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Introduction

This paper deals with the topos ¥ constructed in [3]. This topos is a Well Adapted
Model of Synthetic Differential Geometry [3, Theorem 17] which satisfies further-
more two additional basic axioms concerning local (in the topological sense) aspects
of the line R. The first asserts that germs of functions from R” to R are represent-
able, and the second that vector fields on R” can be integrated up to all re4,
where A denotes the object that represents germs from R to R. Here we prove these
two assertions; and include some minimal background on C%-rings, the topos ¢
and Penon’s results [8] concerning logical opens in the topos.

Some background on C-rings

We consider the category % of finitely generated C®-rings of the form A=
C™(R")/I, where I is an ideal of local nature (germ determined C*-rings). A func-
tion fe C*(R") is locally in I, denoted f €1, when:

féI e Eachpointpe Z([) has a neighbourhood U, p e U, such that
the restriction f |, is in the ideal I/U. That is, there are
finitely many k;e I, ;e C*(U), such that

fO =Y 0:x)ki(x) (YxeU).
i
(where Z(I)C R” is the set of zeros of 7). An ideal of local nature is an ideal 7 such
that feliff félr.
To work with ideals of local nature is the same that to work with all ideals, but
replacing the global membership relation * €’ by the local membership relation €.
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More precisely, given any IC C*(R"), A =C*(R")/I, and JC C*(R*), B=C*(R*)/J,
a morphism 4 — B can be considered to be a morphism C*(R") - C*(R®) such
that for all he C*(R"), if # €1, then ¢(h) € J. Thus, the coproduct in the category
& is given by the formula:

A®uB=C™(R"")/L,J).
Given a function f(x, ) e C*(R"*’) we have
fe, »WeéW,J) e Each pair of points peZ{), ge Z(J) has a neigh-
bourhood U, (p, g) € U, such that there are finitely

many #;€l, [;eJ, and ¢;, ;€ C*(U), such that

foa ) =¥ 0:06 D)+ ¥ w06 »I(y) (for all (x, y) in U).
! J

Given A=C™(R")/1, the set Z(I)C R”" is identified with the set of morphisms
A — R via the factorization

C”(R™)

where ev,, denotes evaluation at the point p.

Given any open set UCR" and any fe C®(R") such that U= {x| f(x)#0}, then
the restriction map C®(R") = C®(U) is the solution in 2 to the universal problem
of making f invertible [3]. Given A € % and ae A, we shall denote 4 — A{a"'} the
solution in & to the universal problem of making f invertible. We recall from [4]:

Proposition 1. The open covers U,C U are universal effective epimorphic families
C®(U)~> C*(U,) in B°P. Furthermore, given Ae B and a family a,e A, A—
A{ay 1} covers in the open cover topology iff for all morphisms A -2 R there
exists a such that p factors,

A — Ala;"}

R. O

Corollary 2. Given Ae B and ac A, a is invertible in A iff for all morphisms
AL R, p(@)#0 in R.
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Proof. For all 4 £ R there is a factorization

A— Afa™"}

R.

Therefore, the (one member) family A > A{a"'} is effective epimorphic in 2 °°.
Since it is clearly also a monomorphism in 48 °, it follows that A=A{a"'}. Thus
a is invertible in A. [

Corollary 3. Let Be B and be B. Consider a map B— A into any other object A
in B, and the following diagram.

B—— B{b7'}

s

A

R.

If for every morphism AR there is a morphism B{b"} — R making the
square commutative, then the map B— A factors through B{b~'} as indicated in
the diagram.

Proof. Immediate from Corollary 2. [

We finally remark that for any manifold M, the ring C*(M) is in & (cf. [3]) and
that Proposition 1 also holds for coverings U,C M. Similarly, for UCM, the
restriction map C*(M)— C*(U) is the solution in 9 to the universal problem of
making invertible any function fe C*(M) such that U= {x| f(x)#0}.

Some background on the topos 9

The topos ¢ is defined to be the topos of sheaves on & °P for the open cover
topology. ¢ is a well adapted model of S.D.G. There are full embeddings & °* —> ¢
and .# — 9, where .# denotes the category of (paracompact) C “-manifolds. The
embedding / preserves transversal pullbacks and open covers (cf. [3]).

If A € B, then we denote by A € B °P the corresponding object in %8 °P (and also
in ¢). Given M € #, by definition we have

iM=C®(M) in @.
We denote by R the image of ¢ of the ring of real numbers R in .#. Thus,
R=iR=C%"(R) in &.
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Since 1 =R, given 4 =C®(R")/I, the set Z(I) is identified with the set of global
sections of A in ¢. We shall denote by I the global sections functor. I'(A)= Z(I).
Clearly we have:

I'iM=M forall Me #.

The following is an immediate consequence of the definitions:

Proposition 4. Given A€ B, A=C>(R")/I, and any pair of subobjects X — A,
Y A, then XUY=A4 in 9 iff there exists UCR", VCR" open, iUNACX,
iVNACY and ZU)YCUNV. In particular, when A=R", we have that XUY=R"
in @ iff there are open sets UCR", VCR" such that iUCX, iVC Y and UUV=R".

Proof. Straightforward from Proposition 1. [

Proposition 5. Let M e # and A e B, and let UC M be any open subset. Consider
a map A— iM and the following diagram:

P

1 — A4

/

iU r— iM.

If for every global section 1 £ A there is a map 1 — iU making the square commu-
tative, then the map A — iM factors through iU as indicated in the diagram.

Proof. This is just Corollary 3 above. [

Corollary 6. Let UCM be any open set, and let X — iM be any subobject in §. If
I(X)YC U, then XCiU. In particular, given A€ B of the form A=CT(R")/I, and
UCR", if Z)C U, ACiU.

Proof. Observe that objects in & °P generate €. Then utilize Proposition 5. [

1. Penon’s characterization of open sets in ¢

Recall that given an object X in a topos, a part Ue 0¥ is said to be Penon open
iff the following condition holds:

VxeUVyeXy+xvyel.

For details, we refer the reader to [5,7,8]. We shall give here a direct proof of
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Penon’s characterization theorem of logical opens for the particular case of mani-
folds in the topos ¥.

Theorem 7. Given a manifold M e #, we have:

(a) If UCM is any open subset, then iUCIM is a Penon open subobject, and
U=TiU.

(b) If XCiM is any Penon open subobject, then I'(X)C M is an open subset, and
X =iI'(X). Thus, I' and i establish a bijection between open subsets of M and Penon
open subobjects of iM.

Proof. (a) Consider the diagram

/4

iUxiv v

L

where 4, indicates the diagonal and — the negation in . We have to show that
iUXiU and ~ A4,y cover IMXiU in 4. Let CAy be the set-theoretical complement
of the diagonal A, in M X U. It is an open subset, thus we can consider the object
iCAyin 9. Since idy=A4,y, it follows that iCAy — —A4;;,. (Recall that i6=0 and
that i preserves products.) With this, the claim follows from the fact that Ux U and
CAy, is an open cover of M x U.

(b) Let pe I'X be any point of I'X, 12> X. We have that = {p}UX=iM in 4.
Thus (Proposition 4) there exist open subsets UC M, VCM such that iUC —{p},
iVCX and UUV =M. Clearly, V=riVCIX and peV, which shows that I'X is
open. (If p¢ V, then pe U. Thus 1-% iU which implies 1 % = {p}. Then the
empty family would cover 1.)

It remains to see that X =iI'X. In the argument above, the open sets ¥ (one for
each p) cover the open set 7.X. This implies that iV CiI'X cover in 4. Since each
iVC X, it follows that iI’XC X. On the other hand, since 'X=rIiI'X, it follows from
Corollary 6 that XCirx. U]

Corollary 8. Let Ae B, A=C*(R")/I and let XC A be any subobject in §. Then
X is Penon open iff it is of the form X=iUNA for some UCR" open.

Proof. Assume X is Penon open. Then for any peZ() such that 1-% X,
- {p}UX=A. Then, by Proposition 4 and arguing exactly as in the proof of
Theorem 7(b), it follows that there is an open set VCR”, iVNACX and pe V. Let
U be the union of all the sets V (one for each p). Then iUNA CX. As before, since
I'(x)cu, it follows from Corollary 6 that X CiU. It remains to see that any sub-
object of the form X=iUNA is Penon open. But this is immediate from Theorem
7(d). O
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Proposition 9. Let A, Be &, and let HC B be any Penon open subobject. Consider
a map A — B and the following diagram:

b

If for every global section 1 £ A there is a map 1 — H making the square com-
mutative, then the map A— B factors through H as indicated in the diagram.

Proof. Immediate from Proposition 5 and Corollary 8. [J

Corollary 10. Let Be B, and let HC B be any Penon open subobject of B. Given
any subobject XCB of Bin @, if '(X)CI'(H), then XCH. O

Proposition 11. All objects of the form A, A € B, satisfy the covering principle with
respect to the intrinsic Penon topology in 4. That is, the following condition holds:

VX, YeQ (XUY=4 = IXUIY=A)

where [ indicates the interior (largest open inside).

Proof. Let B2 04, B, 04 The corresponding subobjects XCAX B, YCAXB
are such that XUY=AXB=A®.B. By Propositions 4 and 8 there are Penon
open HCX, GCY such that HUG=AxB. But B2 Q% B-% Q" factor
through P(A)C 24, where P(4) indicates the object of Penon Opens of A. (This
is just sheaf semantics.) This proves the statement. [J

Proposition 12. AJl objects of the form A,Ae @B are separated for the intrinsic
Penon topology in 4. That is, the following condition holds:

Vxe A-{x} is Penon open.
Proof. It follows easily from Propositions 4 and 8 arguing as in Proposition 11. [

Proposition 13. Let A, B in % and 125 B. Let G be any family of Penon Opens
indexed by A. That is, GC Bx A is a Penon Open of Bin 9/A. Then, if {p} x ACG,
there exists a Penon open X of BX A in § such that {p} X ACXCG.

Proof. This is just [2, Lemma II.1.7]. Notice that the hypothesis in the lemma is
precisely Proposition 11. We remark that this lemma has a simple synthetic proof
which is valid in any topos. []
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2. The axiom of germ representability

Let us recall that A(n)CR" denotes the object 4(n)=—-{0}CR”. It is the
largest infinitesimal neighbourhood of 0e R” in @. It follows from Propositions 9
and 10 above and a simple synthetic argument (see [2, I1.1.10]) that A(n) = Py(R"),
where Py(R") denotes the intersection of all Penon open neighbourhoods of 0e R”.
That is,

Py(R™)=[[xeR" | VUe QR (Ue PR"NOeU)=xe U]

where P(R")C Q%" is the object (locale) of Penon open parts of R".

Consider now the C*-ring of germs of smooth functions on »n variables, C;°(R™).
It is well known that Cy°(R") is in & and equals the quotient C*(R")/J, where J
is the ideal of functions with null germ at the origin.

Proposition 14. A(n) is representable in § by the ring C5’(R").

Proof. By definition Cg5°(R")— R" is the (external) intersection of C*(U) for all
open sets 0 € UC R”. Thus by the theorem of characterization of open sets (Theorem
7) we have Py(R")C Cy (R"). It only remains to see the other inclusion. That is, we
have to check the statement

VUe QR (0e Ue P(R") = CZ(R)C U).

Let Ae B, A=CT(R”)/I, and let fl—U»P(R”). Consider the corresponding
subobject UCR" x A. We have {0} x AC U. Then, by Proposition 13 there exists
a Penon open H of R"X A such that {0} x ACHCU. In particular {0} x Z(/)C
I'(H). But {0} xZ(I)=Z(J)Xx Z(I)=Z(J,I). Thus, by Corollary 10 it follows that
Cy(R"yx AC H. This finishes the proof. O

Consider now the object Partial(R”, R) 2, 0R" of partial maps, with d denoting
the ‘domain’ map. A germ at 0 is an equivalence class of elements fe Partial(R", R)
such that 0 e d(f)e P(R"). The equivalence relation is:

f~g e HdUePR"), 0eUCIHNg): f|lu=gly.
The object of germs is denoted C§(R", R). Since 0€d(f) € P(R") clearly implies
A(n)Ca(f), there is a restriction map
n J n
CE(R",R)— R4".

The axiom of germ representability, axiom III of S.D.G., says that this map is
invertible. For more details the reader should consult [2]. We shall now prove that
it holds in ¥. (See also [6, 8] for earlier proofs of this.)

Theorem 15. In 4, for each positive integer n, the restricton map j (defined above)
is invertible. This statement is divided in two parts, the injectivity and the surjectivity
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of the map j. They mean the validity in the topos of the following two formulae:
(a) Vf,gePartial(R",R), 0 d(f) e P(R™), 0 d(g) e P(R"),
f’A(n):g ’A(n) = HdUeP(R"),0eUCd NN, [flu=¢]u-
Remark that all this means is the purely logical statement:

S (x#0)= (f(x)=gx))
=0V (f(x)=g(x)
(b) Vge R4 dfePartial(R", R), 0€3(f) € P(R"), | s =2&-

Proof. (a) Let AeB, A=C>(R%)/I and let AL Partial(R " R), A% Partial
(R",R). Then f and g are partial maps from R" x A into R in ¢, and this domain
(which we can assume to be the same) is a subobject H— R" x A such that the
corresponding map 4 — Q%" factors A » P(R")C %", and the map 4 %9 R"x 4
factors A —» U—R". Also, A(n)xA— H. In a diagram:

{0} xAr— A x A— H—R"xX A

e

R

g

The object H is a Penon Open in the topos % /A but not necessarially in the topos
@ (since a family of opens is not (in general) open in the product). This problem
does not arise in the proofs given in [6, 8], since these germs are supposed to be
globally defined. Here we do as follows. By Proposition 13 there is a Penon open
GCR"xA, {0} xACGCH. We take then by Corollary 8 an open subset WC
R"x R® such that G=iWNA. That is, G= C*(W)/I | . Recall that J denotes the
ideal of functions on n-variables of germ null at the origin. Let us also denote by
/, & representives in C*(W) for the maps f,g: G— R. The fact that f and g are
equal on A(n)x A CiW means that (f—g)é(J,I) |w- Thus, (see the introduction)
each point (0, p) e Z(J,I)C W has a neighbourhood V), where f—g is of the form

f-g=Y oihi, 0,€C™(V,), hiel

(since the part corresponding to J is zero). This shows that there is an open set
VC W, {0y x Z(I)=Z(J,I)C V, and such that f—géI |,. That is, f and g are equal
on U=C*(V)/T]y, U=iVNACR"xA. Since U is a Penon Open of R"xA in &,
it follows that the corresponding map 4 — Q*" factors 4 > P(R")c QF".

(b) The proof of (b) follows easily from Proposition 14. [

Actually, in ¢ a stronger statement is true.
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Proposition 16. In 9, germs are globally defined. That is, the restriction map
R’f"HRA(”) is an epimorphism. In fact, for every A in B, the map R**% -
RAXAW s an epimorphism.

Proof. It follows easily from Proposition 14. [

Given any A in &, a ‘germ defined around the axis Ax{0}CAXR", is an
equivalence class of elements fePartial(4A x R",R), such that Ax{0}Ca(f)e
P(A xR™). The equivalence relation is:

f~g © HdUeP(AxR™), Ax{0}CUCIHNNG: flu=g]u-

The object of germs so defined is denoted Cfix{o}(/i X R", R), and, as before, we
have a restriction map:

- j -
C5 iy AXR", R) = RAXAM

Theorem 17. In 4, for each A in &B and each positive integer n, the restriction map
J (defined above) is invertible.

Proof. It follows arguing in exactly the same way that in the proof of Theorem 15.
O

We remark that an alternative proof can be obtained synthetically from Proposi-
tion 16 together with Theorem 15. Indeed, clearly from Proposition 16 it follows
that the map j is an epimorphism. On the other hand, the injectivity of j follows
from Theorem 15 together with Proposition 13, by the simple argument of [2, I11.3.1].

3. The postulate of A-infinitesimal integration

The following considerations can be done in any model of S.D.G. In what
follows, M will denote the Euclidean space R™ of dimension m, considered as a
manifold, R™ =M. However, when R™ plays the role of the tangent space at a
point of M, we shall denote it R”. Given a function geR”’M and a point peM,
they determine a differential equation:

{y’=g(y),

y()=p. )

A solution f to this equation is a map f on the variables (p, ) € M X R such that:

d
d—f(p, N=g(f(p,1)),
t 2

S(p,0)=p.
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It will have, as domain of definition, some ‘neighbourhood’ H of the axe, M x {0} C
HCMXxR. For example, there is always (tautologically) a solution on H=M xD
defined by f(p,t)=p+tg(p). (Recall that D=[[teR] 12=01].)

Recall that an integral flow of g is a map f on the variables (p, t) € M X R such that:

{f(p, d)=p+d-g(p) VdeD,
f(p,S+t) =f(f(17’5), t)’

Similarly, f will have, as domain of definition, some part HCM X R, M x {0} C
HCMXR.
Any map f(p,t) which satisfies (3) also satisfies (2), since

S(p,s+d)=f(f(p,s),d)=f(p,s)+deg(f(p,s)).

However, to show that any map which satisfies (2) also satisfies the flow equation
(3), uniqueness of solutions to differential equations is essential. Indeed, given
S(p, t) such that (2), for each p and each s (fixed), the functions y,(¢) =f(f(p, ), 1)
and y,(¢) =f(p, s+ t) both satisfy the differential equation y’= g(y) with initial con-
dition y(0)=f(p, s).

We shall consider now the infinitesimal neighbourhood of the axis H=MXx A4,
Mx{0}CMxACMXR. The previous considerations show the following:

3)

Proposition 18. The following two statements are equivalent in any model of S.D.G. :

M d
H VgeR™ dAlfe MM*4: f(p,0)=p, d—{(p, y=g(f(p,1).
Q) VgeR™" Al fe MM*4:
VdeD[f(p,d)=p+d-g(p)], f(p,s+1)=F(f(p,5)1). O

We shall now prove that they are valid in the model 4. This is the Postulate WA
2 of [2, I, 3.1, 3.2].
Consider the rings of global sections of the objects

R™ and MM*4 (recall that M=R™).
FR™"y=C™(M,R™) = C*(R™)™.
TMM*4) =(C*(M < R)/(0, )",

where, as before, JCC®(R) is the ideal of functions with null germ at zero, and
where we have also denoted with the letters M the manifold R”, M =R". Given an
element g in I'(R™), g: M— R™, let f be the solution of the differential equation
(2) given by the classical theory of ordinary differential equations. f will be defined
in an open set U, Mx {0} CUCMXR, f:U—R™. Since Z(0,J/)=Mx{0}CU, it
follows from Corollary 3 that the quotient map C*(M X R)—~ C*(M xR)/(0,J)
factors through C®(U). Thus f determines an element (actually each coordinate of
f) in this quotient ring. The uniqueness (actually local uniqueness would suffice)
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of f with respect to g implies that this determines a map:
C™(M,R™) = (C™(M x R)/(0,]))".

Clearly, f considered as an element of the ring C*(M x R)", satisfies the differen-
tial equation (2) modulo the ideal (0, J). We shall now show that this map lifts into
a map in the topos.

Theorem 19. There is a map in 9,

M 5
Rm ’MMXA

which sends g € R™ into a solution fe MM*4 of the differential equation (2). This
actually means the following:

Given any A in B and A -l (AxM-,5R™), there is fe MM*4
AxMx4-Ls R™) such that

d
. - —f(/l,p,t)=g()t,f(/l,p,t)),
@ VieAd,< df

S, p,0)=p.

(ii) The correspondence g~ f is natural in A.
Proof. It follows easily from Lemma 20 below.
Lemma 20. Let I be any ideal, ICC®(R"), g,h: R"xM—R™ any two smooth

Sfunctions, U be an open set, R"XMX{0}CUCR"XMXR, and f1:U—R™
smooth functions such that:

d
d—j; Ao =g, f(4,p1), fLp0)=p,

d/
a(l’p9t):h(lal('l’p’t))’ l('l,p10)=p'

Then, the following implication holds (for each one of the m coordinates, that by
abuse of notation we write without subindices)

(e-MEW,0) = (f-DEL0,J])|y.

Note. Given g, a function f as above always exists by the classical theory of ordinary
differential equations.

Proof. We have Z(1,0,J)=Z(I)xMx {0}. Thus, we have to show that given
any poe M, Ag€ Z(I), there exists an open set We U, (dg, Dp,0)€ W, such that
(f~D|wed,0,J)y. We do this now. The point (4¢, py) € Z(1,0)= Z(I) X M. Thus



142 E.J. Dubuc

by assumption, there is an open set HCR"XM, (Ay, py)€ H, and such that
(g—nh) ]He(l, 0) \H. That is, there are finitely many functions s;e€ 1, h;e C*(H),
i=1,...,r, such that

r

h(, p)=gA, P+ ¥ s;(Mhi(4, p), V(4 p)eH.

i=1
Wenow utilize a technique introduced in [1] to prove a similar theorem [1, Theorem
1.8]. Consider a parameter space R’, se R, s=(sy,...,5,), and the function
@:R'xH—->R"
defined by ,
(s, 4, P)=g(4, p)+ ,;1 54, )-

Clearly ¢(0, 4, p)=g(4, p) and @(s(A), A, p) = h(4, p). (Notice the double meaning of
the letter ““s>’!) Let now GCR" XM open, (Ao, py) € G, VCR" open, 0eV, ¢€R,
£>0 and y: VxGx(—¢¢e)— R" be such that for all (5,4, p,t)e VX GX(—¢¢),
4, w(s, A, b, 1) e H, and

dy
Tt(syl5p9 t)=(p(ss 'l, W(Sa/l; D t))’ U/(S,A., pao)zp'

Such a y is given by the classical theory of ordinary differential equations. Let now
L1 VXGx(—g&)— R™ be such that

wsApD=w0,4p 0+ Y sili(sA pt).
i=1

The functions /; are given by a well known result often quoted as local Hadamard’s
lemma (remark that the open set V can be considered to be a product of intervals).
Now, since A€ Z(I) and the functions s;€ I, we have that s(43)=0. Let H'CH be
small enough so that s(1)e V for all A € H'. Then, we have

w(s(A) A p,0)=y(0,4, p, 1)+ ; si D (s(A), 4, p, 1)

for all (A, p,¢) in the open set W=(GNH’) X (—¢, ). But by the uniqueness of the
solution for classical ordinary differential equations, it follows that f(A, p,t)=
w(0,A, p,t) and I(A, p,t) = w(s(A), A, p, t). This finishes the proof. [J

This theorem establishes the existence condition in statement (1) of Proposition
18 (i.e., the existence condition of Postulate WA 2). But it establishes much more,
since it says that the map

D df
mMxa = gm fp.ty~ (B0 iz

has a section in the topos. We shall now prove the uniqueness of solutions to dif-
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ferential equations, that is, the uniqueness condition in statement (2) of Proposition
18. We thank Bruno who indicated to us a proof, which actually follows the same
lines as the proof here of Lemma 20.

Lemma 21. Let I be any ideal, ICC*(R"), g: R"xM— R™ and f,]1 : R"x M X R — R™
be smooth functions such that (each one of the m coordinates, that as before we
denote without subindices)

d o °
d—j;(l, ) —gA f(4Lp,)eW,0,]),  f(4p0)-pe0J),

d/ o 0
a(l, b, —g4 14, p, 1) €(,0,J), (4, p,0)—pe(L,0,J).

Then,
S, p,t)=1(A, p,0)€(,0,J).

Proof. As before (Lemma 20) we have to show that given any pye M, iy e Z(l),
there exists an open set W, (1g, pp,0)€ W, such that (f—/)|,€(10,J)|y. By
assumption, there is an open set H, (1, py, 0) € H and functions a,(4, p, t), a5(4, p, 1),
bi(A, p,1), by(A, p,t) (defined on H) in the ideal (Z,0,J) ]H such that

d/
1 Ao ty=gA {4 p,t)+a(A, p 1), AL p,0)=p+b(4p1),

d
d—‘];('{, b, t):g('lsf(/ly b, t))+02('19 b, t)’ .f(l’ b, 0)=p+b2(/17 b, t)

(the functions b;, b, actually do not depend on ¢).
Consider now R? as a parameter space, (a,b) € R?, and let w be such that:

d
d—"t’ @b Aty =ghw(@ b A p0)+a,  w(ab i p0)=p+b.

Such a y can be taken defined in an open set of the form VxGx(—¢¢),
where VeR?, 0eV, is open (take V as a product of two intervals), (44, py) € G, and
g€ R, ¢>0. By the uniqueness of the solution for classical ordinal differential
equations, it follows that I(4, p,t)=w(a\(4, p, 1), b\(4, p,1), A, p,t) and f(4, p,t)=
w(axA, p,t), by(4, p, 1), A, p,1). As in Lemma 20, let now r,s: Vx VXGX(—g€)—
R™ be such that

l//(az, bZ/L D, t)_ W(alsbla la D, t):(al_al)r+(b2_b])s'

Now, since 4y € Z(I), it follows that a;(1y, pg, 0) =0, a,(Ag, Po, 0)=0, bi(Ags Py, 0)=0
and  by(Ag, pp,0)=0. Let WCH, (A, py,0)€ W, be small enough so that
(@4, p,2),b1(A, p,1)) eV and (ay(4, p, 1), bs(A, p,t))e V for all (4, p,t)e W. This
finishes the proof. [
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Theorem 22. In the topos 9, the following holds:

VgeR™" dlfe MM*4: f(p,0)=p, g (2, D) =8(f(p,1)
where M=R"™. (See Proposition 18.)

Proof. The existence is guaranteed by Theorem 19, and the uniqueness follows im-
mediately from Lemma 21. O

We finish with a remark. From Lemma 21, that is, the uniqueness of the solution
of differential equations on M x A4, it follows that in order to prove the existence

of a section R™" - MM*4 10 the map

o d
mM<a g b, t))=d—f(p, N i=0s

it is enough to prove that D is an epimorphism. Now, to prove that D is an epimor-
phism is very simple and easy, and does not need Lemma 20. We did prove Theorem
19 independently in order to show that the lifting theorem of Bruno [1, Theorem
1.8] can be proved also for other maps that the ones considered there. Theorem 19
should be helpful in order to formulate and prove a general lifting theorem for the
topos ¢.
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