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Pretace

] am accustomed, as a professional mathematician, to liv-
ing in a sort ot vacuum, surrounded by people who, as
in the first paragraph of Enzensberger’s essay, declare
with an odd sort of pride that they are mathematically
illiterate. How astonishing to come to the International
Congress and find a distinguished poet and essavist who
analyzes this problem with such a deep understanding
and sensitivity. This is a beautitul essay and a great
delight tor a mathematician to read. Here the strange
contradictions with which we live are laud bare with the
accuracy ot a high-resolution microscope. He s onto us
and how, on the one hand, we take prnide in buinlding an
elegant world utterly divorced from the demands of
reality and, on the other, claim that our 1deas underhie
virtually all technological developments ot signihcance |
was particularly pleased to tind that he belies es progress
in teaching mathematics is possible, that it can be made
exciting to young minds. | tried (unsuccessfully) to get
each high school in which my children were enrolled o
go outside during geometry and find out how tall the
oak in the yard really is. Instead they buckled under to
the educational establishment and even removed that
staple of my generation: the odd tormulaic Fuclidean-
style proof in which the pedigree ot cach step was
detailed. This old game, the one piece ot high schoal
mathematics often mentioned warmlv by people who
otherwise hated math, had been tound wanting by the
mathematical puritans described in the Stewart quote.
Y




where the mathematician 1s unwilling to “lie a bit, like
everyone else does.” I hope the right people read this
essay, the movers and shakers of school curricula, and
that it moves them to let a hundred flowers bloom in the

classroom.

DAVID MUMEORD
President, International Mathematical Union






t's the same old refrain: “Stop, for heaven’s sake! 1
hate math.” “Pure torture from the start of school.
It's a total mystery how I ever managed to graduate.”
“A nightmare for me — I have no talent for it, period!” “I
can just about figure the tax with a pocket calculator.
Beyond that, it’s all over my head.” “Mathematical for-
mulas are pure poison. They just turn me oft.”
Complaints such as these are heard all the time.
Thoroughly sensible, educated people express them rou-
tinely, with a remarkable blend of defiance and pride.
They assume their listeners’ sympathy, of which there is
no dearth. A consensus has evolved that tacitly but
forcefully determines the public’s attitude toward math-
ematics. That its exclusion from the cultural sphere
amounts to a kind of intellectual castration seems trou-
bling to no one. Anyone who bemoans this situation,

who utters so much as a word about the charm, the sig-
nificance, the far-reaching influence, or the beauty of
mathematics, is marveled at as an expert. It he admits
he’s just an ama-
teur, he will in the
best case be written
off as an eccentric,
who occupies his
time with an exotic

hobby — rather as /

d Y
though he were to &2
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How rarely, on the other hand, do we encounter a
person who asserts vehemently that the mere thought of

rcading a novel, or looking at a picture, or seeing a
movie causes him insufferable torment; that since gradu-
ating from high school he has scrupulously avoided all
contact with the arts in whatever form: that he would

rather not recall past experiences of literature or paint-
ing. It’s virtually unheard of for music to be broadly
anathematized. To be sure, there are some who — not
unrealistically, perhaps — proclaim themselves unmusi-
cal. One person may tend to sing harshly and oft pitch,

another may be incapable of playing an instrument, and
certainly only the exceptional music lover rushes to a
concert with the score tucked under his arm. But who
would seriously contend that he didn’t know a single
song? Be it the Spice Girls or the National Anthem,
Techno or Gregorian chant, no one is entirely immune to
music. And for good reason. The ability to produce and
hear music is genetically based — it is one of the anthro-
pological universals. This does not mean, of course, that
we are all equally musically talented. Like all other gifts
and characteristics, this aspect of our genetic equipment
conforms to the normal Gaussian distribution. It is just
as rare in any given population to find extraordinarily

musically talented people as to tind people who are
musically totally deat — the statistical maximum
appears mid-field.

Exactly the same relation, of course, is true of mathe-
matical abilities. They too are established genetically in

the human brain, and they too distribute themselves in
"



all populations exactly along the model of the bell curve.
It is thus an illusion born of superstition that mathemati-
cal thinking is a rare, exceptional occurence, an infre-
quent whim of nature.

So we confront a mystery. How does it happen that
mathematics has remained as it were a blind spot m our
culture — alien territory, in which only the elite, the -
tiate few have managed to entrench themselves’

A CERTAIN ISOLATION

It would be easy to say that mathe ns themselves
are to blame. This explanation does have the advantage
of simplicity. It confirms as well the stereotype the
world at large has long held of the professional practi-
tioners of the discipline. The mathematician is imagined
as a secular high priest, jealously guarding his esoteri
grail. On the mundane things of this world, he turns his
back. Occupied exclusively with his mystifying prob-
lems, communication with the outside world is difficult
for him. He lives a life withdrawn, deprecates the joys
and sorrows of human society as burdensome interrup-
tions, and positively indulges in a solitude verging on
misanthropy. With his logical pedantry, he for his part
grates on the nerves of his contemporaries. Above all,
though, he inclines toward a form of arrogance that is
hard to take. Intelligent though he may be — no one dis-
putes his sheer brainpower — he views the helpless
struggles of others to grasp this or that concept with
demeaning condescension. For this reason, it would
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never occur to him to try to woo the public over to his
cause.
So much for the caricature, which is certainly often

enough taken for gospel. It’s nonsense, of course. Apart

from their profession, mathematicians differ little from

other people; I know men and women in the field who
are joyful, urbane, witty, and occasionally even foolish.
Nonetheless, just a kernel of truth does, as usual, reside
within the cliché. Every profession has its own hazards,
its own particular pathologies, its déformation profes-
sionelle. Miners suffer from black-lung, writers, from nar-
cissistic neuroses, directors, from delusions of grandeur.
All these defects can be traced back to the working con-
ditions under which the patients function.

In the case of mathematicians, their occupation
demands above all intense and sustained concentration.
The lumber they are given to drill through, so to speak,
1s peculiarly hard and extremely thick. No wonder,
under such circumstances, that every external annoyance
is experienced as an unreasonable demand. Second, the

fact i1s that the era of the universal mathematician with
the stamp of an Euler or a Gauss is now long past. No
one today commands a grasp of all the areas of his disci-
pline. This means in turn that the circle of fellow
research professionals whom one is able to address has
shrunk materially. Work that is truly original is initially
comprehensible only to a handful of colleagues — it gets
circulated via E-mail among a dozen readers between
Princeton, Bonn, and Tokyo. This exclusivity does occa-
sion a certain isolation. Researchers such as these have
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long since given up the etfort to make themselves under-

stood by outsiders, and it may well be that this aloof
posture is adopted not so legitimately by other, less
highly advanced laborers in the vineyard of mathe-
matics.

T'ypitying this attitude is a phrase heard routinely
starting with the first semester of any course in begin-
ning calculus or linear algebra. This derivation or that
correspondence is said to be “trivial,” and 1s left at that.
Further elucidation, being superfluous, would be, as it
were, beneath the dignity of the mathematician. Of
course, 1t 1s in truth both tedious and boring to spin out
atresh each step in the chain of a proot over and over
again. Thus, mathematicians are trained to leap-frog
over recurring intermediate steps — that is, simply to
assume a validity that has already been proven thou-
sands of times. There is doubtless an economy to such
methodology. It does, however, affect communicative

behaviour in a very particular way. Only those few for
whom the trivial really is trivial — that is, self-evident —

gain admission to the discussion with the experts. The
rest of us — more or less 99 percent of humanity — are
in this regard hopeless cases, with whom it is simply
pointless to engage in conversation.

To make matters worse, mathematicians don’t just
— like other scientists — employ a specialized profes-
sional jargon; they also use a notation, quite different
from ordinary writing, that is indispensible to their inter-
communication. (Here too, one may evoke an analogy
with music, which likewise has evolved its own special-
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AnB
ized notation.) Now, most people go into a panic at the

mere sight of a formula. It’s ditficult to determine the
source of this tlight-reflex, which is in its turn quite
incomprehensible to the mathematician. He is of the
opinion that his notation is beautifully clear and far
superior to any merely verbal language. Thus, he cannot
fathom why on earth he should bother to translate his

ideas into German or English. Such an effort seems to
him a terrible distortion.

S0 are the mathematicians themselves to blame for
the insularity of their science? Have they themselves
turned their backs on society, and willfully raised the
drawbridge to the island of their discipline? To settle on
so simplistic an answer is to underestimate the scope

and importance of the problem. It is simply implausible
to lay the blame on a handful of experts, while the over-
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whelming majority of mankind happily renounces the
acquisition of a cultural capital of immense significance
and enormous charm.

BETWEEN UTILITY AND ELEGANCE

We know that ignorance is a cosmic force of truly insu-
perable power. Most people seem to be convinced that
one can get along quite nicely without any mathematical
knowledge at all, and that this science is inconsequential
enough to be left to the scientists. Many even harbor the
suspicion that we are dealing here with an unprofitable
occupation, whose usefulness is far from obvious. They
teel corroborated in this error by the views of many
mathematicians, who defend the purity of their endeav-
ours in no uncertain terms. Thus, the eminent English
number theorist Godfrey Harold Hardy made the fol-
lowing notorious declaration: “I have never done any-
thing ‘useful.” No discovery of mine has made, or is like-
ly to make, directly or indirectly, tor good or ill, the least
difference to the amenity of the world. I have helped to
train other mathematicians, but mathematicians of the
same kind as myself, and their work has been, so far at
any rate as I have helped them to it, as useless as my
own. Judged by all practical standards, the value of my
mathematical life is nil; and outside mathematics it is
trivial anyhow.” There it is again, that ominous word
trivial, with which the author brands everything he dis-
dains. “I have just one chance,” Hardy went on, “of
escaping a verdict of complete triviality, that I may be
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udged to have created something worth creating. And
that I have created something is undeniable: the question
s about ats value.” (A Mathematician’s Apology,
Cambnidge, 1967).

Wondertully put! — with a sort of modesty scarcely

distinguishable trom aristocratic arrogance. Nothing i1s
more toreign to a mathematician like Hardy than court-
ing the approbation of his contemporaries by appealing
to the practical utility of his work. In this, he 1s at once
justitied and not. His attitude approaches the artist’s.
Judged strictly along the criteria of industrial manage-
ment, not just Ovid and Bach, but also Pythagoras and
Cantor would have -

been found want-
work

ing. Their

would hardly have
vielded that auto-
matic 15 percent

that these days goes

as the standard
under the rubric shareholder value. To be sure, most
human endeavours tall short of that benchmark. (Be it

noted, incidentally, that compared economically with
other cultural accomplishments, mathematics surely rep-
resents one of the best values. While the new particle
accelerator of the Genevan CERN is estimated at 4 to 5
billion DM, the Max Planck Institute for Pure
Mathematics in Bonn, a world reknowned research cen-
ter, expends a mere 0.3 percent of the budget of the Max
Planck Society. Great mathematicians like Galois and
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Abel were dirt Py their whole hives. Genus at a chea -
e1 prwe would be hard to find )

The autonomy Hardy requires for his basic research
tirads its counterpart in the arts, and it 1s no coincidence
that muwt mathematicians are thoroughly comfortable
with ac~thetw criteria — a proof needs not just to be con-
Jusive, the mathematician aspires to “elegance.” The
wotd expresses a quite particular aesthetic sensibility
that has charactenzed the mathematical enterprise since
ite earliest beginnings (A course, this only raises once
more the conundrum why the general public should
value gothue cathedrals, Mozart’'s operas, and Kafka’s
stores o highly, but not the Method ot Intinite Descent
of Founer analysss.

With respect to social utility, however, Hardy's
asseThions are easily refuted. The engineer set to design-
Ing a quite ordinary electric motor employs complex
numbers as a simple matter of course. Wessel and
Argand, Euler and Gauss could not have guessed any-
thing of the kind when, around the turn of the 18th cen-
tury. they created this elaboration of the number system.
Without the binary number code developed by Leibnitz,
today’s computers would be unthinkable. Einstein could
not have formulated his Relativity Theory had

Riemann’s work not tilled the ground for him, and with-
out group theory, quantum mechanics, crystallography,
and communications technology would all be pretty hol-
low endeavours. The exploration of prime numbers, a

branch of m tbm'y of truly infinite beauty, was

. Over a couple of
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milennia, from before the time of Eratosthenes and
Euclid, the best brains had been occupied with these
highly capricious numbers, without ever being able to
say what they might be good for — until suddenly in
our century secret service people, computer program-
mers, military men, and bankers all recognized that with
factorization and trapdoor codes they can carry on busi-
ness and wage wars.

THE BRAIN AND THE COSMOS

The unforeseen utility of mathematical models is some-
what puzzling. It is by no means clear why highly pre-
cise mental productions, devised entirely in isolation
from empirical reality — somewhat akin to art powr art
— should be 80 capable of explaining and manipulating
the real world around us. Many have marveled at “the
unreasconable effectiveness of mathematics.” In eras

re grounded in faith, the idea of such pre-established




harmony did not present a problem; Leibnitz declared
contidentlv that, through mathematics, we “achieve a
happyv insight into the divine ideation,” simplv because

the Almighty himselt was the tirst mathematician.
I'hilosophers nowadays have considerably greater diffi-
culty with this question. The ancient debate among the

["latonists, the Formalists and the Constructivists

appears to be petering out into an exhausting stalemate.
Mathematicians hardly concern themselves in their prax-

I~ with such questions. One explanation that presents
itselt — though not especially popular among the
guardians ot tradition — might be that one and the same
evolutionary process has produced the universe at large
and our brain, so that a weak anthropic principle deter-
mines that we observe the same operating rules in physi-
cal reality and in our own thought processes.

Konrad Knopp stated triumphantly in his inaugural
address at Tiibingen In 1927 that mathematics was "‘thc
basis ot all knowledge and the bearer of all higher cul-
ture.” Grandiosely and
pompously put, but not
false. It's just that the tangi-
ble utility, the technological
application of mathematica!
research normally makes
its appearance only much
Jater, largely behind the
packs of the pioneering




own ways that lead to destinations no one could have
predicted. It 1s frequently ditficult to perceive the con-
nections between pure and applied mathematics; this
mav be another reason why the status of mathematical
rescarch 1s hugely undervalued in today’s society. In
addition, there i1s surely no other field in which the cul-
tural time lag is so enormous. Popular consciousness
trails research by centuries. Indeed, one can state dispas-
stonately that great segments of the population have
never progressed beyond the mathematical level of the
ancient Greeks. An equivalent backwardness in other
fields — medicine, say, or physics — would arguably be
pertlous. Less directly, this could be said of mathematics
also, tor never has a civilization been so infused with
mathematical methodology — right down to its every-
day life — and so dependent on it as ours.

are at all events spectacular. The visual arts, literature,
and the theater, too, I'm afraid, come off rather poorly by
comparison.

It 1s beyond my competence to elaborate more pre-
cisely on such an assertion. As one of those hopeless lav
persons, I can follow the arguments of the mathemati-
cians only in their broadest outlines. Often I have to con-

tent myself with grasping merely the jist ot the question.
For me too, the drawbridge to their island is raised. That

doesn’t keep me, though, from glancing now and then at
31




the opposite shore. And with what I can make out from
here, I'll butress my argument with several examples.
Most people have probably never heard of the Class
Number Problem, one of the greatest puzzles in number
theory. Formulated by Gauss in 1801, it was, after pro-
tracted groundwork, definitively solved by Zagier and
Gross in 1983, It took just as long to prove the so-called
Classification of the Simple Groups. This entailed order-
ing the infinite diversity of the simple groups, whose

name Is a complete misnomer, since they are in reality
decidely complicated entities. It was 180 years after the

foundations of group theory were laid before Asch-
bacher and Solomon were able to unearth the keystone.

I'll spare the reader further examples. Both Incomplete-

word has also gotten around that Fermat’s Last
Theorem, over which three centuries have enashed their
teeth, was proved in 1995 by Andrew Wiles. I’d like to
see the World Cup football match that could compete
with triumphs such as these — not to speak of the

Documenta exhibitions and our international theater fes-
tivals of recent years.

Nevertheless, no storm of public adulation seems
poised to break forth, which brings us back to the initial
question of my ruminations. And on this point, only one
scapegoat remains to be singled out, namely the institu-
tion of our intellectual socialization, the school system. It
is not a question merely of the excessive workload with

which this institution is currently overtaxed. The failures
' 33




we are dealing with lie deeper and have more ancient
roots. One might well ask whether the first five years of
the curriculum even include such a thing as mathemati-
cal instruction. The subject taught in those vears is what
used justly to be designated not math, but “arithmetic.”
To this day, children are tormented almost exclusively,
trom one end of the vear to the other, with mind-numb-
ing routines, a pedagogyv that goes back to the era of
industrialization and is now utterly obsolete. Up until
the mid-twentieth century, the labor market required of
most workers just three basic skills: reading, writing, and
arithmetic. Elementary school served the function of pro-
viding a mirumally literate work force. This mav explain
why a purely functional relation to mathematics estab-
lished and entrenched itself in the schools. Now, 1 won't
dispute the usefulness of mastering the times table, or of

— -
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knowing how to carry out simple fractional arithmetic or
long division. But these have nothing to do with mathe-
matical thinking. It’s as though one were to acquaint
people with music by having them practice only scales
vear in and year out. The result would undoubtedly be a

lifelong ha tred of this art.

CHILDISH FASCINATIONS

In the upper grades, for the most part, the situation isn't

much better. Analytic geometry i1s trea ted largely as a
cookbook of formulas — integral calculus, likewise. AS A
result, students are able to get good marks w ithout trulv
understanding what they are doing. Nonetheless, the
high school graduate should be awarded his diploma,

particularly since he hasn’t had the least say in the cur-
riculum or in the teaching method. However, it should
come as no surprise that this kind of instruction ulti-
mately fosters mathematical illiteracy. The curriculum’s
original utilitarian rationale has long since v anished,
since technology and the exigencies of the workplace
have been decisively transformed over the last several

decades. Today’s sixteen-year-old cannot tathomwhy he
should waste his time figuring tedious sums that any
pocket calculator can accomplish faster and more accu-
rately.

Normal mathematical instruction is not merely bor-
Ing, however — above all it insufficiently challenges the

intelligence of students. It seems a pedagoglcal idée jue
that children are incapable of abstract thinki




course pure nonsense. More likely the opposite is true.
The concept of the infinitely large and of the infinitely
small, for example, is intuitively accessible at once to any
9- or 10-year-old. Many children are distinctly fascinated
by their discovery of zero. Su rely one can explain the con-
copt of a limit, and the difference between convergent
and divergent sequences 18 immediately apparent to

them. Many children show a lively interest In topological
on be amused with elementary
theory of combinations
and

problems. They can ¢V
problems of group theory or the
taps into their inborn sense of symmetry,
ost likely, a child’s ca pacity tor grasping
as naturally exceeds that of the average

heen run through the con-
in the

it only one
the like. M
mathematical ide
adult, who, having already
ventional academic mill, has su ffored damage
provess that will in all likelihood prove permanent.
I would admittedly be unfair to hold the math
wachers alone accountable tor this educa tional debacle,
These prople, deserving of our pity, are not only deteat-
od by the handicaps pedagogy imposes on them; they
are torved to operate at the end of a burcaucratic tether
that prescribes quite brutal curricula and scholastic
R\N\IS. |‘l‘l‘hd}\q their civil service status is to blame tor the
inclination of teaching statts toward slavish obedience,
s evident in the example of the so-called “Orthographic
Reform.” A definite timidity hinders many trom eyploat-
N the freedom their Jd¢ facte tenure atters them.
Nevertheless, it must be said that there are teachers who
resist the ob Solete routines they are saddled with, and




the riches, and the challenges of mathematics. Their suc-

cesses speak for themselves.

Outside the educational system, too, we find scat-
tered encouraging indications that the absolute nadir ot
mathematical ignorance is perhaps behind us. First,
some changes seem to be appearing in the attitudes ot
the scientists themselves. Today’s generation of mathe-
maticians corresponds less than ever to the stereotype ot
the introverted odd-ball, whose back is turned on the
world. This is true particularly in the Anglo-5axon
world. And it is not only the obvious pragmatic motiva-
tions such as competition for research tunding that

bespeak this shift in consciousness. It is grounded first ot
all within mathematics itself. The so-called Crisis in the
Foundations of Mathematics of the tirst halt ot the centus-
ry may have helped bring about the less rigid disposi-
tion now in the ascendency. Also, the traditional dis-
tance between pure and applied research has shrunk
now that both entrepreneurs and investors have realized
how profits can be made from basic research faster than
ever. Experimental, computer-supported mathematics
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has opened up entirely new possibilities, even though its
methodology has long suffered under suspicion of insut-
ficient rigour. And with respect to the traditional arro-
cance of the discipline, I have the impression that these
davs it is undermined by a healthy dose of ironv. More

than ever, mathematicians are aware of their own talli-
bilitv. Thev know well enough that their cathedral will

never be finished and that, for such an edifice. no per-
even exist. Many are even

fectly faultless blue-print can
readyv to talk to non-mathematicians.

SEMANTIC CONVERGENCES

It is no wonder that this should lead to difficulties In
ecent decades there

have been greater numbers ot interpreters, W ho special-
ize in translating the technical jargon of the field inta

common language. This is an exceptionally delicate, but
also an extremely rewarding undertaking. In this area,

too, English speaking writers have set the pace. Well-
known builders of these metaphorical bridges such as
Martin Gardner, Keith Devlin, John Conwayv. and I’hilip
Davis have done pioneering work; in Germany, journals
like Spectrum der Wissenschaft and publicists like Thomas
von Randow have rendered important service as con-
duits to the general public. Occasionally, even the mass
media has gotten hold of a mathematical story, such as
in 1976, when Appel and Haken solved the four color
problem, though it was perhaps less important than-
notorious. Indeed, the risk one runs in such instances




taddish distortions, as 1n the case of chaos and catastro-
phe theories, has to be taken into account. Here, it is not
only semantic misunderstanding that plays a role. The
Sokal affair has demonstrated how ridiculous things can
vet when dilettantes mix scientific concepts into their
ribberish, without knowing what they are talking about.
On the other hand, it is a promising development that
Fermat's Last Theorem, a thorou ghly serious scientific
thriller by Simon Singh, has become an international

best-seller.
Surely it is an audacious undertaking to attempt tO

t mathematics to a culture distinguished by such

book The Problems of Mathematics. A mathematician 1s

chatting with the fictional layman “Seamus Android.”
“Mathematician: It’s one of the most important dis-

coveries of the last decade!
Android: Can you explain it in words ordinary mor-

tals can understand?

Mathematician: Look, buster, if ordinary mortals
could understand it, you wouldn’t need mathematicians
to do the job for you, right? You can’t get a feeling for
what’s going on without understanding the technical
details. How can I talk about manifolds without men-
tioning that the theorems only work if the manifolds are
finite-dimensional para-compact Hausdorff with empty
boundary?

Android: Lie a bit.




Mathematiaan: Oh, but I couldn't do that!
Android: Why not? Evervbody eise does.
Mathematician {tempted, but strugghng against a
litetime s conditioning): But I must tell the truth!

Android: Sure. But vou might be prepared to bend 1t
a little. it it helps people understand what vou re doing.

\fathematician (sceptical, but excited at his own dar-
ng): Well, [ suppose [ could giveita try.

The ettort In question 1S nothing short ot the achieve-
ment of mathematical literacv — a protracted but highly
auspicious project, which, it it is begun at an earlyv age.
will turmish our all too sluggish brains with a kind ot

athletic work-out and vield to us a vanety ot pleasure to
which we are entirely unaccustomed.
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have as much sagacity as theyv do are
incapable of understanding the mathe-
matical sciences and therefore they think
it not worth their while to instruct them?
Or is it that they feel it is unpleasant and’
repulsive to explain matters which, in
their opinion, are just tbo Slmme7 L

Georg ‘luidé}'vig ';Spohr




