
2) The NG-flow is ergodic on each of the components ~L(~,~)/~x ~z. 

Remark. The one-parameter subgroups ~L( ~,~)/~ x ~ are everywhere dense in ~h(~,~)/~ �9 

LITERATURE CITED 

I. A.M. Vershik and V. Ya. Gershkovich, "Nonholonomic dynamical systems. Geometry of 
distributions and variational problems," in: Results of Science and Technology. Current 
Problems of Mathematics. Fundamental Directions. Dynamical Systems [in Russian], Vol. 7, 
VlNITI, Moscow (1986). 

2. P.A. Griffiths, Exterior Differential Systems and Calculus of Variations [Russian 
translation], Moscow (1986). 

3. P. Franklin and C. L. E. Moore, "Geodesics of Pfaffians," J. Math. Phys., i0, 157-190 
(1931). 

4. S. Sternberg, Lectures on Differential Geometry [Russian translation], Moscow (1970). 
5. B.A. Dubovrin, S. P. Novikov, and A. T. Fomenko, Modern Geometry [in Russian], Moscow 

(1979). 
6. I.P. Kornfel'd, Ya. G. Sinai, and S. V. Fomin, Ergodic Theory [in Russian], Moscow 

(1980). 
7. A.M. Vershik and V. Ya. Gershkovich, "Nonholonomic problems and geometry of distribu- 

tions," Appendix to: P. A. Griffiths, Exterior Differential Systems and Calculus of 
Variations [Russian translation], Moscow (1986). 

8. S. Lefschetz, Geometric Theory of Differential Equations [Russian translation], Moscow 
(1965). 

QUANTUM GROUPS 

V~ G. Drinfel'd UDC 512.552.8+512.667.5+517.986.4 

The paper is the expanded text of a report to the International Mathema- 
tical Congress in Berkeley (1986). In it a new algebraic formalism con- 
nected withthe quantum method of the inverse problem is developed. 
Examples are constructed of noncommutative Hopf algebras and their con- 
nection with solutions of the Yang-Baxter quantum identity are discussed. 

This paper* is devoted to recent work on Hopf algebras (or, as is more or less the same, 
on quantum groups), of M. Jimbo and the author. Our approach to Hopf algebras is motivated by 
the quantum method of the inverse problem (QMIP), by the method of constructing and studying 
integrable quantum systems developed largely by L. D. Faddeev and his collaborators. A large 
part of the definitions, constructions, examples, and theorems of the present paper arose 
under the influence of QMIP. Nevertheless, I begin with these definitions, constructions, 
etc., and only later explain their connection with the QMIP. This order of exposition is 
opposite to the history of the subject, but on the other hand, as it seems to the author, it 
permits the clarification of its logic. 

The author dedicates this paper to Yurii Ivanovich Manin for his fiftieth birthday. 

~The paper is an expanded version of a report to the International Mathematical Congress in 
1986. 

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo 
Instituta im. V. A. Steklova AN SSSR, Vol. 155, pp. 18-49, 1986. 

898 0090-4104/88/0898512.50 01988 Plenum Publishing Corporation 



I. So What Is a Quantum Group? 

We recall that both in classical and quantum mechanics there are two basic concepts, 
state and observable. In classical mechanics states are points of a manifold M, and 
observables are functions on M. In the quantum case, states are one-dimensional subspaces of 
a Hilbert space H, and observables are operators on H (we neglect the self-adjointness condi- 
tion). It is easier to understand the connection between classical and quantum mechanics in 
the language of observables. Both in classical and quantum mechanics the observables form an 
associative algebra, which is commutative in the classical case and noncommutative in the 
quantum case. Thus quantizing is somewhat like replacing commutative algebras by noncommuta- 
tive ones. 

We shall now consider elements of the group G as states, and functions on G as observ- 
ables. The concept of group is usually defined in the language of states. In order to 
prequantize, it is first necessary to translate it into the language of observables. This 
translation is well known. Nevertheless, I recall it. We consider the algebra A = Fun(G), 
consisting of functions on G, assumed to be smooth, if G is a Lie group, regular, if G is an 
algebraic group, etc. A is a commutative associative algebra with unit. It is clear that 
~(~xG) ~ A| if we understand the sy~ol | in a suitable sense (for example, if G is a 
Lie group, then it is necessary to understan~ | as the topological tensor product). Hence 
the group operation, considered as a map f:G x G ~ G, induces a homomorphism of algebras A:A 

A | A called comultiplication. In order to formulate the associativity of the group 
operation in terms of A, we express it as the condition of commutativity of the diagram 

�9 2 

X~-~ li'~!r As a result, we get that A should be coassociative, and then we apply the functor 
i.e., the diagram 

Ae A~ AeA| 

should be commutative. The translation of the concepts of group unit e and inverse map 
~-~ ~-~-is completely analogous. One considers maps 8: A~, S: A-+A , defined by the 
formulas 8:~F-~ ~(el and ~(~)= ~-~), respectively (here k is the ground field, i.e., ~=~ , 
if G is a real Lie group, ~=G, if G is a complex Lie group, etc.). Then the identities 
~.~=~.~=~, ~-L~-~----- ~ are translated into the language of commutative diagrams and the 
functor X~-~ ~X) is applied. As a result one gets commutative diagrams 

(i) 

A~-~AeA ~| AeA~--+A A~AeA~| (2) 

Here m is the multiplication map (i.e., ~(~| ), and i(c) = c'l A. The commutativity 
of (i) (respectively, (2)) is expressed by the words ~ is a counit" (respectively, ~S is an 
antipode"). The properties of (A, m, ~, i, ~, S) listed above mean that A is a commutative 
Hopf algebra. 

There is a general principle: the functor X ~ Fun(X) from the category of ~spaces" to 
the category of commutative associative algebras with unit (possibly with additional struc- 
tures or properties) is an antiequivalence. This principle becomes a theorem if "space" is 
understood as ~affine scheme," or if ~space" is understood as ~compact topological space," 
and ~algebra" as ~C*~algebra." It follows from the principle indicated that the category of 
groups is antiequivalent to the category of commutative Hopf algebras. 
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Now we define the category of quantum spaces as the category dual to the category of 
(not necessarily commutative) associative algebras with unit. We denote by spec A (the 
spectrum of A) the quantum space corresponding to the algebra A. Finally, we define a 
quantum group as the spectrum of a (not necessarily commutative) Hopf algebra. Thus, the 
concepts of Hopf algebra and quantum group are actually equivalent, but the second concept 
has a geometric inflection. 

We make some remarks in connection with the definition of a Hopf algebra. First of all 
it is known that for given A, m, and A, the counit ~:A ~ k is unique and is a homomorphism. 
The antipode S:A ~ A is also unique and is an antihomomorphism (in relation both to the 
multiplication and the comultiplication). Further, in the noncommutative case one also 
requires the existence of a "twisted antipode~ S':A ~ A, which is actually an antipode for 
the opposite multiplication and the same comultiplication. $' is also an antipode for the 
opposite comultiplication and the same multiplication. It is known that SS' - S'S = id. We 
note that in the commutative or cocommutative case S' = S, but in general S' ~ S and S 2 ~ id. 
The proofs of these assertions are contained in the standard texts on Hopf algebras [1-3]. 
In [4] there is a nonformal discussion of some aspects of the concept of Hopf algebra. One 
should keep in mind that our use of the term "Hopf algebra" is not the ordinary one: some do 
not require the existence of a unit, counit and antipode (Hopf algebras in this sense 
correspond to quantum semigroups). 

It is important to note that a quantum group is not a group or even a group object of 
the category of quantum spaces. The fact is that for noncommutative algebras the tensor 
product is not the categorical coproduct. 

The question now arises do there exist natural examples of noncommutative Hopf algebras. 
A simple way of constructing such algebras is to consider A*, where A is a commutative, but 
not cocommutative algebra (we recall that the dual space of a Hopf algebra A has the struc- 
ture of a Hopf algebra: the multiplication A~| ~ is induced by the comultiplication of 
the algebra A, and the comultiplication of the algebra A* is induced by the multiplication of 
the algebra A). In this way one gets more or less all commutative noncocommutative Hopf 
algebras. The words "more or less" are connected with the fact that it is not true that for 
any vector space V one has V** = V. But on the heuristic" level V** = V and consequently any 
cocommutative Hopf algebra has the form (Fun(G))* for some group G. It is clear that the 
commutativity of (Fun(G))* is equivalent with the commutativity of G. We note that (Fun(G))* 
is nothing but the group algebra of G. The universal enveloping algebras (the comultiplica- 
tion ~--~ | U~ has the form ACX)~X|174 ) form an important class of cocommutative 
Hopf algebras. If ~ is the Lie algebra of the Lie group G, then ~ can be considered as 
the subalgebra of (C~(GII ~, consisting of distributions ~eC~(G~ such that supp ~ c (e~ 
One can identify ~)? with the completion of the local ring of points e E G or with Fun(~), 
where ~ is the formal group corresponding to ~ (the second realization of (~)~ makes 
sense even if G does not exist, which may very~well happen if ~ ~-~ ). 

The most interesting and enigmatic Hopf algebras are those which are neither commutative 
nor cocommutative. Although Hopf algebras have been studied intensively by ~pure" algebra- 
ists [2-12], as well as by specialists in yon Neumann algebras [13-26], a large part of the 
examples of noncommutative noncocommutative Hopf algebras, invented independently of the 
theory of quantum integrable systems, are, from my point of view, rather counterexamples, 
than ~natural" examples (there are, however, notable exceptions: cf., e.g., [12, 16], and [2, 
pp. 89-90]. We discuss a general method for constructing noncommutative noncocommutative 
Hopf algebras given in [27, 28] under the influence of the QMIP. This method is based on the 
concepts of classical limit and quantization. It can be considered as the realization of 
ideas of G. I. Kats and V. G. Palyutkin (cf. end of [16]). 

2. 0uantization 

Roughly speaking, the quantization of a commutative associative algebra A 0 over k is a 
not necessarily commutative deformation of A0, depending on a parameter h (Planckes con- 
stant), i.e., an associative algebra A over k[[h]] such that A/hA= A and A is a topolog- 
ically'free k[[hl]-module. If A is given then in A 0 one can define a new operation (Poisson 
bracket) by the formula 

t ~ k ,  ~mo~t - (~.[ a , ~ ] )  m o ~  . (3) 
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Thus A 0 becomes a Poisson algebra (i.e., an algebra with respect to {,} and a commutative 
associative algebra with respect to multiplication, where these two operations are compatible 
in the following sense: {Q,~r + &{a,c}. Now we slightly change the point of view 
about quantization. 

Definition. Quantization of the Poisson algebra A 0 is a deformation A of the algebra A 0 
over 6 [[~]] in the sense of associative algebras such that the Poisson bracket on A 0 defined 
by (3) is equal to the bracket previously defined. 

Of course this approach to quantization has been known~as long as quantum mechanics has 
existed. It was explained to mathematicians by F. A. Berezin, J. Vey, A. Lichnerowicz, M. 
Flato, D. Sternheimer, etc. 

We need an analog of the definition given above for Hopf algebras. In this case A 0 is a 
Poisson Hopf algebra (i.e., on A 0 there are given Hopf algebra and Poisson algebra structures 
with the same multiplication, while the comultiplication A 0 ~ A 0 | A 0 should be a homomor- 
phism of Poisson algebras; it is understood that the Poisson bracket on A 0 | A 0 has the form 
{~| r174 = a6~I~} + {Q,G} | ~ , and A is a deformation of A 0 as Hopf algebras. We shall 
also use the dual concept ox quantization of copoisson Hopf algebras (a copoisson Hopf alge- 
bra is a cocommutative Hopf algebra B with a Poisson cobracket B ~ B | B, compatible with the 
Hopf algebra structure). 

We discuss the structure of Poisson and copoisson Hopf algebras in Secs. 3 and 4. After- 
wards we discuss the quantization problem. 

3. Poisson Groups and Lie Bialgebras 

A Poisson group is a group G together with a Poisson bracket defined on Fun(G), which 
turns Fun(G) into a Poisson Hopf algebra. In other words, the Poisson bracket should be 
compatible with the group operation, which means, by definition, that the map #:G • G ~ G, 
#(gl, ga) = glg2 should be a Poisson map in the sense of [33], i.e., ~: ~u~--+ ~ x~) 
should be a homomorphism of Lie algebras. By refining the meaning of the word ~'group" and 
the symbol Fun(G), we get the concept of Poisson-Lie group, Poisson formal group, Poisson 
algebraic group, etc. According to our principles, the concepts of Poisson group and Poisson 
Hopf algebra are equivalent. 

There is a very simple description of Poisson-Lie group in terms of Lie bialgebras. 

Definition. A Lie bialgebra is a vector space ~, on which there are given Lie algebra 
and Lie coalgebra structures, which are compatible in-the following sense: the cocommutator 
map ~ |  ~ should be a l-cocycle ( ~ acts on ~ g ~ by means of the adjoint representation). 

THEOREM I. The category of connected simply connected Poisson-Lie groups is equivalent 
with the category of finite-dimensional Lie bialgebras. 

Sketch of Proof. A Poisson structure on a Lie group G is defined by a formula of the 
form 

{~,r = ~ O ~ . a ~ ,  ~,~eC~c~), (4) 

where {a#} is a basis of right-invariant vector fields on G. We consider ~ as a function 
~--~ A~. The compatibility of the group operation with the bracket (4) means that ~ is a 
l-cocycle, the l-cocycles of G are in one-to-one correspondence with l-cocycles of the ~. 
The operation ~| ~, defined by the l-cocycle ~ --~ ~| ~ corresponding to ~, is the 
infinitesimal part of the bracket (4). Hence, if the bracket (4) satisfies the Jacobi 
identity, then ~ is a Lie algebra. To prove the converse assertion, we note that the 

expression {I~,~,~ I *{I~,~},~} + {I~,~},~I,~,~,~c~(G) can be written in the form ~ ~q. 

~@ ~ ~ }.One can show that ~: ~--~ is a l-cocycle. Hence ~ = 0 if the infinitesimal part 
of ~ is equal to zero. 

One can prove the analogous theorem for Poisson formal groups over a field of character- 
istic zero in exactly the same way. Here is a different proof which is also instructive. 
The algebra of functions on the formal group corresponding to ~ is (~@)~. A Poisson Hopf 
algebra structure on (~i ~ is equivalent with a Poisson Hopf algebra structure on U~. Hence 
it suffices to prove the following simple theorem. 
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THEOREM I 2, Let ~: U~ -+ U(~ | ~ be a Poisson cobracket, which turns U~ into a copois- 
son Hopf algebra (the Hopf algebra structure on U~ is the usual one). Then ~(~)c ~ | ~ and 
(0~, ~/~ ) is a Lie bialgebra. In this way one gets a one-to-one correspondence between 
copoisson Hopf algebra structures on ~, inducing the usual Hopf algebra structure and Lie 
bialgebra structures on ~ inducing a glven Lie algebra structure. 

Now we discuss the concept of Lie bialgebra. First of all, there is a one-to-one 
correspondence between Lie bialgebras and Manin triples. A Manin triple (P, P1,~) is a 
Lie algebra with a nondegenerate invariant scalar product and isotropic Lie subalgebras Pl, 
P2 such that p as a vector space is the direct sum of Pl and P2. The correspondence 
mentioned above can be constructed as follows: if (p, p~,~0~) is a Manin triple, then we set 

- p~ and we define the cocommutator .~-+ ~ | ~ to be the map dual to the commutator map 
P2 | P2 ~ Pz (we note that Pz is naturally isomorphic to ~). Conversely, if there is given 
a Lie bialgebra ~, then we set p= ~ ~, ~I= ~, ~= ~ and we define the Commutator [x, 2] 
for ~ ,  ~ so that the naturaiscalar product in p is invariant. We note that if (p, 
T~,~) is a Manin triple, then ~?, ?~,~) is also a Manin triple. Hence, the concept of 
Lie bialgebra is self-dual. 

Here are some examples of Lie bialgebras. Examples 2-4 are important for the method of 
the inverse problem. 

Example I. If ~ = ~, then any linear maps ~--~ ~ and ~-+~ define a Lie 
bialgebra structure on 6~ A two-dimensional Lie bialEebra is called nondegenerate, if the 
composition A ~ --~ ~ --+ A~ is nonzero. In this case there exists in ~ a basis {x I, x 2) 
such that [xl, x2] = ~x2, and the cocommutator is given by the formula ~ ~ 07 ~ ~ ^ ~i. 
Here ~fl ~ 0 and =fl is independent of the choice of el, e 2. 

~xample 2. Let ~ be a Eat-Moody algebra (in the sense of [55]) with fixed invariant 
scalar product <,>, f De a Cartan subal~ebra b+ D f be Borel subalgebras We set -- 

- + 0 . ?__ ~ c ~ ,  
~I = I(~'~)~ ~ ~ ; ~=~ I ~ ~ P~-- {(~,~)~-* ~+; ~ ~ = }" As the scalar product of the 
elements (xl, Yl) e p and (x2, Y2) e p we take <xl, x2> - <Yl, Y2 >- Since (p, Pl, P2) is a 
Manin triple, ~ has the structure of a Lie bialgebra. The cocommutator o. ~--~ A~0~ can be 
described explicitly in terms of the canonical generators X. ~ XI ~, (here'k~ F~ ~], and 
image of a simple root ~{~ ~ under the isomorphism ~--~}). ~)-0~ ~(X~ )~ 4/~j-+ Z~{ we Hi 
note that b+ and b_ are subalgebras of ~. If ~= ~($), then b+ and b_ are of the type 
described in Example i. The Manin triple corresponding to b+ is (~• I~ ), where 
~+_ : ~• ~-+ 9~ ~ is defined by ~+_(~)- (~_+~) and the scalar product on ~ x~ is equal to 

iExample 3. We fix a simple Lie algebra ~ (d~ ~ < ~ and an invariant scalar product on 
it. We set ~ =0~((B-~)), p~= ~[~], ~= ~-~g[[~-1]] and we define a scalar product in p by (f, 
g) = ~=~(~(~),~(~I)~. The Manin triple defines a Lie bialgebra structure on ~ = 0~ [~]. The 
cocommutator in ~ is given by 

o~(v,,~ ~ [ a ( ~ ) |  ~| ~(~,~)] . ( 5 )  

Here s ~| is identified with (0~| and r(u, v) = t/u- v, where t is the 
element of 65 | ~ corresponding to our scalar product. The right side of (5) has no pole 
for u = v, since t is invariant. 

~xample 4 (cf. [29-31]). We fix a nonsingular irreducible projective algebraic curve X 
over ~. We denote by E (respectively A, @~ ) the field of rational functions on X (respec- 
tively, the ring of adeles, the completion of the local ring of the point x e X). We fix an 
absolutely simple Lie algebra G over E (dim G < ~) and a rational differential ~ on X, ~ ~ O. 
We define an invariant ~-valued scalar product on G ~A by the formula (~,U)= ~ ~6~w'~(~(~)~ 

~(%~)), where ~:&-+9~(w,~) is a faithful representation, u = (ux)x e X, v = (vx)x e X. 
Then G is a maximal isotropic subspace of G ~zA. If there exists an open isotropic ~-sub- 
algebra A c G ~EA such that ~| A -- & �9 A, then on G there arises a Lie bialgebra struc- 
ture. To each subset ~cX , ~ ~ corresponds a subbialgebra G s = {a e G; the image of a 
in Cr| A ~ belongs to the image of A in G | AS}, where A s is the ring of adeles without 
x-component, x �9 S. The bialgebra of Example 3 is actually Gs, where ~= ~)~ , %5= ~, g=[~}, 

~= ~| ~i=~| ~ ~) ~ being a maximal ideal of 0~. If ~ is an affine 

Kac-Moody algebra with~the bialgebra structure of Example 2, then @~-~-~ [~, ~] / (the center 

of ~) actually coincides with G s for ~---- ~, ~= A-~, ~--- 10,~}~G- ~ | C(A) (~/ 
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has a natural ~[A, ~-~]-algebra structure) ~= 6~ ~ (~'| @x) where CC~@s 
' ~ X ' , g  

C/,(A-')))x,0/| q (~((X))) is the closure of the algebra ~ ={(~,~)eO/,6};; ~(~J, V~+ , ~ + 

o}. 

4. Classical yang-Baxter Equation 

Let ~ be a Lie algebra and ~: ~-~^~@ be the coboundary of the element ~eA~. One 
can show that (9, ~) is a Lie bialgebra if and only if 

[~I~ %~],[~, %~]+ [%~ %$,] ~ being invariant (6) 

Here for example [~I~]~ ~}[~$]e ~| where ~= ~Q$| ~ (one can suppose that ~I~=~G 

~e(U~)| ~= ~0~|174 ~5= ~l|174174 In particular, if 

then <~,~) is a Lie bialgebra. (7) is nothing else than the classical Yang-Baxter Equation 
(CYBE), or the classical equation of triangles. There is an important case, intermediate 
between (6) and (7). Let us assume that %= ~ ~ ~ satisfies (7), but the skew-symmetry 
condition ~+ %~= 0 is replaced by the condition of ~ -invariance of r ~z + r ~ (then the 

coboundary ~ = ar is skew-symmetric). In this situation (~,~) is also a Lie bialgebra. If 

~,~§ ~i= p, ~ = ~ _ d/~ P; then ~= A~ , ~ = a~ and E ~i~, f~] § [~ f'~]+[f'~ f~] = 4/~ [ P% P ~s] 

Definition. A cobounding Lie bialgebra is a pair {~, ~), where ~ is a Lie bialgebra, 
~eA~, ~ is equal to the commutator of 9" A cobounding Lie bialgebra (~,~) is called 
triangular if r satisfies (7). A quasitriangular Lie bialgebra is a pair t~,~), where ~ is 
a Lie bialgebra, ~ @ | ~ , ~% is equal to the cocommutator of ~, and r satisfies (7). 

It was noted in [32, 27] that the expression [~z ~s] +L~ ' J+L~,~ ~, ~ ,  is equal 

to I/2{r, r}, where {,} is a bilinear operation in A*~ such Chat {a, b} ~ [a, b] for ~, ~ 

and {~,~=~i)(K*Ix~+1)*i{~,~l, {~,~AC~=IQ,~ }^o+(-~)~*~)~^I~,o}fOr a~A~, ~A~, C~A~. ( A~ is a 

Poisson superalgebra with odd Poisson brackets; if the elements of A~ are considered as 
left-invariant polyvector fields on the Lie group corresponding to ~ , then the operation {,} 
on A~ is nothing but the Schouten bracket [34]). 

The Poisson bracket on the Poisson-Lie group G corresponding to the cobounding bialgebra 
(~,%) has the form 

= - ( 8 )  

where a~ (respectively 8~) are right-invariant (respectively left-invariant) vector fields on 
G corresponding to some basis of ~, and r# w are the coordinates of r. The following proper- 
ty of the bracket (8) plays a key role in the Hamiltonian version of the classical method of 
the inverse problem (there is a systematic account of this method in [35]; cf. also [36-38]): 

0 (9) 

We return to Examples 1-4 of Sec. 3. In a nondegenerate two-dimensional bialgebra a 
cocommutator is not a coboundary. We consider now the cocommutator (5) in the algebra ~ : ~[~]. 
First let us assume that r(u, v) is an ~| ~ -valued polynomial. Then one can consider r as 
an element of @ | ~ , and the cocommutator (5) as the coboundary of r. The CYBE and the 
condition ~A~ assume the form 

%~(~,~)+%~(~,~) = 0 , (ii) 

Thus, each polynomial solution of (i0), (II) defines a triangular bialgebra structure on ~. 
In Example 3 r(u, v) is a nonpolynomial solution of (I0), (ii). Hence the corresponding 
bialgebra is ~pseudotriangular" (nevertheless, (9) holds). 

The bialgebra ~ of Example 2 has quasitriangular structure if ~ < ~ we consider the 
element ~e ~ | ~ corresponding to the scalar product in ~; we represent t in the form ~._+ 
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~+~_+,~7.~_e[~§174174247247 ~e ~-@~, and we set ~=~+_ 4 +~0" If ~ =  ~ then 
r does not belong to the algebraic tensor product ~@0~. Thus, ~@~) is a "pseudotriangular" 
bialgebra. We consider the nontwisted affine case in more detail (the twisted affine case is 
analogous). In this case ~f= [~,@]/ (the center of ~} ) = 6~[_A,~ -~] for some simple algebra 
~ ~ < o0. We denote by ~ the analog of r for ~/. We consider r as a formal series in A = 
A | 1 and ~ = 1 | A with coefficients in 0~| Then ~(A, @) is the Laurent series of a 
rational function of A/~, having a simple pole for A/~ = 1 with residue ~ (~e ~@~ 
corresponds to the scalar product in 0%). This rational function satisfies (i0) and (Ii). 
Moral ([39, Sec. 3]): if the solution r(u, v) of Eqs. (i0) and (ii) has a pole for u = v, 
then the corresponding Lie bialgebra is "pseudoquasitriangular" rather than "pseudotri- 
angular"; in other words, %~(B~,B~)+~ (~,~) is equal to ~,[(~i-~)~ rather than to zero. 

I. V. Cherednik proved [31] that the bialgebras of Example 4 also correspond to solu- 
tions of (i0) and (ii), having a pole on the diagonal. Moreover, it follows from [40-42] 
that there is a one-to-one correspondence between '~nondegenerate" solutions of (I0) and (ii) 
up to a certain equivalence relation (such solutions always have a pole on the diagonal) and 
the quadruples (X, ~, G, A) from Example 4. Moreover, the classification of nondegenerate 
solutions of (I0) and (II) is given in [40, 41]. In terms of (X, ~, G, A) the results of 
[40, 41] can be formulated as follows. 

I) For the existence of A it is necessary that ~ not have zeros, and consequently there 
are three possibilities: a) X is an elliptic curve and ~ is a regular differential, b) X--~ ~, 
w=l-~ c) X= ~, ~=$~. The corresponding solutions r(u, v) are elliptic, trigonometric, or 
rational functions of u - v. 

2) In case a) for the existence of A it is necessary that G be isomorphic with s~(n), 
and for each n there are a finite number of possibilities for A, all of them are enumerated. 
In case b) G is of the type described at the end of Example 4, and all the possibilities for 
A are enumerated (they are analogous to the algebra A described at the end of Example 4). In 
case c) little is known. 

Unfortunately, inadequate space does not permit me to analyze the important ideas and 
results of M. A. Semenov-Tyan-Shanskii [39, 43], relating to Poisson-Lie groups and the CYBE. 

5. Some Remarks of Historical Character 

The Poisson bracket (8) and the CYBE were introduced by E. K. Sklyanin [44, 37] as the 
classical limits of the corresponding quantized objects. The compatibility of the bracket 
(8) with the group operation was formulated by him almost explicitly. The abstract concept 
of Poisson-Lie group appeared later [27]. The classification of solutions of the CYBE was 
based on extensive experimental material, due to many authors (cf. the appendix to [45]). In 
particular, the solution r(u, v) = t/u - v was found in [45, 46]. 

6. Ouantization of Lie Bialgebras (Examples) 

By definition, quantization of the Lie bialgebra ~ is qua~tization of ~ in the sense 
of Sec. 2, where ~ is considered as a copoisson Hopf algebra according to Theorem 2. If A 
is a quantization o~ the Lie bialgebra ~, then we shall call ~ the classical limit of A. 

Example I (cf. [2, pp. 89-90]). We consider the CliO]I-algebra A, generated (in the 
h-adic sense, i.e., as an algebra completed in the h-adic topology) by elements xl, x 2 with 
defining relation [~i,~]= ~, ~ .  We define A:A ~ A | A by the formulas a(m I) = ~i|174 

A(~ - m~|162 ~mp(-~/~1)| X,~, ~ ~ . Then A is the quantization of the 

bialgebra of Example 1 of Sec. 3. It follows from the results of Sec. 9 that this quantiza- 
tion is unique up to the substitution ~ ~-~ ~. ~ 0~ ~ 0~ 6. 

Example 2. Let ,~, ~, <, > , ~ mean the same things as in Example 2 of Sec. 3. We 
consider the 6Ilk]I-algebra Ui~, generated (in the h-adic sense) by the space f and the 

+ + 

elements X~ X~-with the deflning relations [a~, a2] = 0 for a1,~, [~ X[]= +_~(a) X~- for 
a 6 f, and also 

904 



: 

~ -K(~-~)/~ + ~ ~_ *_ ~-K 

Here Ai0 are Cartan matrices and C % is the Gauss polynomial ([47, Sec. 3.3]), i.e., (~)~ 

(~-i)(~-i-i)...(~-K*~-4)/(~K-4)(~K-t~)..,(~-~). One can show that U~ is a topologically free 

[[~]] -module and that there exists a homomorphism A~T~ ~ --~ U~ ~ @ ~ such that A(X~i= X? | 

~zp(~{/~)+6$p(-~/4)~, , A(a)=~@i+i | for a E f. (U~,A)is a quantization of ~. Using 

the results of See. 9, one,can show that U%~ is the unique (up to the substitution ~+~+ \ 
{~__ r ~ O{e ~ ) quantization A of the bialgebra ~, for which' there exist a cocommutative Hopf 

subalgebra C c A and a map 0:A ~ A such that the map 6/~C -+ U~ is .injective, and its image 

is equal to 'U}, 0 ~-- {~) @(C)= ~ , @ being an automorphism of A as an algebra and an anti- 

automorphism as a coalgebra, #(mod h) being the Carter[ involution (if A - U~ ~ , then we set 

C = U~[[~]], @(X~)=-~?~ ,@IG=-~$). Hence it is natural to call 5~ a quantized Kac-'Moody 

algebra. The algebra U%~6L~) was introduced by P. P. Kulish and N. Yu. Reshetikhin [48], 

and also by E. K. Sklyanin [49]. For arbitrary ~ the algebra U~ was introduced by M. 

Jimbo [50, 51] and the author [28]. All these papers were motivated by the QMIP. ~For affine 

and finite-dimensional ~ the algebra Uk~ is closely connected with trigonometric solutions 

of the quantum Yang-Baxter equation (QYBE); cf. [50-52], and also Sec. 13. 

Example 3 ([28, 54]). Let ~ and ~ mean the same things as in Example 3 of Sec. 4. 
Since ~ is graded (Q~ ~wK= ~ for ~ ~ ~, and the cocommutator has degree I, it is natural to 
seek a quantization which is a graded Hopf algebra over ~[[~]] , where the algebra ~[[~]] 
is graded so that deg h = I. With the help of the results of Sec. 9 one can show that Q 
exists and is unique. As an h-adic algebra Q is generated by the Lie algebra ~ (deg a = 0 
for ~e@u) and elements J(a) of degree i, ae~ with the defining relations 

=7~ ~([[%'I']'I{~,ID ]]' ~){I,, i?,Ir } 
' ' (13) 

L, - ~ Y ~ ~:(%,{{,%,I~,I~,I r) { I ~ , l ~ , I ~ I ~ ) } , ,  (14) 

wher~ {I~} i s  an o r t h o n o r m a l  b a s i s  o f  .~, ~ ( a , { , c , m , ~ , % ) =  A ~  ([Q[{,~]] , [[c ,~] ,~] ,{~, ,$~,~,~= 
4/G }~ % a i m  K . A:Q + Q | Q is defined by the formulas ~,~ 0 ~  

where }=~i=| We note that the classical limit of J(a) is a ~ e ~ .  Hence (12) and the 
left sides of (13) and (14) are completely natural. (15) is also natural, since [a | I, t] 
is nothing but the image of au under the cocommutator map. The horrible right sides of (13) 
and (14) are obtained from (12) and (15). We also note that for 6% = ~6(%) the relations (13) 
are superfluous, and for 0~ ~(~) (14) is superfluous. The Hopf algebra over ~ obtained 
from Q for h = i, is denoted by Y(6~) and is called the Yangian of (~. Y{0%) is connected with 
rational solutions of the QYBE (cf. Sec. 12), the simplest of which were found by C. N. Yang 
[531. 

Fortunately, q has another system of generators ~{~ ',~7~K' ~K' ~r ~:0,I,%,., d~ iC~ 
'~{K = ~' where F is the set of simple roots of 0%. The classical limits of E{~ and ~k are 
equal to X +-~ ~ and ~:%$~, where X~ , ~$ are the generators of 0L, used in Example 2 of 
Sec. 3. Here is a complete system oz relations between the ~$~ and ~s : 
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~- + - -  

+~ ~qo !~* +'B " +-- + )i t : > ,  

+ + + +_~B~( + ) - +  + 

K~,... ~ ," '  .I.,K~., ~6 �9 

where Ai~ is a Caftan matrix of Ot , B~ = ~/s (~{, ~). The connection between the two realiza- 
tions of Q is described in [54]. 

There is an analogous realization for the quantized affine Kac-Moody algebras [54]. For 
~0',~ / (center of ~)= (~[~,~-I] then U~ example, if ~ is a nontwisted algebra, i.e., [ j • ~ 

admits the following realization. Generators: ~ , ~K, where i 6 F, k 6 ~. Defining 
relations : 

o. [ 

+ • _ C• + + : e +~B~ ~ )+- ~-+ + 

"~v i ,K, ' "  CK~ j~ ~ i~+.  ~,~ = O. 

Here ~oip , lJi p are defined from the relations ~-cp~pt,~P =.e~.,p~L~/$~io~'~ ~pu, P), ~p ~r 
p<o~. 

~[4/~W+p~ ~ ~p wP) �9 The connection between the two realizations of U~ is described in 

[54]. We note that U%~ ~ (i.e., [[~. "without ~" and with the additional relation c = 0) 

degenerates into ~(0~): if A is the subalgebra of U~| ~((~)) generated by U%~ r and 

/' I A : t  
~-' W~, where f is the composition U~ --~U~ =~CO~[X,X-I]) ~- Ua:, then A/~ A = Y(~). 

The problem of describing A in terms of ~ is unsolved both for Yangians and for 
quantized affine algebras. 

7. Ouantized Universal Enveloping Algebras and h-Formal Groups 

A quantized universal enveloping algebra (QUE-algebra) is a Hopf algebra A over 
such that A is a topologically free ~ [[~]]-module, and A/hA is a universal enveloping 
algebra. In other words, a QUE-algebra is the quantization of some Lie bialgebra. It is 
easy to show that a cocommutative QUE-algebra is the h-adic completion of U~ for some Lie 
algebra ~ over ~ [[~]], which is a topologically free r (actually ~= {~eA; 

Another important class of Hopf algebras over 6[[~]] is made up of the QFSH-algebras 
(QFSH is the abbreviation of "quantum formal series Hopf"). A QFSH-algebra is a topological 
Hopf algebra B over 6[[%]] such that i) as a topological~ [[~]]-module B is isomorphic to G [[%]] 
for some set I, 2) B/hB is isomorphic to ~[[B1,1%,...] ] as a topological algebra. 

An h-formal group is the spectrum of a QFSH-algebra. In order to understand h-formal 
groups in simpler terms, we fix a "coordinate system," i.e., elements x i E B such that i) 
B/hB is the ring of formal power series in xi = xi rood h, 2) ~(xl) = 0, where s B-~ t[[%]] is 
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the counit. A(xi) can be represented in the form ~(~,z~ .... ; ~,~,...~)., where ~= ~@x~B | B 
and x~ is identified with x~@~ ~ @B. Thus, an h-formal group is defined by a ~quantum group 
law" F(x, y, h) and ~commutation relations," i.e., formulas expressing '~-~[~}] in the form 
of a formal series in x i and h. 

Now we discuss the connection between QUE-algebras and QFSH-algebras. First of all the 
algebra dual to a QUE-algebra is a. QFSH-algebra and conversely (in both cases it is necessary 
to understand the word ~'dual" in a suitable way). For example, the algebra dual to the 
QUE-algebra of Example I of Sac. 6 is generated by the elements ~I and ~2, where ~(~(~,~))-- 

~(~,0))~,= 6 ~(~(~i)~:) = ~(~/~) . The commutation relation between ~i and ~2 has the 

form [~i,~]---~9~z , and the comultiplication is given by the formulas AC~) = ~e ~+ ~ @ ~ , 

~(~)= ~@,~(-~)+~(~) 0 ~. The algebra dual to U h s~(n) also admits explicit descrip- 

tion. We consider a representation f: ~%~(~)--~ ~}Is (B, 6[[~]]) such that 

where ei~ are matrix units (it is understood that the scalar product on sX(n) is equal to 
TrXY). The matrix elements #1j, 1 _< i, j _< n, belong to (~[k~(~)) ~. It is easy to show that 

for ~<~,, (16) 

for ~ < K , (17) 

fo= ~<K,~>}~ (18) 

for ~>K, ~>~ (19) 

where ~(i I ..... in) is the number of inversions in the permutation (i I ..... in) ~ Actually 
<U%%~(~))* is the quotient of the ring of noneommutative formal power series in f~}=~- $~by 
the ideal generated by the relations given above. The comultiplication is the usual one: 
A~})= ~ ~ @ ~ It is natural to call ~c(U~(~))* the quantized formal Se(n). One can 

also consider the subalgebra of C~b~r ~ consisting of matrix elements of finite-dimensional 
representations of Uhs~(n), i.e., of polynomials in @lj. One can consider the spectrum of 
this subalgebra as the quantized algebraic group SL(n). 

It is somewhat unexpected that the category of QFSH-algebras, finitely generated in the 
sense of topological algebras, is equivalent (and not just antiequivalent) to the category of 
QUE-algebras, whose classical limits are finite-dimensional Lie bialgebras (the finiteness 
condition is not too essential here). The following example possibly promotes understanding 
of this equivalence. We consider the QUE-algebra of Example i of Sac. 6, i.e., [~,x~]= ~ 

A(~)= ~i|174 A(~)=~|174 . We set Yi = hxi" Then [~,~]=~b~, 

~(~)=~| *~| A~)=~|162 y~, i.e., we have obtained a QFSH-alge- 

bra. Here is the general construction. If A is a QUE-algebra, then we set ~(a) = a-$(~)~, 
~(~) = A(~)-~|174 etc. (r is the counit). Then [~eA~(0)~k~A~ ~ ~ is a QFSH- 
algebra. Conversely, if B is a QFSH-algebra with maximal ideal m, then the h-adic completion 
of the algebra ~ ~ is a QUE-algebra. 

Definition. By the QUE-dual algebra of a QUE-algebra A we mean the QUE-algebra corre- 
sponding to A* in the sense indicated above (or, what is the same, the algebra dual to the 
QFSH-algebra corresponding to A). 

One can show that the classical limit of the QUE-dual algebra with respect to A is the 
Lie bialgebra dual to the classical limit of A. 
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8. Square of the Antipode 

Let A be a quantized Lie bialgebra ~, S be the antipode of A. In general, S 2 ~ id, but 
g ~ _ ~ _ ~ .  Here is a description of ~l<~_~) ~ in terms of ~ We denote by ~ the 
composition of the cocommutator ~-+ ~ @ @ and the commutator @ e ~ --+ ~ ~ It is easy to show 
that ~: ~--~ @ is a differentiation of ~ as a Lie bialgebra (this means that ~ is an 
automorphism of ~ as Lie bialgebra) and that ~($~-~) me~ is the unique differentiation of 
U~, whose restriction to ~ is equal to ~/%. 

If ~= ~ [~] is the bialgebra of Example 3 of Sec. 3, and the scalar product on ~ is 
equal to the Killing form, then ~= ~/i~. For bialgebras corresponding to nondegenerate 
solutions of (I0), (ii), ~ becomes equal to d/du after suitable normalization. 

9. Theory of Obstructions 

Let ~ be a Lie bialgebra. We denote by ~%~ the (i + 2)nd cohomology group of the 
complex ~e~(6~e~J--~O~(~)~ 6~(~)) i where ~ ~ isendowed with the Lie algebra structure 
introduced in Sec. 3, and ~(g) is the standard complex 0-+ g~-+A~ ~--+ A~ ~ ...... Obviously 
~r = 0 for i < 0. ~ezv~ is the set of differentiations of ~ as Lie bialgebra. One can 
show that I) if two quantizations of @ coincide mod h n, then their difference ~g~+~ 
'~belongs" to ~(~), 2) if ~ = 0 , then ~ admits quantization. I don't know whether 
every Lie bialgebra admits quantization. 

i0. Coboundaries, Triangular and Ouasitriangular Hopf Algebras 

A pair (A, R), consisting of a Hopf algebra A and an invertible element R 6 A | A, is 
called a cobounding Hopf algebra if 

A' ( a ) = R  A (a,t 

and =~, �9 (A ~i,~,}(F~)= ~z'. (~ a @ A)(~J, g ~ @. (P~)-={ �9 

e A , (20) 

Here Ai=~oA, r174 | 

~)=~@~ , and the symbols R 12, R 21, R 23 have the following meaning: if ~=Y~, ~L@~g , then 

=~| =Y-~@&~@~, ~-7. RL@~| (but sometimes R 12 = R). (A, R) is called 

a quasitriangular Hopf algebra if R satisfies (20) and the equations 

( A | ; (21) 

a quasitriangular Hopf algebra is called triangular, if RIaR al = i. By definition, a 
cobounding (respectively triangular, quasitriangular) QUE-algebra is a cobounding (respec- 
tively triangular, quasitriangular) Hopf algebra (A, R) such that A is a QUE-algebra and R 
i mod h. 

One can show that if (A, R) is a cobounding (respectively triangular, quasitriangular) 
QUE-algebra, r = h'ifR - l)mod h, and ~ is the classical limit of A, then ~ e ~ | ~(a 
priori, ~ ~ U ~@U~ ), and (~ ~) is~a cobounding (respectively triangular, quasitriang- 
ular) Lie bialggbra; Insufficfentspace does not permit me to formulate other arguments 
using the definitions given above. 

It is easy to show that I) a triangular Hopf algebra is cobounding, 2) if (A, R) is a 

quasitriangular QUE-algebra and R=(~ ~4)-~, then (A, R) is a cobounding QUE-algebra, 3) 
if (A, R) is quasitriangular, then R satisfies the QYBE, i.e., 

4) if (A, R) is a cobounding QUE-algebra and R satisfies the QYBE, then (A, R) is triangular, 
5) Eqs. (21) mean that the map A ~ A defined by the formula ~+--~[~@ g~l(~), is a homomor- 
phism of algebras and an antihomomorphism of coalgebras. 
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In order to understand the different types of HopE algebras one can use the Tannaka- 
Krein approach [56], i.e., instead of considering a HopE algebra A one can consider the 
category RePA of its representations together with the forgetful functor F:RePA ~ (vector 
spaces}. We recall that a representation of a HopE algebra A is a representation of it as an 
algebra, and the tensor product of representations pI:A ~ End V I and p2:A ~ End V 2 is equal 

to the composition A A A |174 E~CV~ @V~). For any HopE algebra A the functor | : 
RepA x RePA ~ RepA is associative. More precisely, for this functor there is an associa- 
tivity morphism [56], compatible with F. In general the A-modules V I | V z and V 2 | V I are 
not isomorphic, but if (20) hol~s, then R defines an isomorphism between them. Moreover, if 
RlZR 21 ~ i, then we get a commutativity morphism [56] for the functor | :RepA x RepA ~ RepA. 
This morphism is not compatible with F, if R ~ i. Condition (21) is nothing but the compati- 
bility of the commutativity and associativity morphisms [56]. Thus, if (A, R) is a triang- 
ular HopE algebra, then RepA is a tensor category [56], but F is not a tensorial functor if R 

I. A result of V. V. Lobashenko means that a tensorial category C together with the 
functor F:C ~ (vector spaces}, which has the properties indicated above, is more or less RepA 
for some (uniquely determined) Hope algebra A. 

If (A, A0) is a cocommutative HopE algebra, and ~ is an invertible element of A | A such 

idp4~(~o| ) then one can get a triangular HopE algebra (A, A, R) by that 

setting ~(~)=~Ao(~)O-~" ~=~Z~(~D4~) -~. One can show that in this way one gets all triangu- 

lar QUE-algebras (this is natural from the point of view of Tannaka-Krein). In particular, a 
triangular QUE-algebra is isomorphic (as an algebra) to the universal enveloping algebra of 
some Lie algebra. 

Finally, we mention a version of (20) which plays a key role in the QMIP (of., e.g., 
[71]) and which serves as the source of (20) itself. Suppose given a representation ~" ~--, 
~%(~). We denote by tij the matrix elements of p. Then Tij E A* satisfy the commutation 

relations ~ = ~ T  R 9 , where ~=-~|174 ~= E ~  ( ~ being 

the identity matrix). Moreover, if we are given a family of representations ~k: ~--~M~% 

[~r 16 ~ then one has 

 here | are  the  m a t r i x  e l e m e n t s  o f  A more 

t r a d i t i o n a l  p o i n t  o f  v i e w  about  (22)  i s  t o  s t a r t  w i t h  the  f u n c t i o n  ( C % C  and 

consider the algebra B with generators %~[k~, ke~, ~6~,~6~, and defining relations (22). 

We note that the formula ~ (~L~i~=~%ik[k> @ %K~ ~J defines a HopE algebra structure on B, 

where if ~)=(9%~?~J(~) for some A, {PA} and an element m 6 A | A, satisfying (20), 

then there is a natural homomorphism B ~ A. Thus, HopE algebras already occur implicitly in 
[71]. 

ii. 0HIP from the Point of View of HopE Algebras 

The QMIP is a method of constructing and studying integrable quantum systems, created in 
1978-1979 by L. D. Faddeev, E. K. Sklyanin, and L. A. Takhtadzhyan [69-71, 37] as a develop- 
ment of the classical method of the inverse problem and Baxter's work on exactly solvable 
models of classical statistical mechanics. In addition, the QMIP is closely connected with 
the theory of factored S-matrices (C. N. Yang and A. B. Zamolodchikov). Here is an account 
of the origins of the QMIP which is almost standard (the slight difference is that in the 
standard accounts the Hope algebras occur implicitly and that instead of (20) one uses (22)). 

Let A be a HopE algebra, C = { ~eA*;[f~g~=~) VQ.&~; C is a subalgebra of A*. Let us 
now assume that (20) holds. Then it is easy to show that C is commutative (this is the quan- 
tum analog of (9)). We fix a representation ~ : ~* ; E~ V (Uquantum L-operator") and a 
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number N ("number of nodes of the one-dimensional lattice"). The elements of V @N can be 
considered as quantum states. The image of C in the representation ~| is 
the commutative algebra of observables. Physicists usually fix an element H 6 C and con- 
sider ~b| as the Hamiltonian. 

We note that if (A, R) is quasitriangular, then R induces a homomorphism A* ~ A and 
consequently a representation of A determines a representation of A*. One usually considers 
only those representations of A* which come from representations of A. In this case instead 

of ~u| and C one actually works with 9| and C', where p is the representation of A, and 

' , C/= {~@~,(~)~ ~e C}. In order to use this scheme, it C is the image of C in A, i.e. 

is necessary to construct a quasitrianguiar Hopf algebra (A, R) and as many representations 
of A as possible (these representations can be taken as p, and their characters belong to C). 
The Hopf algebras A used in the QMIP are the quantized Lie bialgebras G s of Example 4 of Sec. 
3 (i.e., Lie bialgebras corresponding to solutions of the CYBE). Typical examples are 
Yangians and quantized affine algebras. On these algebras there is not a quasitriangular, 
but a ~'pseudotriangular" structure (cf. Sees. 12 and 13), but this is sufficient for using 
the scheme cited above. 

Deeper aspects of the QMIP such as the description of the spectrum of @@N CCf) and 
passage to the limit as N ~ ~ (of. [65, 36, 71]) are not yet understood from the point of 
view of Hopf algebras. 

12. Pseudotriangular Structure on Yangians and Rational Solutions of the QYBE 

We recall that one gets >/(0~) if one prequantizes the bialgebra ~=Ob [%] of Example 

3 of See. 3, and then sets h = i. Since ~ is pseudotriangular, it is natural to expect that 

the algebra "/[0i 1 is also pseudotriangular. More precisely, we consider operators T k'~--~, 

defined by T~ ~(~)=~ I~+~). We note that although r = t/u - v does not belong to ~ @ 9' the 

�9 / ~ , 'k k expression ITs@ u~)Z=~/'~+~-qf=<=~(q/-r163 ~- - is a power series in A -l, whose coefficients 

belong to ~@~. Now we define automorphisms ~A:Y(0t)-~/[0L)by ~j\I~L=~} T~ ~(g))=]~)+AcL 

for &e ~ It is natural to expect that there exists a formal series ~C~)=4 ~o k 

C'/(0~)@Y[0~), which behaves as if ~CI\) were equal to ~Tj\@ L~) F~ for some R, satisfying (20), 

(21), and the equation RI2R zl = I. This is actually so [28]. More precisely, there exists a 

unique series ~(~)  such that (A @[i)~Ct) =~43(~) ~LsC~ ) and (Ti 
~CX) "~ for g6Y(0~). Moreover, ~(Aj'~Z) satisfies the QYBE, i.e. 

Moreover, s'Z(x) ~Z, (_~)=~,(~,/z(~[,))~(~)=~L(~+/~_{) , and the coefficient ~b~ is equal to t. 
Among other things we have been lucky that y(0~) is pseudotriangular and not triangular: 

otherwise Y [05~ would be isomorphic as an algebra to the universal enveloping algebra of some 
Lie algebra and life would be dull. 

If a representation ~ :~/C~)--~%(K,r is given, then we get a matrix solution ~(kC~)= 
(~@~) C ~ ~4- ~)of the quantum Yang-Baxter equation. It has the form 

~ (~1--J~Z)= ~ +(s s (~) (+~4-j~ ~ +_~=$Ak(~4-.~s " (23) 

If p is irreducible, then R(A) is, up to a scalar factor, a rational function [28]. 

We now temporarily forget about ~r and take the point of view of a person hoping to 
construct matrix solutions of the QYBE. According to [45], it is natural to seek solutions 

of the form ~ (~ _~,~)=~.~C~@~)(~C~_~I~ + &~k= Ctk(~4- ~, where p is a represen- 
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tation of 0~, and r is a solution of the CYBE with values in 0b@~. The simplest r has the 
form r(~) = t/~. Since this r is homogeneous, it is natural to require that ~ ~(~ak~= 
~(~,~. In this case R(X, h) is uniquely determined by R(~, i), and R(A, I) has the form 
(23). Thus, a natural problem is, for given 9: ~--*~m% (~, to describe all solutions of 
the QYBE of the form (23). Theorem [28]: if # is irreducible, then all solutions have the 
form (~| ~ - ~ )  for some representation ~ =~(~--~(~;r such that ~ I~=~ . 

From what was said above there follows the possibility of the problem of describing all 
irreducible finite-dimensional representations of Y(0~).This problem for ~=s6(Z) was solv- 
ed by V. E. Korepin and V. O. Tarasov [59-61]. For classical 0b specialists on QMIP con- 
structed by more or less elementary means, many R-matrices of the form (23) (cf., e.g., [62, 
63] and the appendix to [45]) and consequently many representations of Y[~). Some results 
relating to this problem are found in [28, 64]. In [54] with the help of the second reali- 
zation of ~(0~) (cf. See. 6) and the results for Y(ss a parametrization of the set of 
irreducible finite-dimensional representations of ~(~! is found (in the spirit of Carter's 
theorem on the highest weight). 

In ~(0~) there are two "large" commutative subalgebras: a ~'Cartan" subalgebra generated 
by elements ~ik (of. Sec. 6) and the subalgebra 4 ~ generated by the coefficients of (~@ ~) 

~(~I, where Z67(~)*~ ~(~)=~ ~,~ ~). It is desirable to describe these sub- 
algebras in the irreducible representations of ~(~). For ~ this problem is especially 
important (cf. Sec. II). For the classical ~ and at least some representations of~(~ the 
spectrum of ~ is known [65-68]. The analogy between the Bethe structural equations and the 
corresponding Carter matrices (N. Yu. Reshetikhin [68]) lets one hope that the spectrum of ~ 
can be described for all 0~. 

In conclusion, I mention a realization of ~ ~), which is often useful and which 

appeared considerably earlier than the general definition of ~(~I- We fix a nontrivial 

irreducible representation ~Y(~--~(~). We set ~(~=(~| (~ (~)). Then ~(~I is 

almost isomorphic to the Hopf algebra A~ with generators ~k) 

defined by the relations ~(~)~(~} ~(~-~=~(~_k~ (~}~(~> and the comultiplication A(~Li 

I ~ ~ L ~  ~ 

More precisely, there is an epimorphism ~--~Y(@$), defined by T(~ ~-,.(~@ ~)(~[~), and to 

get ~(05) from ~, it is necessary to add an additional relation of the form C(A) = I, where 

o(~)~A~[[r~ ~(c(k))=c(~)~c(~ and [~c[~)]=0 V~6~. For example, if @~=5~(~, and p is a 

vector representation, then C(A) is the "quantum determinant" T(A) in the sense of [73], and 

R(A) is proportional to the Yang R-matrix ~.~-~ @, where ~ : ~| r162 r ~ (~@~)= 

13. Double. Trigonometric Solutions of the QYBE 

If ~ is a Lie bialgebra, then we denote by ~ )  the space ~@ ~e with the Lie alge- 

bra structure introduced in Sec. 3. One can show that I) the image r of the canonical 

element of ~ @ ~ under the inclusion ~@ ~C_~ ~[~ ~ ~ (~) satisfies (7) and consequently, 

(~C~%~ is a quasitriangular Lie bialgebra, 2) the inclusion ~C_~<~)is a homomorphism of 

Lie bialgebras, and the inclusion ~ C ~ )  is a homomorphism of algebras and an antihomo- 

morphism of coalgebras,~<~) is called the double of ~. There are important applications 

of this construction [43]. 

Now we introduce the concept of quantum double. Let A be a Hopf algebra. We denote by 
A ~ the algebra A* with the opposite comultiplication. One can show that there exists a 
unique quasitriangular Hopf algebra (~(A~,~)sueh that i)~(A~ contains A and A ~ as Hopf 
subalgebras, 2) R is the image of the canonical element of A | A = under the inclusion~ @ A~ 
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~D(A') | ~(A) 3) the linear map A d~ A~ defined by a | b ~ ab, is bijective. As a vector 

space, .~ (A) can be identified with A | A ~ and one can find the Hopf algebra structure on A 

| A ~ by starting from the commutation relations "s ~=~,~" ~%pZK ~2 e~ s and ~ ~S=j~ s r,~k~ 

~e} 66, which follow from I)-3). Here {es} and {e t} are dual bases in A and A ~ =, m, and # 
are the matrices of the skew antipode A ~ A, the multiplication map A | A | A ~ A and the 
comultiplication A ~ A | A | A. 

If A is a QUE-algebra, then we shall understand A ~ in the QUE sense. Then ~ (A) is 
also a OUE-algebra. If ,@t 6 ' is the classical limit of A, then (~(~),~) is the classical limit 
of 

Let ~,~+~ ~ denote the same things as in Example 2 of Sec. 3. Then ~(~+)=~x~, 

where the Lie bialgebra structure on ~ is trivial. A quasitriangular (or pseudoquasitri- 

angular) structure on @ (cf. Sec. 4) is defined by the image of the element % E~(~+)~)(~+I 

under the natural map ~(~+I@~(~+)--~0~. One can show that in the quantum case the 

situation is analogous. We denote by Uh~ + the subalgebra of U~ ~ generated by f and ~. 

Then U~_ = (U~.6+) O and ~([~+~=U~U~, We denote by R the image of ~(U~+I~(U~< ~ 

under the natural map ~(U~+I~CU~+~--~Us ~ @ Q~. Then R defines on U~ ~ a quasitriang- 

ular structure, if l[~<oo, and a "pseudoquasitriangular" one if ~ =  oo. 

If .~ =$~ (Z), and the scalar product in 9 is equal to TrXY, then ~=k__~0~kQk(~{g~[~@= 

H+k(H~I-IeH)]}(•215 k, where ~k(i~)=g-k~04(~-~ ) /(ez~--1 ). In general ~e~Z+~[g~ 

[~/~%~+4~@~)~-~I]I P~, where t O is the element of f | f corresponding to the canonical 

scalar product in ~ ,Z+=~s Z "~ ~>/0~, r is the rank of ~, for each ~=<~f~...)eZ~ 

and is a polynomial in 4 and • which is 

homogeneous in each variable and such that ~%=16~%~---~i. Moreover: %--~ P~0(~ol 

~k~) p~ ~ 0 ~,~01 s , where k~ = din(n; H~ we represent in the form of a sum of n 

positive roots of ~}, u) are the coefficients of ~-I#l p~ which are rational functions of 

e ch for some C~, where l~I~ t~" 

If ~ < ~o , then ~%~_~ 96p ~(R), makes sense and satisfies the QYBE for any repre- 

sentation ~ " Ui~__~ ~%(~[[ ~]]). For example, if ~-__s~(~>, and p is the representation 

mentioned in Sec. 7, then ~9-~--~eL~ ~ ~+ ~ X~..~..'F~S~(~./%)~U~;;~e~.; , where ei~ are matrix 

units (one can extract this formula from [52]). We note that (16)-(19) simply mean that 

~ ~=~T~ , where T = (p~3). 

Now let ~ be an affine algebra. We set ~I=[~ ~]/ (center of ~ ). We denote by R' 

the analog of R for ~s ~. Let us assume that there is given a representation 
! 

U ~: ~--~(b~[[r[]]) " Strictly speaking, the expression (~@~) (~/) is meaningless. But if 

one defines ~k~ ~b% ~]b~ by ~k [Xi-+)-__~ • X~ and sets ~I~k~-_CT~ ~r ~/, then 

~l~_~J~ [~/(~>) is a well-defined formal series in A such that 

With the help of an idea of M. Jimbo [50] one can show that if p is irreducible, then Rp(A) 
is a rational function of A up to a scalar factor. Moreover, one can find this rational 
function by solving some linear equations [50]. After substituting A = e u we get a trigono- 
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metric solution of the QYBE. For solutions corresponding to classical ~ and some p, expli- 
cit formulas were found by elementary methods in [48, 74-77]. 

14. Concluding Remarks 

Insufficient space does not permit me to discuss the connection between Y($~[~>U~S~ (~) 
and Hecke algebras (cf. [52, 64]), between Yangians and Hermitian symmetric spaces (cf. [62] 
and Theorem 7 of [28]), between Y(s~(n)) and representations of the infinite-dimensional uni- 
tary group (G. I. Ol'shanskii). For the same reason I cannot discuss attempts to generalize 
the concept of superalgebra based on QYBE (D. I. Gurevich [78]) or on triangular Hopf alge- 
bras (V. V. Lyubashenko). 
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