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1. Introduction

The importance of equational theories in theoretical computer science is by now well established. Traditional applications
include the initial algebra approach to the semantics of computational languages and the specification of abstract data
types pioneered by the ADJ group [19], and the abstract description of powerdomain constructions as free algebras of
non-determinism advocated by Plotkin [21,26] (see also [1]). While these developments essentially belong to the realm of
universal algebra, more recent applications have had to be based on the more general categorical algebra. Examples include
models of name-passing process calculi [12,32], theories of abstract syntax with variable binding [13,16], and the algebraic
treatment of computational effects [27,28].

In the above and most other applications of equational theories, the existence and construction of initial and/or free
algebras, and consequently of monads, plays a central role; as so does the study of categories of algebras. These topics are
investigated here in the context of equational systems, a very broad notion of equational theory introduced by the authors
in [11]. Examples of equational systems include enriched algebraic theories [23,31], algebras for a monad, monoids in a
monoidal category, etc. (see Section 3).

The original motivation for the development of the theory of equational systems arose from the need of a mathematical
theory readily applicable to two further examples of equational systems: (i) w-algebras (see Section 7.1), which provide
algebraic models of the finitary w-calculus [32], and (ii) X-monoids (see Section 7.2), which are needed for the initial
algebra approach to the semantics of languages with variable binding and capture-avoiding simultaneous substitution [13,
10]. Indeed, these two examples respectively highlight two inadequacies of enriched algebraic theories in applications:
(i) models may require a theory based on more than one enrichment, as it is the case with s -algebras; and (ii) the explicit
presentation of an enriched algebraic theory may be hard to give, as it is the case with X'-monoids.

Further benefits of equational systems over enriched algebraic theories are that the theory can be developed for
cocomplete, not necessarily locally presentable, categories (examples of which are the category of topological spaces, the
category of directed-complete posets, and the category of complete semi-lattices), and that the concept of equational
system is straightforwardly dualizable: an equational cosystem on a category is simply an equational system on the opposite
category (thus, for instance, comonoids in a monoidal category are algebras for an equational cosystem). On the other hand,
the price paid for all this generality is that the important connection between enriched algebraic theories and enriched
Lawvere theories [29] is lost for equational systems.
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An equational system'S = (¢ : X > I' = L = R) is defined as a parallel pair L, R : X¥-Alg — I'-Alg of functors between
categories of algebras over a base category ¥. In this context, the endofunctor X on ¢, which generalizes the notion of
algebraic signature, is called a functorial signature; the functors L and R over ¥ generalize the notion of equation and are
called functorial terms; the endofunctor I" on %, referred to as a functorial context, corresponds to the context of the terms.
The category of S-algebras is the equalizer S-Alg < X'-Alg of L, R. Thus, an S-algebra is a X'-algebra (X, s : XX — X) such
that L(X, s) = R(X, s) as I"-algebras on X.

Free constructions for equational systems are investigated in Sections 4 and 5. For an equational system S =
(¢ : X > I' L = R), the existence of free S-algebras on objects in ¢ is considered in two stages: (i) the construction of free
X -algebras on objects in ¢, and (ii) the construction of free S-algebras over X -algebras. The former captures the construction
of freely generated terms with operations from the functorial signature X'; the latter that of quotienting X'-algebras by
the equation L = R and congruence rules. We give finitary and transfinite sufficient conditions for the existence of free
S-algebras on X -algebras. The finitary condition can be used to deduce the existence of free algebras for enriched algebraic
theories, but it applies more generally. The proofs of these results provide constructions of free algebras that may lead to
explicit descriptions. Indeed, as concrete examples of this situation, we consider algebraic models of the untyped A-calculus
up to Bn identities (see Section 7.2) and the recently introduced nominal equational theories of Clouston and Pitts [7] (see
Section 7.3).

Monads and categories of algebras for equational systems are discussed in Section 6. In the vein of the above results, we
provide conditions under which the monadicity and cocompleteness of categories of algebras follow. As a direct application,
we deduce that the categories of (i) w-algebras (Section 7.1), (ii) A-algebras (Section 7.2), and (iii) algebras for nominal
equational theories (Section 7.3) are monadic and cocomplete.

2. Algebraic equational theories

To set our work in context, we briefly review the classical concept of algebraic equational theory and some basic aspects
of the surrounding theory (see e.g. [8]).

An algebraic equational theory consists of a signature defining its operations and a set of equations describing the axioms
that it should obey.

A signature X = (0, [—]) is given by a set of operators O together with a function [—] : O — N giving an arity to each
operator. The set of terms Tx (V) on a set of variables V is built up from the variables and the operators of the signature X
by the following grammar

t e TE(V) =0 | O(f], ey tk)
where v € V, 0 is an operator of arity k,and t; € Tx (V) foralli =1, ..., k.

An equation of arity V for a signature X, written X' > V [ = r,is given by a pair of terms [, r € Tx (V).

An algebraic equational theory T = (X, E) is given by a signature X together with a set of equations E.

An algebra for a signature X' is a pair (X, [—]lx) consisting of a carrier set X together with interpretation functions
[olly : X' — X for each operator o in X. By structural induction, such an algebra induces interpretations [t]ly : XV — X
oftermst € Tx (V) as follows:

XV X, for t=veV
el = (1T Ttel) flo]
11x. . [tk
XV al X xk X X, for t =o(tq,...,t).

An algebra for the theory T = (X, E) is an algebra for the signature X' that satisfies the constraints given by the equations
in E, where a X-algebra (X, [—]ly) is said to satisfy the equation X > V | = r whenever [I]xX = [r]lxx forall X € X".

A homomorphism of T-algebras from (X, [—1lx) to (Y, [—]ly) is a function h : X — Y between their carrier sets that
commutes with the interpretation of each operator; that is, such that h([[o]lx (X1, . .., Xx)) = [olly (h(x1), ..., h(xx)) for all
x; € X. Algebras and homomorphisms form the category T-Alg.

The existence of free algebras for algebraic theories is one of the most significant properties that they enjoy. For an
algebraic theory T = (X, E), the free algebra over a set X has as carrier the set Tx (X)/~, of equivalence classes of terms on
X under the equivalence relation ~¢ defined by setting t ~ t’ iff t is provably equal to t’ by the equations given in E and
the congruence rules. The interpretation of each operator on Tx(X)/~, is given syntactically: [oll([ti]~;, .- ., [tl~;) =
[o(t1, ..., ti)]~,. This construction gives rise to a left adjoint to the forgetful functor Uy : T-Alg — Set. Moreover, the
adjunction is monadic: T-Alg is equivalent to the category of algebras for the associated monad on Set.

3. Equational systems

We develop abstract notions of signature and equation, leading to the concept of equational system. Free constructions
for equational systems are considered in the following two sections.

3.1. Functorial signatures

We recall the notion of algebra for an endofunctor and how it generalizes that of algebra for a signature.
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An algebra for an endofunctor X' on a category ¥ is a pair (X, s) consisting of a carrier object X in ¥ together with an
algebra structure map s : ¥X — X. A homomorphism of X'-algebras (X,s) — (Y,t)isamaph : X — Y in ¢ such that
hos = t o X'h. ¥-algebras and homomorphisms form the category X'-Alg, and the forgetful functor Uy : X'-Alg — ¥ maps
a X'-algebra (X, s) to its carrier object X.

As it is well known, every algebraic signature can be turned into an endofunctor on Set preserving its algebras. Indeed, for
a signature X, one defines the corresponding endofunctor as X (X) = Hoes X o] 5o that X'-Alg and X-Alg are isomorphic.
In this view, we will henceforth take endofunctors as a general abstract notion of signature.

Definition 3.1 (Functorial Signature). A functorial signature on a category is an endofunctor on it.

3.2. Functorial terms

We motivate and present an abstract notion of term for functorial signatures.

Lett € Tx(V) be a term on a set of variables V for a signature X. Recall from the previous section that for every
X -algebra (X, [—1lx), the term t gives an interpretation function [[t ]|y : XV — X. Thus, writing I'; for the endofunctor (—)¥
on Set, the term t determines a function t assigning to a X-algebra (X, [—]lx) the I',-algebra (X, [t]lx). Note that the
function t does not only preserve carrier objects but, furthermore, by the uniformity of the interpretation of terms, that
a Y-homomorphism (X, [—]lx) — (Y, [—1ly) is also a I'y-homomorphism (X, [[t]lx) — (Y, [t]ly). In other words, the
function t extends to a functor X-Alg — I,-Alg over Set (i.e. a functor preserving carrier objects and homomorphisms).
These considerations lead us to define an abstract notion of term in context as follows.

Definition 3.2 (Functorial Term). Let X' be a functorial signature on a category %. A functorial term ¥ : X > I' = T consists
of an endofunctor I" on ¢, referred to as a functorial context, and a functor T : X-Alg — I"-Alg over ¢; that is, a functor
suchthatUr o T = Uy.

Typically, when a syntactic signature X is turned into a functorial signature ¥ its algebras provide the models of
the signature, giving interpretations to the operators. Moreover, when a syntactic term in context I" - t is turned into
a functorial term t : X-Alg — I'-Alg, the object I"X intuitively consists of all valuations of the context I" in X, and the
functor t encodes the process of evaluating a term to a value, parametrically on models and valuations.

We give a general example of functorial term that arises frequently in applications. To this end, let Tx be the free monad
on a functorial signature X' on a category . For an object V € ¢, to be thought of as an object of variables, the object TxV
intuitively represents the terms built up from the variables by means of the signature. Under this view, thus, we obtain
an abstract notion of term as a generalized element U — TxV. Assume now that ¢ is symmetric monoidal closed (with
structure I, ®, [—, =]) and that ¥ is strong [24], with strength sty v : X ® X(V) — X (X ® V). It follows that Ty is strong,
say with strength sty y : X ® T (V) — Tx(X ® V) providing a means to distribute parameters within terms as specified
by st. In this situation, then, every abstract term t : U — TxV induces a functorial term t : X-Alg — Iy y-Alg, for the
functorial context I'y v(—) = [V, =] ® U, as follows:

tX,s: ZX—>X)
Ty (ev)

= (V,X1®U -5 [V, XI®Ts(V) -5 To(IV,X]®V) ——y TsX — X)
where (X, s : TsX — X) is the Tx-algebra corresponding to the X'-algebra (X, s).

3.3. Equational systems

We define equational systems, our abstract notion of equational theory.
Definition 3.3 (Equational System). An equational system
S=&:X>TFL=R)

is given by a functorial signature X on a category %, and a pair of functorial terms ¢ : ¥ > I' - Land¢ : ¥ > I' - R
referred to as a functorial equation.

We have restricted attention to equational systems subject to a single equation. The consideration of multi-equational
systems (¢ : X > { I+ L = R; }ic;) subject to a set of equations in what follows is left to the interested reader. We remark
however that our development is typically without loss of generality; as, whenever % has I-indexed coproducts, a multi-
equational system as above can be expressed as the equational system (¥ : X | [;, I3 F [Liliert = [Rilier) With a single
equation.

Recall that an equation ¥ > V | = r in an algebraic theory is interpreted as the constraint that the interpretation
functions associated with the terms [ and r coincide. Hence, for an equational system S = (¥ : ¥ > I' = L =R), it is
natural to say that a X-algebra (X, s) satisfies the functorial equation I" -+ L = R whenever L(X,s) = R(X,s) : 'X — X,
and consequently to define the category of algebras for the equational system as the full subcategory of X'-Alg consisting of
the X'-algebras that satisfy the functorial equation I" - L = R. Equivalently, we introduce the following definition.

Definition 3.4. For an equational systemS = (¥ : ¥ > I' = L = R), the category S-Alg of S-algebras is the equalizer of
L, R : X¥-Alg — I'-Alg (in the large category of locally small categories over %).
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3.4. Examples

Examples of equational systems together with their induced categories of algebras follow.

(1) The equational system St associated to an algebraic theory T = (X, E) is given by (Set : Yt > I't - Ly = Ry), with
X = ]_[052 X[O]' InX = L[(Vl—l:r)eE XV' and

LeCG =T = (%, [ ]y i)
Ry(X, [=1Ix) = (X’ [IIr]]X ](V)—l:r)eE)'
It follows that T-Alg is isomorphic to Sy-Alg.

(2) More generally, consider an enriched algebraic theory T = (%, B, E, o, t) on a locally finitely presentable category
% enriched over a suitable category 7, see [23]. Recall that this is given by functors B, E : |%3| — % and a pair of
morphisms o, T : FE — FB between the free finitary monads FB and FE on ¥ respectively arising from B and E. The
equational system St associated to such an enriched algebraic theory T is given by (%, : (GB)g > (GE)g F 0o = Tp),
where GB and GE are the free finitary endofunctors on ¥ respectively arising from B and E, and where ¢ and 7 are
respectively the functors corresponding to o and t by the bijection between morphisms FE — FB and functors
GB-Alg = ¢ — ¢ = GE-Alg over %. It follows that (T-Alg), is isomorphic to Sp-Alg.

(3) The definition of Eilenberg-Moore algebra for a monad T = (T, 5, 1) on a category ¥ with binary coproducts can be
directly encoded as the equational system Sy = (¢ : T > I' - L = R) with I'(X) = X + T2X and

L(X,S):(X,[ Sonx ) So ux ])!
R(X,s) = (X,[ idyx , SoTs ).

It follows that Sy-Alg is isomorphic to the category ™ of Eilenberg-Moore algebras for T.
(4) The definition of monoid in a monoidal category (¢, ®, I, «, A, p) with binary coproducts yields the equational system

SMon(%) :(fZEDFI—L:R)
Wwith Z(X) = X ®X) +1,I'(X) = (X ®X) ® X) + (| ® X) + (X ®I), and

L(X, [m, e]) = (x, [ mome®id) .  Ax . px ]),
RX, [m,e]) = (x, [ mo (idy ® m) oaxxx , mo (e®idy) , mo (idxy ® e) ]).

It follows that Syon(«)-Alg is isomorphic to the category of monoids and monoid homomorphisms in %.

4. Finitary free constructions for equational systems

We give sufficient finitary conditions for the existence of free algebras for equational systems; that is, for the existence
of a left adjoint to the forgetful functor Us : S-Alg — ¥, for S an equational system. Since, by definition, the forgetful

functor Us decomposes as S-Alg “Js— X-Alg —Us— %, its left adjoint can be described in two stages as the composition

of a left adjoint to Uy followed by a left adjoint to Js. Conditions for the existence of the former have been studied in the
literature (see e.g. [3,4]). Thus, we concentrate here on obtaining a reflection to the embedding of S-Alg into X' -Alg.

4.1. Algebraic coequalizers

The construction of free algebras for an equational system explained in Section 4.3 depends on the key concept of algebraic
coequalizer, whose existence and explicit construction is dealt with in here.

Definition 4.1. Let X' be an endofunctor on a category ¥. By a X'-algebraic coequalizer of a parallel pair [, r in ¢ into the
carrier object Z of a X'-algebra (Z, t) we mean a universal X -algebra homomorphism z from (Z, t) coequalizing the parallel
pair.

Xz
rZ———537_

Zh
l

_ z /
_
h -
w

The following lemma, shows how algebraic coequalizers may be seen to arise from coequalizers by reflecting
algebra cospans to algebras.
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Definition 4.2. For X' an endofunctor on a category %, we let X-AlgCoSpan be the category with X-algebra cospans
(Z - Zy < XZ) as objects and homomorphisms (h, h;) between them as follows:

EZ
Eh

Z *>Z1 EZ’

Z/
We will henceforth regard X-Alg as a full subcategory of X'-AlgCoSpan via the embedding that maps (Z < XZ) to
z% 7z < 52,

Lemma 4.3. Let X be an endofunctor on a category . If the embedding X-Alg — X' -AlgCoSpan has a left adjoint, then the
existence of coequalizers in ¢ implies that of X' -algebraic coequalizers.

Proof.

y7— 2 vy

cot
tl reflect J{t’
l

Y*riz—»zliu/

coeq

Let I, r be a parallel pair into Z in ¢ and let t : ¥Z — Z be an algebra structure. Consider the coequalizer ¢ : Z — Z; of I, r

in%andlet (z,z;) : (Z 5 71 <! X7) — (Z “ 7 & X'7') be a universal reflection. Then, the homomorphism
z=1zi0c:(Z,t) —> (Z',t)isa X-algebraic coequalizer of [, r. O

The missing ingredient for constructing algebraic coequalizers, thus, is the construction of a reflection from X'-AlgCoSpan
to X-Alg.

Theorem 4.4. Let X' be an endofunctor on a category ¢ with finite colimits. If € has colimits of w-chains and X preserves them
then X'-Alg is a full reflective subcategory of X'-AlgCoSpan.

Proof. Given a X'-algebra cospan (cg : Zg — Z; < XZ; : tg) we construct a X'-algebra ty, : XZ,, — Z, as follows:

Yo XY XYcy
>7 >7 >7, 57y o XZa
to 3| 5] :
po po | A too ( 1 )
4
Zo @ Z] ) Zz ) Zg t Zoo colim
where
Cn+1 tht

® 71— Znio piads X 7,41 is a pushout of Z,, ¢ & X7, —> X7y, foralln > 0;

o Zy with {C,, : Zy — Zso}n>0 is a colimit of the w-chain {c,},>0; and

e t. is the mediating map from the colimiting cone {X¥c, : ¥Z, — XZ,}n>0 to the cone {Cpt1 o ty}n>0 Of the w-chain
{Zcn}n=o0-

We now show that the homomorphism

€0 C1) : (Zo = Zy — 570) —> Zoo S 2, < 27.)

in X'-AlgCoSpan is universal. To this end, consider another homomorphism

(ho, hy) - (Zo — Z1 < 575) — (W S w & sw)
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and perform the following construction

Yo XY
Xl —> X7 —— X7, - Yy
\

Zhoo

Zo—2 sz sz o Zy W
\*h]\hz N
u
w

where

e forn > 0, h,,; is the mediating map from the pushout Z,; to W with respect to the cone (hy1 : Zy11 > W < X741 :
uo Xhyyq); and

e h is the mediating map from the colimit Z, to W with respect to the cone {h;},>¢ of the w-chain {c; }n>o0.

As, foralln > 0,u o0 Xhy, 0 XC;, = hyo 0ty 0 XCy, it follows that hy, is a X'-algebra homomorphism. Hence, (hq, hy)
factors as (hso, hao) © (Co, C1).

We finally establish the uniqueness of such factorizations. Indeed, for any homomorphism h : (Z,, t) — (W, u) such
that h o ¢; = h;, it follows by induction that h o ¢,, = h,, for alln > 0, and hence thath = h,,. O

Corollary 4.5. Let X be an endofunctor on a category ¢ with finite colimits. If € has colimits of w-chains and X preserves them
then X' -algebraic coequalizers exist. If, in addition, X preserves epimorphisms then X-algebraic coequalizers are epimorphic in
€.

Proof. According to Lemma 4.3 and Theorem 4.4, the algebraic coequalizer of I, 7 : Y — Z, with respect to the algebra
structure t : XZy — Zyis given by ¢y : (Zo,t) — (Z~, tso) in the construction (1) above where cy is taken to be the
coequalizer of [, r in ¢ and ty is defined as ¢y o t.

If X' preserves epimorphisms, then the w-chain {c, : Z, = Z;11}n>0 in (1) consists of epimorphisms, and hence this is
also the case for its colimiting cone {¢, : Z; = Zoo}ns0. O

4.2. Finitary free X'-algebras

The following result describes a well-known condition for the existence of free X'-algebras (see e.g. [2]).

Theorem 4.6. Let X be an endofunctor on a category ¢ with finite coproducts. If ¢ has colimits of w-chains and X' preserves
them, then the forgetful functor Uy : X -Alg — ¥ has a left adjoint.

The free X-algebra (TX, tyx : X (TX) — TX) on an object X € ¥ and the unit map nx : X — TX are constructed as
follows. The object TX is given as a colimit of the w-chain {f;, : X, = Xpt1}n>0, inductively defined by Xo = 0, fy = ! and
Xny1 = X 4+ XXy, fur1 = X + Xf, forn > 0, where 0 is an initial object and ! is the unique map. Since the functor X 4+ X'(—)
preserves colimits of w-chains, the object X + X (TX) is a colimit of the w-chain {X + Xf, : X + XX, — X 4+ ZXy1+1}n>0-
The map [nx, tx] is the unique mediating map as follows:

X+30 N Xy 54+ 20) e X + 2(TX)
_ _ |
- ~ = 3 nx.7x] (2)
! X+ 4
0 — s Xx+4+30 2 L xizxX+z0) e X colim

The intuition behind this construction of TX, in which X represents a signature and X an object of variables, is that of taking
the union of the sequence of objects X, of terms of depth at most n built from the operators in X' and variables in X.
Note that the (X + X'(—))-algebra in the construction (2) is obtained as the reflection of the initial (X + X' (—))-algebra

cospan (0 5 X+ X0 s X + X0) as given by the construction (1).
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4.3. Finitary free S-algebras

We now turn our attention to finitary conditions for the existence of a left adjoint to the embedding S-Alg — X-Alg.
The construction of free S-algebras on X-algebras follows.

Theorem 4.7. LetS = (¥ : ¥ > I' = L = R) be an equational system for which ¢ is finitely cocomplete. If € has colimits of
w-chains, and X and I" preserve them then S-Alg is a full reflective subcategory of X'-Alg.

This result is proved by performing an iterative construction that associates a free S-algebra to every X'-algebra. The
cocompleteness assumptions on the base category allows one to perform the construction, while the other conditions
guarantee that the process stops.

Proof. Given a X'-algebra (Xo, So), we construct a free S-algebra (X, Ss) 0n it as follows:

Yeg Yeq

X, X DXy e X
|
1
Xo €0 X] ° Xz """ Xoo colim (3)
alg coeq alg coeq T
L(XOYSO)TTR(XOVSO) ’-(XLS])TTR(XLSO L(XZVSZ)TTR(XZ-SZ) L(Xo0,S00)=R(Xo0,S00)
I'eg I'eq ‘
I'Xo I'Xq rxX, .- I'Xy

where

e forn > 0,e, : (X, Sp) = (Xnt1, Spr1) is an algebraic coequalizer of the parallel pair L(X;, Sp), R(Xp, Sp) = I'Xy — Xp;
o Xoo with {&, : X, & Xoo}n>0 is a colimit of the w-chain {e,},>0; and
® S is the mediating map from the colimiting cone { X'e,},>¢ to the cone {e, o s,},>0 of the w-chain {X'e,}n>0.

As {I'e; },>0 is a colimiting cone and L(Xyo, Soo) © I'€; = R(Xso, Soo) © '€, for alln > 0, it follows that (X, Soo) is an
S-algebra.

We now show that the unit n = ey : (Xp, So) — (Xoo, Soo) Satisfies the universal property that every homomorphism
(X0, So) — (W, u) into an S-algebra (W, u) uniquely factors through it.

Indeed, we construct a factor heo @ (Xoo, Soo) = (W, u) of hg : (Xo, So) — (W, u) through 7 as follows:

Sheo
W
hoo .
w
Theo

LW, u)=R(W,u)
r'w

where

e forn > 0, hyyq @ Xnt1, Sne1) — (W, u) is the factor of h, through the algebraic coequalizer e,; and
e h is the mediating map from the colimit X, to W with respect to the cone {hy},>0.

Then, hoo o p = hg and, as u o Xhy, o Xe, = hy 0 So 0 Xe, for all n > 0, it follows that h,, is a homomorphism
Xoos Se0) = (W, u).

We finally establish the uniqueness of such factorizations: for any homomorphism h : (X, Soo) — (W, u) such that
h o n = hy, it follows by induction that h o e, = h, for alln > 0, and hence that h = h,,. O
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4.4. Inductive free S-algebras

As we have seen above, free S-algebras on X-algebras may be constructed by a colimit of an w-chain of algebraic
coequalizers (Theorem 4.7), each of which is in turn constructed by a coequalizer and a colimit of an w-chain (Corollary 4.5).
Here we introduce an extra condition on the functorial signature and functorial context of an equational system to
accomplish the construction of free algebras in just w steps.

Theorem 48. LetS = (¢ : ¥ > I' - L =R) be an equational system for which ¢ is finitely cocomplete. If ¢ has colimits
of w-chains and X preserves them, and both X and I" preserve epimorphisms, then S-Alg is a full reflective subcategory of
X -Alg.

Proof. Consider the construction (3) exhibiting a free S-algebra on the X'-algebra (Xg, So). According to Corollary 4.5, the
algebraic coequalizer ey : (Xo, S9) — (Xi, S1) in there is an epimorphism in ¥. Thus, so is I"eg and, as L(X1, s1) o I'eg =
R(X1, s1) o Iey, it follows that (X1, s1) is an S-algebra; the free one on (Xp, Sg). O

Thus, under the hypothesis of Theorem 4.8, the construction of the free S-algebra (X, Ss) On a X'-algebra (X, s) with
unit N5 : (X, ) = (Xoo. Soo) is simplified as in the following diagram:

X P4 Xy

XX X4 XX, XX3 - XXy

|
Js P e \ po X | 500
€0 €1 (%] v
X coeq X1 Xz X3 ce Xoo colim (4)
L(X,S)TTR(X,S) L(Xoo,soc)IR(Xoc,Soo)

I'nix,s) ‘

rx I'Xy

The intuition behind the construction of X; from X as the coequalizer of L(X, s) and R(X, s) is that of quotienting the carrier
object X by the equation L = R. The construction of X,,; from X,, for n > 1 as a pushout is intuitively quotienting the object
X, by congruence rules. Therefore, the intuition behind the construction of the free algebra X, is that of quotienting the
object X by both the equation L = R and the congruence rules.

5. Transfinite free constructions for equational systems

This technical section extends the finitary constructions and results of the previous section to the transfinite case. Overall,
the following theorem is established.

Theorem 5.1. LetS = (¢ : ¥ > I' = L =R) be an equational system. For ¢ finitely and chain cocomplete, if either of the

following conditions hold

(1) X and I'" preserve colimits of k-chains for some limit ordinal k ;

(2) X preserves colimits of k-chains for some limit ordinal x, and both X and I" preserve epimorphisms;

(3) & has no transfinite chain of proper epimorphisms, and X' preserves epimorphisms and colimits of «-chains for some limit
ordinal k

then the forgetful functor S-Alg — ¢ has a left adjoint.

Remark. In item (3) above, we take a transfinite chain in a category ¥ to be an Ord-indexed diagram for Ord the large
linear order of ordinals. Main examples of categories with no transfinite chain of proper epimorphisms are those that are
well copowered.

Analogously to the development in Section 4, we consider the construction of algebraic coequalizers, free X -algebras,
and free S-algebras in turn.

5.1. Algebraic coequalizers

Let X be an endofunctor on a category %, and let (c : Z — Z' < XZ : t) be a given X -algebra cospan. For « an ordinal,
we proceed to consider a (possibly transfinite) construction as depicted below

200
Xc YCh.m
7 2y pp 12 2, ... T xpz, —on SZp - X2,
¢ f \) /C:)' tw te
\ po\ e Z; 6o \ \ .
collm\
z c z' €1,2 Z wz’” Co,w+1 Zot1 Ze Cic ic+1 Zent
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yielding a chain {c, g : Zo — Zg}a<p<c+1 (With ¢g 1 = ¢) and morphisms {t, : ¥Z, — Z,41}a<c (With o = t) such that

Xeq B
EZa _— EZﬂ

tocJ ltﬂ (5)

Z, — 7
atl Cou+1,8+1 A+1
commutes.
Precisely, the definitions are as follows: for A < «,

e when A =0,
Gt 1 t . c , ot
2y, —> Ly <— X 1SZ — 7' <— X7,
e when A is a successor ordinal o + 1,

Cra+1 t) . ty ey a+1
Z, = Z,41 <— XZ, isapushoutofZ,,1 «— X7, — XZ,.q;and
e when A is a limit ordinal,
Can t . tF [y
7 g Z5 41 < X7, is a pushout of Z; < Z; —> XZ,,where {Cy ) 1 Zy = Z)}a<s and {c;,)\ 1 X7y — Zf}g< are
respectively colimits of the A-chains {c, g}o<p<) and { ¥ cy gla<p<1r, and where ¢} and t; are respectively the mediating

maps from the colimiting cone {c;“,k}ad to the cones { X'¢y 3 }a<x and {Coq1,1 © ty}a<s Of the A-chain {Xcy gla<p<r-

Whenever this construction can be performed for the ordinal x, we say that it reaches k. Furthermore, we say that the
construction (x) stops if it does so at some ordinal « in the sense that it reaches « and the map ¢, ,+1 : Z, — Z41isan
isomorphism.

Theorem 5.2. Let X' be an endofunctor on a category €. For a X-algebra cospan (c : Z — Z' < XZ : t), if the construction (%)
for it stops, then a free X -algebra on it exists. If, in addition, the endofunctor X preserves epimorphisms and the map c is
epimorphic in ¢, then the components of the universal map from the X-algebra cospan to the free X'-algebra are epimorphic
ine.

Proof. Let (Z Sz L X'7) be a ¥'-algebra cospan and assume that the construction (x) for it stops at an ordinal «. We
claim that the X-algebra (Z., (Ccc41) "' 0t : XZ, — Z)is free over (c : Z — Z' < XZ : t). Indeed, we show that
(Coxs Crx) : (Zo = Z1 < XZp) — (Z '—d> Z, < XZ,.)is auniversal map in X'-AlgCoSpan.
First, note that (co ¢, ¢1 ) is indeed a map in X'-AlgCoSpan; as we have that
(Cenet1) " 0t 0 Doy = (Ces1) ' 0 Creqt O tg = Cp O L.
Second, consider amap (h, ') : (Z Sz L X7) — (W “ W < X'W) and perform the following (possibly transfinite)
construction:

2w
Xc Xc,
s — Ty ,w
57 =2 7 1,2 7, 7 +]>gzw+] S YA

W

where

e forA =0,
hy ishand h; . is i’;

e for a successor ordinal A = o + 1,
hy. is hyt1, and hyyq is the mediating map from the pushout Z; 1 to W with respect to the cone
(hy:Z), > W <« XZ, :uo Xh;)ofthespan (ty : Zy41 < XZy — XZyiq : XCqa+1); and
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o for a limit ordinal A,
h;. is the mediating map from the colimit Z, to W with respect to the cone {hg}4<; of the A-chain {cy g}a<p<1, and hy
is the mediating map from the pushout Z, . ; to W with respect to the cone (h; :Z, - W <« XZ, :u o X'h;) of the span
(t§ :Zy < Zf — XZ) : c}).

As h, o (Cer1) P ote = heyq ot = uo Zh,, it follows that h, is a X -algebra homomorphism (Z,, (¢,41) " 0 t) —
(W, u). Hence, (h, i) factors as the composite (h, h,) o (Co, C1.¢)-

We finally establish the uniqueness of such factorizations. For any homomorphism g : (Z, (Cc.c+1) "' 0 t) — (W, u)
such that g o ¢1, = I, it follows by (a possibly transfinite) induction that g o ¢, , = h, for all @ < «, and hence that
g = h,.

If X preserves epimorphisms and c is an epimorphism in ¢, then, by (a possibly transfinite) induction, the morphisms
Ca,p and Xc, g are shown to be epimorphic in # for all ordinals @ < B < k. Hence this is the case for ¢y, and
Cle. U

Corollary 5.3. Let X be an endofunctor on a category ¢ with coequalizers. If the construction () stops for every X'-algebra cospan
(c : Z — Z; < XZ : t) with c epimorphic in ¢, then X-algebraic coequalizers exist. If, in addition, X preserves epimorphisms
then X'-algebraic coequalizers are epimorphic in €.

Proof. Let (Z,t : ¥Z — Z) be a X' -algebra and let [, r be a parallel pair into Z in ¢. Consider a coequalizerc : Z — Z; of I, r
in ¢ and the X'-algebra cospan (Z 5 Z4 il X'7) as in the proof of Lemma 4.3. As c is an epimorphism, by Theorem 5.2, a

free X -algebra (Z’,t’) on (Z Ny Pl >7) exists. Let (z, 1) : (Z = Z, pid X7) — (Z' Ly X7') be the universal
map. Then, the homomorphismz =z, oc: (Z,t) — (Z', t') is an algebraic coequalizer of I, r.
If X preserves epimorphisms, then, by Theorem 5.2, the maps z, z; are epimorphicin ¥ assoisc. O

5.2. Free X-algebras

The following well-known result (see e.g. [2]) follows from Theorem 5.2.

Corollary 5.4. For an endofunctor X' on a category ¢ with finite coproducts, let X, for X € ¢, be the endofunctor X + X' (—)
on % For an object X € ¢, if the construction (x) with respect to the endofunctor Xx for the initial Xyx-algebra cospan

(U 4 %0 £ Xx0) stops, then it yields an initial Xx-algebra whose X -algebra component is a free X' -algebra on X.
Note that in the above particular case of the construction (x), we have that X, = 0; that X, ; = X 4+ XX, for all successor
ordinals & + 1; and that X;_is a colimit of the A-chain {c, g}o<p< for all limit ordinals A.

5.3. Free S-algebras

LetS = (¢ : ¥ > I' - L = R) be an equational system, and let (X, s) be a given X'-algebra. For « an ordinal, we proceed
to consider a (possibly transfinite) construction as depicted below

Xe1

e, o X (e$)0€2)
X s X T e zxw SRS, DX

w s
\) X * @ reflect Sw Sk

. collm\ X . (**)
0,1 e e
X o X XXX X
Ls) | | R(® L(s1) | | R(s1) o L(sw) | | R(sw) L(sc) | | R(sc)
NOJ
Ieg,1
FX4>FX1\;;"///FX&) I'X,
reqq

yielding a chain {ey g : (X4, So) = (X8, $p)}a<p< (With 59 = 5) in X-Alg.
Precisely, the definitions are as follows: for A < «,

e when A =0,
Xy, s5) is (X, s);
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e when A is a successor ordinal o + 1,
ey - Xy, So) = (X5, $1) is an algebraic coequalizer of the parallel pair L(Xy, So), R(Xy, S¢) : I'Xy — X4; and
e when A is a limit ordinal,
-{eg, : Xo — X7}a<i and {e;,k : XXy — Xj}a<n are respectively colimits of the A-chains {ey g}a<p<1 and
{Eea,ﬁ}a§ﬁ<k;
- € : Xy — YX7ands; : X; — X7 are the mediating maps from the colimiting cone {e; ; }, <, to the cones { Xeg, ; }4 <.
and {EZ.A 0 So}a<is

*

es s s} e
(X2 5 Xr & £X2) is a pushout of (XP < X* 5 X?);

e Y
- (X), s,) is a free X' -algebra on the X'-algebra cospan (X; 3 X2 i XX?) with universal map (e o e}, e}); and
- €y, : Xy — X, is the composite 5 o e; o ey, ;.

Whenever this construction can be performed for the ordinal «, we say that it reaches k. Furthermore, we say that the
construction (xx) stops if it does so at some ordinal « in the sense that it reaches ¥ + 1 and the map e, 11 : X, — X, 41 1S
an isomorphism.

Theorem 5.5. LetS = (¥ : ¥ > I' + L = R) be an equational system. If the construction (xx) stops for every X -algebra, then
S-Alg is a full reflective subcategory of X'-Alg.

Proof. Let (X, s) be a X-algebra and assume that the construction (xx) for it stops at an ordinal x. We claim that the

X -algebra (X,, s,) is a free S-algebra on (X, s). First, note that (X, s,) is an S-algebra since e, ,+1 0 L(Xi, S¢) = €41 ©

R(X,, s¢) and e, .1 is an isomorphism. We will now show that the homomorphism ep . : (X, s) = (X, s) is universal.
Consider a homomorphism h : (X, s) — (W, u) and perform the following (possibly transfinite) construction:

el ,
Zeg, . X (e 0e)
IX — oy X, T T EXS — X X
- =hy
hs W
€0,1 H ESJ €w
X=X - X s X* —s X X,
u
L(S)[ R(s) L(s1) W
L(se)=R(s,
regs ) (s )‘ (Sx) T
I'X———TX, = - _7>rXx, --- TIX L(u)=R(u)

I'hy

Thy,

rw

where

e for asuccessor ordinal A = o + 1,
hy : (X, $,) = (W, u) is the factor of h,, through the algebraic coequalizer e, 4 1; and
e for a limit ordinal A,
- hj is the mediating map from the colimit X7 to W with respect to the cone {hy}y<i;
- h3 is the mediating map from the pushout X; to W with respect to the cone (h5 : Xy — W <« XX? : uo Xh}); and
- h; : (X;,s5) — (W, u) is the factor of
(B2 h): (X 3 x2 25X > W2 w L sw)
through the universal map (e} o e}, e}).
Thus, b, : (X,, sx) = (W, u) isafactorof h: (X,s) — (W, u) througheg, : (X,s) = Xk, S¢)-

We finally establish the uniqueness of such factorizations. Indeed, for any homomorphism g : (X, s,) — (W, u) such
that g o ep, = h, it follows by (a possibly transfinite) induction that g o e, , = h, forall@ < «, and hence thatg = h,. O

5.4. Main results

We conclude the section by giving three sufficient conditions, respectively corresponding to the three conditions of
Theorem 5.1, that permit the application of Corollary 5.4 and Theorem 5.5, and thus lead to transfinite constructions of
free algebras for equational systems.
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Theorem 5.6. LetS = (¥ : X > I' - L = R) be an equational system with % finitely and chain cocomplete.
If X preserves colimits of k -chains for some limit ordinal «, then the construction () stops at « for all X' -algebra cospans.

In addition, if I" preserves colimits of k-chains, or if both X and I" preserve epimorphisms, then the construction (xx) respectively
stops at «, or at 1, for every X -algebra.

Proof. Assume that X preserves colimits of k-chains for some limit ordinal «. As ¢ is finitely and chain cocomplete, the
construction (x) for a X'-algebra cospan (c : Z — Z' <— XZ : t) reaches the ordinal «. As X preserves the colimiting cone
{Ca,x Ja< Of the k-chain {cy, g} <p<«, the mediating map c; is an isomorphism and hence so0 is ¢, 1.

By Theorem 5.2, free X'-algebras on X' -algebraic cospans exist; and so do X'-algebraic coequalizers by Corollary 5.3. Thus,
the construction () reaches any ordinal.

In addition, assume that I" preserves colimits of x-chains, and consider the construction (xx) for a X-algebra (X, s)
up to the ordinal x + 1. As X preserves the colimiting cone {ej, , }o<, of the «x-chain {ey g}y<p<(, the mediating map
ey is an isomorphism and hence so are e} and e}. From this, we have that {e, }o < is a colimiting cone of the «-chain
{eq,pYa<p<«.Since I" preservesitand L(X., sc) o I'eq « = R(X, sc)oI'ey  foralla < «, it follows that L(X,, ) = R(X, S¢).
Consequently, the algebraic coequalizer e, , 1 is an isomorphism.

Alternatively, besides X preserving colimits of k -chains, assume both that X' and I" preserve epimorphisms, and consider
the construction (xx) for a X'-algebra (X, s) up to the ordinal 2. Then, by Corollary 5.3, the X'-algebraic coequalizer eg ; is
epimorphicin ¢, and thus sois I"ey 1. Moreover, since I"eq ; equalizes L(X1, 1), R(X1, $1), it follows that L(Xy, s1) = R(X1, $1).
As a result, the algebraic coequalizer e ; is an isomorphism. O

Theorem 5.7. LetS = (¥ : ¥ > I' = L =R) be an equational system with ¢ finitely and chain cocomplete. If ¢ has no
transfinite chain of proper epimorphisms and X preserves epimorphisms, then the construction (x) stops for all X' -algebra cospans
(c:Z — Z' < XZ :t) with c epimorphic, and the construction (*=) stops for all X-algebras.

Proof. As % is finitely and chain cocomplete, the construction () for a X-algebra cospan (¢ : Z — Z' < XZ : t) with
¢ epimorphic reaches every ordinal. As X' preserves epimorphisms, it follows by transfinite induction that the maps ¢, g
and X'c, g are epimorphic for all ordinals o < B. Since {Cy, g}o<pgcord is a transfinite chain of epimorphisms, there exists, by
hypothesis, an isomorphic component ¢, g for some pair of ordinals @ < f. Thus the construction stops.

By Theorem 5.2 and Corollary 5.3, free X'-algebras on X -algebraic cospans (¢ : Z — Z' < XZ : t) with c epimorphic
and X '-algebraic coequalizers exist, and their associated universal maps are epimorphic in ¥. Consequently, it follows that
the construction (+x) reaches every ordinal for all X'-algebras and, by transfinite induction, that the maps e, g, €y ;, €5 ;, €5,
e3, e} are epimorphismsin ¢, foralla < 8 € Ordand« < A € Ord with A alimit ordinal. Since {ey g}« <pgcord i$ a transfinite
chain of epimorphisms, there exists, by hypothesis, an isomorphic component e, g for some pair of ordinals « < B. Thus
the construction stops. O

The following two corollaries imply Theorem 5.1.

Corollary 5.8. Let X be an endofunctor on a category . For & finitely and chain cocomplete, if X preserves colimits of k -chains
for some limit ordinal k, then X -Alg is a full reflective subcategory of X -AlgCoSpan and the forgetful functor X -Alg — ¥ has
a left adjoint.

Proof. The first conclusion follows from Theorems 5.2 and 5.6; the second one from Theorem 5.6 and Corollary 5.4 (as the
endofunctors X 4+ X (—) preserve colimits of k-chains forall X € ¥). O

Corollary 5.9. Let S = (¢ : ¥ > I' = L = R) be an equational system. For ¢ finitely and chain cocomplete, if either of the
following conditions hold

(1) X and I' preserve colimits of k-chains for some limit ordinal k;
(2) X preserves colimits of k-chains for some limit ordinal , and both X and I" preserve epimorphisms;
(3) & has no transfinite chain of proper epimorphisms and X' preserves epimorphisms

then S-Alg is a full reflective subcategory of X'-Alg.

Proof. Items (1) and (2) follow from Theorems 5.5 and 5.6; item (3) follows from Theorems 5.5 and 5.7. O

6. Categories of algebras and monads for equational systems

We consider properties of categories of algebras and monads for equational systems. The preceding results and those of
this section jointly establish the following theorems.

Theorem 6.1. LetS = (¥ : X > I' = L =R) be an equational system. For ¢ cocomplete, if X and I" preserve colimits of
k-chains for some limit ordinal k then the forgetful functor Us : S-Alg — % is monadic, the induced monad preserves colimits of
k-chains, and S-Alg is cocomplete.

Theorem 6.2. LetS = (¢ : X > I' = L = R) be an equational system. For ¢ cocomplete, if X preserves both epimorphisms and
colimits of k-chains for some limit ordinal «, and if I" preserves either epimorphisms or colimits of «-chains, then the forgetful
functor Us : S-Alg — ¥ is monadic, the induced monad preserves epimorphisms, and S-Alg is cocomplete.
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Theorem 6.3. LetS = (¢ : ¥ > I' = L =R) be an equational system such that the forgetful functor Ug : S-Alg — ¢
has a left adjoint. If ¢ is cocomplete and has no transfinite chain of proper epimorphisms, and X' preserves epimorphisms, then
Us : S-Alg — ¥ is monadic and S-Alg is cocomplete.

Remark. Theorem 6.1 and Theorem 6.2 follow from Corollaries 6.6, 6.8, and Proposition 6.10; Theorem 6.3 follows from
Propositions 6.4, 6.5, Corollary 5.9, Theorem 5.7, and Corollary 5.3.

6.1. Monadicity and cocompleteness

For an endofunctor X on a category %, it is well known that if the forgetful functor X'-Alg — % has a left adjoint then it
is monadic. This result extends to categories of algebras for equational systems.
Proposition 6.4. Let S be an equational system. If the forgetful functor Us : S-Alg — < has a left adjoint, then it is monadic.

Proof. To show the monadicity of Us by Beck’s theorem [25], it is enough to show that Us creates coequalizers of parallel
pairsf,g : (X,r) — (Y,s) in S-Alg for which f, g : X — Y has an absolute coequalizer, say e : Y — Z, in . In this case,
then, Xe is a coequalizer of X'f, X'g and I'e is a coequalizer of I'f, I'g, so that we have the following situation

xf
EX:}ZYL»EZ

Xg |
f 4

e
_
X ?; Y oo )PZ)P
LX,r)=R(X,r) L(Y,5)=R(Y,s) LZ,t) | | REZ.b)
\ rf N

Fxr:giryé»rz

for a unique X'-algebra structure t on Z for which L(Z, t) = R(Z, t).
It follows from the universal properties of e and Xe thate : (Y,s) — (Z, t) is a coequalizerof f,g : (X,r) — (Y,s) in
X'-Alg, and hence also in S-Alg. O

A general condition for the cocompleteness of categories of algebras for equational systems follows.

Proposition6.5. et S = (¢ : ¥ © I' F L=R) be an equational system with ¢ cocomplete. If the forgetful
functor Us : S-Alg — ¢ has a left adjoint, S-Alg is a full reflective subcategory of X-Alg, and X-Alg has coequalizers, then
the category S-Alg is cocomplete.

Proof. S-Alg has coequalizers since it is a full reflective subcategory of X'-Alg, which is assumed to have coequalizers. Also,
by Proposition 6.4, S-Alg is monadic over ¥. Being monadic over a cocomplete category and having coequalizers, S-Alg is
cocomplete (see e.g. [5, Proposition 4.3.4]). O

Since the existence of X'-algebraic coequalizers implies that of coequalizers in X'-Alg, we obtain the following corollary.

Corollary 6.6. LetS = (¢ : ¥ > I' - L = R) be an equational system. For € cocomplete, if either of the following conditions
hold

(1) X and I' preserve colimits of k -chains for some infinite limit ordinal «;

(2) X preserves colimits of k-chains for some limit ordinal «, and both X and I" preserve epimorphisms;

(3) € has no transfinite chain of proper epimorphisms, and X' preserves epimorphisms and colimits of k-chains for some infinite
limit ordinal k

then the forgetful functor Us : S-Alg — % is monadic and S-Alg is cocomplete.

6.2. Cocontinuity

We show that the colimit-preservation properties of the functorial signature and functorial context of an equational
system are inherited by the free-algebra monad.

Recall that a diagram in a category ¥ is a functor from a small category to ¥. We say that a class D of diagrams in ¥ is
closed under an endofunctor F on ¥ if the diagram F oI : T — % is in O for all diagramsI : I — % in D.

Proposition 6.7. LetS = (¢ : X > I' = L = R) be an equational system for which Us : S-Alg — ¥ has a left adjoint, and
write (T, n, u) for the induced monad on €. For D a class of diagrams in ¢ closed under T, if ¢ has colimits of diagrams in D
and the endofunctors X and I" preserve them, then so does the endofunctor T.
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Proof. For a diagram [ : I — ¥ in D, let {A; : Ii — colimI};c; and {§; : Tli — colim TI};¢; be colimiting cones. We show
that the cones {TA;}icr and {§;}ic; are isomorphic. Specifically, we construct an inverse q : T(colimI) — colimTI to the
mediating map p : colim TI — T (colimI) from {§;}icr to {TA;}icr as follows.

Let (TX, 7y : XTX — TX) be the free S-algebra on X € ¥ induced by the left adjoint to Us. The family 7 = {zx : XTX —
TX}xe« is natural. Hence, the family {6; o 7;; : XTli — colim Tl};¢; is a cone and, as { X'§;}ic1 is colimiting, we have a unique
X -algebra structure t on colim TI such that the diagram on the top below

X8 .
XTI X (colim TI)
|
Tni [ 3t
. 3 +
TIi colim TI
/l\/]\
L(TIi, i) =R(Tli, t1;) L(colimTI,t) | | R(colimTI,t)
‘ rs; I
I'Tli I"(colim TI)

commutes for all i € 1. Furthermore, the X-algebra (colimTI, t) is an S-algebra; since {I"d;}ic; is colimiting and
L(colimTI, t) o I'§; = R(colimTI, t) o I'§; for alli € IL.

By the universal property of free algebras, we define q : T(colimI) — colim TI as the unique map making the following
diagram commutative:

ST(coliml) — — = — & T(colimTI)

Tcolimll J{t
]

T(coliml) — — — = — > colimTI
”colim[] /
colim n;
colim I

This map is a morphism between the cones {TA;}ic; and {3;}icr; as follows from the commutative diagrams below

XTh . Xq . =8 .
XTli — XT(coliml) ——— X'(colim TI) YTli —— > X (colim TI)
Tlil TcolimlJ/ J/t Tlil lt
Thi . . Si ;
Tli — T(colimI) 1 colim TI Tli ———— > colim TI
i Ncolim I i i )
T T % T N A,
li— coliml Ii — colim I

by the universal property of free algebras. It further follows that the endomap q o p on (colim TI) is the identity, as it is an
endomap on a colimiting cone.

Finally, that the endomap p o g on T(colimI) is the identity follows from the commutativity of the diagram below

ST(colimI) —2— 5 (colim TI) —~2— ST (colim1)

TcolimlJ' J{[ (B) l'fcoliml

T(colimI) —— colim TI ——— T(colim[)

) (A)
Tcolim I
Ncolim I

colimI

by the universal property of free algebras.
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The commutativity of the diagram (A) above follows from the commutativity of the following diagram for eachi € I

Ncolim I

Ii —> colim] —— T(colim]I)

colim n;
N \ lq
8.

X Tli ————— colim TI
\ }
colim | po— T(colimI)

because {A;}icr is a colimiting cone.
The commutativity of diagram (B) above follows from the commutativity of the following diagram for eachi € T

X6 .
YT X (colim TI)
ZTh
Ti
5 X T(colimI)

i

X (colim TI) e colim TI - T(colim 1)

because {X'§;}icy is a colimiting cone. O

Corollary 6.8. LetS = (¢ : X > I' - L = R) be an equational system. For ¢ finitely and chain cocomplete, if the endofunctors
X and I preserve colimits of k-chains for some limit ordinal k then so does the monad induced by the left adjoint to the forgetful
functor Us : S-Alg — .

6.3. Epicontinuity

LetS = (¥ : ¥ > I' = L =R) be an equational system for which the forgetful functor Us : S-Alg — ¥ has a left
adjoint, and write (T, n, ) for the induced monad on %. It follows from Proposition 6.7 that if X and I preserve cokernel
pairs (viz., pushouts of spans with identical legs) then so does T; so that, in particular, it also preserves epimorphisms.
However, under the free constructions of Sections 4 and 5, one can directly obtain epicontinuity.

Proposition 6.9. Let X be an endofunctor on a category ¢, and assume that ¢ is finitely and chain cocomplete and that X
preserves colimits of k-chains for some limit ordinal k. If X' preserves epimorphisms then so does the monad Ty induced by the
left adjoint to the forgetful functor Uy : X-Alg — .

Proof. Recall from Theorem 5.6 and Corollary 5.4 that the construction that sets

e forL =0,
(X)L e Xk+1) = (O — X + 20),
e for A = a + 1 a successor ordinal,
(X)L — X)L+]) = (X + XX, > X+ EX)L); and
e for A alimit ordinal,
X, — X,.+1 tobe the mediating map from a colimiting cone {X,+1 — X }s <1 tothe cone {X,+1 = X+ XX, - X+ XX, =
Xit1}

stops at «, in that the map X, — X, is an isomorphism, and yields an initial (X + X(—))-algebra (X,, [nx, tx] :

X+ XX, i> X,) whose component tx : XX, — X, is a free X'-algebra on X.
Given an epimorphism f : X — Y, one constructs a family of epimorphisms {f : X, — Y4 }a<« such that

Xy — X5

)]s

Yo — Y
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by setting fo = id; fy+1 = f + Xf,, for all successor ordinals « 4 1; and f; to be the unique mediating map from the colimiting

cone {X, — X; }q<; to the cone {X, i> Y, — Y3 }u<,, for all limit ordinals A.

00— Xx+350 X4 5X+20) - X, —X+5X, - X, =TsX
io lﬁzo lf+2(f+20) l ) lf+>:fw l =Txf
0—Y+50 2y 4 2(Y+20) - Yy—Y+3Y, - Y. =TsY

colim

By construction, and because the maps X, — X,1 and Y, — Y, are isomorphismes, it follows that f, o nx = ny o f and
fe o tx = ty 0 Xf,.. Thus, Tsf = f, is an epimorphism. O

Proposition 6.10. Let S = (¥ : X > ' = L =R) be an equational system for which ¢ is finitely and chain cocomplete.
If X preserves both epimorphisms and colimits of x-chains for some limit ordinal «, and if I preserves either epimorphisms
or colimits of «-chains, then the monad Ts induced by the left adjoint to the forgetful functor Us : S-Alg — ¥ preserves
epimorphisms.

Proof. For X € ¢, the free S-algebra (TsX, Tx) over the free X-algebra (TsX, tx) on X is given by means of the
constructions (x) and (*x); and, as X preserves epimorphisms, it follows that the universal homomorphism gx
(TsX, tx) — (TsX, Tx) is epimorphic in ¥. Then, using Proposition 6.9, for every epimorphism f : X — Y, we have the
following situation

TeX —X 4 T.X

TN

TsY " TsY

and so Tsf is an epimorphism. O

6.4. Examples

We revisit the examples of equational systems given in Section 3 in the light of the above results.

(1) For the equational system St = (Set : X > I't - Ly = Ry) representing an algebraic theory T, the category Sr-Alg is
monadic over Set and cocomplete, and the free-algebra monad is finitary (i.e., preserves filtered colimits, or equivalently,
colimits of A-chains for all limit ordinals A) by Theorem 6.1, as Set is cocomplete and X7 and Iy are finitary. Furthermore,
Xr and It preserve epimorphisms, and hence Theorems 4.8 and 6.2 apply.

(2) For the equational system St = (% : (GB)o > (GE)o F+ o= T,) representing an enriched algebraic theory
T = (¢, B,E, o, 1), the category St-Alg is monadic over %, and cocomplete, and the free-algebra monad is finitary
by Theorem 6.1, as %j is locally finitely presentable and thus cocomplete, and (GB), and (GE)y are finitary.

(3) One may apply Theorem 6.1 to the equational system St representing a monad T = (T, 1, n) on a cocomplete category
% as follows. If T preserves colimits of A-chains for some limit ordinal A, then St-Alg = %7 is cocomplete.

One may also apply Theorem 6.3 as follows. If ¥ has no transfinite chain of proper epimorphisms and T preserves
epimorphisms, then Sg-Alg = 47 is cocomplete.

(4) To the equational system Syjon() of monoids in a monoidal cocomplete category ¢ we can apply Theorem 6.1 as follows.
If the tensor product is finitary (as it happens, for instance, when it is biclosed) then Syion()-Alg is monadic over ¢ and
cocomplete, and the free-monoid monad is finitary. If the tensor product also preserves epimorphisms (again, as it
happens when it is biclosed) then so does the free-monoid monad, by Theorem 6.2.

7. Applications

This section illustrates the theory of equational systems with three sample modern applications: (i) pi-calculus
algebras (Section 7.1); (ii) binding algebras with substitution structure (Section 7.2); and (iii) nominal equational
theories (Section 7.3).

Our presentation discusses the difficulties in representing these mathematical structures as enriched algebraic theories,
and shows how these are overcome by equational systems. The theory of equational systems is then applied to study the
applications.
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7.1. Pi-calculus algebras

m-algebras are an algebraic model of the finitary w-calculus introduced by Stark in [32]. Here we briefly discuss the
concept as algebras for an equational system. The theory of equational systems is then applied to deduce the existence of
free models.

We need consider the presheaf category Set!, for I the (essentially small) category of finite sets and injections. The
category Set! carries an affine doubly closed structure (see [30]) given by:

o the cartesian closed structure (1, x, (=)), and

e the symmetric monoidal closed structure (1, ®, (=) —o (:)) induced by Day’s construction [9] from the symmetric
monoidal structure (@, W) on I°P given by the empty set ¢ and the disjoint-union tensor .

Note that, as the tensor unit is terminal, the tensor product comes equipped with projections:

P1 . X®Y Xe! >X®1 iX7
. XY —2 19y —v.

The presheaf of names N € Set! is the inclusion of I into Set.

A m-algebra is an object A € Set' together with operations nil : 1 — A, choice : A> — A, out : N x N x A — A,
in:NxAY — A tau:A — A and new : (N — A) — A satisfying the equations of [32, Sections 3.1-3.3 and 3.5]. These
algebras, and their homomorphisms, form the category 2 4 (Set').

As mentioned in [32], there is a difficulty in expressing w-algebras as algebras for an enriched algebraic theory. Indeed,
the concept of w-algebra relies on the consideration of two enriching structures, but enriched algebraic theories consider
only one. More precisely, the operation new : (N — A) — A is an operation in Set’ enriched over itself with respect to
the monoidal closed structure; whilst the other operations are operations in Set’ enriched over itself with respect to the
cartesian closed structure. Thus one cannot use enriched algebraic theories to represent 7 -algebras and thereby establish
the existence of free models (i.e., that of a left adjoint to the forgetful functor U, : £ 4 (Set') — Set' mapping a i -algebra to
its carrier object).

As we now proceed to show, the operations and the equations for 77 -algebras yield a functorial signature together with
functorial equations. The functorial signature X, on Set! is given by setting

(A =14+A2+ (N xNxA +NxA)+A+ (N - A).

In [32], the equations for r-algebras are expressed entirely in the internal language of Set® (see also [12]), and hence are
shorthand for certain commuting diagrams. One can easily see that these commuting diagrams directly define functorial
equations. As an example, we consider the equation establishing the inactivity of a process that inputs on a restricted
channel. In the internal language, the equation is given by

p:N - A" I new(vx:N.in(x, p@x)) = nil : A
This equation stands for the commutativity of the following diagram:
N

(p2:€ ) N—o (in)
N oAV — 2 SN o (Nx A ——— ™ SN .4

|

1 A

where (p,, G/I;]N) is the transpose of the map

(P2, ) + (N =AY ®N — (N x AV).
The commuting diagram directly yields a parallel pair of functors

Z.-Alg —— 2 (N — (—)")-Alg

over Set.

The functorial signature X, and the functorial equations induced from the axioms of 7 -algebras constitute an equational
system S, on Set’ such that S, -Alg = £ 4 (Set"). From the fact that the presheaves N and 2 are finitely presentable in Set',
one can easily see that every endofunctor of S, is finitary (or equivalently, that it preserves colimits of x-chains for every
infinite limit ordinal « ). Thus the following result follows from Theorem 6.1.

Proposition 7.1. The category of w-algebras & 4(Set’) = S, -Alg is cocomplete and monadic over Set® with the induced monad
being finitary.

The above discussion also applies more generally to axiomatic settings as in [12] and, in particular, to 7 -algebras over
nominal sets, wCpo', etc.
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7.2. Algebras with monoid structure

We present the concept of ¥-monoid for an endofunctor X with a pointed strength [13,10] and consider it from the
point of view of equational systems. The theory of equational systems is then used to provide an explicit description of free
X’ -monoids. We then show that, for X', the functorial signature of the A-calculus, the 85 identities are straightforwardly
expressible as functorial equations. The theory of equational systems is further used to relate the arising algebraic models
by adjunctions.

7.2.1. X -monoids

Let X be an endofunctor on a monoidal category ¥ = (¥¢,®,I, «a, A, p). A pointed strength for X is a natural
transformation

sty vyisy) ¢ ZX)QY > XX®Y) : €x/€) > ¢

satisfying coherence conditions analogous to those of strengths [24]; that is, such that the diagrams

StA, (1,id:1—1)

JA I TA®ID

= {EW

PE(A)
X (A)

sta, (B, b:1—B) ®C StA®B, (C,c:1—C)

(FA)®B®C JAR®BRC J(A®B)®O0)
:\Lazm),&c 2JE(O¢A’B’C)
StA,(B®c,(b®c)op1‘1;HB@C)

Y(A)® (B® () YA®B®C))

commute forallA € ¥ and (B,b:1 — B), (C,c : 1 — C) € I/%.

Remark. The notion of pointed strength arises as a special case of that of a strength for an action of a monoidal category on
a category (see [10] and also [22]).

For an endofunctor X' with a pointed strength st on a monoidal category ¢, the category of X'-monoids ¥-Mon(%) has
objects given by quadruples (X, s, m, e) where (X,s : XX — X)isa Y-algebraand X, m: X ® X — X,e: [ — X)isa
monoid in ¥ satisfying the compatibility law requiring that the diagram

stx, (x,e:l—X) X (m)

JX)RX — X QX)) — 5 ¥(X)

X®X X

commutes; morphisms are maps of ¢ that are both X'-algebra and monoid homomorphisms.

7.2.2. Equational system for X-monoids

There are problems in presenting X'-monoids as algebras for an enriched algebraic theory. For one thing, if the monoidal
category ¢ is not closed, then ¥ is not enriched over itself. More importantly, however, even when ¥ is closed, the operation
m : X ® X — X is not directly expressible as an operation of an enriched algebraic theory. Equational systems overcome
these problems.

Let¢ = (¢,®,1, a, A, p) be a monoidal category with binary coproducts. For an endofunctor X on ¥ with a pointed
strength st, the equational system My of X-monoids is defined as

(%ZFE DGE l_L2=RE)
with
FrX) = ZX) + X®X) +1
GsX) = (X®@X)®X)+ (®X) + XD + (ZX) ®X)
Ly (X, [s,m,e])
=X, [ mo (m® idy) , Ax s 9% , mo(s®idx) ]
Rs (X, [s,m,e])
:(X, [ mo (ldx % m) odxxx,Mo (€®ldx) ,mo (ldx ®€) , SO E(m) OStX,(X,e) ])

The functoriality of Ly and Ry follows from the naturality of «, A, p, and st. By construction, M x-Alg is (isomorphic to)
X -Mon(%).
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7.2.3. Free X -monoids

We now proceed to apply the theory of equational systems developed in this paper to the algebra of X-monoids. For
instance, by Theorems 4.6 and 4.8, if ¢ is cocomplete, and the endofunctor ¥ : ¥ — % and the tensor product ® : 4> — ¢
preserve epimorphisms and colimits of w-chains, then the category ¥-Mon(%) is monadic over ¢, and free X¥'-monoids on
objects in ¥ can be constructed as in diagram (2) followed by (4).

While this provides an abstract construction of free X-monoids, when the monoidal structure is closed, one can go further
and give an explicit description of free X’-monoids by exploiting the following fact.

When % is monoidal closed, if the initial (I + X'(—))-algebra uX.I + XX exists, then the initial X'-monoid exists and
has carrier object uX.I + XX equipped with an appropriate X-monoid structure (see [13]).

Indeed, a free X-monoid over A € % is an initial M*.-algebra for M4. the equational system
(¢:(A+Fs(—) > Gs F Ly Uy = Rp Uy),

where U, denotes the forgetful functor (A +Fyx (—))—Alg — Fx-Alg. Furthermore, for the endofunctor (A® —) + X' (—) on
¢ with the pointed strength given by the composite
(A®X)+Z(X)®Y
= (A®X) Q)+ ZX)®Y

ap X,y +stx (v.y)

AEX®Y)+TX®Y) ,

one can establish the isomorphism p : M4, -Alg = Mg )+ x(—)-Alg : ¢ with p and q given by

pX, [a,s,me] :A+ X +XQX +1 — X)
= X, mo(a®idy),s,me] : AQX + XX + X®X +1 — X)

qX, [b,s,m,e] : AQX + XX + XQ®X + 1 — X)
= (X, [bo(idi®e)op,',s,mel : A+ ZX + XX +1 — X).

Thus, we have the following result (see also [10]).

Proposition 7.2. Let ¥ be a monoidal closed category with binary coproducts. For any object A € ¥, if the initial (I +ARQ—)+

Z‘(—))-algebra uX.I4+A®X + XX exists, then the free X-monoid on A exists and has carrier object uX.1 +A® X + XX
equipped with an appropriate X -monoid structure.

7.2.4. Lambda-calculus algebras

As a concrete example of algebras with monoid structure, we start by considering the syntax of the A-calculus, with
models given as certain X;-monoids on the presheaf category Set® for F the (essentially small) category of finite sets and
functions.

We quickly review the structure of Set™ needed here. Besides the cartesian closed structure, the presheaf category
Set” is equipped with the substitution monoidal structure (V, e), where the unit V is the embedding of F into Set and
the tensor e is given by the coend formula

keF
X eY)(n) = f X(k) x (Ym)k.

This substitution monoidal structure is closed.

The endofunctor (—)" on Set” has the property of shifting presheaves; in that, for any presheaf X € Set®, the set X" (n)
can be presented as X (n + 1) for all finite sets n € F.

A A-prealgebra [13] is a X, -monoid for the endofunctor X, X = X" 4 X2 with a suitable pointed strength on the presheaf
category Set". The operations of a X, -monoid

(X, [abs, app, sub, var] XV 4+ X2+ XeX)+V —X)

provide interpretations of A-abstraction (abs : XY — X), application (app : X? — X), capture-avoiding simultaneous
substitution (sub : X ¢ X — X), and variables (var : V — X).

The initial X, -monoid has carrier object uX.V + X" + X?. It consists of a-equivalence classes of A-terms with variables
from V, and thus provides an abstract notion of syntax for the A-calculus (see [13]). The syntactic description of free
X, -monoids has been considered in [20,10].

The 87 identities for a A-prealgebra on X are expressed, in the internal language, by the following equations

B) F:XV,x:X  app(abs(f),x) = sub(f(x)) : X
(n) x:X F abs(Av 1 V. app(x, varv)) =x:X
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where the map —(=) : XV xX — X X embeds X" x X into X e X. Indeed, the equations stand for the following commuting
diagrams

—(=) x:X = Av:V.app(x,varv)

XV xX———XeX X XV
absxxl lsub d J]abs
X
X x X *X X

where the mapx : X + Av :V.app(x, varv) is the transpose of the composite

X xvar app

XxV X xX X .

These commuting diagrams provide a functorial equation
Lﬁ’/ = Rﬁ'? . FE)L—Alg — Gﬂn—Alg s

for Gg,X = (X" x X) + X, and yield the equational system of A-algebras
ME)L/ISU = (Set]F (Fy, > (GEA + Gﬂfl) = [LE»\’ Lﬂﬂ] = [RE»\’ Rﬂ'l])

from that of A-prealgebras My, = (Set™ : Fs, > Gyx, FLyg, =Rg,).

From the coend formula for the substitution tensor and the fact that in the category of sets filtered colimits commute
with finite limits, it follows that e : Set™ x Set™ — Set” preserves filtered colimits, and it is also easily seen that it preserves
epimorphisms. Furthermore, also the endofunctors (—)" and (—)? preserve filtered colimits and epimorphisms. Hence, so
do the endofunctors Fy; , Gy, , and Gg,. Thus, from one application of Theorem 4.6 and two applications of Theorem 4.8, we
obtain the adjunctions V 4 U, Ky 4 J,and Ky 2 4 J1 ]2

M;A/,g,,—Alg( 1 MZ\A-AlgC 1 sz'Alg
2 J1
VHU

and consequently have that K; = Kj 5 J; —1J; as in the diagram above.

Moreover, by examining the construction (4) of the free My, /g,-algebra over the initial M 5;, -algebra along K;, one sees
that the presheaf of a-equivalence classes of A-terms is first quotiented by the 1 identities, and then by the congruence
rules for the operations abs, app, and sub. It follows that the initial My, /g,-algebra is the presheaf of o n-equivalence
classes of A-terms.

7.3. Nominal equational theories

Clouston and Pitts [7] have recently introduced Nominal Equational Logic (NEL) as an extension of equational logic with
names and assertions on their freshness. We show in this section that every NEL theory can be represented as an equational
system in the sense that the respective categories of algebras coincide. By further showing that the equational system
representation satisfies the hypothesis of Theorems 4.7 and 4.8, the monadicity and cocompleteness of categories of algebras
for NEL theories follows (see Corollary 6.6). We also give explicit descriptions of free algebras for NEL theories as derived
from their inductive construction. For brevity, we only consider the single-sorted case; the multi-sorted one being treated
analogously. All these results can be also seen to apply to the nominal algebras of Gabbay and Mathijssen [15]. However, we
do not dwell on this here.

7.3.1. Nominal sets

For a fixed countably infinite set A of atoms, the group &, (A) of finite permutations of atoms consists of the bijections on
A that fix all but finitely many elements of A. A Go(A)-action X = (|X|, -) consists of a set |X| equipped with a function
—.=:60(A) X |X] = |X| such thatids - x = xand 7' - (;m - x) = (w'w) -xforallx € |[X|and 7,7’ € Gy(A).
So(A)-actions form a category with morphisms X — Y given by equivariant functions; that is, functions f : [X| — [Y|
such that f(;r - x) = 7 - (fx) forall m € Gy(A) and x € |X|.

By an element x of a Gg(A)-action X, denoted x € X, we mean that x is a member of |X|. For a Gy(A)-action X, a finite
subset S of A is said to support x € X if for all atoms a, @’ € S, (ad’) - x = x, where the transposition (a a’) is the bijection that
swaps a and a’. A nominal set is a &¢(A)-action in which every element has finite support. As an example, note that the set
of atoms A becomes the nominal set of atoms A when equipped with the evaluation action 7 - a = 7 (a). A further example
is given by G (A) equipped with the conjugation action 7w - 0 = wo !, which we denote as Gq(A).
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The supports of an element of a nominal set are closed under intersection, and we write suppy (x), or simply supp (x)
when X is clear from the context, for the intersection of the supports of x in the nominal set X. For instance, supp, (a) = {a}
and suppg,s)(0) = {a € A | o(a) # a}. For elements x and y of two, possibly distinct, nominal sets X and Y, we write x # y
whenever suppy (x) and suppy (y) are disjoint. Thus, for a € A and x € X, a # x stands for a & suppy(x); that is, a is fresh
for x.

For an element x of a nominal set X, and 7, 7’ € &g(A) such that 7(a) = 7’'(a) for all a € supp(x), we have that
7 -x = 7’ - x. Thus, for a finite set of atoms S D supp(x) and an injective function « : S — A it makes sense to define « - x
as & - x for @ € Go(A) any permutation extending c.

We let Nom be the full subcategory of the category of G((A)-actions consisting of nominal sets, and briefly consider its
structure relevant to us here.

The coproduct | [, Xk of a family of nominal sets {X;}xex is the nominal set with | [ [, Xk| = [k Xkl and action

The product [, X; of a finite family of nominal sets {X;}i¢; is the nominal set with | [[,; Xil = [, IXil and action
7T - (Xi)ier = (7T - Xi)ies. As usual we write X; x - -+ x X, for ]—LE“ YYYY ) Xi» and X' for [Lic; X- More generally, the exponential

XY of nominal sets X and Y consists of all finitely supported functions |Y| — |X| with respect to the action that inversely
acts on the input and directly acts on the output; ie., 7w - f = Ax. 7w - f(r ™' - x).

The separating tensor #c;X; of a finite family of nominal sets {X;}c; is the nominal subset of [ |
given by

{(x)ier | x; # x; for all i # j}.

We write X # - - - #X,, for #ic(1.._nyX;, and X* for #;¢,X. Thus, for instance, the nominal set A* for a finite set I is the subset of
Al consisting of the injections 1 : I — A with action given by post-composition; i.e., - 1 = m1. The separating tensor carries
a symmetric monoidal closed structure. _

For every set S, we define two nominal sets S and S: the nominal set S has underlying set S and projection action 7 -s = s;
the nominal set S is the product Go(A) X S.

For a nominal set X, the nominal set £,(X) has underlying set $|X|, the set of finite subsets of |X|, and pointwise
actionw - S = {7 - x | x € S}. In particular, Py(S) = Po(S) for every set S. Note also that, for A € £,(A) and x € X,
A # x stands for a # x for alla € A.

i Xi with underlying set

7.3.2. NEL theories

A NEL theory consists of a signature defining its operators together with the set of axioms that these should obey.
A NEL signature X is specified by a family of nominal sets { X' (n) },<n, each of which consists of operators of arity n € N.
The nominal set of terms Tx (V) on a nominal set V is inductively defined by the following rules:

veV teTs(V) (=1,...,n)

_vev (0 € () (6)
veTxs(V) oty...t, € Tx(V)

and equipped with the action inductively defined by:
T Ty (V) V=T7T-+w?v

Torswy (0 tr...ty) = (T 3@ o) (T 15w t) - (T 15wy ) (0 € X(n))
We now fix a countably infinite set V of variables. The nominal set of freshness contexts is defined as
[1 (2oa» (24))
SePp(V)

where X » Y denotes the nominal subset of X x Y with underlying set {(x,y) € |X| x |Y]| | supp(X) 2 supp(y)}. Thus, the
nominal set of freshness contexts has elements V = (|V|, V4, V#) given by a finite set of variables |V| C V, a finite set of
atoms V4 C A, and a function V7 : |V| — £,(V+) with the following action

- (IV], VA, V) = (IV], T -pya) VA, AX € [V]. T -0y V(X)) .
Note that supp (V) = V4.
IfIV|={X1,..., %}, V* = {aq, ..., an},and V#(x;) = A;fori =1, ..., n, we write V as
1, ..., 0y » A1 FEX1, ..., Ap F Xn

where we also abbreviate ¢} # x as x and {a} # x as a # x.
By atermt in a freshness context V, written V - t,we meant € Tx(|V|) such that supp(t) C V+.That is, the grammar
for terms in freshness contexts is as follows:

t i=o0X (o € Go(A) withsupp(c) C VA, x € |V])
| ot;... ty (o € X(n) withsupp(o) C V*)
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where we use the notational convention of abbreviating (o, x) as o x and further abbreviating this as x when o is the identity.
Note that V - t impliest - VE 7 - t forallm € Go(A).
A NEL theory is given by a NEL signature X' together with a set of axioms consisting of judgements of the form

Vet~

where t and t’ are terms in the freshness context V.

We give the canonical example of NEL theory. The NEL signature X for the untyped A-calculus [7] (see also [15]) is given
by the nominal sets of operators

20 ={VslacA}, X)) ={LlacA}, X2 =({A},
m =9 (n>3)

with actions
rr-Va:Vn(a), n'La:Lr[(a)v T-A=A.

The NEL theory for « Sn-equivalence of untyped A-terms consists of the following axioms.
a,d »d #xFLix~Ly((ad)x) (a)
ava#x, X FAWLX)X ~x (8-1)
ar X FAL V)X =X (B-2)
a,dwx, d #X AL Lyx)X ~Ly (ALgx)X) (B-3)
awxy, X3, X FAL Ax1 %)X ~AA Lgx1)X) (ALgx2) X) (B-4)
a,d»d #xFALX)Vy ~ (ad)x (B-5)
araBxtx~L;(AxV,). (n)

Remark. The work reported in [7] is based on judgements of the form
VEA#t~L

where A is a finite set of atoms that imposes name freshness conditions on the terms of the equation. However, Clouston
has shown that this extension, though convenient, does not add expressive power; as every such axiom can be equivalently
encoded as one without freshness conditions (see also [15, Theorem 5.5]). For instance, the a-equivalence axiom above is
the encoding of the following one

aw xt{a} #Lyx =~ Lyx.

A X -structure (M, e) for a NEL signature X' is given by a nominal set M and an N-indexed family e of equivariant functions
e, : X (n) x M" — M, referred to as evaluation functions. The evaluation functions extend from operators to terms to give
the equivariant function sy : Tx (V) x MV — M, for each nominal set V, inductively defined by:
ey (v, m) =m(v),
ey(o ty...t;, m) = ey(o, &y(ty, m), ..., ey(ty, m)).
By a valuation m of a freshness context V in a nominal set M, we mean m € M'V! such that V#(x) # m(x) for allx € |V|.

It follows that v - m is a valuation of 7 - V in M for all m € &((A). For every valuation m of V, the functionm : |V| - M
defined by setting m(wr, x) = 7 - m(x) is finitely supported with supp(m) = Uxem supp(m(x)) and hence provides an

extension € MV of m € M!V!.
A X -structure (M, e) is said to satisfy the judgement V + t ~ t’ if

ém (t,m) = ém (t',m)

for all valuations m of V in M.
A T-algebra for a NEL theory T = (X, E) is a X-structure that satisfies every axiom in E. A homomorphism from a
T-algebra (M, e) to another one (M’, ') is an equivariant function h : M — M’ such that

h(en(o, my, ..., my)) = ey (o, h(my), ..., h(my,))

foralln € N,o € ¥(n),and my, ..., m, € M. T-algebras and homomorphisms form the category T-Alg.
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7.3.3. NEL theories as equational systems

We will now present every NEL theory T = (X, E) as an equational system T = (Nom : £ > I" L=R)insucha way
that the respective categories of algebras are isomorphic.

The functorial signature X is simply defined as

>M) = ]_[ >(n) x M",

neN

so that ¥-algebras and X-structures are in bijective correspondence.

Turning the set of axioms into a functorial equation is more involved. We consider first the definition of the functorial
context associated to a freshness context. To this end, note that if a X'-structure satisfies the axiom V ~ t ~ t’ then, by
equivariance of the evaluation functions, it also satisfies the judgement (7 - V) & (7 -t) ~ (;r -t') forall r € Go(A) (see[7]).
Hence the atoms in V# for the freshness context V of a judgement can be conceptually understood as atom place-holders
(or meta-atoms). It follows that the functorial contexts of freshness contexts should be given by a consistent interpretation
of both atoms and term variables. This is formalized by defining the functorial context I'y on Nom of a freshness context V
as

Ty(M) = {(o, m) € A x MV | mis a valuation of o - V in M}.

Note that « - V, which stands for & - V where & € G((A) is any permutation extending « : V4 — A, is well defined because
V4 is the support of V. The above definition makes I'y into a functor because for (¢, m) € I'y(M) and an equivariant
function f : M — N, we have that supp (f (m(x))) € supp(m(x)) for all x € M and hence that f o m € NVl is a valuation of
o - VinN, thatis, (o, f om) € I'v(N).

For a term in a freshness context V I t, the functorial term

Fyi: : 2-Alg — T'y-Alg
then maps (M, e) to
ForeM,e): I'y(M) > M : (o, m) — ém(a -t, m).

Note that « - t, which stands for @ - t where & € Gy(A) is any permutation extending « : V* ~— A, is well defined because
V4 includes the support of t.
The equivariance of Fy-: (M, e) is established as follows:

Fore(M, e)(r - (, m)) = Fye(M, e) (e, 7w - m)
w () - t, - m)
ﬁ(n~(a~t),n -m)
= n-ém(aw,ﬁ)
=T ~FVH(M,9)(O[, m)

=e
e

where the third identity follows because any extension & of @ makes 7 @ into an extension of 7 ¢, and because 7 - m = 7 -m.
The equational system T = (Nom : X' > I - L = R) associated to the NEL theory T = (X, E) is thus defined as

L= 1w T x ()" T = Hgrennes I

L= [FVH](VHm/)eE . R= [FVH/](VH%H)EE'

Theorem 7.3. The categories T-Alg and T-Alg are isomorphic.

Proof. We prove that a X-structure (M, e) satisfies the judgement V -t ~ t’ if and only if Fyr:(M, [exlneny) =
Forey (M, [en]nen)-

The if part is easily shown by considering the inclusion function : € A*¥* . Indeed, for all valuations m of V in M, we have
that

7wy (t, M) = Fyre(M, [enlnen) (t, m) = Fyre (M, [enlner) (t, m) = &7 (t', M)

where the first and last identities hold because the identity permutation extends ¢.
To prove the only-if part, assume that (M, e) satisfies the judgement V  t ~ t’. Then, for (e, m) € I'v(M),as mis a
valuation of & - V in M and (M, e) also satisfies (« - V) F (« - t) &~ (« - t'), we conclude that

FVFt(Ms [en]neN)(a’ m) = Eﬁ (O{ - L, m)

|
(o]
<
~
S
-
3
~

Forv (M, [enlnen) (@, m). O

Aiming at applying Theorems 6.1 and 6.2 we establish the following result.
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Theorem 7.4. The functorial signature and functorial context of the equational system associated to a NEL theory preserve filtered
colimits and epimorphisms.

Proof. Let ¥ and I” respectively be the functorial signature and functorial context associated to a NEL theory T = (X, E).
As the product is closed, the functor X'(n) x (—)" preserves filtered colimits and epimorphisms for all n € N. Thus, the
functorial signature X, being the (pointwise) coproduct of these functors, also preserves filtered colimits and epimorphisms.
Since the functorial context I" is the (pointwise) coproduct of functorial contexts of the form Iy, it is enough to show
that such functors preserve (i) filtered colimits and (ii) epimorphisms.

To show (i), we make the key observation that for all freshness contexts V, the following diagram is a pullback

’

J #
o) Ty (477 )

/
1
Iy M

ARV e MV —m ? nerV\ (A#(V#(X» x M)

where 1y is induced by the embedding of the separating tensor into the product; 1;, is the embedding determined by the

definition of I'y(M); and jj, is the restriction of the equivariant function jy : (o, m) ((a I V#(x), m(x)))xelw where

o | V7(x) is the restriction of & to V#(x) (that is, the composite V#(x) <> V4 —> A).

Thus, since the category of nominal sets is locally finitely presentable, and hence in it finite limits commute with filtered
colimits, and since both the product and separating tensor are closed, and hence preserve filtered colimits, it follows that
I'y preserves filtered colimits. Indeed, for D a filtered diagram of nominal sets, we have that

colim (I'yD)

AFV 5 pIVI | - A*VPE)p

colim ( Tim ( ~ = ))

v
nxelv\ A#( ® x D

12

colim (A*V* x DIVl colim ([ T,y AT 0gp)
~ lim< —

colim ([T, v, AT p)

A*V* % (colim D)!V! [Teiwi AT ©) g (colim D)

lim < \ /

[Teew AFOT) 5 (colim D)

12

I'y(colim D) .

11

To show (ii), we just need to show that I'y preserves surjectivity. To this end, let f : P — Q be a surjective equivariant
function and let («, q) € I'v(Q). Then, for every x € |V|, there exists p, € P such that f(py) = q(x). Moreover, since
supp(px) 2 supp(q(x)) and supp(q(x)) # (a - V)#(x), there exists 7, € S¢(A) such that

my(a) = aforalla € supp(q(x)) and m,(supp(py)) # (o - V)*(x) .

It follows that f (7ty - px) = 7y - f(Px) = 7y - q(x) = q(x) and (« - V)7 (x) # 7, - py. Thus, setting p’ (x) = 7, - px forallx € |V|,
we have (a, p') € I'v(P) with I'v(f)(«, p') = (o, fp') = («, q) as required. O
Corollary 7.5. The category of algebras for a NEL theory is cocomplete and monadic over nominal sets, with the induced free-

algebra monad being finitary and epicontinuous. Moreover, free algebras on nominal sets are constructed in w + w Steps by the
construction (2) followed by the construction (4) in Section 4.

7.3.4. Presentation of free algebras
We proceed to give an inductive presentation of free algebras for NEL theories.
For a NEL theory T = (X, E) and its associated equational system T, we have the following situation:

- — -~
T-Alg = T-Alg. L  $-Alg = x-Alg

I

Nom
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meM m =g m m~gm m~gm’

Ref — Sym——— Trans "
m~gm m ~gm m~gm

(a, m) € I'y(M)

Axi — — VEtxt)eE
xiom S (@ £.7) ~; (@ O T) (¢ ) € E)

mi~pm; (1<i<k)

Cong (o eX (k))

/

omy...Mmg g om...m,

Fig. 1. Rules for the relation ~.

By the construction (2), the free $-algebra on a nominal set V has as carrier the nominal set Tx (V) inductively defined
by the rules (6). ~ ~

We obtain a presentation of the free T-algebra on a X'-algebra (M, [e;]qen) by analyzing the construction (4). Since the
forgetful functor | — | : Nom — Set creates colimits, it follows from the standard construction of colimits in Set that the
underlying set of the carrier object of the free T-algebra on (M, [es]sey) is obtained as the colimit of the w-chain of quotients

M| = [M/y =+ = M/~ = -
where ~,, denotes the equivalence relation on |[M| generated by the following rules
(o, m) € I'vy(M)

for ~ : — — VEt~t)eE
1 Sror (@ - £, ) A By (o - £, D) ( ) €E)

m =, m m; Ay m; (1<i=<k)
for ~, (n>2) (o € X(k)

~ / ~ / i
m~, m omy...Mmg A, om...m,

Thus, the free T-algebra on (M, [en]nen) has carrier object M/~, given by the underlying set |M|/~, for ~ the
equivalence relation on M| given by the rules in Fig. 1 together with the action given by 7 - [m]~, = [ - m]~,. Furthermore,

the quotient map M — M/~, sends m € M to [m]~,, and the i‘—algebra structure [[en]mf] on M/~ is given by

neN
[en]%E (07 [ml]%b—, KR} [mn]%E) = [en(o’ my,..., mn)]%E

foralln e Nyo € ¥(n),and mq, ..., m, € M.
As a corollary, we now establish the following ground completeness result for NEL [7, Theorem 9.4]:

For a NEL theory T, if a ground judgement (viz., a judgement with no variables) is satisfied by all T-algebras, then the
judgement is provable in NEL.

The free T-algebra on the empty nominal set #J consists of the nominal set Tx () /~, of ground terms Tx () quotiented by

~, equipped with the syntactic X'-structure e. Thus, for any ground judgement (ay, ..., an » {} F t = t’), we have that
every T-algebra satisfies (ay,...,an » {} Ft =t')
= (Tx(?)/~;, e) satisfies (a1, ..., an » {} Ft =1t

— [t]“NJE = [t/],\wJE in TZ(%)/%E
= t ~¢ t’ is derivable from the rules in Fig. 1.

The ground completeness result follows by noticing that every proof of t =~ t’ is easily turned into a proof of the
judgement (aq, ..., an » {} t =t') in NEL.

8. Conclusion

The main and salient contribution of this paper can be summarised as the introduction of a framework for the
specification of equational systems (Section 3) and the development of an associated theory of free constructions (Sections 4
and 5) that is general (see Sections 3.4 and 6.4) and, most importantly, practical as needed in modern applications (see
Section 7).

In connection to related work, we have learnt during the course of this work that variations on the concept of equational
system, and its dual of equational cosystem (viz., an equational system on an opposite base category), had already been
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considered in the literature. For instance, Fokkinga [14] introduces the more general concept of law between transformers,
but only studies initial algebras for the laws that are equational systems; Cirstea [6] introduces the concept of coequation
between abstract cosignatures, which is equivalent to our notion of equational cosystem, and studies final coalgebras for
them; Ghani, Liith, De Marchi, and Power [18] introduce the concept of functorial coequational presentations, which is
equivalent to our notion of equational cosystem on a locally presentable base category with an accessible functorial signature
and an accessible functorial context, and study cofree constructions for them.

In comparison, our theory of equational (co)systems is more general and comprehensive than that of [ 14,6], and it can be
related to that of [ 18] as follows. The proof of the dual of Corollary 5.9(3) together with the construction of cofree coalgebras
for endofunctors by terminal sequences of Worrell [33], gives a construction of cofree coalgebras for equational cosystems
on a locally presentable base category with an accessible functorial signature that preserves monomorphisms. This is a
variation of a main result of the theory developed by Ghani, Liith, De Marchi, and Power [18] (see e.g. their Lemmas 5.8
and 5.14); which is there proved by means of the theory of accessible categories without assuming the preservation of
monomorphisms but assuming an accessible arity endofunctor.

In the context of the enriched algebraic theories of Kelly and Power [23], which we have exhibited as equational systems
in Section 3.4(2), one may also consider the categorical presentation of term rewriting via coinserters of Ghani and Liith [17]
in the setting of algebraic theories on the category of preorders. In this vein, we have developed a theory of free constructions
for inequational systems in an abstract-rewriting enriched setting together with a logical theory for rewriting modulo
equations. Details will appear elsewhere.
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