [  a=O ~ u ~ b z  0 ~ )  

E a ~ O ~ A E b ¢ O ~ s J E  a . b ~ O ~  . 

will satisfy (iv) - (vi) iff f 

f . We simply 

÷ ~/J . We now 

describe the J which forces our three properties more concretely. 

6.11. LEMMA. The fixed points of J are the radical ideals of A . 

Proof. We saw in 2.15 that the radical ideals of A form a cHa;thus~it suffices 

to show that (iv)" - (vi)" hold iff every fixed point of J is a radical ideal. 

Our first condition, (iv)" , will hold iff every fixed point contains {0} 

Our second condition is that (a-b)AEJ(a£nbA): this will hold iff whenever 

a and b belong to a fixed point M then (a-b) ~M . Finally aAnbAHJabA 

iff~given abe M ~a fixed point and x , y~ A such that ax = by~ we have axEM . 

But this happens iff whenever c 2E M then c ~ M . (In one direction, let 

c = ax = by ; in the other, x = y = I .) 

We see that A/J is a ~A-ring equipped with a multiplicatively closed subset 

S = { x~ A I x~0 } Of course we cannot strictly talk of subsets in this way until 

§7 ; however, we can formally form the corresponding ring of fractions and embed 

a in it a ~ a/1 . The well known condition a/1 = b/1 iff ~ c ~ S (ac = bc) 

tells us that in the ring of fractions we shall have 

a/1 = b/1 ~ = E Z c ~ 0 (ac = bc) ~ = { c I Z n ac n = bc n } 

This is reminiscent of 4.19 (iv) . We shall call our ring of fractions Spec(A) 

the spectrum of A . Now to the definition: 

ISpec(A) l = {ab -~ la,h~A} 

Here we regard ab -I as a formal symbol - strictly speaking this is just a set 
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of ordered pairs-but the present notation is suggestive. 

E ab -I = cd -I ~ = ~ b~ 0a dz 0A ~ e~ 0 e(ad-bc) = 0 

Strictly speaking this is just a presentation of Spec(A) which is the completion 

of this /A-set. In the manner of 4.19 we can identify at least some of the 

sections of Spec(A) . We write /(a) = { x{Al Z n ° x neaA } . 

for the radical of aeA . These ideals form a basis for /A . 

6 .12 .  THEOREM. S p e c ( A ) ( / a )  = AEa - 1 ]  

Proof (see EGA []7] ). Suppose s is a singleton and Es = ~/ { s(ab -I) I a , b£ A}~ 

then we can w r i t e  a k = E i < n  u i '  w h e r e  u.z e s ( a b - 1 )  H e n c e  we c a n  w r i t e  
m 

u .  = r . b .  a n d  ( u . u . ) m ( a . b . - a . b . )  = 0 f o r  some l a r g e  e n o u g h  m . W r i t e  v .  
z z z z j z j j z J 

m 
f o r  u .  T a k i n g  a h i g h  e n o u g h  p o w e r  a n d  s u i t a b l e  c o e f f i c i e n t s ,  we c a n  now 

J k akv 
write a = Z z.v.b. . Let b = Z zivia i ~ then bv.b. = .b. ~ so 1 z I j j j j 
v. ~ E ba -k = a.b. -I ]] • Thus,every section of Spec(A) over /(a) is of the form 

J-k J J . . -k b2a-k ( bhere is ba . To tie up what remamns, consmder b a and no loss in 

• ]-k b2a-k a s s u m i n g  a common d e n o m z n a t o r ) .  I f  a e ~ b . a  = Y1, t h e n  f o r  some N we h a v e  
z 

aN(bl -b 2) = 0 . So bla-k = b2a-k in A[a -I] . D 

In p a r t i c u l a r ,  we h a v e  shown t h a t  g l o b a l  s e c t i o n s  o f  S p e c ( A )  c o r r e s p o n d  

exactly to the elements of A . The ~-set of 4.19 (iv) is embedded in Spec(A) . 

6.13. Spec(A) AS A LOCAL RING. If we define an operation x -I ~ ly.x. y = ] 

on Spec(A), then for ab -k~ 8pec(A)(/b) we have E E(ab-k) -I ~ = /(ab)~ because 

E(ab-k) -I *-+ Eb -I aEa -I , and for aEA there is an inverse for a in A[b -I] 

just in case /bE/a . Thus,it is easy to check that Spec(A) is a local ring: 

V x, y [E(x+y)-I ÷ Ex-I ~Ey-l] , 

and in addition 

V x [ ~ E x  - 1  ~ +  V x n = 0 ] . 
n ~  

(Compare 5.15 (vii) .) 

We now see how the theory of Chapter I together with that of this section 

may be used to prove a conservative extension result. 

6.14. LEMMA. If ¢ and @ are first-order sentences, and for any structure A 

satisfying ¢ we have A ~ ~ then for any structure ~ we have B ~ ¢ ÷ @ . 

Proof. Let B be an ~-structure and p = E ¢ ~ ~ ~ • The open quotient 

f* : ~ ÷ 2 = { q I q~p } preserves all the logical structure A , V , ÷ , T , 
P 

I . Therefore for any sentence 8 we have by induction on structure: 
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E 8 ~f*B = f*E e ~B : ~ @ ~B ^ p 

Thus f*B ~ ¢ { whence by hypothesis f*B ~ @ and B ~ @ ÷ @ . 

6.15. THEOREM. If @ and ¢i ~ for i < n ~ are geometric sentences and classically 

i<n @i ~ ~ ' then in any sheaf model we have 

~i<n @i ÷ ~ 

Proof. The Ay- map b* : ~ ÷ 3(~) + 3(~)/~ is an embedding of ~ into a 

complete Boolean algebra. Let A be an ~-structure such that A~ ]~ i<n @i ~ 

then b*A b ~ i<n ¢i ~ because the @i are geometric. Moreover, b*A b ~, since 

it is Boolean. Now because b* is an embedding A ~ @ . Appealing to Lemma 6.14 

we are done. D 

The completeness theorem 5.22 gives as an immediate corollary the fact that 

if a geometric consequence is deducible classically from geometric axioms, then it 

is deducible intuitionistically from these axioms. Of course this result is also 

obtainable proof-theoretically [34] . 
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CHAPTER III. HIGHER-0RDER STRUCTURES 

In Chapter II we saw how a sheaf may be considered as a Heyting-valued set 

and used such variable sets to interpret first-order logic. Here we extend these 

interpretations to higher-order logic. In mathematics, we not only deal with objects 

of various types - integers, rationals, reals and so on - but also construct 

new types~ for example pairs, sequences or sets of integers, from old. In Chapter 

0 it was shown how such type constructions can be formalized once we have the 

basic type-forming operations: product and power types. In Section 4 , we 

described the corresponding basic constructions on sheaves ( 4.8 and 4.14 ). 

Having products of sheaves and power sheaves, we can extend our interpretations 

to higher-order logic. In Section 7 we do this and see how various constructions 

discussed formally in 0.7 look concretely when applied to sheaves. The next 

section is used to give some examples of higher-order structures. We give well- 

known representations for the models of Baire space and the Dedekind reals, which 

lead us to a general representation for internal topological spaces (announced in 

[10] ). Our final section is an attempt to show that concentrating on sheaves over 

a cHa does not prevent us from saying something about more general topoi. Because 

we have taken the trouble to work intuitionistically, we can interpret out treatment 

in any topos. We obtain some basic results of the theory of sheaves for a topology 

on a topos in this way. 

7. TYPES AND HIGHER-ORDER LOGIC 

We begin by comparing the logical properties of product and power sheaves with 

the axioms discussed in 0.7 . The logical properties of products discussed in 

5.15 correspond precisely to those axiomatized in 0.7 . 

7.1. THE POWER SHEAF (bis). Let A be a sheaf, the power sheaf P(A) has as 

sections, pairs <P,p>~ where P is a strict extensional predicate on A~ and 

P(a) ~p for all a£ IAI • For aE IAI and <P,p> ~ IP(A)I define 

E a~ <P,p> ~ = P(a) 

This gives a strict membership relation. The global sections <P,T> (for which we 

write simply P ) generate P(A) . The formula 

~ P = Q~ = A (P(a)*-+Q(a) I a£ IAI ) 

can be rewritten 
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E P = Q~ = A { EEa ~ (a~P+-~a~Q) ~ I a~ IAI } , 

because P and Q are strict. Thus 

V P , QEP(A) EP = Q*-+ V xE A Ex~ P~-+xc Q] ] 

Also, for any formula ¢(x) with one free variable, a ~ P(a) = ~ EaA ¢(a) 

gives a strict predicate on A and,hence, a global section of P(A) . For a~ IAI 

we have Ea~ ~ ac P*-*¢(a) ~ and so 

~ P £ P ( A )  V x E A  [x£ P*-*¢(x)] 

Thus we have the two properties we need for power types. (ln §9 we shall see that 

the power types just defined have the categorical properties necessary to make 

Sh(2) a topos. Our higher-order logic may be interpreted in any topos. What we 

are discussing concretely is a particular case of this abstract theory.) Since we 

use all strict, extensional predicates when constructing P(A) , these are the 

standard 2-valued models of higher-order logic. We could (but do not) consider 

non-standard models, formed using only some of the predicates on A . 

7.2. THE INTERPRETATION OF HIGHER-ORDER LOGIC. An interpretation of higher-order 

logic is given by assigning to each sort A a sheaf E A ~ in such a way that 

E A~ commutes with powers and products. Thereafter interpreting higher-order 

logic is just like interpreting first-order logic. The syntactic operations of 

tuples < ... > and projections w. and the membership relation ~ are interpreted 
i 

by the corresponding operations and relation on sheaves ( 5.15 and 7.1 ). We 

add constants of sort A for the sections of EA ~ and define the valuations of 

terms and sentences, validity and satisfaction according to 5.13 and 5.19 just 

as in the first-order case. 

7.3. THEOREM (Soundness). The axioms and rules of higher-order logic are valid 

for standard interpretations in sheaves. 

Proof. The first-order axioms and rules were checked in Chapter III . They have 

not changed. The axioms concerning products are just the logical properties 

remarked in 11.2.]7 . Finally, (comp) follows formally from two principles we 

have noted (so-called "comprehension" and "extensionality") in 7.] 

Suppose we have an interpretation. We may identify the global sections of 

P(A) ~ with the subsheaves of ~ A ~ . If (xl¢(x) ) is a closed type, 

where ~ x = A , we have a subsheaf E { x I ¢(x) } ~ of EA ~ . The relativization 

introduced in 0.7.7 corresponds to quantification over this subsheaf. Thus 

Metatheorem 0.7.8 is not so surprising. Extending an established abuse, we use 

the same notation henceforth for a type [ x I @(x) ) and the sheaf which interprets 

it. 
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Now, as promised, we give concrete descriptions of some of the types described 

formally in 0.7 • 

7.4. QUOTIENTS. Suppose A is an ~-set and R a symmetric~transitive relation 

on A . In 0.7.10 the type A/R is defined formally. Following through this 

formal description would lead us to A/R as a subsheaf of P(A) . However, we 

can describe immediately an m-set (which generates a sheaf isomorphic to) A/R : 

we take {A/RI = IA{ and ~ a =A/R b ~ = ~ aRb ~ . Of course, in general this 

m-set will not be separated and, even if we took a quotient of IAI to make it so, 

it would still not normally be complete. However, this ~-set approach does provide 

a simple presentation of A/R . 

7-5. FUNCTION SPACES. Here again we could follow through the formal description 

of function spaces (0.7.11) I however, another presentation is more manageable. 

Let A and B be sheaves over fl . Recall that a morphism from A to B is a 

map acting on sections which commutes with extents and restrictions. The sheaf 

B A has these morphisms as its global sections and, as sections over p~ ~ the 

morphisms from A IP to B ~p . Restrictions are easy: for f : A IP ~ B IP 

we define f l q : A I pA q ÷ B IPA q by restricting f , as a map, to the appropriate 

collection of sections. With this definition it is easy to see that B A is a 

sheaf; in fact, for this to be so, it is sufficient that B be a sheaf - A can 

be a presheaf. We have an obvious evaluation map ev : A x B A + B which~given a 

section (a,f) of AxB A with Ea = Ef , gives us ev(a,f) = f(a) , a section of 

B with the same extent. Perhaps the easiest way to see that the sheaf B A just 

defined is isomorphic to the one we would arrive at by following through the formal 

definition is to observe that this evaluation has the appropriate universal 

property. For the record: 

7.6. LEMMA. Sh(~) is cartesian-closed. 

So far we have discussed certain type constr~ctions. Now we turn to look at 

some particular basic types: ¢ , 1 , ~ , ~ . In the next section we shall look 

at others: ~ and ~ , our reason for deferring these is that they seem more 

properly mathematical, though the dividing line is hard to draw. 

7.7. ¢ , ~ AND SO ON ... ¢ is the empty sheaf~ it has one section * with 

E* = ± . As an ~-set it can be presented as ~-set with the empty set as its under- 

lying set. As a sheaf, l has one global section, 0 = 0 IT and all its restrict- 

ions 0 qP for pc ~ . As an m-set it can be presented as the simple ~-set ~ 

Categorically, ~ is initial and ~ terminal in Sh(~) . The various finite 

sets ~_ , ~ and so on are represented by simple sheaves 2 , 3~ etc. Here a 

presentation is easily given~but an explicit description of all the sections would 



382 

be messy. 

7.8. ~ . In order to verify Peano's Postulates (0.7.14)~ the sort ~ must be 

interpreted by (a sheaf isomorphic to) the simple sheaf ~ It is easily checked 

that ~ and its power sheaf form a model for Peano's axioms. The usual proof 

that these axioms are categorical is constructive and gives a unique isomorphism 

between any two models. Externally, this gives an isomorphism of sheaves. A 

categorical characterization of ~ is also possible ( [29] ). 

7.9. THEOREM. ~ is a natural number object in Sh(~) 

We described ~ as an ~-set in Chapter II (1.4). Now we give a description 

of the corresponding sheaf. 

7.10. ~ AND ~ . Let A be a sheaf; we describe the sheaf ~ of singletons 

of A directly: 

IAI = { (a,p) I a~ IAI , pc ~ and Ea~p } 

where E(a,p) = p and (a,p) l q = (a Jq,pA q) All we do is to confer upon each 

section of A an existence. Since ~ = ~ we can describe it as follows: 

I~l = { (p,q) I p , qe ~ and p~ q } 

with E(p,q) = q and (p,q) Ir = (pAr,qAr) . 

7.11. FINITE SETS AND FINITE SEQUENCES. We shall later need to consider the 

collections Pfin(A) of finitely indexed subsets of A and A* = UnE ~ A n 

of finite sequences of elements of A . If A is a sheaf then Pfin(A) may be 

presented as an 2-set as follows: 

Pfin(A) = { F E IAIIF is finite and~for a , b e F, Ea = Eb } 

with ~ F=G~ = ~aeF~/beGEa=b ~ A ~beG~a~F~ a=b ~ . We shall not attempt to 

describe explicitly all the sections of Pfin(A) . A description of A* is similar: 

I A*I = { <a 0 ..... an_ I> I n~ N a i ~ I AI and Ea. = Ea. } 
' i j 

with E <ao,...,an_ I> = <bo,...,bn_ I> ~ = ~ { E a i = b.m ~ I i <n } Of course, 

E <a0,...,an_1 > = <b0,...,bm_]> ~ = ± if m~n (a decidable question). When 

A is a simple sheaf~these constructions become particularly simple. In this case, 

both A* and Pfin(A) are simple sheaves. Thus, for example ~, ~* and 

Pfin(~) are all represented by simple sheaves: we say these structures are 

mbsoZute. Essentially nothing is added by passing from sets to ~-sets as far as 

these structures are concerned. We shall see that with ~ and ~ the situation 

is quite different: new sections arise which are not even locally equal to "constant 

sections" arising from the "real world". 
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This concludes our general discussion of higher-order models apart from one 

remark: If A is a sheaf, any set of sections B~ IAI generates a subsheaf of 

A , and hence a global section of P(A) . We write B again for this subsheaf. 

This is not pernicious since ~ b~ B~ = ~ { ~ b=a~ i a~B } 

8. THE REALS AND TOPOLOGICAL SPACES. 

Our purpose here is to give some examples of higher-order structures. It 

turns out that in modelling natural higher-order structures, we arrive at sheaves 

with their own mathematical interest. For much of this section, we restrict our- 

selves to sheaves over spatial cHa . These are easy to visualize and also have their 

own particular properties. 

8.1. BAIRE SPACE. Our first example of a higher-order structure is the Baire 

space ~ . The first question is, what sheaf represents Baire space in our models? 

In discussing this, we restrict ourselves to spatial cHa, since the general case 

( [11] , [12] ) involves Bar Induction or formal spaces, which we do not wish to 

discuss here. Our representation involves the usual Baire space endowed with the 

product topology (or finite information topology) having as subbasic opens the 

sets 

V = { ~ c ~ I  I ~ (n )  = m }  
n,m 

This space is easily visualized: it is homeomorphic to the irrational numbers 

(those apart from every rational) topologized as a subspace of the reals. Our 

second question will be to represent this topology on the internal Baire space. 

Let T be a topological space. ~N is represented by C(T,~) 

germs of) continuous maps from T to ~ . 

8.2. THEOREM. 

the sheaf of 

Proof. Let a be a section of ~N . For t ~ Ea 

to be the unlque mE~ such that t s E a(n) = m 

and so at ~N . As an element of Baire space, 

since { t I a t E V } = { t I at(n) = m } 
n,m 

a is represented by a continuous function 

{ t I at(n) = m} , we have 

E a = b ~ = E V n. a(n) = b(n) ~ = 

and nE~ , define at(n) 

This m certainly exists 

a t depends continuously on t ~ Ea 

= E a(n) = m~ is open. Thus~ 

a : Ea +~N and~as E a(n) = m ~ = 

~ ! ~ { t  I a t = b t } 

Of course, it is obvious that every continuous map comes from some section of 

~. 0 

As always~ we can regard this sheaf of germs of continuous maps as the sheaf 

of sections of the projection Tx~ ÷ T Doing this will enable us to represent 
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not only the elements but also the topology of ~N . 

8.3. TOPOLOGY ON ~ . Working internally we endow ~ with the product topology: 

basic opens are given by finite information. For F a finite subset of Z ×~ we 

have a basic open 

V F = { a I a(n) = m for (n,m) ~ F } . 

If a is a section of T×~ + T, we have 

E aEVF~ = a-l(TxV F) = { t I at(n)= m for (n,m) ~F } . 

A global internal open of ~ is the union of an internal family U of basic opens. 

U is determined by the values E V F c U ~ where F is a finite subset of ~ x~ 

since Pfin(~X~) is a simple sheaf. For a a section of ~ we have 

~ ac UU~ = E ~ VF~U. acV F 

= V~ a(VFAVFEU 

= V(a-I(TXVF) A ¢ VF~U~ ) 

= V a-i(E vF~ U ~ × vF) 

= a-1 V(~VF£U~XVF) 

(where the sups are taken over all finite subsets F of ~x~ ). Global internal 

opens of ~]N are thus represented by opens of T×Z ~ . Any open U of T x~ N 

gives an internal open U* as follows : 

E a(U*~ = a-l(u) i 

and if ~ U* = V*, then U = V, since (t,~) ~ U iff t c E ~c U* ~ (where Z 

is the constant section). The same argument applied to ~N IW will give us the 

following theorem: 

8.4. THEOREM. 0(~) is represented as the sheaf whose sections over We 0(T) 

the opens of Wx~ N . 

are 

We shall soon see that this representation is not at all special: Essentially 

all internal topological spaces are represented in a similar way by external ones. 

Before going on ~o this general case, we consider another specific example, the 

Dedekind reals. These are constructed from ~ via the rationals. We leave it to 

the reader to prove that the construction of the rationals (as a partial quotient 

of ~x~x~ ) is absolute: 

8.5. LEMMA. Q is represented by the simple sheaf Q~ 

8.6. THE DEDEKIND REALS. These are constructed as a subtype of as 

described briefly in 3.3 . 

p(q) × r(q) 

More formally, we consider those pairs 
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<U,L>~P(Q) ×P(Q) satisfying the following conditions: 

(I) z p,qcQ (p~U^q~S) 

(2) v p ~(p~^p~) 

(3) v p (~ ++ ~q~L.q>p) 

(4) v p (p~++ ~q~u.~<~) 

(5) V p, q (p> q ÷ p~UVq~L) 

8.7. LEMMA. Let r = <U,L> be a section of R over W£ 0(T) . For t ~ W define 

U t = {qltEEq~U~} 

L t = {qltcEq~L~) 

then r t = <Ut,Lt> is a real and Xt-r t defines a continuous map (which by abuse 

we call) r : W ÷ ~ . 

Proof. The axioms (2) for a Dedekind real are geometric,so r t being the inverse 

image of r along the stalk map is a Dedekind real. For q E Q we have 

t ~ E q E U~ iff q> rt~ and dually for L . Given t ~W and s > 0~ choose 

q' Now for any s in rationals q , q' within s of r t such that q < r t < • 

the open set E q~ L^ q' E U~ (a neighbourhood of t )~we have q< r < q' and~ 
s 

hence~ Irs-rtl < e 

8.8. THEOREM. R 

real functions on 

w : T × ~ ÷ T . 

is represented by the sheaf C(T,~) of germs of continuous 

T or equivalently as the sheaf of sections of the projection 

Proof. If r : W ÷ ~ is continuous,then setting ~ q ~ U ~ = { t l r(t) < q ) 

and ~ qc L ~ = { t I r(t) > q) gives a pair of sections of P(Q) whose inverse 

image at each stalk is a real r(t) = <Ut,Lt> • As the axioms (2) are geometric~ 

we have an internal real. We have a correspondence between sections of R over 

W and continuous functions W ÷~ which is obviously natural (i.e., restrictions 

are given by restriction). The last equivalence is trivial. 

8.9. TOPOLOGY ON R . Working internally we endow R with the usual topology 

having rational open intervals as a base. Considering a section of R over W 

as a section over W of the projection 

w : TxIR -~ T , 

we have for p , q~ Q : 

~ac(p,q)~ -- a-1[T×(p,q)3 
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A global internal open of R is the union of an internal family U of rational 

opens. U is determined (as Q is a simple sheaf) by the values E (p,q) ~ U ~ 

where p , q~ Q . For a a section of R we have 

~ a c  UU~ = a-I'V(E (p,q) cU~× (p,q)) 

(the sup being over all rational open intervals). The argument is just like the 

one we used for ~ and leads along similar lines to, in essence, the same result: 

8.10. THEOREM. 0(R) is represented as the sheaf whose sections over W~ 0(T) are 

the opens of Wx~ . D 

As promised, we now generalize the representations just given to provide a 

representation for arbitrary internal topological spaces. 

We recall that a topology on A is just a set of opens 0(A) sP(A) closed 

under finite n and arbitrary U . We give an example which we shall show to 

be quite general. 

3.11. EXAMPLE. Let w : Y + T be a continuous map between topological spaces. 

We define a topology on WT ' the sheaf of sections of w , by letting 0(~T) be 

the subsheaf of P(WT ) generated by the global sections U* given by 

E acU*~ = a-l(U) for U~0(Y) 

We leave the reader to check that this gives a topology. We call this internal 

space the space of sections of ~ . D 

We make use of the duality between the category of sober spaces and that of 

cHa with enough points to give a representation of internal sober spaces. For the 

moment, we consider an arbitrary cHa H in Sh(~) . That is, H is an ~-set 

or sheaf equipped with a relation ~ and total operations T (unary) , A 

(binary) and V : P(H) ÷ H satisfying the axioms of 1.1 . We spend some time 

getting a representation for such internal cHa . 

8.12. LEMMA. (i) Every section of H is the restriction of some global section, 

in fact, ~ U ~ V{u} IEU 

(ii) The lattice F(H) of global sections of H is a cHa (where U~V iff 

E U~V ~ = T )~whose meets are just those calculated in H and whose joins are given 

by associating to a family { Ui I i ~ I } HF(H) the corresponding global section of 

P(H) and taking its join. 

( iii The map w -I = ~P" V{ m I P } : ~ + F(H) is an ^y- map. 

Proof. i) {U} is a shorthand for { xc H I x = U ) So we have 

x~H (x~ V{u) +-~ ~ y (y = uax~y)) , and also 
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Thus ~ ~U÷U= V{u} I Eu 

so ~ u z V{u} Izu 

(ii) By abstract nonsense (6.4), F(H) is a lattice with the finitary operat- 

ions inherited from H . Now given { U. I i~ I ] sF(H) and Wc F(H)~ we have 
i 

w~E V{u. I i{I} ~ iff ~ w~ V{u. l icz] 
1 1 

iff for each U( IHI , b U~ {U. I i~ I} ÷ W~U l 

iff for each U( IHI V{ [ u = u. ~ sEw2u~ 

iff for each i( I ~ b Wk U. 

So E ~ {U. l i(I} ~(r(H) is a sup for {U. I i(I} Now for Vcr(H) 
l i 

have 

V { [ U = u. AV~ I i(I } = V { (V{ Ew = u. ~ I icI} A[U = WAV~ 
i i 

so [ {WAVI W~ {Ui I i{ I} } ~ = [ { U. AV I i~ I } i  ~ 

and distributivity of F(H) follows from that of H . 

(iii) By internal distributivity V{ T lp A q } = V{ T lp } A V{ T I q } , 

so w -I preserves A (the empty meet is a trivial case). Furthermore, 

U ~V{T I q} iff ~ q÷ U = v 

Given { pi I i{ I } E~ we have a string of equivalences: 

for all i c I U -> V { T I Pi } iff 

for all i E l ~ Pi + U = T iff 

VPi ÷ U = T iff 

U-> V { T I  Vp i } 

We have now seen that any internal cHa H 

WH-i : ~ ÷ r(H) . We now show that every such 

unique) internal cHa and that internal 

A~-- maps making the triangle 

r(H) ~ r(K) 

f~ 

gives rise to an A~_map 

a 7- map arises from an (essentially 

A V-maps correspond exactly to external 

we 

commute. An internal A~-- map is a strict total function commuting with A and 

V . Such a map restricts, obviously, to an Ay-- map on global sections and, 

since T and V (in terms of which ~-I is defined) are preserved, this map 
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makes the triangle commute. In fact,we have a functor F from the category of 

internal cHa and (global) internal ay- maps to the category of cHa under ~ : 

r : [ c H a ( ~ ) ]  + ~/cKa 

8.13. THEOREM. F is an equivalence of categories. 

Proof. We must show two things. Firstly that F is full and faithful, secondly 

that every cHa under ~ is (isomorphic to one) of the form WH-i : ~ + F(H) for 

some internal cHa H . This will take some time. 

Starting from an ay-map ¢ : F(H) ÷ F(K) making the triangle commute, 

we see that ¢ could arise from at most one sheaf map $ : H ~ K , since every 

section is the restriction of a global section. Thus, F is faithful. We now 

show that defining (as is forced upon us) 

$(U) = ¢ ( V { u } )  IEU 

gives a well defined internal A,V-map extending # . $ obviously preserves 

extents. Now for global U, V we have 

U Jp = v dP iff UAw-lp = VAw-lp 

(both are equivalent to ~ V W (pAW_<U +-* pAN,V) ). Since ¢ preserves 

w -I and A, we see that $ is compatible with restrictions and hence a sheaf map. 

As $ preserves finite infs of global sections and global sections generate 

H we see that $ preserves A internally. The argument for V is slightly more 

complicated. Global sections generate F(H). So it suffices to show, for U a globa; 

section of P(H), that 

SVu = V { $ ( u )  I u ~ u }  , 

which is indeed the case~ since we can translate everything in terms of global 

sections using 

l { $ ( u )  I u E u } l  = {$ (u)  I u c l u l }  

IzV u ] ]  = V { E V { u } 2 1 u c  IU l }  

Thus $ is an A~- map internally. It remains, given an A V-map @ : ~ + D~' , 

to construct the appropriate internal cHa H . We construct H as an ~-set : 

Take I HI = ~' as underlying set and 

ITu-<v] ]  = V{p~ I UAe(p)-<VaS(p) } , 

for U, V£~' (and of course ~]U = VII = EU-<VUIAF[V-<UUI )- Infs in H are, 

on global sections, just those in ~' For U an ~-valued subset of H , we 

define 

Vu = V { u ^ e ( l l u C u ] ] ) l u ~ ' }  
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We leave to the reader the tedium of verifying that H is now a cHa internally 

and that the embedding 9' ÷ F(H) is an isomorphism (under ~ ). D 

We look at some examples of internal cHa before returning to our proper study 

of topological spaces. 

8.14. EXAMPLES. (i) The archetypical internal cHa is P(~) it is represented by 

the identity ~ ÷ ~ . 

(ii) Our paradigm of an ^,V-map is the inverse image of a continuous map 

between spaces f : Y ~ T gives f-i : 0(T) ÷ 0(Y) 

Y 

f 

! 

T 

f 

w, lu = wor- (u) 

U 
) 

Here the cHa we get internally is easy to visualize. The global sections 

0(Y)~ and for V , W ~ r(H) we have 

Ev=w~ = V{Uc0(T) lWnf-l(U) =Vnf-l(u)} 

r(H) = 

The reader should recognize this cHa as the algebra of opens of the internal space 

of sections of f . 

(iii) In Chapter 0 an example was promised to show the consistency of 

V p~ ~ [pV-lp] We can now give this. Take ~ = 0(JR) , the opens of the 

real line. P(]t) is represented by the identity map (as in example (i) ) and has as 

global sections 0(~) Now for rEIR let p = { t E]R I t~r } E 0(~R) We 

have r@ E pV -ip ]] = p . As r was arbitrary, E V p~ ~ [pV-Tp] ]] : ± 

In Chapter 0 various principles were disproved by showing they imply 

classical logic. Our present example shows that all such principles have counter- 

examples in the model of sheaves over 0(JR) 

(iv) As an example (due to Grayson) of the pathology which is possible 

intuitionistically, we exhibit a model with a T 2 space which is not sober. Here 

we take ~ = 0(Q) the opens of the rationals. The internal space of rationals 

with the usual topology will give our example. The rationals are always given by 
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the simple sheaf Q~. Every section is locally constant. To represent the topology 

of Q is a matter of adapting the arguments leading to 5.4 and 5.10 . We 

see that 0(Q) is represented by the A~-map 0(Q) + 0(Qx Q) dual to the 

projection w I : Qx Q ÷ Q) thus internal AV- maps 0(Q) + P(1) correspond to 

commuting triangles 

0(Qx Q) ) 0(Q) 

\ /  
o(q) 

or dually, to sections of the projection map. Of these, only the "locally constant" 

ones correspond to sections of Q . So Q is not sober. In any reasonable sense, 

Q is Hausdorff. 

We return to our representation of internal cHa to obtain a similar result 

for internal topological space. For this we specialize to the case where 9 is 

spatial, say ~ = 0(T) . 

8.16. LEMMA. Let H be a cHa with enough points in Sh(T), then F(H) has 

enough points. 

Proof. We are given that 

V V,WcH (VAV ¢ : H ÷ ~ ¢(V) = ~(W) ÷ V = W) 

(Where we write ~ for the internal P(1) to avoid confusion with the external 

P(1) which we also need here.) Suppose now that V , W(F(H), and that for every 

^~- map 8 : r(H) + P(~) we have 8(V) = @(W) . We must show that V = W . For 

this it suffices to show that ~ V ^V % : H ÷ ~ ¢(V) = @(W) . Now let @ 

be an internal ^~- map and t ~ E¢ E 0(T) . The map @ taking V to 

{ 0 I t E E OE @(V)~ } is an a~-map £(H) + P(1) (being the composite of £(@) 

and the characteristic map of t ). Thus @(V) = ~(W) ; in other words 

t e [ 0£ ~(V) ]] iff t c [[ 0{ ¢(W) ]] 

So E@ ~ E @(V) = ¢(W) 9, and we are done. 

Assuming T is sober we now have a diagram of functors 

Top(O(T)) 

cHa(O(T)) ~ O(T)/cHa 

J J 
P,~55(0(T)) C :' 0 ( T ) / P t s  

X 
Sob(O(T)) c ", Sob/T 
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where the vertical arrows come from the abstract nonsense of 

equivalence 8.]3 drops down to a full faithful embedding by 

an equivalence, ~ duality~ c > full faithful embedding.] 

3.7 , and the top 

8.16 . [ ~ denotes 

8.17. REPRESENTATION OF INTERNAL SOBER SPACES. We have a full faithful functor 

Sob(O(T)) + Sob/T taking each internal sober space A to its representation which 

we write as PA : EA + T . The special case where A is a discrete space internally 

gives the representation of sheaves by ~tale spaces 4.22 . D 

8.18. THE SPACE OF SECTIONS OF A CONTINUOUS MAP (bis). 

8.11 . Given a commuting triangle of continuous maps 

f 
Y ~ Z 

T 

We return to Example 

we have two spaces of sections gT and h T . Since global opens generate the 

internal topologies, it is easy to see that the sheaf map f : gT + hT~ acting on 

sections by composing with f, is continuous in the internal topology. Also, the 

map taking UE 0(Y) to U*E F(0(gT)) is an ^~- map so, if Y is sober, every 

internal Ay- map 0(g T) ÷ P(~) gives externally 0(Y) ÷ F(0(gT)) ÷ 0(T) (all 

under 0(T) ) and, by duality, a section of g . Thus, if Y is sober, then gT 

is sober internally and we have a functor F : Sob/T + Sob( (T)) 

8.19. DEFINITION. We say ~ : Y ÷ T is a bundle iff points through which a 

local section passes separate opens of Y . 

Evidently, the representation of any internal space is a bundle. We leave the 

reader to prove the following theorem: 

8.20. THEOREM. F is right adjoint to the representation and is an equivalence 

on the category of sober bundles. D 

8.21. DEFINITION. We say z : Y + T is full iff there is a local section of 

through every point of Y . 

Unfortunately not every sober bundle is full. However, any bundle has an 

obvious full subbundle having the same opens (take those points through which 

there is a local section). If ~A : EA ÷ T represents an internal space A~ we 

call the associated full bundle ~A : FA ÷ T the full representation of A . 

External properties of the full representation are closely tied to internal propert- 

properties of A . We mention an example. 
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8.22. THEOREM. A is strongly T 2 internally; that is~ ~ A is T O and 

V yE U V x [xc UV ~ V, W (VnW = ~ax~ VAy(W) (where U, V, W range over 

0(A) and x , y over A ) iff PA : FA ÷ T is separated; (classically) distinct 

points in a fibre have disjoint neighbourhoods in the total space; intuitionistic- 

ally, fibres are T O and 

V yE U Vx [WA(X) = ~A(y) ÷ x~ Uv ~ V , W (VnW = ~A X~ VA ycW)] 

(where U , V , W range over 0(F A) and x, y over F A ). 

Proof. Constructively, trivial. Classically, show that classically the constructive 

and classical forms of separated are equivalent. 

We now return to spaces of the form X T , sections of the projection 

w : Tx X ÷ T . Any projection is a full bundle. Examples are rife, in particular 

the internal spaces ~ , ~ , ~N , Z and R are represented as spaces of sections 

of projections. 

8.23. THEOREM. Continuous maps A ÷ X T 

maps E A ÷ X . 

Proof. 

are represented by external continuous 

This is a corollary of our general representation~since commuting triangles 

E A > T×X 

T 

are just continuous maps E + X . 
A 

8.24. EXAMPLE. The special case of a continuous map R + R is well known. Such 

a map is represented by a continuous map f : Tx~ ÷~ the corresponding map on 

sections is given by [f(a)](t) = f(t,a(t)) . We shall see that in spatial topoi 

every continuous real function is uniformly continuous on closed intervals. Scott 

has shown that in some spatial topoi every function is continuous. D 

8.25. LEMMA. Let B be a basis for the topology on X . The global opens 

represented by Tx U for U~ B~ generate (in the sheaf sense) a basis for the 

topology on X T . 

Proof. Just as for (8.9) . D 

8.26. THEOREM. If X is compact,then X T is compact internally. 
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Proof. Let B be the internal basis generated by the opens U for Ue 0(X) . 

Suppose ~ CoB and t ~ B[ V x(X T Z U(U xe U ]]~ then for each section x of 

X T 

te V{ I r x ~ O ^ O c u ~  I u~o(x)  ) 

Specializing to constant sections,we obtain that,for each 

^ 

xE [J{ U[ te [ueU ~ ] (i.e., this set covers 

Take a finite subcover { U. I i ~ n } Then 
i 

tc IF A% U. ~UA V xEX T ~ xcUi~ 
i ~ i 

xeX, 

x) 

This proof is entirely constructive. It shows us that if the unit interval 

is compact,then in any spatial topos the unit interval is again compact. From this 

it follows that if the unit interval is compact,then in any spatial topos a function 

continuous on a closed interval is uniformly continuous and its range has a least 

upper bound. 

9. TOPOI AND INTERNALIZATION 

The interpretation of higher-order logic in Sh(~) generalizes to any 

elementary topos (Fourman [9] )- To every topos Z there is associated a 

language L(E ) together with an interpretation in ~ for which the axioms and 

rules of higher-order logic are sound. Every object of • gives a sort of 

L(~) To every closed term T of sort P(A) there corresponds a subobject 

{ x~ A ] x{ T } of A . Morphisms f : A ÷ B in ~ correspond to closed terms 

of sort P(AxB) such that 

I~ f:A÷B 

( " f : A ÷ B " abbreviates " Efa V aEA EIbE B.<a,b> { f " ). Furthermore, 

fog = h iff ~ ~ fog = h 

Throughout these notes we have taken care to work constructively. Statements 

appearing to talk about the class of all sheaves may be thought of as shorthand for 

schematic statements involving only a finite number of types. Our results are 

formalizable in intuitionistic type theory and are valid in any ~nterpretation of 

that theory. Here we interpret some facts about sheaves on a cHa in an elementary 

topos. This process is called relativization - we interpret our results relative 

to the base topos • in place of E~ , the category of sets. Although we recall 

some basic definitions from topos theory, the reader is advised to consult the 

standard references ([13] , [23] , [51] ) for more details. Unexplained 
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categorical terminology can be found (explained) in MacLane [32] • 

9.1. TOPOI. A topos is a cartesian closed category with finite limits and a 

subobject classifier. 

We shall explain this definition in more detail shortly. Since it is often 

easier to see that a given category has these properties than to describe explicitly 

the corresponding interpretation of higher-order logic, this definition (due to 

Lawvere and Tierney [31] ) has led to many interesting new models for intuitionistic 

logic. The interpretations we have been considering are a case in point. 

9.2. PROPOSITION. The category Sh(a) is a topos. 

Proof. Finite products and exponents have already been described explicitly: 

Sh(~) is cartesian closed. To provide finite limits it suffices to describe 

equalizers. Given f, g : A ÷ B , morphisms of sheaves~we can describe their 

equalizer as the subsheaf of A whose sections are those a~ IAI such that 

f(a) = g(a) . Since this is essentially just the equalizer of f and g regarded 

as maps (on the sections), the universal property is easy to verify. We must next 

explain briefly what a subobject classifier is. Given a category C with finite 

limits we have a functor P : C °p ÷ Se~ taking an object to its set of subobjects 

and a morphism to the corresponding inverse image function. A subobject classifier 

is an object ~ of C together with an isomorphism P(A) ~ Hom[A,~] natural 

in A . We say each subobject of A is classified by the corresponding morphism 

A + ~ . The morphism classifying ~ ÷ ~ is called true : ~ ÷ ~ (where 

is the terminal object of C ). In our case, subobjects may be identified with 

subsheaves. Our subobject classifier is just ~ . To a subsheaf B of A, we 

associate the morphism A + ~ taking a~ IAI to (E a~ B~ ,Ea) ~ I~I • Naturality 

is immediat%since [ ac f-IB~ = E f(a) ~ B ~ def{nes inverse images in Sh(~ 

9.3. MORPHISMS OF TOP01. A geometric morphism f : E + 

adjoint pair f*-~ f, of functors 

f* 

where f* is left exact (preserves finite limits). We call 

and f, the direct image part of f . 

of topoi is an 

f* the inverse zmage 

9.4. EXAMPLES. (i) Any a~- map f* : ~' ÷ ~ induces a geometric morphism 

f : Sh(~) ÷ Sh(~') by the results of §6 . The subobjects of Z in Sh(~') 

may be identified with ~' Every object of Sh(9') is a quotient of a coproduct 

of subobjects of ~ ; since subobjects of ~ generate. The inverse image part of 
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is the unique left exact continuous (preserving all colimits) functor extending 

f* . (Whence the abuse of notation.) 

(ii) Since there is a unique ^y-map P(~) + ~ , for any cHa ~ , there is a 

geometric morphism 

Sh(~ )  ~ Ens 

(In ~5 we saw that Sh(P(~)) ~ Ens .) 

We shall see that relativizing the second of these examples to Sh(~') gives 

us the first. Since our logic does not allow talk of classes, we need a definition. 

9.5. DEFINITION. Let ~ be a topos and H = <H,~> a cHa in E ; that is 

E ~ H is a cHa . The category Sh~ (H) has as objects structures A = <IAI,E,]: 

in ~ such that • ~ " A is an H-sheaf " , and as morphisms, morphisms 

f : IAI ÷ IBI of ~ such that • ~ f : A ÷ B . D 

9.6. THEOREM. Sh~ (H) is a topos with a geometric morphism F : Sh~ (H) ÷ 

given by F*(A) = A H and T.(A) = ( a~ IAI I Ea = T } in 

Proof. This is almost as immediate as it seems. We interpret 9.2 in Z 

The explicit constructions we have given provide finite limits, exponents and power 

types. We need to check however that they indeed perform these roles in Sh~ (H) . 

Consider products: the statement that A ÷ A x B ÷ B is a product is formalized as 

a schema. For each C we have I ~ V f : C ÷ A V g : C ÷ B (<f,g>ow I = f ^ 

<f~g>ow 2 = g) ^ V h : C ÷ A xB <howl,ho~2> = h Since the pairing and projection 

maps are given explicitly we can deduce that A ÷ A x B ~ B is indeed a product 

in Sh~ (H) . We apologize if this appears obvious: it seems worthwhile to spell 

out in some detail how it is that we can deduce facts about Sh~ (H) from the 

intuitionistic provability of the corresponding facts about Sh(~) . In any case, 

we shall not go into such detail again: the argument for equalizers, exponents and 

the subobject classifier is analogous, and the geometric morphism which exists 

internally by 9.10 gives us the geometric morphism we want in the same way. 5 

We now look at this construction in the special case where Z = Sh(~) . 

An internal cHa H is then represented by an ^~- map w -I : ~ ~ F(H) as in 

8.8 . We give a similar representation for internal sheaves on H . 

9.7. LEMMA. If Sh(~) ~ " A = <A, ~,E> is an H-sheaf ", then F(A) is a 

sheaf over F(H) 

Proof. Evidently F(A) is a presheaf over F(H)~ since the s~ioms are equational. 

By an argument analogous to that showing F(H) is complete, we see it is a sheaf: 
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Every family XS F(A) gives an internal family X* = { a~ A ] ~xE X a = x } 

If X is compatible externally~then X* is compatible internally because X 

generates X* ~ and certainly for x , yc X we have E x IEy = y IEx ~ = T j so 

V a, b~ X* a dEb = b I Ea The internal join gives a global section 

E Vx* ~ which is a join for X in F(A) . 0 

9.8. LEMMA. Every sheaf A over F(H) arises by taking global sections of 

some sheaf A over H in Sh(~) determined up to a canonical isomorphism. 

Proof. We define A = <A, I,E> a sheaf in Sh(2) with F(A) = A • 

Let A be the ~-sheaf with all sections of A lw-l(u) as sections over U 

that is, F(A,U) = { (a,U) I a~ IAI and Ea~ 7-I(u) } , and restrictions are given by 

(a,U) I W = (a ~w-iw,wn U) It is obvious that this gives an ~-presheaf. We claim 

that the join of a compatible family (ai,U i) of sections of A is given by 

(~ai,VUi) . If (a,U) and (b,V) are compatible then a Jw-iv = h lw-iV ; 

so a and b are compatible in A, and this "join" is well defined. Furthermore, 

a l w-Iv = b lw-iu implies that EbA ~-I(u) <Ea . From this and ~a i nEa i = a i 

it follows that V a i Jw-IUi = ai, which makes ( Va.l, VU.)I the required join. 

Since IAI T F(A) generates A , the structure making A into a F(H)-sheaf 

extends to make A an H-presheaf, A , the necessary compatibility with restrict- 

ions being immediate: a Jw-Iu = b Jw-iu =~ a JV lw-iu = b dV Jw-iu and 

Ea n w-IU = Eb n ~-IU To show that A is an H-sheaf, let Xi A be a sub-~-sheaf 

of A such that 

V x, y~X. x dEy = y ~Ex 

Then X* = { a~ IAI I for some U~ 

The join of X in A is given by 

to see A is complete. Since any internal compatible family is a restriction of 

a global compatible family we are done (alternatively, localize the above argument 

over ~ ). 0 

(a,U) ~ lXl } is a compatible family in A . 

(VX*,T) ; to see it works argue just as we did 

We are now in the position to spell out the appearance of ShlE 

~ S h ( ~ )  . 

9- 9. THEOREM. Sh E (H) ~ Sh(r(H) ) 

~E ~ S h ( a )  

( H ) when 

That is to say, we have an equivalence of categories commuting with the two 

"structure maps" FZE and w . 
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Proof. Fortunately most of the work has been done. Now we fill in the arrows. 

Any morphism f : A ÷ B in Sh~ (H) restricts to a sheaf map on global sect- 

ions. This gives a functor Sh E (H) ÷ Sh(F(H)) . Any sheaf map ¢ : F(A) ÷ F(B) 

satisfies the compatibility condition 

and so extends to a sheaf map A ÷ B . Since global sections generate A~this 

extension is unique. This shows that our functor is full and faithful. By Lemma 

9.8 it is an equivalence. 

Take A a sheaf over ~ and let A be the corresponding simple sheaf over 

H in Sh~ (H) . Each section a of A gives a global section a* of ~ with 

E a* = b* ~ = w-l~ a = b~ : these sections generate F(A) as a F(H)-sheaf. 

Since this is just a presentation of w-l(A), we see that the diagram commutes. 

One case of the theory we have discussed in this section has received much 

attention. Let ~ be a topos and j : ~ ÷ ~ a topology on ~ (see Johnstone 

[23] , p.76 ). Working internally, ~ ~ P(~) and we have a J-map j : ~ ÷ 

giving a quotient cHa ~ ÷ ~/j . We discussed sheaves over quotients of P(~) 

in 11.2 . We introduce some more terminology from topos theory. 

9.10. DEFINITION. A monomorphism A' ~+ A in ~ , classified by @ : A ÷ ~ , 

is j-dense iff jo@ : A' ÷ ~ factors through true . An object B of E is 

a j-sheaf iff, whenever A' ~-* A is j-dense, each f : A' ÷ B has a unique 

extension g : A ÷ B making the diagram 

A'~ ~ A 

f " a  g 
B 

commute. We write 

j-sheaves. 

Sh.(~) for the full subcategory of I whose objects are the 
J 

Any endomorphism of ~ can be used to interpret a propositional operator. 

Thus j gives us a "modal" operator E j¢ ~A = J°E ¢ ~A (in the notation of 

[9] ). Following Lawvere, we read j@ as "locally ¢ " 

9.11. LEMMA. (i) A' ~+ A is j-dense iff ~ V x~ A 

(ii) B is a j-sheaf iff 

(*) ~ v x~P(B) [jEIx~B.(x~X) ÷ EIxEB.j(x~X)] 

j(x~A') 

Proof. The first of these is immediate. As for the second, in one direction 
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(o 

and we are given f : A' ÷ B with A'~-~ A j-dense. Define g(a) = 

Ix~B.j(x=f(a)) . Since j(aEA') and (a~A') -~ ElxcBo(x=f(a)) we have 

jEIx~B (x= f(a)) . But now, by our hypothesis, ElxEB.j(x=f(a)) so g(a) 

is well defined. It is easy to check that g extends f uniquely. Thus, B 

a j -sheaf. 

Conversely ( ~ ) , let B be a j-sheaf. We write 

inclusion 

{xcP(B) l~Ix.x~X} ~ {x~P(B)ljZIx.x~X}, 

), we work internally: Suppose V X~ P(B) jElx ~ B (x ~ X) ÷ Elx~ B j(x c X) 

A' ÷ A for the 

(I) 

is 

which is j-dense by the first part of the lemma. But we have an obvious map 

f : { X c P(B) I Elx xc X } + B defined by f(X) = Ix. x~ X . Let f he its unique 

extension along (1) . Certainly, V X c A . j(f(X) ~ X), so 

jElx.x~X + ~ x~ B. j(x~ X) (2) 

We must show this x is unique. To this end, consider 

W = { <X,y,z>~ P(B) xBxB I j(Elw, wE X) Aj(y~ X) Aj(Z~ X) } 

The subset W' = { <X,y,z> EW ] y = z } is j-dense, and the two morphisms 

W ÷ B induced by the projections agree on W' . Thus~by the sheaf condition they 

are equal~ so V <X,y,z> cW y = z . Continuing this with (2) we are done. D 

9.12. ~KZOREM. Sh~ (o/j) ~ Sh (E) 
J 

Proof. I n t e r n a l i z i n g  t h e o r e m s  5.11 and  5 .12  shows u s  t h a t  Sh E ( m / j )  i s  e q u i v a l e n l  

to the full subcategory of E consisting of those objects satisfying condition 

(*) of 9.11 . But, by that Lemma , this is just the category Sh.(~) 0 
.1 
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