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Author's abstract.

If T is a monad on a category g and N = A CC is
a dense (= left adequate) subcategory of C then we can ask
when the class of free algebras on the image of A 1is dense
in the Eilenberg-Moore category of T . This turns out to be
closely related to the concept of a monad with rank. Several
sufficient conditions on T are stated and compared in this

note. All categorical algebra is relative to a fixed sultably

complete and cocomplete symmetric monoidal closed category.



Note on monads with rank.

B.du Day.*

Introduction.

In a preceding article [1] 8§83 the author gave a
condition on a monad T for a certain class of free algebras to
be dense (= adequate) in the Eilenberg-Moore category of T
It was also shown that this conditlon was related to the concept

of a monad with rank.

The purpose of this note 1s to give a similar condition
which does not seem in general to be equivalent to the preceding
notion of rank. Nevertheless, there are close relationships
setween the two conditions especially in the "classical theory

of monads with a rank.

Throughout this article it 1s supposed, unless
otherwise stated, that all categorical algebra is relative to a
given complete and cocomplete symmetric moncidal closed base
category V=(V, ®, I, ...). The basic terminology and notation

is taken from [5], [2], and [1]
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§1. A "rank" condition.

First we recall the representation theorem for monads
(see [1] Proposition 2.4). Let C be a category with a monad
T=(T, u, n) on it. Let C denote the Kleisli category of

T
T and let QT denote the Eilenberg-lMoore category of T .

1.1 Proposition. (representation theorem for monads).

The comparison functor K : QT
T

algebra (C, ) ¢ C , the natural transformations from

—> g? is dense and, for each

c'(X-, C) to a prealgebra G : COP

r —> V correspond to the

elements in the egualiser of

VGu "
> VGTC
vVGaTz

VGC

where p and Tr are regarded as morphisms in QT

We now suppose that N : A —> € 1is a dense (= adequate)

functor and let E denote the full image o¢f FN : A —> C. and

N : & —> QT denote the induced functor.

bl QT is dense

X

1.2 Proposition. The functor KN

Fal

if
(a) ¢C(TC, D) —> IA [c(NA, C), C(TNA, D)] 1is an isomorphism

for all C € C and D e C and

(b) c(Tc, D) —> [, Lena, ©), c(T°NA, D)] 1is a monomorphism

for all C e C and D e C'



Proof. The notation U will sometimes be omitted.

Suppose @ : QT(FNA, c) —> QT(FNA, D) 1s a transformation which

is natural in FNA € é . An extension o is defined by

commutativity of

c(rB, ©) 2 > ¢'(FB, D)
dl 112
[, Lelwa, B), QT(FNA, €)] ——> [, [C(Na, B), ET(FNA, D)] .
J [1, @]
First we note that &|A = o : the diagran
cl(rnar, ©) - > C'(TNA', D)

il n

[, Le(na, Nat), c'(TNA, C)] T_[_____> f, [C(NA, NA"), ch(Tna, D))
Ly ]

transforms to
:
C(NA, NA') & C'(TNA', €) ——8 % c(na, NA') @ C'(TNA', D)

Ul i

QT(TNA, C) > g?(TNA, D)

which commutes by naturality of o . Secondly, if B 1is a
natural transformation from QT(FB, gy o QT(FB, D) then

8 = B . This follows from the diagram



c'(TB, ©) g > ¢'(TB, D)
i e
[, Tc(na, B), c'(TNa, €)] ———> [, [C(NA, B), c'(TNa, D)]
. [ [1,8]
which commutes by naturality of B8 . By 1.1 Proposition it 1is

required to show that o corresponds to the element a(r) e VGC

= cl(FC, D) in the equaliser of

VGu
VGC > VGTC
VGTz
Firstly, because o = {aFB} is natural in B € C, we see that
. L= , R - 4 L L
the family Qg 1is derived from QFC(C) i I—5 g (PG, D) Uy

the (ordinary) representation theorem

21

FB

> gT(FB, D)
»/?-

c'(rB, )

o
2l e
/

/‘
c(B, UC)

Thus it remains to verify that a(Z) 1is in the egualiser of
(VGu, VGTZ). Consider 1.3 Diagram; subdiagrams 1 and A&
commute by definition cof o so it remains to show that subdiagrams
2, 3, and 5, and the exterior commute. Diagram 2 becomes

1.4 Diagram which clearly commutes. Diagram 3 beccmes

1.5 Diagram thus it suffies to show that subdiagram 3' commutes.
This follows by applying the representation theorem to D e QT
because both legs are natural in D ; this diagram then

becomes 1.6 Diagram.



1.3 Diagram.

? [C(MA, C), mﬂ%? c)l (B8 > F [C(NA, C), mﬁg%: D)]
& . 5
c¢'(1c, © S . (e, D)
f 11, ¢'(u, L] ¢, 1| |c're, 1) 2 ore, ] |, v 5 | 1L, 8, I
¢'(°c, ©) c 5 oﬂewou D)
3
[, Lo, ¢), ¢ (T°ma, ©)] i1, S ?.wmmzmu ¢), ¢ (T°NA, D)]
2 l i
{ [ 11, [1, o] ﬁ

F [C(NA, C), [, [CONA', TNA), .mqﬁz%. C)1] > [, [c(xa, ©), [yr [O(NAT, THA), mﬂ ™A', DI1] .



1.4 Diagram.

T [ 11, ol T
f, leua, €), ¢ (TNA, ©)] , LcNa, ¢), ¢ (TNA, D)]
c'(Tc, ©) C
[ 1e(1,8), 11 | c'(rz, 1) 2 c'(rz, 1)|f Lo, ©), 1l
¢(r%c, ¢) —2— "%, D)
;/;%/// \\\i\\m
' . nar
[, [C(Na, TC), C'(TNA, C)] o, > [, [C(Na, TC), C (TNA, D)]
- N 1, al i
1.5 Diagram.
jA, [c(NA',TC),C (THA',C)] - > jA, [C(NA',TC),C' (TNA',D)]
*\\Qi\\ .//EV//{
T (1%0,0) 5 > C/(T°C,D)
= 3 1 =
[T,1] S (TR
[, [c(Ma,C),CT (T2NA,C)] > [, [c(m,0), T (72, D)1
N fi1, al
5 \

[Lf* com,c)scuar ,mia), 0T (THA! ,C)] > [l [ com,oecom,ma), el (mar,p)] .

. @l



Diagram 1.6.

2
c(NA, C) @ c(NA', TNA) —2 81 5 oT(r?na, 1%C) ® c(NA', TNA)
T 1 18T
i TR Poan = T R
C(TNA, TC) @ C(NA', TNA) cT(rNa, T%C) ® C(TNA', TNA)
compn. compn.
¥ T T )
C(NA', TC) > ¢ (TNA', TC) .

Again, this diagram commutes by the representation theorem applied

to C € C . Next consider diagram 5 which transforms to :
¢'(r-, D)
C(NA, C) > [. [g (e, D), ¢ (TNA, D))
= A =
i)
¢T(T%-, D) f1c'(u, 1), 11
[A [QT(T2C, B} CT(TgNA, D)] >IA IQT(TEC, D), gi(TNA, D)]

- | 12, @ tu, 2Y1

This diagram commutes by naturality of u : T2 —> T ., It remains
to check that the diagram
o
% > %
i T
g Oy %) Jg (uy 1)
M i commutes.
g >

[1, ol



This diagram transforms to

[c'(na, DY, C

¢'(-D)

cT(TNA', TNA) [c'(TNA, C), C'(TNA', D)]

QT(_C) [1, al

[c'(TNA, C), C'(TNA', C)]

composed with

5 CT(l, )

z NA) = "5 GT(TNA', TNA) ,

C(NA', TNA) > cT(TNA', T

thus it commutes by naturality of o . //



§2. Comparison of "rank" conditions.

Again we suppose that T = (T, u, n) 1is a monad on C
and that N : A —> C 1is dense. Further we suppose, for
simplicity, that C 1is cocomplete ; 1t 1is left to the reader to

write out, if needed, the corresponding general version in terms

£y

of ends in V .

From [1] §3 we obtain a "rank" condition

RCl. The canonical transformation

fA' C(NA', C) @ C(NA, TNA') —> C(NA, TC)

is an epimorphism for all A ¢ A and C e CT :

From 1.2 Proposition we obtain a "rank" condition

Rc2. (a) [® c(na, C).TNA —> TC
is an isomorphism for all C ¢ C ,
() [* cya, ¢)-TPNA —> ToC

is an epimorphism for all C e C

From the commuting diagram

IAA' g 1 t A 1 100
C(NA', C) ® C(NA, TNA')-TNA —> [ C(NA, TC)-TNA

| |

'
A" c(Nar, ¢)-TNA > T2¢

we see that RC2 (b) 1is satisfied if RC1l holds for all C e€ C



and IA C(NA, TC)-TNA —> TEC is an epimorphism ; in particular

if RC2 (a) heclds.

From the diagram :

IAT C(NA', C) ®
K J
c(N

and the fact that N is dense it follows that [* G(NA, C).TNA + TC

C(NA, TNA')

=
pJ

c(na, [* o(war, c)-TNAY) - C(NA, TC)

is an epimorphism if RCl1 holds for all C ¢ C . Also, if
RC2 (a) holds then RCl holds for all C ¢ C 1f and only if

the canonical comparison transformation « 1s an epimorphism.

To relate this to the usual notion of rank we refer to
[1] 2.8 Example. Suppose that for each C ¢ there exlsts 4

c
free V-category EC and a functor P = PC : EC —> A together

with a colimit cone

£ colim NPk = C
c :
K
such that colim A(A, Pk) = C(NA, C) for each A ¢ 4 . Then we
define
K= ] K and J = (By) t B—= B
|C]
and X : K% 8 |¢| —> V by
K(kg) = I 1f k ¢ K,
K(kg) =0 if x £ K



e T

with this notation we have

2.1 Proposition. If the monad T on C satisfies

RC2 (a) and the induced transformation
k k
[ K(k¢) ® C(NA, TNJk) —> C(NA, T( [ K(kC)'NJIk))

is an epimorphism for all A ¢ A and C e C then T satisfies

RC2 (b) and RCL

Proof. By inspection of the following commuting

diagrams

(A (R(xg) ® C(NA, TNJK)):-TNA —> [© C(¥&, T ¥ K(kg)-NJk) - TNA

4
(A% (c(nIk, C) ® C(NA, TNJk))-TNA

n

f* c(na, ¢)-7°NA > 12¢

/¥ K(ke) ® C(NA, TNJk) > C(NA, T [¥ K(kC)-NJK)
k p . 2

[* C(NJk, C) ® C(NA, TNJk) i

Al '

[? c(wa', C) ® C(NA, TNA') > C(NA, TC) . 7/
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For example, let V = Ens and let a be a regular
cardinal number and let gﬁ denote the class of c-presentable
objects in C (cf. Gabriel-Ulmer [3] §10) . Then an inclusion

of the form N : A cCC CC 1s dense if A strongly generates

C and each comma category A/C 1is a-filtered. Let

PC : A/C —> A denote the canonical preojection and suppose that

C 1is cocomplete (for simplicity).

2.2 Proposition. Under the above assumptions on

N : A—> C the following conditions are equivalent :

(1) The canonical transformation

1
/A" o(war, ©) @ c(NA, TNA') —> C(NA, TC)
is an isomorphism for all A e A and C e C ,

(ii) T satisfies RC2,

(111) [® c(wa, C)-TNA ® TC for all C ¢ C ,

(iv) T preserves colim NP,k for all C e c ,
k
(v) T preserves o-filtered colimits.

Proof. (4iii) => (v) because NA € Cu all A € A .
(v) => (iv) clearly because A/C is a-filtered for each C e C

(iv) => (iii) because :

/A c(ua, c)y-mia = fA G(NA, colim NP k)-TNA
X

n

colim [* C(NA, NP.k)-TNA
k



o ER

because NA € ga 4

colim TNPCR
k

by the representation theorem,

12

e

T(colim NPCk)
k

by (iv),

12

P =

Also (ii) => (iii) trivially and (iii) => (1i) by

2.1 Proposition. Finally (1) <=> (iv) by the following

e

¥
A" c(nar, ¢) 8 c(NA, TNA') k) & C(NA, TNA')

IA C(NA', colim NP

112

colim [* c(NA, NP k) ® C(NA, TNA')
K

because NA' € C_ ,

n

colim C(NA, TNP.k)
1{ - C

by the representation theorem,

112

C(NA, colim TNP
K

Ck)

because NA € Qa 3

> C(NA, T(colim NP .k))

e

c(NA, TC) . //

Thnis shows that RCl is a rather "weak" condition.
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2.3 Proposition. RC1l holds if and only if

2

1
/A" cuar, TC) @ C(NA, TNA') —> C(NA, T°C)

is an epimorphism for all A e A and C e C

Proof. This follows from the preservation of the usual
split coequaliser 7°¢ =3 ¢ —> C by each functor C(NA, -),

A e A . 4

Interpreted in terms of the Kleisli category RCl

becomes
1
jA QW(FNA’, FC) & QT(FNA, FNA') ——> QT(FNA, FUFC)

i = : T
is an epimorphism for all A ¢ A and C e C
A case of special interest which generalises the usual

concept of rank (cf. Linton [L4] §6) is that where Aj ¢ A 1is a

=y

suitable "base" object and NA = g(NAO, NA)-NA_. . If, in the

o
presentation described for 2.2 Proposition, each functor
[C(NA,, NA), -] : Ens —> Ens preserves epimorphisms then T

satisfies RC1 if

1
fA" c(uat, ¢) 8 c(NA,, TNA') —> C(NAg,, TC)

-
is an epimorphism for all C ¢ C . This follows from the

calculation :
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IA| C(NA', C) ® C(NA, TNA') = fA1

Q(NA', colim NPCk) ® C(NA, TNA')
£ colim C(NA, TNPCk)
= C(NA, colim TNP k)

2 [C(NAy, NA), C(NA,, colim TNPCk)]

1
= [C(NA,, NA), fA C(NA', C) ® C(NA,, TNA')]

> [C(NA,, NA), C(NA,, TC)]

Thus, intuitively, we require that each "C-ary operation" factor
appropriately through some "NA-ary operation" . With suitable
modifications NA, can clearly be replaced by a dense subcategory

of € which 1lies iIn A

2.4 Remark. It is a straightforward exercise to

verify that much of what is done in this article using the standard
coend presentation may be repeated using an arbitrary density
presentation (J, K, £) (in the sense of [1]) of the given functor

N : A—> Q . The condition RC1 then becomes

/¥ x(x, ¢) ® c(NA, NJk)— C(NA, TC)

= ; _— [ — s
is an epimorphism for all A ¢ A and C € C', while condition

RC2 Dbecomes

1T

(a) [* ®K(k, C)-TNJk ¥ TC for all C e C , and

o)
(b) fk K(k, C):T"NJk —> Tzc is an epimorphism for all



[1]

[ 31

[ 4]

Ll

= Jufy e

References.

Day, B.J., Density presentations of categories, to appear.

Eilenberg, S., and Kelly, G.M., Closed categories, Proc.
Conference on Cat. Alg. (La Jolla, 1965), Springer-
Verlag 1966, L21-562.

Gabriel, P., and Ulmer, F., Lokal pridsentierbare Kategorien,

Springer Lecture Notes, Vol. 221, 1971.

Linton, F.E.J., Some aspects of edquational categories,
Proc. Conference on Cat. Alg. (La Jolla, 1965) Springer-

Verlag 1966, 84-9k.

Mac Lane, S., Categories for the working mathematicilan,
GTM 5, Springer-Verlag (New York, Heidelberg, Berlin),

1971.



