Mathematical Structures in Computer Science (2019), 29, pp. 909-925 CAMBRIDGE
doi:10.1017/S0960129518000361 UNIVERSITY PRESS

ARTICLE

Equational properties of fixed-point operations
in cartesian categories: An overview

Z. Esik*

Department of Computer Science, University of Szeged, Hungary
Email: valeria.depaiva@gmail.com

Abstract

Several fixed-point models share the equational properties of iteration theories, or iteration categories,
which are cartesian categories equipped with a fixed point or dagger operation subject to certain axioms.
After discussing some of the basic models, we provide equational bases for iteration categories and offer
an analysis of the axioms. Although iteration categories have no finite base for their identities, there exist
finitely based implicational theories that capture their equational theory. We exhibit several such sys-
tems. Then we enrich iteration categories with an additive structure and exhibit interesting cases where
the interaction between the iteration category structure and the additive structure can be captured by
a finite number of identities. This includes the iteration category of monotonic or continuous functions
over complete lattices equipped with the least fixed-point operation and the binary supremum operation as
addition, the categories of simulation, bisimulation, or language equivalence classes of processes, context-
free languages, and others. Finally, we exhibit a finite equational system involving residuals, which is sound
and complete for monotonic or continuous functions over complete lattices in the sense that it proves
all of their identities involving the operations and constants of cartesian categories, the least fixed-point
operation and binary supremum, but not involving residuals.
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1. Introduction

The semantics of recursion and iteration is usually captured by fixed points of functions, func-
tors, or other constructors. Fixed-point operations have been widely used in several branches
of computer science including automata and formal language theory and its generalizations,
the semantics of programming languages, abstract data types, process algebra and concurrency,
rewriting, programming logics and verification, complexity theory, and many other fields. The
study of the equational properties of fixed-point operations was initiated in the late 1960s (see
Beki¢ 1969; De Bakker and Scott 1969; Elgot 1975; Esik 1980; Lehmann and Smyth 1981; Niwinski
1985, 1986; Plotkin 1983; Wright et al. 1976 for a sampling of some early references).

Iteration theories were introduced in 1980 in Bloom et al. (1980) and Esik (1980). In Esik
(1980), they were called generalized iterative theories. The results obtained until the mid-1990s
(summarized in Bloom and Esik 1993, 1997) indicated that they give a full account of the
equational properties of most fixed-point operations used in computer science.
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The aim of this paper is to provide an overview of some old (see e.g. Esik 1980, 1999a,b, 2000a)
and some recent results (see e.g. Esik 2013, 2015, 2017). Unlike in Bloom and Esik (1993), instead
of Lawvere theories (Hyland and Power, 2007) and Lawvere (1963), here we base our treatment
on the slightly more general cartesian categories (Barr and Wells 2012) and many-sorted theories
(Wagner et al. 1981). There are several other alternative formalisms such as abstract clones (Cohn
1981), or the functional languages of j-terms (Arnold and Niwinski 2001), or let rec expressions,
etc.

The paper is organized as follows. In Section 2, we define some of the basic fixed-point models
such as the cartesian categories of monotonic or continuous functions of complete partial orders
(cpo’s) or complete lattices, or the categories of complete metric spaces and contractions, trees
and regular trees, etc. Our models will be equipped with a parametrized fixed-point operation,
also called dagger, such as the least or the unique fixed-point operation. The main result of this
section shows that our basic models satisfy the very same set of identities involving the opera-
tions and constants of cartesian categories and the fixed-point operation. These identities define
iteration theories, or iteration categories. In Section 3, we give axioms for iteration categories,
and in Section 4, we offer an analysis of the axioms. Although there is no finite base of identities
for iteration categories, in Section 5 we exhibit several finite axiom systems involving identities
and implications (quasi-identities) that capture the equational theory of iteration categories. In
Section 6, we enrich some of our models with an additive structure. The main results indicate that
in many models of computational interest, the interaction between the iteration category struc-
ture and the additive structure can be described by a finite number of additional identities. This
holds, for example, for the cartesian categories of monotonic or continuous functions of complete
lattices with the least fixed-point operation and the binary pointwise supremum operation as addi-
tion. Finally, in Section 7, we add residuation to the operations. We recall a recent result showing
that there is a finite system of identities involving residuals, which is sound in the standard models
of complete lattices and monotonic or continuous functions and complete for the identities not
involving residuation.

Some notation We will denote the composition of morphismsf : A— Bandg : B— Cina
categoryC by gof : A— C and the identity morphism corresponding to an object A by id4. For

anonnegative integer n € N, we let [n] denote the set {1, . . ., n}, so that [0] is the empty set. When
X is a set, we denote by X* the set of all finite sequences or words over X including the empty
sequence €.
2. Models

All categories C considered in this paper will be cartesian categories (Barr and Wells 2012). Thus,
we require the existence of a product diagram

ﬂCIX---XCn

; :Cix---xCy, — C;, ie€]n],

for any family of objects C;, i € [n], n > 0, with the usual universal property. When f; : A — C;,
i€ [n], is a family of morphisms in C, the unique mediating morphism f : A— C; x --- x C,
with 7 o f = f; for all i € [n] will be denoted (fi, . . ., f,). The morphism f is called the
(target) tupling of the f;. When n =0, the tupling f is the unique morphism !4 : A — T, where T
is a fixed terminal object. It holds that

idc, x..xc, = (Jrlclx'"xc”, I A E el
for all objects Cy, ..., Cy, n> 0, that is, the identity morphisms are tuplings of projections. A

Lawvere theory (Lawvere 1963) is a cartesian category whose objects are the nonnegative integers
such that each object # is the n-fold coproduct of the generating object 1.
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Our cartesian categories C will be equipped with a dagger operation mapping a morphism
f:A x C— Atoamorphism T : C— A. We list some of the categories of our interest.

1 CPO,, (resp. CPO,) is the category of c¢po’s and monotonic (resp. continuous) func-
tions (see e.g. Davey and Priestly 1990; Goguen et al. 1977). The dagger operation is the
(parametrized) least fixed-point operation. In more detail, if f : A x B— A is monotonic,
where A, B are cpo’s, then for each y € B, f7(y) is the least (pre-)fixed point of the mono-
tonic function f, : A — A defined by f,(x) = f(x, y) for all x € A. It is known that /T : B— A
is also monotonic, and when f is continuous, then so is .

2 CL,, (resp. CL;), the category of complete lattices and monotonic (resp. continuous)
functions. The dagger operation is again the (parametrized) least fixed-point operation.

3 Let CM denote the cartesian category of all pointed complete metric spaces and contractions

(we only consider metric spaces such that the distance of any two points is at most 1.)
Thus, when M = (M, xo, d) and M’ = (M, x;,, d’) are pointed complete metric spaces and
f:M— M in CM, then d'(f(x),f(y)) < d(x,y) holds for all x,y € M. The product of a
family of metric spaces is equipped with the usual maximum distance.
Regarding CM, we introduce only a partial dagger operation. However, this partial dagger
operation will still be sufficient for our purposes. The partial dagger operation is given as
follows. Suppose that f : A x B— A in CM, where A and B are pointed complete metric
spaces with distinguished points xp and yg. Then f T is defined iff lim,_ oo fy”(xo) exists for
all y € B. Moreover, in this case, fT (y) =limy,— oo fy”(xo) for all y. It is not difficult to prove
that when f7 is defined, then it is a contraction B — A. Also, when f, is a proper contraction,
then f7(y) is the unique fixed point of f, by Banach’s theorem.

4 Suppose that S is a set of sorts and X' is an S-sorted signature, so that it contains a set of

symbols X, ; for each u € §* and s € S. The objects of the category Treeys of X-trees are
all words in §*. A morphism u — s (u=s;...s, € S*,s € ) is a partial X-tree of sort s in
the sorted variables X, = {x{, . .., x};}. Such a tree may be seen as a labelled digraph, or as
a partial function N* — (X' U X,,)*, subject to certain properties (cf. Goguen et al. 1977;
Wagner et al. 1981). When u, v € §* with s=s;...s,, a morphism u — v is an n-tuple
f=C(f1,...,fn), where each f; is a tree u — s;.
Composition is given by substitution for the variables and categorical product corresponds
to concatenation on objects. The projection morphisms are the trees with a single node,
labelled by a variable. Trees u — v may be equipped with either a cpo (Goguen et al. 1977),
or a complete metric (Arnold and Nivat 1980) and a distinguished point, the undefined tree.
When f : u x v — u, then f induces a function over Treex (v, u) defined by g+ f o (g, id,).
The dagger operation returns the least fixed point of this function, or alternatively, we may
define fT using the complete metric as for CM.

5 Consider the model Treex and let u, v € §* and s € S. As usual, call a tree f : u — s regular
if it has a finite number of subtrees (cf. Goguen et al. 1977). Moreover, when f: u — v,
then call f regular if its components are. It is known that regular trees form a cartesian
subcategory of Treey closed under dagger. We denote this category by Reg ..

We now define terms that will be used to denote morphisms in our models. Suppose that Sy is
a set of basic types (or sorts) a, b, c, . . .. The set of product types consists of all finite, possibly empty
sequences u, v, w, . . . in S§. We usually denote such a sequence u by a; x - - - x a,, where a; € So,
for all i € [n], and call the integer |u| = n the length of u. Moreover, when u =a; x - - - X a,, and
v=by X---Xby,weletuxv=ay X---Xdy Xby X Xb,.

For each u,v € S, let A,, be a countably infinite set of ‘morphism variables’. Then the sets
TERM,,,, of (typed) dagger terms, where u, v € Sj, are defined by:
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1 7/ e TERM,,, forallu=a; x --- x a, € S§and i€ [n].

2 f e TERM,,, forallf € Ay, u,v € Sj.

3 Ift e TERM,,, and t’ € TERM,,,,, where u, v, w € S, then t' o t € TERM, ..

4 If t; e TERM,,q, for all ie[n], n>0, where ueS; and a;€ Sy for all i€ [n], then
(t1,...,ty) € TERM,,,, wherev=a; x - -+ X ay.

5 If t € TERM, x4, then t' € TERM,,,, where u, v € S5

Below, instead of t € TERM,,,, we will usually write ¢ : u — v.
When u,vesg with u=a; x---xa, and v=>b; x - -- X by, we define
UXvy . UXv __ uxvy UxXvy ., : : : uxv
T V) iuxv—>uand ) = (m ", ... Ty 0) tu X v—> v. Sometimes we will also write T
Uy XXy

14
*¥. More generally, we define T3 for each uy,...,u, € Sé and

UXV _ . UXV
V=

uxv u

XV and 705 for )

for 7
i € [n] in the same way. We will abbreviate the term (") by L, .
Suppose that u=a; x - -+ x ap, and p : [n] = [m]. Let v=a,1) X - - - X a,(,). Then we asso-

ciate with p (and u) the base term
(7'[;[(1), P 7-[;[(")) U—>,

also denoted p. When m = n and p is a bijective function, we call it a base permutation term. In
particular, (n{‘, ...,m}) is a base permutation term that we denote by id,. The inverse pfl of a
base permutation term u — u associated with a bijection p : [n] — [n] with respect to u € S is the
term associated with the inverse p~! of p.

For any terms ¢ :u — v and t' : u — w, where v and w have length m and n, respectively, we
write (t, t') as an abbreviation for

(niot,...,myot, ot ...,y oty iu—vxw

Moreover, when t:u—v and ' :u' — v/, we define t xt':u x ' — v x Vv as the term (to
lztxu/, o ﬂsz/xu/>
When C is a cartesian category with a dagger operation and each basic type a € Sy is interpreted
as an object A =[a] of C, then each u=aj x --- x a, € §} can naturally be interpreted as the
object A} X - - - x Ay, where A; = [a;] for all i € [n]. In particular, [€] is a fixed terminal object T
(see also above). We assume that [uv] = [u] x [v], forall u, v € Sj.

And ifeach f € Ay, u, v € S§, is interpreted as a morphism [u] — [v] in C, then each term t €
TERM,,y, u, v € S, can be interpreted as a morphism [t] : [u] — [v] in C. The constant , where
u=a; X --- x ay and i € [n], is interpreted as the projection [a;] X - - - x [a,] — [ai] according
to a selected product diagram. We will assume that the selected product diagrams are ‘associative
on the nose’. In particular, we assume that when n=1 and i =1, then the projection 7/ is the
appropriate identity morphism. We skip the straightforward definition but remark that when ¢ is
a base term, its interpretation is a tupling of projections, called a base morphism.

Suppose that ¢ and ¢’ are in TERM,, ,. Then we say that the formal equality ¢t = t' is an identity.
Let C be a cartesian category with a dagger operation. We say that an identity t =t holds in C, or
is satisfied by C, or is valid in C, if [t] = [#'] holds for all interpretations over C. The equational
theory of C is the set of all identities satisfied by C.

The following theorem summarizes several results treated in Bloom and Esik (1993). (Regard-
ing CM, we only consider those interpretations that assign to each f € A, a function which is a
tupling of proper contractions and projections.)

4

Theorem 1. The categories CPO,,, CPO,, CL,,, CL., CM, Treex, Regy, satisfy the same set of
identities.

Motivated by Theorem 1, we adopt the following semantic definition of iteration categories.
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Definition 1. We define an iteration category to be a cartesian category C with a dagger operation
satisfying all identities that hold in CPOy,. An iteration theory is an iteration category which is a
Lawvere theory.

We say that a cartesian category C is nontrivial if there is some object A such that nlAXA #

N?XA. An equivalent condition is that some hom-set C(A, B) has at least two morphisms. It is
shown in essence in Simpson and Plotkin (2000) that if C is nontrivial cartesian category with
a dagger operation which is an iteration category, then either C satisfies exactly the identities
that hold in all iteration categories, or it satisfies exactly the identities satisfied by those iteration
categories having a unique morphism T'— A for each object A, where T is a terminal object.

Some further iteration categories or theories are the continuous and rational theories of
Wright et al. (1976), Elgot’s (pointed) iterative theories (Elgot 1975), matrix theories over com-
plete or inductive semirings (Bloom and Esik 1993; Esik and Kuich 2004). theories of synchro-
nization trees and bisimulation equivalence classes of synchronization trees (Bloom et al. 1993),
matricial theories of languages of finite and infinite words (Bloom and Esik 1993), theories of
continuous functors (Bloom and Esik 1989) and functor theories over algebraically complete
categories (Esik and Labella 1998), iteration 2-theories (Bloom et al. 2001), or the more recent
cartesian categories of stratified complete lattices (Esik 2015; Esik and Rondogiannis 2015) used
to solve fixed-point equations involving non-monotonic functions, or the categories of formal
power series over complete semirings (Esik and Kuich Esik and Kuich).

The fixed-point operation appears in several different forms. In cartesian categories with an
appropriate additive structure on the hom-sets, it may be replaced by a generalized star operation
fr—f*, wheref:Ax B— Aandf*: A x B— A, or sometimes even by a star operation mapping
amorphism f : A — A toamorphism f*: A — A, as in matrix theories over semirings. For details,
see Bloom and Esik (1993). It is known that in cartesian categories, the fixed-point operation is
equivalent to a certain trace or feedback operation that maps a morphismf:AxB— A x Ctoa
morphism 1 f : B— C (see Bartha 1987; Bloom and Esik 1993; Cazanescu and Stefanescu 1990;
Hasegawa 1997; Joyal et al. 1996).

3. Axiomatization

In the previous section, we gave a semantic definition of iteration categories. In this section, we
provide equational axioms for them consisting of axioms for cartesian categories, and axioms
involving dagger.

A possible set of cartesian axioms is as follows (Wagner et al. 1981):

ho(gof)=(hog)of, fiu—vg:vo>whw—z
idyo f=f=foid,, fiu—v

7o (fis..sfn) =fi v=aiX---Xay, firu—a; i€ [n]
(m{of,...,m ofy=f, fiu—v, |v|=n
my = (7{)

Any model of these identities satisfies g = (g), where g:u — a. Also, the following hold, for
appropriate f, g, h, k:

({fr8),h) = (f.(&h)
(fxg)xh=fx(gxh)
(fxg)olhk)=(foh)x(gok)

Below we will implicitly always assume the cartesian identities.
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The Conway identities (Bloom and Esik 1993) are the parameter (1), double dagger (2) and
composition identities (3) given below.

(fo(id,xg)' =fTog, fiuxvougiw—sv (1)
(f o ((idy,id,) x id, ) =TT, fruxuxv—u )
(folgmy N’ =fol(go(fimy ™) idy) (3)

where in the last identity, f : v X w— u, g1 u X w — .

Definition 2. A Conway category is a cartesian category equipped with a dagger operation
satisfying the Conway identities.

The terminology follows (Bloom and Esik 1993) and is due to the form of these identities in
matrix theories. Note that in Conway categories, the fixed-point identity

ff=rfoiflidy), fruxvou (4)
is a particular instance of the composition identity, and the identity
(for®™NV =f, fivou (5)
is a particular instance of the fixed-point identity (4), while
(formX M = flog?™ fruxv—u (6)

is an instance of the parameter identity (1). The parameter, double dagger and composition identi-
ties are sometimes called the identities of naturality, diagonality and dinaturality (see e.g. Simpson
and Plotkin (2000)).

Conway categories satisfy several other non-trivial identities including the Beki¢ identity (Beki¢
1969; De Bakker and Scott 1969) (called the pairing identity in Bloom and Esik 1993)

(f,9)" = (fTo(h',idy), WY, )

or its ‘dual form’

(f,9)" = k", g'o (K',id,)), (8)

wheref:uxvxw—uandg:uxvxw—vand

h:go(fT,idVXW):vxw—>v

k=fo(m", g n>" iuxw—u

with g=go ((m*", 7l*") xidy) : v x u x w— v. We will also make use of the permutation

identity that holds in all Conway categories:
(mofo(m™txid,) =mofT, )

where f:u x v— uand 7 : u — u is a base permutation term. An alternative axiomatization of
Conway categories consists of the identities (5), (6), (7) and (9). For this and related facts, we refer
to Bloom and Esik (1993).

The Conway identities are quite powerful, for example, a general ‘Kleene theorem’ holds in
all Conway categories, and both the soundness and relative completeness of Hoare’s logic can be
proved just from the Conway identities (cf. Bloom and Esik 1991, 1993). However, they are not
complete for iteration categories. The missing ingredient is captured by the notion of identities
associated with finite automata. In order to define these identities, we need to introduce some
definitions and notation.
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Suppose that Q = (Q, Z) is a (deterministic) finite automaton, where Q is the finite nonempty
set of states, Z is the finite nonempty set of input letters together with a right action Q x Z — Q,
(g2) > qz.Let Q={q1,...,qu} and Z={z1, . .., z}, say. For each i € [n], let

P?=<”5zl>"'-’”5zm>>:“n_’”m’

u € S, where we identify each state q; with the integer i. Moreover, let fQ: u" x w — u" be the

tupling of the terms f o (piQ x idy) s u" x w— u, where f 1 " x w — u".
Definition 3. (Esik 1999a) The identity C(Q) associated with Q is
(fQ)T =Tu0 (fo (tm % idw))Ta

where f:u" xw— u, T,:u— u" is the diagonal (id,...,id,) and T, is defined similarly.
Suppose that a state q = q; of Q is distinguished, so that (Q, q) is an initialized finite automaton.
The identity C(Q, q) associated with (Q, q) is

iy o (FO! = (f o (m x i),
where f : u™ x w— u.

Suppose that C is a Conway category. Since the permutation identity holds in C, the validity
of the identity associated with a finite automaton Q does not depend on the enumeration of the
states or input letters. Also, C(Q) holds in C iff C(Q, g) holds for all states g of Q.

Theorem 2. (Esik 1980) The Conway identities and the identities associated with finite automata
form a complete set of identities of iteration categories.

Hence, these identities form a sound and complete axiomatization of iteration categories. In
Esik (1980), the ‘commutative identities’ were used instead of the identities associated with finite
automata. However, these are a very close variant of the identities associated with finite automata.

4. Analysis of the axioms

Are all identities associated with finite automata strictly needed for completeness in Theorem 22
When is a set of identities consisting of the Conway identities and a subcollection of the identities
associated with finite automata complete? In this section, we provide an answer to this question
using the Krohn-Rhodes decomposition of finite automata (Gécseg 1986; Ginzburg 1968; Krohn
and Rhodes 1965) and a result from Esik (2000b).

Suppose that Q = (Q, Z) is a finite automaton. The action of Z on Q is extended in the usual way
to a right action Q x Z* — Q of Z* on Q. When « € Z*, we call the function Q — Q defined by
g+ qo forall g € Q the function induced by o and denote it by «Q. These functions form a ( finite)
monoid M(Q) whose multiplication is given by 282 = (¢8)? = fRoa, forall , B € Z*.

Suppose that S and S’ are finite semigroups. As usual, we say that S divides §', or S is a divisor of
S, if S is a homomorphic image of a subsemigroup of §'. It is clear that this divisibility relation is
transitive. It is known that if a group G is a divisor of a finite semigroup S, then there is a group H
in S such that G is a homomorphic image of H. Moreover, we say that a finite group G is simple, if
it is nontrivial and has no nontrivial homomorphic image other than groups isomorphic to G (or
equivalently, its only nontrivial normal subgroup is G itself).

Let (Q, g) be an initialized finite automaton, where Q =(Q, Z). We call (Q, g) an initially
connected finite automaton if Q = {qa : ¢ € Z*}.
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Below we will denote by C(Q) the identity associated with a finite automaton Q and write
C = C(Q) to mean that the cartesian category C equipped with a dagger operation satisfies C(Q).
We will use similar notation for initially connected finite automata (Q, g).

Theorem 3. (Esik 1999b, 2017) Suppose that Q is a set of finite automata (initially connected finite
automata, resp.). Then the Conway identities and the identities associated with the members of Q
form a complete set of identities for iteration categories iff for each finite simple group G there is some

Qin Q ((Q, q) € Q) such that G divides the monoid M(Q) of Q.

The first part is from Esik (1999b), and the second is from Esik (2017). Each finite monoid M
may be seen as a finite automaton Qy = (M, M) equipped with the natural right action given by
the multiplication operation of M. Hence, we may define the identity C(M) associated with M as
the identity C(Qay) associated with Qyy.

Corollary 1. (Esik 1999a) Suppose that M is a set of finite monoids. Then the Conway identities
and the identities associated with the members of M form a complete set of identities of iteration
categories iff for each finite simple group G there is some M € M such that G divides M.

For each n> 3, consider the n-state initially connected automaton (Qy,q;) with state set
{q1, . . ., qn}, an input letter inducing the cyclic permutation (q; . . . g,) and a letter inducing the
transposition (q142), so that the monoid of Q is the symmetric group S, of degree n. Then the
Conway identities together with any infinite subsystem of the identities associated with the ini-
tially connected automata (Qy, q1) are complete for iteration categories, since every finite group
can be embedded in any large enough symmetric group. It is shown in Esik (1999b) that in
Conway categories, the identity associated with (Qy, 1) may be reduced to

(f oz xidy) o (fo (™, (f)' 2,2y 1) = (f o (12 x id,))" (10)

where f:u*xw—u and T =(idyid,):u—u’ (Here, (fMH'=f" and (fN)"=
Fro((fHm=1, W) for all m > 2.)

Theorem 4. (Esik 1999b) The Conway identities together with any infinite subcollection of the
identities (10) are complete for iteration categories.

Theorem 3 follows from Theorem 2 and the following result:

Theorem 5. (Esik 1999b, 2017) Suppose that Q is a set of finite automata (initially connected finite
automata, resp.) and Q is a finite automaton. Then C(Q) holds in all Conway categories satisfying
the identities associated with the members of Q iff for every simple group divisor G of M(Q) there is
some Q' € Q ((Q', q') € Q, resp.) such that G divides M(Q').

In the rest of this section, we outline a proof of one direction of Theorem 5 which, by using
recent advances (Esik 2017), is simpler than the one in Esik (1999b).

We start by recalling the cascade product of finite automata (Gécseg 1986; Ginzburg 1968). Let
Q=(Q,X)and Q' = (Q, Y) be finite automata. Suppose that ¢ is a function Q x X — Y. For each
q € Qand x € X, we will denote ¢(q, x) by 9x. The cascade composition of Q and Q’ with respect
to the connecting function ¢ is defined as the finite automaton Q x, Q' = (Q x @', X) with action
(¢, 9)x=(gx,q'9x) forallg e Q,q' € Q and x € X.

The direct product is a special case of the cascade composition. It is obtained by letting X =Y
and choosing ¢ to be the identity function X — X. Another special case arises when Q is a trivial
1-state automaton. Then ¢ may be viewed as a function X — Y, so that the cascade composition
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is obtained from Q' by changing the input set Y to X and defining the function induced by each
letter x € X as the function induced by some letter y € Y in Q'. In this special case, we call the
cascade composition a letter renaming of Q'.

When C is a cartesian category with a dagger operation and t =t is an identity between dagger
terms, we let C =t = t’ denote that C satisfies t = ¢'.

Theorem 6. (Esik 1999a) Suppose that C is a cartesian category with a dagger operation satis-
fying the parameter and permutation identities. Let Q = Qq X, Qy be a cascade product of finite
automata Qq and Qy. If C = C(Qy) then C = C(Q) iff C = C(Qy).

Proposition 1. (Esik 1999a) Suppose that C is a cartesian category with a dagger operation satisfy-
ing the parameter and permutation identities. If Q' is a subautomaton of a finite automaton Q and

C = C(Q), then C = C(Q).

Suppose that Q = (Q, X) and Q = (Q, Y) are finite automata with the same set of states. We say
that Q' is a word renaming of Q if each function induced by aletter y € Y in Q' is induced by some
word @ € X* in Q.

Theorem 7. (Esik 2017) Suppose that C is a Conway category. If a finite automaton Q' is a word
renaming of Q, and if C = C(Q), then C = C(Q').

Let U denote a two-state automaton with three input letters, inducing the identity function and
the two constant functions on the set of states. It is easy to see that the following holds.

Proposition 2. (Esik 1999a) The identity C(U) holds in all Conway categories.

Let Q be a set of finite automata and C a Conway category satisfying the identities associated
with the members of Q. Let Q be a finite automaton such that every finite simple group dividing
the monoid of Q divides the monoid of some automaton in Q. In order to prove the sufficiency
part of Theorem 5, we need to show that C = C(Q).

By the Krohn-Rhodes decomposition theorem, Q can be constructed from the automata
in QU {U} by taking word renamings, cascade compositions, subautomata and homomorphic
images. While it is obvious by induction from the above results that if Q can be constructed from
Q U {U} by using only word renamings, cascade compositions and subautomata, then the iden-
tity associated with Q holds in C, there seems to be no simple way of extending the induction to
homomorphic images. We outline a possible solution below.

If Q=(Q,2) € Q with M= M(Q), then consider the finite automaton Q' = (Q, M) where
gm = quQ for all g € Q and m = uQ € M. By Theorem 6, C = C(Q’). Consider now the monoid
automaton Qpr = (M, M). It is well-known that Qj; can be embedded in a direct power of Q'.
Thus, by Theorem 6, it follows that C = C(M). Also, if H is any group in M, then it follows using
Proposition 1 (and letter renaming) that C = C(H). Consider a normal subgroup N of H and the
automata Qp/n and Qy associated with H/N and N, resp. We have that C = C(Qy). It is well-
known that Qg is isomorphic to a cascade product of a letter renaming of Qp/n and Qy, and
since C |= C(Qp) and C = C(Qy), it follows from Theorem 6 that C = C(Qpx/n). Since every sim-
ple group divisor of M divides some group H in M, and if N is a normal subgroup of H then every
simple group divisor of H divides either N or H/N, it follows now by induction that C satisfies
the identity associated with any simple group divisor of M = M(Q). Since Q € Q was arbitrary,
we established that C satisfies the identity associated with every simple group dividing the monoid
of some automaton in Q. Also, by a similar argument, we have:

Fact. If H is a finite group such that every simple group dividing H divides the monoid of some
member of Q, then C = C(H).
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Call a finite automaton Q = (Q, Z) a permutation automaton if each z € Z induces a permu-
tation of Q. It follows that «Q is a permutation of Q for all « € Z*, so that M(Q) is a group.
Moreover, call Q = (Q, Z) a permutation-reset automaton if each z € Z induces a permutation or a
constant map. Using the above fact, it follows as in sections 13 and 14 of Esik (1999a) that if Q is
a permutation-reset automaton such that every simple group divisor of M(Q) divides the monoid
of some automaton in Q, then C = C(Q). In order to complete the proof of the sufficiency part of
Theorem 5, we need to establish this for all finite automata.

Suppose that Q =(Q,X) and Q' =(Q’, X) are finite automata and h:Q— Q' is a surjec-
tive homomorphism Q — Q. Call h a regular permutation-reset homomorphism if the following
conditions hold:

- For any two nontrivial congruence classes C, C' of ker (h) there is a word o € X* such that
the restriction of «Q onto C is a bijection C — C'.

- If C, C' are congruence classes of ker (h) and « € Z* such that a® maps C into C, then the
restriction of @Q onto C is either a constant function or a bijection.

Let C be a congruence class of ker (h). Denote by M(C) the monoid of all functions C— C
obtained as restrictions of functions Q — Q in M(Q). When G is a set of finite simple groups,
call h a G-homomorphism if for any congruence class C of ker (h), every simple group divisor of
M(C) divides a group in G. A novel proof of the Krohn-Rhodes theorem in Esik (2000b) is based
on the following result:

Theorem 8. (Esik 2000b) Let G be a set of finite simple groups and suppose that Q = (Q, X) and
Q' =(Q, X) are finite automata and h: Q — Q' is a surjective G-homomorphism Q — Q. Then
there is a sequence Qu, . . . , Qy of finite automata such that Qy = Q, Q, = Q' and for each i € [n],
there is a regular permutation-reset G-homomorphism Q;—1 — Q; or Q; = Qi_1.

The next proposition is the final ingredient in our proof of the sufficiency part of Theorem 5.

Proposition 3. (Esik 1999a) Suppose that Q= (Q, X) and Q' = (Q, X) are finite automata and
h:Q— Q' is a regular permutation-reset G-homomorphism Q — Q'. Suppose that C is a Conway
category satisfying the group identities associated with the members of G. Then C = C(Q) iff C =
cQ).

Actually this result follows from Theorem 6 by a construction showing that if / is a regular
permutation-reset G-homomorphism, then Q can be embedded in a cascade product of Q" and a
permutation-reset automaton whose simple group divisors are in G.

The proof of the sufficiency part of Theorem 5 can now be completed as follows. Suppose that
Q is a set of finite automata. Let G contain an isomorphic copy of the simple group divisors of the
monoids of the automata in Q. Let C be a Conway category satisfying all identities associated with
the members of Q. We already know that C satisfies the identity of any finite permutation-reset
automaton Q such that any finite simple group dividing M(Q) is isomorphic to a group in G.

Now let Q denote a finite automaton such that every simple group divisor of M(Q) has an
isomorphic copy in G. We want to prove that C = C(Q).

Consider the unique homomorphism from Q onto a trivial 1-state automaton Q. By
Theorem 8, there is a finite sequence Q,. .., Q, of finite automata such that Qo =Q, Q, =
Q' and for each i€ [n], there is a regular permutation-reset G-homomorphism Q;—; — Q; or
Qi — Qi_;. It follows by repeated use of Proposition 3 that C = C(Q) iff C = C(Q'). But the lat-
ter identity is easily shown to hold in all Conway categories by repeated use of the double dagger
identity.

For initially connected finite automata, the sufficiency of Theorem 5 now follows from:
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Proposition 4. (Esik 2017) Suppose that (Q, q) is an initially connected finite automaton and C is
a Conway category. If C = C(Q, q) then C = C(Q).

Suppose that G is a set of nontrivial finite groups. Then there is a ‘variety’ Vg of Conway cat-
egories corresponding to G which consists of those Conway categories satisfying the identities
associated with the members of G. (We have Vg, CVg,) iff every finite simple group dividing
a group in G divides a group in G,.) The free categories (or rather, theories) in Vg have been
described in Esik (2000c). In the particular case when G is empty, this description agrees with the
characterization of the free Conway categories (Bernatsky and Esik 1998).

5. Implicational Axiomatizations

As a corollary of Theorem 3, we obtain:

Theorem 9. (Bloom and Esik 2000) There is no finite complete set of identities of iteration
categories.

For a more direct proof, we refer to Bloom and Esik (2000). Many non-finitely based equational
theories have a relatively finite axiomatization with respect to iteration categories (or theories),
for example, the equational theory of regular languages, or bisimilarity equivalence classes of reg-
ular processes (see Section 6). Theorem 9 can also be derived using these relative axiomatization
results.

Although the equational theory of iteration categories is not finitely based, it can be captured
by a finite number of implications involving equalities, and sometimes other relations depending
on the context.

Our starting point is the identities associated with finite automata. In Conway categories, these
are all consequences of the weak functoriality implications:

fo(‘rnXidW)Z‘L’nog:>fT=‘L’nogT, n>2,

forall f:u" x w— u" and g: u x w— u, where 1, : u — 1" is the n-fold tupling (id,, . .., id,).
Indeed, let f:u" xw— u and g=fo(ty, xidy), then using the notation introduced in
Definition 3, we clearly have fQo (7, x id,) =7, 0 g, hence (fQ)" =1, 0 g7, by weak functori-
ality. Since the weak functoriality implications hold in CPO, CPO,,, CM, X' Tree and many other
models, we immediately obtain:

Proposition 5. An identity holds in all iteration categories iff it holds in all Conway categories
satisfying weak functoriality.

The weak functoriality implications already appear in Esik (1980), where Proposition 5 is
implicit. In fact, the commutative identities were introduced in Esik (1980) just in order to make
one step further by replacing these implications with weaker and pure equational axioms that still
guarantee completeness. The existence of an iteration theory not satisfying the weak functoriality
implication for n = 2 was pointed out in Esik (1988). It is shown in Esik (1990) that in Conway cat-
egories, if the weak functoriality implications hold when u is a basic type a, then so do the generic
forms of these implications. Moreover, as shown in Bloom and Esik (1994), for each n > 2, there is
a Conway category satisfying the weak functorial implication for all 2 < m < n. but not satisfying
this implication for n + 1.

Another variant of Proposition 5 concerns functoriality with respect to ‘pure’ (Bloom and Esik
1993) or ‘strict’ morphisms:
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Proposition 6. An identity holds in all iteration categories iff it holds in all Conway categories
satisfying the following rule:

o(hxidy)=hog Aholey=1c,=f=hog'
f g : : g

forallf :uxw—u,g:vxw—vandh:u—v.

Again, this implication holds in the standard models. Thus, Proposition 6 is clear from
Proposition 5 since any base morphism is pure.
There are several other similar completeness results, including e.g. the implication

fH :g” :>fﬂ = (f © (gT’ iduxw))T,

where f, g : u x u x w— w, introduced in Bloom and Esik (1993) as a generalization of an axiom
proposed for regular languages in Arkhangelsky and Gorshkov (1967), a version of the Scott induc-
tion principle Esik and Berndtsky (1985), or the (conditional) unique fixed-point rule of Elgot
(1975; cf. Bloom and Esik 1993; Esik 1980).

In the ordered setting, the fixed-point induction rule (or least pre-fixed-point rule) also gives rise
to completeness. Call a cartesian category C ordered if each hom-set C(A, B) comes with a partial
order < preserved by composition and tupling. For example, CPO,,, CPO,, CL,,, CL,, equipped
with the pointwise order of functions, are all ordered. The cartesian categories Treey and Regy
can also be turned into ordered cartesian categories. Each of the above models satisfies the fixed-
point induction rule:

folgid) <g=f"<g, (11)

forallf:uxv—uandg:v— u

Theorem 10. (Esik 1997) An identity holds in all iteration categories iff it holds in all ordered
cartesian categories equipped with a dagger operation satisfying the fixed point (4) and parameter
identities (1) and the fixed-point induction rule (11).

In all such theories, the dagger operation is also monotonic. There is another, stronger version
of this result.

Theorem 11. (Esik 1997) An identity holds in all iteration categories iff it holds in all ordered
cartesian categories equipped with a dagger operation satisfying the fixed point (4), parameter (1)
and pairing identities (7) and a weak form of the fixed-point induction rule: f o (g, id,)=g=>f"<g,
wheref:uxv—uandg:v— u.

A natural question concerns the axiomatic characterization of the inequalities t <’ between
dagger terms that hold in the models CPO,,, CPO,, etc. Call an iteration category C an ordered
iteration category if it is an ordered cartesian category such that dagger is monotonicand Lp4 <f
for all f:B— A, where Lpa = (JT;?XB )'. Then an inequality ¢+ < holds in all cartesian cate-
gories CPO,, or in any of the standard ordered models mentioned above iff it holds in all ordered
iteration theories.

6. Relative Axiomatization

Several iteration categories have an additional structure, such as a partial order or an addi-
tive structure. For example, each hom-set of the cartesian category CL,, or CL. is partially
ordered by the pointwise ordering, and the binary supremum operation gives rise to an additive
structure.
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In this section, we are interested in the interaction between the iteration category structure and
the additional structure. We review several relative axiomatization results showing that this inter-
action can often be described by a finite number of additional identities. We extend our dagger
terms with the formation of terms of the form ¢ + ¢/, where ¢, t' : u — v. Below we will often write
t <t as an abbreviation for the identity t +t' = ¢/, where t, ' are extended terms u — v.

We start by recalling a result from Esik (2000a) that provides a characterization of the identities
of the models CL,, or CL, equipped with binary supremum as the + operation.

Theorem 12. (Esik 2000a) An identity between extended terms holds in all cartesian categories
CL,, or CL, iff it holds in all iteration categories with an additive structure satisfying the following

identities:
(f+9+h=f+(g+h), f,ghiu—v (12)
f+g=g+f f.giu—v (13)
f+Lluy=f firu—v (14)
(f+goh=(foh)+(goh), f.g:v=>whiu—v (15)
() + (s = i (16)
ff<(f+9f, fgiuxv—u (17)

In any model C of these axioms, the + operation is idempotent and defines a partial order on
each hom-set: when f,¢: A — B, thenf < giff f + ¢ =g, so that f + g is the supremum of f and g.
It is clear that the operation + is monotonic in both arguments, moreover, it follows by (15) that
composition is monotonic in the first argument. The last axiom asserts that dagger is monotonic,
and together with the other axioms implies that composition is also monotonic in the second
argument.

The fixed-point induction rule (11) holds in the categories CL,, and CL.. Combining
Theorem 12 with Theorem 10 we obtain:

Corollary 2. (Esik 2000a) An identity between extended terms holds in all cartesian categories
CL,, or CL, iff it holds in all cartesian categories equipped with a dagger operation satisfying the
fixed point (4) and parameter identities (1), the fixed-point induction rule (11), and the identities
(12)-(16).

In fact, (16) may be replaced in Corollary 2 by the following identity:
f+f=f fiu—v (18)

There is a connection to formal languages, and context-free languages in particular. Suppose
that X is a finite alphabet and consider the category whose objects are the finite sets with an
A-indexed family f = (fz)aea of languages (or just context-free languages) in (BU X)* as a mor-
phism B — A. Composition is defined by substitution and the identity morphism idy is the family
({a})aea. This category Langy (or CFyx in the context-free case) has finite products given on
objects by disjoint union. Moreover, it has a + operation defined by set union, and a dagger oper-
ation defined by least fixed points. Indeed, we may view a morphism A x B — A as a ‘generalized
context-free grammar’ with nonterminals in A and terminal symbols in BU X', possibly having
an infinite number of rules. Then for each a € A, the a-component of f : B— A is the language
generated from the nonterminal a.

Theorem 13. (Esik 2013) An identity between extended terms holds in all cartesian categories
Langy, or CFx; iff it holds in all iteration categories with an additive structure satisfying the identities

(12)-(17).
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It is remarkable that the very same identities also characterize simulation equivalence (Milner
1989; Park 1981) of processes, or synchronization trees (i.e., unfoldings of processes). For details,
we refer to Esik (2000a).

There are several further relative axiomatization results. We mention a few. Bisimulation equiv-
alence (Milner 1989; Park 1981) is weaker than simulation equivalence and can be characterized
by the first five identities (12)-(16) of Theorem 12 (cf. Bloom et al. 1993). For probabilistic and
weighted bisimulation, we refer to Aceto et al. (2002) and Esik (2014). In order to get language
equivalence, one needs to add

fo(g+h) =(fog)+(foh), fivowghiu—v
folyy=1luyw fivow

Since by these identities, dagger can be replaced by a star operation and vice versa (cf. Bloom
and Esik 1993), this is a categorical version of Krob’ result (Krob 1991) on the axiomatization of
the equational theory of (regular) languages equipped with the regular operations. For extensions
of Krob’s theorem to rational power series we refer to Bloom and Esik (2009) and Esik and Kuich
(2012). For implicational axiomatization of regular languages see Boffa (1990, 1995), Kozen (1991,
1994) and Krob (1990, 1991); for rational power series see Bloom and Esik (2009) and Esik and
Kuich (2013); and for regular tree languages and tree series see Bloom and Esik (2003) and Esik
(1998, 2010, 2011).

7. Adding residuation

By Theorem 9, iteration categories have no finite base for their identities. The same fact holds
for the identities between extended terms involving + that hold in the models CL,, or CL. In
this section, we consider these standard models together with + and (left) residuation. Following
Esik (2015), we provide a simple system of identities, involving the operations and constants of
cartesian categories, dagger, + and residuation, which, in addition to being sound, is complete
for the set of valid identities not involving residuation. A similar programme was carried out in
Pratt (1990) for Kleene algebras. Besides Corollary 2, the main tool of the completeness proof,
borrowed from Pratt (1990) and Santocanale (2003), is that the fixed-point induction rule can be
transformed into an identity involving residuals.

Suppose that C is a cartesian category equipped with a + operation satisfying the identities
(12)-(15) and (18). In particular, C is an ordered cartesian category. We say that C is residuated if
C is equipped with a binary operation

C(A,C) xC(A,B) — C(B,C)
(hg)—h<g

such that fog<hiff f<(h«<g)forallf:B— C,g:A— Band h: A — C. We call h < g the
(left) residual of h by g. For example, CL,, and CL, are residuated. If h:A — C and g: A — B,
then h < g is the pointwise supremum of all f : B— Cwith f o g <h.

The property of being residuated can be expressed by identities.

Proposition 7. Suppose that C is a cartesian category equipped with operations + and < satisfying
(12)-(15) and (18). Then C is residuated iff
(h<=g)og<h, giu—v,hiu—>w
f<(fog<yg fivow giu—v
and

heg<(h+hW)eg giu—v, b :u—w
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hold.
The main result of this section is as follows:

Theorem 14. (Esik 2015) An identity between dagger terms possibly involving + (but not
involving <=) holds in all cartesian categories CL,, or CL. iff it holds in all cartesian cate-
gories equipped with a + operation satisfying (12)-(15), (18), which are residuated and satisfy the
fixed-point identity (4), the parameter identity (1) and

(g<:(g,idv))Jr <g g:v—ou
ff<(f+9" figiuxv—u

Actually some of the identities are redundant (see Esik 2015).
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