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.. ABSTRACT 

The starting point is the concept of a monoidal 

" eategory. By formulating the entire theor§ with respect 

N to ; suitable closed category V, the tensor-product functor 

\TT///I;fla monoidal category may be suppo;ed'to carry a 

7 y-bifunctor structure. ' 

First we specialise to the well-known concept of 

a biélosed category which is a monoidal category whose 

= tenscr-product functor admits right adjoints to both 

variables.  Since this biclosed property can be expressed - 

sa 
e
 

in terms of the representability of certain functors, a 

v
 

" blelosed cétegory may be thought Of(as a ficomplete" 

monoidal cafegbry. ‘ 

In the other direction, we géneralise monoidél 

VVVVVV éategory to the concept of promonoldal category. A » 

promonoidal category is less thén a monoidal category in 

that its tensor product and identity can only be expressed 

as . a "profunctor" and a "proobject"” réspectively. This is 

the case with many small categories which occur as model 

categories. While a fionoidal strugture is a special instance 

of a promonoidal orie, there do exist promonoidal categories 

which are not monoidal. ‘ 
e 

Broadly spéaking, the thesis provides conditions 

“under which a promonoidal structure on a category A can be   
  

  

 



  

  

    

  
  

    

extended,'alcngfa»gifien aense,functor A°p‘+ B, to pfbduce 

a biclosed strficture onAB_' The tensor product, 1n€erhal 

homs, énd_so on, for B ére.then expressed as Kan extensions . 

of the givén structure on A. As”described in detail in 

our Intrcduction, the actual proof of this general result 

‘is derived from the consideration of two special-cases, 

namely, the functof category theorem and the reflection 

fiheoremf 7 ‘ _ 

Much of the thesis is concerned with examples 

and wé divide these into varicus typesf The first is the 

functor category type, includihé such - familiar examplés 

as the cloged category of modules over a cémmutative ring 

and the closed category of algebrg§w9ver a- commutative 

tbeory. The second deals with biclosed structures obtained 

by reflection from larger biclosed categories; here we 

_discuss several cartesian closed categorieé of topological 

spaces, Including that of compactly generatéd spaces. Lastly, 

the general constructicn theorem is'épplied to the 

.consideration.of algebraic closed cafegories generated by 

commutative monads. . T 
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INTRODUCTION 

" The thesis aims to present a theorem which 

underlies the constrfiction of many well-known examples of 

both ordinary closed categorieskandvenriched closed 

categories. We'shall approach this theorém thrdugh'the 

discussion of tWo specizal céses.r Therefore, by .way .of 

introduction, it seems desirable to provide a brief outline 

of the development. Some nctatlion and terminology are aiso 

introduced here, although we mainly follow tfiat used-in . 

  

;Section 0.1. Terminoiogy 
  

A monoidal category consists of'a category V 
  

together with an i1dentity object T ¢ V, a tensor-product 

functor & : VxV -+ V, and natural isomorphisms 2 : IGA = A, . 

r: ARI = 4, and a : (A8B)RC =7A8(D&C), satisfying the 

coherence axioms: 

MC1 (A@I)@B————————4>A®(I6B\ 

\/ 
. commutes, 

  
  

   



   
N a . ; . a - B - : 

Mc2 ((A8B)®C)8D —— (A8B)R{C8D)————=48(BQ(CRD))" 
   

  

291 | : . 18a 

e
 

     428 (B8C) )8D —— > 12((B8C)8D) 

L e ' . commutes.k 

. This entlre structure is often denoted by the single 

letter V. 

A s _Xmmetrlc mon01dal category is a monaldal 
  

category plus ‘a natural isomcrphism c.: A@B B@A 

satlsfylng the coherence axioms: 

c : S 

     MC3 .o ARB = BRA : 

c 

P N o | 
- g, . R g A®B e commutes, 

A'.; o a e 
MCH Zi&@B)@C—————«——4>A®(B@C)————————fl’(B@C)@A T S 

(B@A)@C‘——*‘————‘>B@(A@C)-“*———*f—fi’B@(C@A) 
g ) ’ a - 18c ) 

CEn s commutes . 

  

A biclosed category is a monoidal category 4 
  

for which the endofunctors AB- and =8B both have right 

adjoints:          
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vl 

V(A8B,C) e V(A,C/B) = ¥(B,A\C). 
.These right adjoints are called the internal-hom functors 

of V. - ‘ : - 2 

A closed category is a symmetric monoidal 
  

/gategory for which the endofunctor -8B has a,pight adjoint: 

V(A®B,C) = V(A,[BCI). 

“Note that a closed category is essentially a symmetric 

biclosed category. 

~Only when V is closed do we get a mezlly workable 

theory of categories over V. In order to empfiwy'this theory 

efficlently, we may suppose that v is normalised that is, - 

that a functor V. : V + $, where 'S = small sets, Is so 

chosen that V[AB] is preclsely V(AB), afié not meprely 

isomorphic to V(AB). Any ‘closed category can ke normalised, 

pernaps after replacing it with an 1somorph We will 

suppose that given closed categories are normaEkiised, but 

will not bother to provide normalisations for tis elosed 

categories constructed. ' 

It W is a gifien closed category,‘we aitain the 

concepts of monoidal category over W, closed estegory over 

W, efc.; if we use "W-category" in place of Yeategory", 

"W-functor® in place_of‘"functor", VeV in plaes of VxV, 

and so-on, in\the above definitions. "Coherefice" remains 

unaltered. 

  

  

   



  

  
    

  

4. 

Seetion 0.2. Closed catedories of functors 
  

Most familiar examples. of closed categories 

can beynon—triviaTIy represented as categories of functors 

from A to B for suitable domain and codomain caoegorles 

A and B. These functors may be either -crdinary functors; 

or eise V- functors for some closed category v. They may 

comprise the categery [A,B] of all funetors (or V- functors)v 

from A to B, or else a definite full subcategory of this. 

_Clearly the latter alternafiive remains available even 

wheri A is large; that is; eves when [A,B] does not exist. 

The following table gives some typical examples of closed 

functor categories: 

  

  

  

" Functor category A B Functors considered - 

sinmliéial sets . AOP, where 4 sets all functors 

is the ’ 

e t simplicial 

X category 

small categories o sets those satisfying the 

category axioms         

     



  

  

  

  

  

Functors conSidefed‘ 

  

    

  

  

  

Functor category A B 

'quasi— C°p, where C | sets those of the form- 

topological is compact Car-Ad(C,X) for 

fiffl/(i/;;aces hdf. spaces éume quasi-space 

and. cts. X, where Ad(C,X). 

i maps iss the sét of 

admissible maps 

Trem © to X, CeC 

{real) Eanach_ P°p, where P _sefé certain functows; 

spaces 7 ‘ is the full V - 7 determined by ‘the 

subcategory fact that P is 

of Banach dense in Bénach 

spaces _ spEges 

determined 

by the 

) i Eueclidean 

- plane R2 

abelian groups G°p, where G sets those preserving   is the theory 

of abelian 

groups     findte products 
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Functor category ’ A B  Functors 
: S considered 

Z-graded abelian | the discrete abelian = | all 
groups category of groups ;functors 

<N ' integers Z - : 

differential the additive abellian Eall additive 

Véraded abélian catégory jgroups | functors 

‘bgroups gepcrated by ’ 

the totally: : 

ordered category 

.| Z, with the . - 

relation d2 =0 

modules over a the additive - abelian kall additive 

commutativevring catégory wifh groups. : functors 

K one object whose : 

: endcmorphism 

ring is X 

sheaves of T°p, where T 1s a |K-modules {. those funcéors 

K-modules teopology     ereating 

certain limits       

  
      

   



  

       L T 

  

     

   

    

v 

In these and many other examples, the codomain 

    
   

  

B ié closed.  We therefore choose this as a starting 

     point and replace the letter B by V, a given closed 

    

cafiegcry. 

      _,////li The above examples also indicate that sometimes 

  

" Ais an ordinary category and the functors A + V¢ being    

  

considered are ordinary functors (e.g. sheaVes of 

    

K-modules), while othertimes A is a V-category and the 

    

functors A + V are Y-functors (e.g. differential graded 

    

abelian groups). However, provided V admits set-indexed 

copowers: of ‘its identity object I, the first case may. be 

  

    

  

included in the sécond by simply replacing A with the 

    

" free V-category generated by A. More precisely, V is    

    

  

    

    

  

usually complete enough for the representable functor 

Vo: V > S to admit the left adjoint F : § » V which sends 

a set X to the copower FX = X I in V., "hen, by [111, ‘the : o X 

closed functor V.: V> S has a clésed léft adjoint F : § » v, 

and thi; induces a 2-functor F : S-Cat » V-Cat. There 

then result; a canonical bijection between functors A - U 

and Y~-functors F A + .V, 

. Therefore we suppose throughout that ¥ .is a 

closed category and A is a V-category and that the functors P         
 



  

  

  

S . N ‘- . ) : (8" 

A=V being‘codsidered are V-functors. This‘meanslthat 

“our general theory is develOpéd entirely over V, so we 

stipulate that henceforth (save in specific examples) 

the ungualified words ‘"category, functor, naturéi 

transformation, adjoint, monoidal category", etc., mean 

;"V—category, V-functor, V-natural transformation, 

V-adjoint, monoidal category over V," etc. - The prefix AV" 

is oceasionally retaired for emphasis. 

'Furthermore, it is convenient to use the same 

symbol for both a V-funector and its underlying S-functor. - 

In the special case of left represented ffinctdrs from A 

  

to ¥ we shall use A(A-) and LA interchangeably. 

  

  
  

   



  

    

9. 

  

   

      

e 

     
     

- Section 0.3. ' Qutline of development 
  

       

   
      

    

  

+.The general construction theorem, formulated in : 

o : nhapter 5, %5 derived essentially in terms of two 

srdspmeial z’v cases. v 
. 

#“Fivrst we take the case where A ism 5 small 
A 

  

..eategory and "V admits‘small limits and colimits, and we 
  _.consider thw'category [A, V] of all functors frex A& to V 

~yesdone in [51).  The structure of [A,VI as & W-category 

.-is recalled in Chapter 1. . Here we also recaik the Yoneda 

full embedding L : AP » [A, V] which is the=@5M@n;cal 

  

functor sending A e AP to the left represexmtcflm funCuOr 

LA = A(A—) ;A >V, The functor L is dense, @ fi':acf;‘ which 

is essentially contained in.the expression 

m 7 2 fAppera 

“ of ‘each functor T : A + V as a éolimit in [/é,, g of left 

represeed funetors., 

  

We now consider the possibillty o:!“’ enriching 

(A, V3 to.n -hiclosed category. For this we mete that a 

"‘;,?iezzsor pr-oduct 

  

& 1 [A,VIBLAV] > [A,V1,   

  

--for which S8- and -BT both admit rlght adjolings, Is 

essentiaj’t‘ly:,,determlped by its values LABLA'™ on represented 

functors. This is so because S§- and -BT btwfih preserve 

s
 

Liretelimits e 

  

       



  

  
  

- 10. 

58T = (fsaenn)8(f* Tarerar) e
 

n M (saeTatye(LaBLA"). 

“riting P(AA'-) for the functor LABLA', we obtain a 

functor P .: A%PeA®PeA > v, 'Conversely, given any functor 

wTRORGEOPRA > V, we can define a tensor product ® on ’> 

[A, V] by means of the expression 

ser = B (SA@TA')@P(AA'—) 

Moreover, this definition of g ic easily seem to provide 

ne
 

- a natural isomorphigm LA@LA' P(AA'-) and right adjoints 

to .eachH of S8- and -BT. . These facts simply express the 

correcpondence; to within isomorphisn, of functors 

AP@A®P. + [A,V]-to their Kan extensions [A,VI8[A,V] » [A,V] 

along L8L’ ~A°P@A°9,» [A,VI8CA,V Y. k 

An 1dentity object J ¢ [A V] for & i§ Just a 

functor J : A ». V., Nabural isomorphisms 2, ¥, 2, 

~@ompleting;§} J- to -a monoidal structure, are easily seen 

_to translate into natural isomorphisms 

1 ot 2 JRaxer(xa) = 1A e
 

54
 n fXsxep(ax-) = LA 

a: [?P(AA'X)@P(XAH_) = [Xp(a a"x)EP(AX-) . 

  

In-turn, the coherence conditions for ¥, T, a translate 

into corresponding "coherence conditions" for A, p, o. 
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i1, 

* 

The main result of Chapter 3 is a bijection 

{at least to within isomorphism) between biclosed 

striuctures -‘on-the functor category [A,V], and certain 

~gtructures (P,J,A,p,a) on A. Given the biclosed structure 

  

‘Us "trace’ on AT < [A,V] yields the structure 

Aon A;Agivénrfhe structure on A, the biclosed structure on 

[A,V] isvfibtéined by Kan extenéion, 

Such structures on A are called promonoidal, 

because P .: A%PeA®PgA » v is what Bénabou has described 

as ‘a "profunctor"'from A®A to A. It then turns out that 

~each moncidal structure (8, T, ...y cn A can be identified < 

with ‘a2 corresponding promonoldal .structure whose P and J 

are given by R B 

P(AA'-) = A(ABA',-) 

= A(R,S) . 

In other words, monoidai structures on A are a special case 

of promonoidal-ones. 'An important feature of the meonoidal - 

N he opposite category AP admits a canonical 

  

- monoidalwsimmeiure (also denoted by A°p) afid consequently 

is promonoidal (Bénabou has called A°P the monoidal 

"eonjugate" of A). 

With: the idea in mind of using promonoidal 

structures as generalised monoidal ones, we introduce a 

  

idal functor. This is so done as to 

     



  

   ”9§ggé thé.usual concept of monoidal functer whenever 

  

S rpesdvmein and codomain-categories are ‘actually monoidal. 

    

A
R
 

SR
 

T 
YO

O 

For .any .two promonoidal categories A and B, the proménoidal 

P i ToTmetivs of a functor T : A+ B correspond WBijectively 
i . 
    

      

v armntdai enrichments of the "restrictionm®™ funetor 

L L3.33: IB,V1 > A VI S 

  

Morefi%er, the concept of promonoidal structure 

  

T en’a catégory A is readily seen to be independermt of the 

~smallness of A and the completeness of V.. In diefining a 

general prcmonoidal category we simply insist tiket the 

particular coends needed to write :down.the defimition do 

R
N
 

A
 
P
R
 

exist in V.  For instance, any moncidal category is 

    

   

promonoidal; the ‘existence of the ‘necessary coends bcing 
  

  

! ”%%8ffifi$uc:iby the representation theorem. Thus we may - 

'flgviéfipfhe biclosed structure of [A,V] as a large 

Y
 

  

"eompiwtis )f the promonoidal structure on a mmall 

categéry Ao . : : R 

    

  

swinsed categorieé arise, not as %eotal 

' 

”é‘“““ T rgroups on a topology ‘T arise as a reflective sulpgategory 

of [TOP,AbE;{=:fifabelian groups arise as a reflective 

subcategory of [GOP,S] where G denotes the tfieamy of   
  

      
 



  

13. . ‘ O 
LN 

abelian groups.f This brings us to the seéond cénsfiruction. 

’ Commencing with a biclosed structure 

LE' ,x r,a,/,\) on a category B, lét 6 : C+ B be a full 

  

fling functor with a left adjoint ¢ : B = £. Then 

      

     

...xhere exist% .2 biclosed structure (@,I,...) on €, for 

,fagmfiifiégi§h<v,zmmits enrichment to a monoidal functor ¥ = ($,$,¢°) 

  

B
 with 

¥ 
O 

¥ 

~rEmeworphisms, if and only if: R ) 

..
 wB@wB' > w(B@B') 

  

I + 3T 

) For all B ¢ B and C e C, the objects BC/E anc B\8C 

of B admit 1somorphs in C, 

: The condition (%) has numerous equivalfent forms 

VYwh@hich»wc‘liét in Chapter 4., 1In any given application one   

    
Earrwma" be more convenient to use than the others., In 
  

Mpartisujar4uif the original biclosed category B ceontains 

“va dense subcateaory A then the condition (%) becawes: 

  

‘“% ‘ _b (x%) For &11 fl ¢ A and € e C, there exist objects H(AC) 

: ’fiC) of C together with 1somorphlsmu 

  

[F]
 C(Y(A'8A),C) = C(YA',H(AC)) 

ne
 C(Y(ABA'),C) = C(pA',K(AC)) 

which ‘are natural in A' ¢ A. 

i 
o
 

_Phe nmew condition (#%) applies non-trivially 
e . 

  

#iwhere B = [A;V] for a small promonofdal       
  

 



      

    

    

   
   
    
    

     

    

  

   
   
   
   

    

   
        

14, 

1 

enkegory A, Here B‘contains the dense subecategory of     

  

4 Lol 3ett represented functors. But to say that a category C 

,u,is 2 Tull-reflective subcategory of [A,V] is precisely to 

v that there exists a dense functor M : ACE ¢, the 

  

‘-«Wucs..imzi_of a functor T ¢ [A,V] being givem by the 

  

N
 

O
O
 
S
R
 
B
T
V
 

T 
R
 

".coend KDT IATAQMA in C. In terms of the fumeteor M, the : 
' 

condition”’ (**) reads: 

  

REHEY " For all A ¢ A and C € C there exist ghjfects H(AC) 

and K(AC) of C, uoge’cher with isomorpdniswms: 

c(Q(a'A),CY = C(MA',H(AC)) 

1
2
 

-C(Q(AA"Y,C) ¥ C(Ma',K(AC)) 

which are natural in A' ‘e A, where 

L St qaa) = fXP(AA;X)éMX. 

“,.g.},, 

% 

b 
‘The last condition (##¥) makes no e:@pfifificfit 

~peference to the functor category [A,V] as a whale, only 

“ffi'*‘»’%""”@:%fié*f‘“fée’flz?ctions Q(AAY) in C of the functons PEA&Y=) A~ V. 

Thus we may ask whether satisfaction of (***) imm&;zantees 

R B Jliclo»efl structure on a categery € vhen a dxem&e* %‘unctor 

o \.ip B 

  

> C is glven from the dual of an arbitrauy 

,.:promopoidal categdry A over an arbitrary ground eategory V. 

L7 o The answer is yes, provided we postulate the: mz.zs’uence in . 

C of .the enends fA;AQMA for certain functors:'F. : A V. 

Ve 

       



  

     15, 
1 

  

       

More precisély,'wé require that the- coends o {' 

    

a(anr) = [Epeaarx)emx 
) 

I 

] 

       
- fXaxemx 

    

cec' = X' (comx,crecmxt,cr))eq(xx) 

    

‘exist in C, together with the ends 

    

JxLeGx,c) H(XCr) ) 

C\C' = [, [C(MX,C),K(XC") . 

    

s cr/c 

      
   In Chépter 5 we establish that the satisfaction 

    

of condition (¥##), together with the existence of the 

    

above ceoends. and ends, 1s sufficient for the existence of 

    

- & biclosed structure on € having 8 for tensér.produst, 

    

I for identity abject, and / and \: for intérnal homs. .     
'Fumthermore,“wha%vk is monoidal, this bicloséd structure 

   

      ~orw € Is characterised, uniquely to within isomorphism, by     
the existence of a monoidal enrichment (¢,$,¢°) of the 

    

functor ¢ = M°P : A > ¢°P for which both § and ¢° are 

    

isomorphisms; an analogous result is true for A an     
   

  
    

arbitrary promonoidal category. Conversely, given a 

E vbiélosed étructure on C, together with a suitable 

i ‘promonoiaal enrichment of MoP A COP; the required 

coends and ends exist in € and condition (***)'is satisried. 

g i These results are collected to form the general construction 

theorem of Section 5.3.       
 



  
  
    

16. 

- - 
i 

The alfeaay mentioned biclosed structuré of -a 

total functor category EK,V] and .that of a reflective 

subcategory € < [A,V] may be recovered from the constructibn 

... theorem by equating M to L : A%P - [A,V] énd to 

¢ 22[A,V] » C respectively. An application lying outside 

the scope of these two special cases is outlined in 

Section 5. 4 where we take M to be the inclusion V c vE 

of the catggor-y V,fl. of free algebras into the category VT 

of algebras over a-"commutative" monad T on V. Here the 

Commutativity off fl‘proVides a canonical monoida} structure 

.on the large category A = mep. ‘Thefresulting élosed 

 structure onflvm?is the one we would normally obtain if we 

‘took, say, -V to be § and T to be the abelian grou@ymonad 

on S, 

    

   

  

   

   
    

    

   
     

   

  

  

     



     

  

     
   

    

      

    

   

  

      

':  CHAPTER 1 

  

* PRELIMINARIES: 

“Bgain we emphasise thét, unless otherwise 

 '*1ndieated, concepts are relative to the given normalised 

‘t““”'“eifififififtafiégva V. For éach category A, the underlying 

S-category of A is denoted by Ags as in [97. 

  

" ‘Section 1.1. Completeness concepts 
      We recall the basic aspects of completeness for   

  

V-categories. - : e o 

  

    

= § o Definition 1.1.1 An: end in B of a ffinctor T ::AODGA + B 

"f ?-’ is a natural family op : B'+ T(AA) in’ By having the 

ig o property that for each B' ¢ B, any naupal family v 

' By v X B(B',T(A4)) inbvo admits a unigue factorisation 

‘”é‘"ii' of the form ' g 

S - ‘ X;“—————~‘—~——>-B(B',T(AA)) 
1 R SN 

B . o s N ///E?:i; 
B(B'B) 

  

#Eggglear from this definition that an end in V   
i B of a functor T : A°PQA » v is simply a "universally natural” 

family oy X » T(AA). Thus, by definition, representable   
functors p@%@%@%@wendé. The concept dual to end is called 

. - - 
coend.        



  

. . T 8. 

    

e e e JHeneve T ‘the end of T : A°p®Av + B exists, it 

T ey g SeaT Ly unique to within a unique isomorphism, and 

VA ,v-,A_,,_..,..;nmseguently.1s usually referred to as "the™ end of T in. 

WD B hinen defining a functor, say, using ends, we shall   
.n@_@_me +hat 'a definite cholce has been made of them; 

   e piten adept the notation s, : ]'AT(AA\ + T(AA) for.end, 

,ami st Tan) - }'AT(AA) for coend, regarding [ and f° 

as Well defined operat...ons. 

_..Definition 1.1.2 Let T : A » B be a functor. ¥We say that 

.8 1s T-tensored if the 'iflf’c represe‘nted functor 

A = B(TA,=) : B + V has a left fidjoint denoficaeé 

—8TA : V - B"' for' each A € A. We say that B is ue:{mcred 

AP it ise 13~tensored e 

We note that,; by [11] §3.5, the adjumction 

  

: B(X8TA,B) ¥ [X,B{TA,B)1 v {1.1.1) 
    

. endows = ;v}':ith a canonical bifunctor structure 

TenT : V8A--+.B. Dually, B is T-cotensored if ecmekh f‘unctor 

B~ 8) "t BOP - ¥ has a left adjoint. The dual of 

  

     

  “Ebis. afjeint is usually denoted [-,7A] : VP » B, 

The existence of ands and of -cotensoring in a 

“particular category B are comgletenes's properties-of B. 

In addition, If K is.an S-category then the (inverse)’ ; 

  

1imit o, : B+ SK in B, of an S-functor 8 : K + By is 

  

s
t
 

e
 

e
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called the Volimit of S in B if B(1,a;) . B(B'B) - B(B',SK) 

is a 1imit of B(B',S-) in V) for all B' ¢ B. ‘ 

‘In practice, these completeness concepts may 

overlap considerably. First,'if the normalisation V :;V.* S 

admits the closed left adjoint F : &+ V (see Secticn‘0.2) 

then the V-limit of S : K » B coincides with the end of 

thé(canonical) composite 

o FesP g 
FoK°PeF K Fek B   

where § 1s the V-functor lifting S :K -+ Bb and 

P dexK + K is projection onto _the second factor (in 

other words, the first.variable"ia this énd is ;deaa"); 

Furthermore, when .V =_3, a categgfg-? iélTécotensored for 

a functor T :4A *"3 precisely when‘i%jadmits all'grodficts 

of the form HTA where A ¢ A znd X 'e S. - 
: X o R 

Conversely, it has been shown by G.M. Kelly (see = - 

£33 and [111) that an end in a V-category can be constructed 

as the V-limit of a certain diagram ihvolving cotensor 

products.  Briefly, let T : A°PgA = B be a functor into a 

cotensored category B. Then the diégfafi 

  
         



  

            

         

        
   
    

  

  

  
  

Lo T man 
  B(T(AA),T(AA')) 

  

L B(a, ,1) 

  

  B(T(A'A"), (AAT")) 
IEEEE T B(ay,,1) 
expressing the naturality of a family o, : B - T(AR), 

B(B,T(AA")) 

) :“.T;zahsforms under the cotensor adjunction 

o : Vy(X,B(5B')) 2 B (B,[XB']) 

_into the diagram ‘ ' 
“aA 

B———2 o 7(an) : 

  

K70 RN R1C 10 )] 

 T(ATA) = [A(AA"),T(AA) T 
B ' -~ o(T(-A")) 

"~ 4n Eo. Hence the end of T can be obtained és the V-limit 

in B of.a connected diagram of the form 
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This constructioh Sfiows, in particular, that small ends 

exist in any V-category fhat is cotensored and admits 

small V-limits. 

 The possibility of compieting a category with 

fespect to-these concepts is discuésed by E. Dubuc in [7]! 

. We récall, also from [3] and [11]{ that a functor 

admitting a left adjoint preserves any ends and cotensor 

products which happen to exist in . its domain. 

P
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+ 

‘;Lgséntgen 1.2. Functor categories 
  

A primary use of ends is in the construction of 

. functorcategories relative to V. 

VSuppose-that A and B are categories with the 

‘that the end 

   

‘ ; B'gp = sA': f\B(SA,TA) > B(SA,TA) ’ (1.2.1) 

exists “n V for each pair of functors S,T : A » B. Then, 

as verified in [3], there exists an essentially unique 

category [A,B] whose objects: are the functors 

8,Tys.. : A+ B, and whose hom-objects are given Ey 

[A,B1(S,T) = IAB(SA,TA).‘ ’ o 

Thus, by construction, we obtain an evaluation functor 

g? :'[A,Bj +.B for ‘each Ae A , given by E®S = SA and 

waAST is (1.2.1). 

An element o of the set [A,BJO(S,T) = VjAB(SA,TA) 

is "seen to correspond, via the projections 

Vs, : VS B(SA,TA) ~'VB(SA,TA) = B(SA,TA), to a natural 

:"SA = TA in the sense of [91l. 

  

#prphisms oy 

 ““Hence the underlying S-category [A,B]O is pfecisely the 

S-~category of all functors from A to B and natural 

- transformations between them. 

_ = }any properties cof the codomain B carry over to 

the functor category [A,B1. 1In particular, ends and 

cotensorimg;    A,B] are always computed evaluationwise, 

  
   



  

  
    

S ams 

so that any choice of these made in B fixes a choice in 

  

e
 

         

  

  
  

 



  

    

Section 1.3. fiemmas on induced naturality 
  

In this section we record some of the 

"computational" aspects of ‘ends and coends. It is assumed. 

that the reader 1is familiar with the rules governing the 

composition of natural transformatiofis (as generalised in 

Eilerberg-Kelly [81). - The results are stated in terms of 

coends because they will be used chiefly in this form. - 

Lemma 1t§é; Let T : A% gaes - C be a functor and let. 

aAB : T{AAB) -+ SB be a coend over A for each B ¢ B, Then 

“there exlsts a unique funstor S. : B+ C making the family 

ABflnatural in B. N ‘ 
N, 

Proof For each pair B,B' ¢ B ccnsfider the diagram 

  

San 

B(BB') — — — — — — €(SB,SB") 

w(ano),, B s ) YIRS 

C(T(AAB),T(iAAB')) " C(T(AAB),SB') o _ c(1, a) ' 

Because C(a, 1) is an end and C{1,a).T(AA- )BB’ is natural 

1n A, we can define SBB' to be the unique morphism making 

this diagram commuteé. The functor axioms VF1' and VF2! 

of [9] are easily verified for this definition of S by 

using the fact that C(a,1) is an end. § is then the 
e 

unique functor'making %pp natural in B, 
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¥n a typical calculation with ends we have to 

défiermine whether naturality in any extra varlables 

.survives ‘the various factorisations.  All our requirements 

  

may bé’éxtrécted from the following lemma. 

Let T : A°P8A9B°P8B + ¥ and S : B°P8B + v 

  

be functors, let aABB' : S(BB') » T(AABB') be .an end over 

’ A, natural in B and B‘,‘and let BAB : I » T(AABB) be 

  

natural in A and B. Then the induced family Yp * I + S(BB) 

--:is natural in B. 

R
 

e
t
 

Proof ~ For each pair B,B' ¢ B, consider the diagram 

  

[T(AABB},T(AABB')] 

[\%
] 

A
N
 

Q 
v
 

w iy
 

et
 T(ARB-)       

  

   
e (s (s8), S(BB.) ’_[Lb [S(BB),T(AABB')] 

(I, S(BB')1———————————9—[I T(AABB‘)] 

/11 %—] 

[S(B'B'),S(BB")] —————=[S(B'B"),T(AABB')} 
(1,0l 

  

  

o T
 o
,
 

- T(AA-B'))  5' . a,11 

R
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hegions 3 and 4 commute t?ivially. Regions 5 and 2 . 

commute by the naturality of @ppps in B and B' 

respectively. The exterior commutés by naturality of 

'BAB'= %np-Yp in B. Then, because [1,a]ris an end, region 

1 commutes as required.> : : ' 

Lemna 1.3.3 Let T : A°®8495%Pasac » £, S : 5°Pagac » , 
and R : 0°P808C > E be functors, let ' 
Oppig f T(AABB'C) + S(BB'C) be a coend over A, natural in 

B, B', and C, anq let BABCD ¢ T(AABBC) -+ R(DDC) pe 

natural in A, B, C,‘and D. Thenthe 1fiduced famiiy 

Ypep ¢ S(BBC). > R(DDC) is natural in 3, C, and D. 
- -Proof This is a‘straightforward‘consequence of the 

k preceding Lemma 1.3.2 combined with [9] Lemma III.7;8; 

the latter'result stateé»that the three types of 

néturality may be expressedAin terms of one, n;mely, the 

I > T(AA) form in V.. ' 7 
The next lemma asserts that éoends are preserved 

by cpends and -tensor products. The verifications are 

straightforward and ghall be omitted. 

Lemms 1.3.1% A 

ca)  Let T : A°PeA88°P8B » ¢ and S : B%P8B » ¢ be functors; 

let apppr ¢ T(AABB') > S(BB') be a coend over A, 

natural in B and B', and let BAB ¢ T(AABB) - C be 

     

   

     
    

    

  

  
    
    

   
      

   



  

  

©in itskéxtrabvariables. 
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natural in A and B. Then the induced family. 

Yg ¢ S(BB).» C is a éoend over B if and only if 

BAB is a coend over A and B. 

" b) Let T : A°PgA > C be a functor into a tensored 

category {, and let a, : T(AA) » C be natural in A. 

Then o, is a coend over A'if and only if 

18a, : X8T(AA) » X8C is a coend over A for all Xe v. 

--In some circumstances it is desirable to use a 

simplified notation for coends. Let A be a category and 

let T(AA~) be a functor into V, whose coend ; - 

st T T(AA-) > ]AT(AA—) over A e A exists for all values 

of the extra variables "-". Then, if T(AA-) = S(A-)8R(A-) 

for functors S-and R into V (with différent variances in 

A),‘We frequently abbreviate the notation to 

SA : S(A-)8R(A-) + S(A-)8R(A-), leaving the repeated 

dummy va:iable A to indicate the domain of integration. 

By Lemma 1.3.1, S(A-)8R(A-) is (canohically) functorial 

The "following considerations are introduced in 

order fo handle expressions formed entirely by the 

'repeated use of 8. To each expression N which 1s formed 

- by one or more uses ong, there corresponds an expression 

Ve 

  

v
 

S
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_"®4n which each 8 1s replaced by 8, the dummy variables 

intyibecoming repeated variables in N; for example, if 

¥ is (RA8S(AB))®T(BC) for functors R : A + V, 

S : : A%PgB Vo, and T : B°P8C + V, then N is 
    

,AME) Furthermore, thereyis a canonlcal 

natural transformation q = = gyt N-» N defined, as follows, 

» by induction on the number of occurrences of @ in N: If 

N contains no occurrence of 8@ then N = N and ay = 1; 

”ttherwiée ¥ = N'8N" and qy is .the composite 

NYON" — N'eN" ~ NN, 
: q'eq" T T s LT 
  

In the above example, q would be the composite 

(RA@S(AB))@T(BC)-——4—(PA@S(AB))@T(BC)—+>(RA8S(AB))8T(BC) 
o s@l ) 8 

and thls is natural in A, B, and C; we say that the 

" 'variables A and B are "summed out" ‘by q. 

‘In fact the path ay : N - N is a multiple coend 

'_ over all “ghose “variables in N which are summed out by ay- 

~demma 1.§-§' Fbe 2 functor into-V and let £ : N + T . 

  

be a naturai™ransPormation which is, in particular, 

‘- natural in all the repeated variables in N which are 

summed out by Gy ¢ N + N.  Then f factors as 8.4y for a 

unigue natersad 
e 

  

Torfiation g+ N> T, 

  

  

    
     



  

  

    

R
 

T 
B
 

S 

  

  

  

e
 

      

% : 

  

'The naturality of g follows from Lemma 1. 3 3. 

T constructe, 

Erool " By induction on the number of occurrences of -8 
in N. >If @ does not occur In N the result is trivial. 

“.Otherwise N = N'8N" and we can, using Lemma 1.3.4, factor 

. f in three steps: 

  

q'e1 16q" s e N - N QN'I P_I'@N" H'@E"_*E'@'r = N 
  

   
    

fl 

     
fl! 

T . - ) . 

When the transformation £ in the preuedirg 

Lemma 1.3.5 is of the form q'.n for a path q' : N' » N, 

‘the ‘induced g :. N+ N' is, for obvious reasons, dencted 
By n. Induced transformations of this form are an 

“-essential feafifife of the definition of promonoicdal category; 
.We make two important observatlcns in this regard. 

First, if n : N + N! is a natural isomorphism     

  

m:the coherent data isomorphisms a, r, 4, ¢ 

" LBT .V then g‘& N > N' is a natural isomorphism and is 
called an induced coherence isomorphism._ In view of the   

s-uniqueness assertion of Lemma 1.3.5, and the original 

- coherence..of 8, r, %, c, it is nlear that induced cohe"ence 
isomorphisms are coherent. In other words, the induced 
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\45**é6fi€%é%éefisomdrphism n =N+ N' is completely determined 

by the positions of g in the expressions N and N*;   coeonsequently, such isomorphisms need not be labelled. 

Secondly, when n = h8k :'S(K;)QR(Af) + &' (A~)GR' (A=) 

   tfansformations h :8+St'and k : R+ R', we . 

write h8k for h8k. This not only makes the symbol 8 

S-functorial insofar as it is defined, but also makes the 

coend st : S(A—)@R(A—) + S(A-)8R(A-) S-natural in S and R.   

  

  P
 

  

R
   

      
   



  

© 31, 

Section 1.4 The representation theorem 
  

Let M.: A > Band T : 8 » C be functors. If 

"€ is TM-tensored then 

P & B(MA,B) - C(TMA,TB) MA,B ° 
transforms, under the tensoring adjunciion isomorphism 

(1.1.1), to a natural transformation 

L B(MA,B)8TMA - TB, : L= tpp 
‘When the coend over A of B(MA,B)8TMA exists in B, there 

results an induced morphism 

: - M 
2= 2B’ 

- which is natural in B ¢ B by Lemma 1.3.3. The letter z 

fAB(MA,B)eTMA > TB 3 (1. 

will be reservad for this mo”phnsm.‘ 

For this section we consider the case where M 

is the identity functor 1 : B ~» B 

  

; Theorem,(the higher representation theorem) IrT: B> 

is a functor into a T-tensored category C then the 

transformation 

ty ¢ B(BB')8TB » TB, 

obtained by adjunction from Tpn, : B(BB') » C(TB,TB'), is 

a coend. over B, ‘ 

Proof This is exactly as in [3] §3.5 where the codomain 

was assumed to be tensored. For each C ¢ C,'the : P . 

transformation 

.23 

~ 
“ 

  
  

   



  

e
 

e 

  

  

to transformations 

theorem states that 
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’é(;,l) : ¢(TB',C) - C(B(BB')6TB,C) 

e B. This follows from the correspondence    is an end over'k 

of tfanéfcrmations 

     
    ¥ + C(B(BB!)®TB,C) 4 

By : X > [B(BB'),C(18,0)1, 
"by the tensor adjunction, to transformations 

Yg B(BB') -+ [X,C(TB,C)2, 

bybsymmetry'in V, to morphisms 

LETX 4 C(TBY,C), 

N
S
 

by the rebresentafiion theoirem (beliow). 

In our notation, the pigher representation 

; 1. (B Y = Yp g = Zpopr ot [°B(BB')8TB » TB! 7(1.#.2) 

  

is an isomorphism which we' call the Yoneda .isomorphism. 

The letter y will be reserved for this isomorphism. 

Theorem (the representation theorem) Let T : B » ¥V be 
  

a functor and let B¢ B and X ¢ V. - Then there is a bijection 

b between the'élass of natural transformations 

a : B(B-)8X + T and the elements f ¢ UQ(X,TB). 

This result is established by Eilenberg and Kelly 

‘in [9] Proposition IT.7.4. The bijection b is given by 
e 

  

      

   



  

    

2 je1 . : %3 
  b(e) = X 18X B(BB)®X —= TB, 

1 71 [£,1181 e 
b~ (f) = B(B-)8X—— [TB,T-18X ———= [X,T-18X —>T 

> 

where e 1s "evaluation" in V, that is, the transform of 

}/;,[TB,T—] + [TB,T~] under the tensoring adjunction for 
e . 

¥ . _We shall refer to b as the Yoneda correspondence. 
s N   

  

  

     



  

   ST 

       

  

   
A functor M : A + B is dense if* the 

ormation    
g0 ¢ B(BB') > [B(MA,B),B(MA,B) ] (1.5.1) 

is an end over A for-all B,B' ¢ B. 

  

e
 
—
 

- The terminology (introduced by Ulmer {1773 for 

V = abelian grouns) is best explained by the case where 

SRR M—tensbred - T 

Lemma 1.5.2 "Let M : A+ B be a functor into an M-tensoéored - 

eategory B. Then M is dense if and only 1f the 

~Lransformation 

£ ¢ B(MA, BYSMA B, - . (1,5.2) 

  

obta:lned ,.b djunction from 1 : B(MA,B) ~» B(MA B), ig a     

       
T A?fin"rfippitjing the representation theorem, the diagram 

. LMA : 
' (BB ) ——————> [B(MA,B),B(MA,B")] 

p R 
e B(z,1) 

B(B(MA,B)8MA,B") 

  

e to commute for all B,B' ¢ B. Then the result 

  

T
 

e 
  

    

   



  

     
    

  

follows from the Definition 1.5.1 of "dense™ and the 

definition of "coend". : 

To:say that the transformation €1.5.2) is a ooend 

is, of course, equivalent to saying that 

jA (MA,B)8MA + B is an isomorphism. 

", A functor T : B + C is called a full embeddlng 

T ar Tpge * B(BB') + C(TB,TB') is an isomorphism for all 

" B,BY € B.' An important instance. of a dense functor is the 

Yoneda (full) embedding: 
  

E: A% 5 [A,V1,  An>LA. : 

Here we have 

Tz fRea, vicLa, T)PLA—;IATAQLA-——> T 

by the opposite forms of the high°r representatlon theorem. 

7 The left adjoin* to a full embedding provides 

another well-known example of a ‘dense-functor. Briefly, 

if a full embedding T : B » C has a left adjoint S : ¢ > B 

) then the adjunction counit ¢ : ST + 1 iIs an lsomorphism, 

whence the composite 

B(BB') = B(STB,B') f 
{H /& [.[B(C,TB),B(SC,B*)1 by the higher repn. thm. 

fUB(SC,B),B(SC,B')] by the adjunction, it 

"is an isomorphlsm, by using the representation theorem, 

this composite is easily seen to be induced by LSC. 
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'g to the Definition 1.5.1, the fumetor 

  

M A~ B s dense precisely when the resulting fumetor 

B~ [A°P,V], BnesB(M-,B) : 

  

s -a Tuii embeddlng. This makes sensc even when. the     
functon.a Lor AP V] does not exist. At the undierlying— 

'=~sets level, we have: ‘ 

    

— Léfima 1.5.3 IfM: A->B ié dense then each natfirw? 
transformation Wyt B(MA,B) - B(MA, B') is of the form 
B(1,f) for a unique TeB(BB').  * e 
Proof This is the'result of applying V*s‘v + S to the 
end (1.5.1) tnv. ‘ N 

  

3 i 
‘Thus, on taking U = § » the concept of dense 

PErctor US| seen to be equivalent to the original idea of    :@afiequate functor" introduced by Isbell [10]. 

  

zasese we have functors 
e R 

LM ,/f/fl;;\\\\ 
-»A—-—————~>-B:::r——‘%‘c 

T 
wwhere M 1s dense and R is right adjoint to S. 

T Lemma 1.5.% s 

      

Then emuls 

ndtural transformation o SM > TM A + . C admits a urigue 

extension to a natpral transformation o : § + T : B C. 
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Proof Let m: 1+ RS : B + B be the unit of the 

adjunction.‘ Then the mapéing whiéh sendé a natural 

transformation 8 = BB ¢ SB ~ 1B to the-éomposite natural 

firansformaticn ' 

\;;///ffli | ::B ’® 

is a biJecfiop. Furthermore, by Lemma. 1.5.3 and the 

  

A”density of M, there is a bijection between transformations 

Y =Yg * B +'RTE and transformations ’ ’ : 

8,5 ¢ B(MA,B) » B(MA RTB). ’Hence, given a,natfiral 

transformation @ SM -+ TM A C; we define : 

a: 8~ T : B + € to be the unlque natural transformatlon 

i making the following diggranm commute' 

B(l nB) 

B(MA B) ~—————> B(MA,RSB) ——— B(MA,RTB) ' 

RTua,B el B e s L Bnyys1) 

  B(RTMA,RTB) - B(RSMA,RTB). 
B(RaA,l)‘ 

'Qn applying V- V + S8 to the dlagram, putting B = MA, and 

evaluating both legs.at 1MA€ 0(MA,MA), we obtain 

a = oM 

"'as required. 
: .   

  

  

   



  

      

  
  

  

’ 

    

“fiefinition 1.5.5 (Kelly)- A class A of objects in a 

category B is 5trongly generating if feB (BB') is an 
  

isomorphism whenever B(1,f) : B(AB) » B(AB') is an 

~ {somorphism 
   

  

flo for all AeA. 

concept 1is closely related to thét of a 

dense funector...If M : A 4 é 1s a dense functor then 

“"the ‘class {MA;AcA} is strongly generating in B by Lemma 

1.5.3.  In the other direction we have: 

  

Proposition 1.5.6 If M : AcB is the inclusion of a 
;trongly generating class A into an M-tensored category B, 

and jA B(MAY, B)@MA' ex1sts in ‘B and is preserved by B(MA-) 

for. all AcA and BeB; then M is dense. 

‘Proof ~ For each Ac¢A and BeB, consider the Giagram 

f1em 
      A 8(nA" ,ByeA(AL") — "B(MA',B)9B(MA,MA) e 

174 i 

  

B(MA B)=———— B(MA, [ "B (MA® sB)8MA ") 
: B{l,z) 

in which K is the zisomorphism assérting that B(MA,-) 

preserves the given coend. This diagram is verified to 
   

commute:; wthe representation theorem to B. 
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an isomorphism. - Hence, because AeB 1s" - - 

strongly generating, z is an isomorphisrfi as required in 

a3 5,200 M 1 AcB to be dense. 
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_CHAPTER 2 

PROMONOIDAL STRUCTURES 
  

Section 2.1 Promonoidal categories 
  

The concept of a promonoidal category shall be 

  

   
intreslo by considering the outcome of restricting a 

" monoidal structure on a category B to a full subcategory 

"A of B. In brief, we seek sufficient conditions on such 

an embedding in order fer the resulting structure on A to 

....20mit a formulation which makes no explicit reference to 

the monoidal structure on B. V SR . 

First, let B be an arbifrary catégory. Then 

each choice of a functor 8 : B8B » B, together with an 

object TeB, provides canoniecal functors . , N 

o : 8°Pe5Pes » v 

“ : B>V 

where P(BB'B") = B(BE8B',B") and J3 = B(iB); when" there is 

  

no danger:nfuconfusion we denote § and T by ® and I 

    
  

@3$$pactive§§JW”Next, let M : A + B be an arbitrary functor 

into B. This enables us to define, by "restriction", 

B JSunctors 

0Py 0P 3 m°Pen®Pan P 
P: A%P9A%PA — . gOPgp%Pgp — =y 

J 
  v. 
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Now _eonsider the exteriors of the following 
0 

‘fin-ea diam‘ams (where z = zM"p): 

,‘ 
A - IXBP(XA-) - A=) 

Mo (2.1.1) 
B(IY)@B(Y@MA M~) 

o BEIOMA B ) — ‘B(MA,M-) 
B(%,1) . ; 

IXOP(AX-) - ~ A(A=) 

s innnBAT G MX ) 8B (MABMX , M- ) 
>~ . . ! TN : i (2.1.2) 

z, ‘ B(IY)@B(MAGY,N-) 

5 
B(MA,M-) 

  

B(r,1) 

  

      
  



  

            

i
 

  

ek
 

  

   

   

N 

o 
PCAA'X)P(XAM-) — P(ATA"X)OP{AX-) - (2. 

    

B(MABMA' ,MX)®B (MXOMA™ ,M-) on o B(MA'®MA" ,MX)QB(MAQMX , M-) 

: » o ‘ S 
N SR # 

B(MA@MA',Y)QB(Y@MA",M—)—-——q»iB(MA'QMA",Y)gB(MA@Y,M—) 

  

  
  

B((MABMA')OMA" ,M~) —= —— B(MA®(MA'8MA") M) 
v B(7,1) S Ty - 

B, and I If natural isomorphisms T : I8B.Z B, r.: B8I 

& : (B®B')8B" = BE(B'SB") are pro#ided‘f@r 8, I then, in 

order ‘that the above diagrams should define natural - 

Isomorphisms A, p, and a respectively, it is clearly 

sufficient that M : A+ B be a full erbedding and that the 

‘transformations 

z, : B(I,MX)8B(MX8MA,M-) » B(IGMA,M-) 

B(I,MX)@B(MASMK,M-) + B{(MASI,M-) 

%y 3 B(MASMA' ,MX)BB(MXSMA" M-) =+ B((MABMA' JOMAY ,M-) 

Zy B(MA'®MA",MX)§B(MA®MX,M-) > B(MAG(MA'EMA™),M-) 

‘be isomorphisms for all A,A',A"cA. 

P 

1.3)? 
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Adssaming that these condltions are-satisfied, 

cvnsifier the dlagrams’ (2.1. .1y and (2.1.5); in order to 

.simplify these, we have suppressed the symbol M as much 

gy possible and have assumed that the dummy variables X 

on are palred off from the left unless 

    

otherwise indicated. If axiom MC1l holds for (z,r,a) then 

the center‘region of (2.1.4) commutes. Assumingiall the 

exhibited coends exist in this diagram, regions 1 and b 

commute by the lemma in Appendix l; reglons 2, 5, énd 10 

éommute by the respective definitions of o3 A, and p; 

- peglons 2, -6, T, 8, and 9 commute by the-naturality:of 

z, a, and M.  Similarly, if akiom mc2 holds for a then 

the center region of (2.1. 5) commutes. ~-Regions 1, U4, T, 

1n -and 13 commute by the lemma in Appendix 1; regions 2, 

‘ ) S, 8 11, and 14 commute by definition of «; regions 3, 6, 

  

9, 12, and 15 commute by the naturality of z and a. Thus, 

if axioms.M 

of (2.1.4). 
   

   
pd MC2 hold for (%,r,a) then the exteriors 

Aéfl.S) commute. B 

‘To summarise; we have that a full embedding 

M2 A é into é monqidal category B induces, whenever 

“Zys ... 5 Zy @re isomorphisms, a trace of B on A in the 

sense that the relationships among the P, J, A, p, o are 

expressible in terms of A -alone. This provokes the 
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following definition: 

    

Definition 2.1.1 A promonoidal category A = (A,B,J,A,p,a) 

2% over V consists of 

a category A 

a functor P : A%PgA%Pgs » v 
' 

-a functor J 3 A+ v 

~and naturél isomorphisms 

A = X, : JXOP(XA-) » LA 

") = Py ¢ JXQP(Axf) + LA 
> 

@ = Gpprpn t P(AATX)8P(XA"-) » P(ATA"X)@P(AX-) 

i 

satisfying the following two axioms: 

PC1, - The exterior of diagram (2.1.4) commutes. 

PC2. ' 'The exterior of diagram (2.1.5) commutes. 

The existence of the required coends in V is taken as part 

of the definition.’ 

It is possible that A is the trace of a symmetric 

,Vwmanoidal\category B.: In this event we define a symmetry 

rmeon Pog A°p®A°p®A + V by 

  

  

   



  

  
       o : N S : : ! P(AA'—)——————————————%—~P(A'A-) : ‘ 

e 
vummfiéés@axfizwe ¢ is the symmetry on‘B. To obtain axioms, 

  

(2.1.6) 

    

       
   

we'COnsider‘the following tWo diagrams. 

    

- _P(A'A-) L ' : . o (‘2,1.7’)_      
  

  

B(AteA,-) T R 

¥ \ S B(ABA' ,-) B(ABAT,~ 

    

          

   
N 

=iEhe regions 1 and 2 of diagram (2.1.7) commute by      
definition of ¢.  In diagram (2.1.8), regions 1, 3, and 5    
commute by -definition of a; regions 2, 4, and 6 commuteé 

  

by definifigfil‘ 0, together with the naturality of z and 

  

o
n
i
 

  

€. If exigms03 2and MCY hold for (c,z) then the center 
“T@gions of both diagrams commute whence the extefl‘ors' 

: L commute. Thus o satisfies conditions which depend only 

“on the trace A. 

s
 

il
 

N 
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hg. - 

. 

  

  

Definition 2.1.2 AV§&mmetry for ‘a promonoidal category 

A= (A,P,J,),p,a) is a natural isomorphism 

o =?oAA, + P(AA'-) > P(A'A-) 
satisfying the following two axioms: 

PC3. The exterior of diagram (2.1.7) commutes. (i.e. g2 ;1). 
PCY. ~ The exterior of diagram (2.1.8) commutes. 

A particular consequence of the above>arguments 

“is that every monoidal category may be considered go pbe-a 

promonoidal categdry. More precisely, we have: 
e - : N T E o B : fas 

“Lemma 2.1.3 kTafigflg A =B and M to be/the identity, the 

disgrams (2.1.1) to (2.1.5) establish a bijection between 
v -monoidal completions of the data (&,T) on B, and promenoidal 

completions of the data (P,J) on B. Furthermore, diagrams 
(2.1.6) %0 (2.1. 8) provide a biJectlon between monoidal 

Wfiymmetries and promonoidal symmetries on the respective 
wiesnltlng structures. 

emProof ‘ In each of the diagrams (2.1.1) to (2.1.8) the 
“transformations z become Yoneda . isomerphisms.  Henece each 

diagram becomes a diagram-of isomorphisms. The results 

follow immediafiely from the representation theorem. 

  

  

       



  

  

monoidal. 

  
  

    
 



" sSecticn 2,2 
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Promonoidal fimc'tors, natural transformations 

  Let A= (A,P,J,A,p,a) and B = 

;.d:énote arbitrary promonoidal categoriés. 

i 

BEfimitdon 2,2.1 A promonoidal functer 
  

¢ = (9,9,07) : A + B consists of 

. a functor ¢ : A » B 

and natural transformatio.ns 

$’= gAA' : P(AA'-) d F(¢A3¢A's¢") 

BRI AR B ) 

satiéfying the following three axioms >(in which 

uncommented diagrams commute by construction): 

"‘PFi.A The diagram # commutes: 

' ' s LA 
JX8P (XA~} JXQP(XA~) 5 A (A=) 

¥ 
Y,08,¢~) ————B{¢A,$~) . 

e e 
" TXOP($Xp A0 =)~ TYRP( T e - 

The diagram ¥ commutes: 

s P 
JXQRLAY Yoot JX@P{A¥~) ———— o A(A-) 

s 

\ 

L 
o _ 1 i Lo —.w 

JOXBP (94, 6X ¢~ ) ——== TYBF(¢A, Y, 0-) ———> B(¢4,¢-) . 
-89 au P 

\   
      

     



  

  

   

    

  

P . 

P(AA'X)@P(XA"—)—————>~P(A'A"X)@P(AX—)‘ 

Ay 
P(A'A"X)@P(AX-) 

98¢ 

| 

L 
P 

b 

I o IP(ear ¢A" X)eP(¢A¢X¢ ) 

£ P(¢A¢A'Y)GP(Y¢A"¢ )->P(¢A'¢A"Y)®F(¢AY¢ ¥ 
F it 
- ; . o : 

Defin*tion 2. 2 2 If pr'omonoidal categories A and B are 

equipped with symmetries 0 and o respectively then a 

... Dromonoidal functor ¢ = (¢,¢,¢ ) i A +B is symmetric if 

  

it satisfies the axiom: 

PFL.  “the fo‘ilo;i’ln'g diagram commutes: 

      

o 
s
 
T
 

R 
R
N
 

R 
R 

   

     

  

al
 

. _ 
P(A'A-) 

i ¢ ’ 14 
| }% P(¢agar¢-) ~ P(9A"6AG-) . 

   

         
     

      

   



  

  

          

  

         
    

      

If M': A+ B is a full embedding into 

  

w~g-monoidal category B and A is the trace of B along M ' 

~then (M1 13 A + B is promonoidal. - - - 

?Tfifif %exfiffl to diagrams (2.1.1), (2.1.2), and (2.1. 3) 

        
          

  

         

      
        

  

: :2k'a promonoidal category {(by Lemma 2.1.3), 

£i11 ifi'fihe appropriate X, p, and o (as shown). By 

”Definitififi“?12.l, the upper regiohs of.these'diagrams now 

assert that (M,l,l} : A+ B.is a promonoidal furctor. 

Furthermore, if B is symmetric monoidal then the diagranm 

(2.1.6) asserts that (M,1,1) : A » B is symmetric (by 
: . R 

 Definition 2.2.2). 

     

  

For any functor ¢ : A » B the representatlon 

           
    
      
      
    
         

   

,‘theorem establishes a bijection between- the natural 

#oepyansformations vy ¢ LA + LB.¢ and the elements feBo(B,¢A)5 

~Hby means of the diagram 

R Y - 

A(A-) —— = B(B,¢-) 

LS8%9A, 6-) : 
"Nowrsuppose that ¢ :.A + B is a functor between monoidal 

    

categories.  Then the diagrams 

  

S
O
 

A    
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3
 

  

_'»‘A(A@Av 5= 

    

  

oy 

)—-——-——;—B(¢A®¢)A',¢—)V 

o1 A,l)_ | (2.2.1) 
B(¢(A8A") ,¢-) EERETE Wl 

- A(I-) B( I,6-) T on 

) ¢ B(4°,1) (2.2.2) 
E B(¢I:¢") 

set up a bijection between promonoidal (respt;symmqtric 

  

(respt. symmetric monoidal) functor structures (¢,§, ¢ ) 

on 6. 

IR ~ 

¢ 
PIQPA —— = 6 (IBA) 

  

¢oerf Y 

  

I89A — = $A 
   

  

2 

: $ 
MF2. PABPT —— = H (AST) 

184° ‘ or 

‘promonoidal) functor striuctures (¢,$,¢') and monoidal 

The monoiaal functor axioms (taken from {91) - 

~ commutes, 

  

(2.2.3) 

(2.2.) 

commutes, 
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SR 7 

Cd((ABA')BA" ) o $(AB(ATOAM)) 

$ LA $ 

 4(A®A")OGA" : 0280 (A'8A"™) (2.2.5) . - B i ; 

e R 165 

. o ($ABA1)BYA" ——————=~ $AB(PA'O9A") commutes, 
a 

MFY, (for symmetry) 

. ' e A 
G{ABA" )~ $(A'BA) e

s
 

¢ R 

CGABOA' — T GA'GGA commutes, 
o e . - 

are preciseiy the result of substituting (2.2.1) and {2.2.2) 

~into axioms PFl-4 and then applying the representation 

7 - theorem.: : 

Finally, returning to generél promonoidal 

considératjons, there is an appropriate concept of "2-cell®. . 

  

Definition 2.2, A.promonoidal natural transformation 

n:?>Y¥: A+Bis a natural transformation n : ¢ + ¥ 

satisfying/the following two axioms: 

         



  

    

   

" s6. 

       %fbllowing diagram commutes: 

JA = oA 

  

: JYA . 

© . PN2. The ¥o1lowing diagram commutes: 

~ 

  

  

N 

o ) . . P(aAt-) P(¢ApA"$-) 

2] P1,1,n). 

F(wAwA'w—) ' Ploagary-) . 7 o : . P(n n;1) , o 
The net result is the "2-category" Prom. . 

xflhflxmmnoidal funetors ¢ :"A + B and ¥ B + C are composed 

“in the obvious manner, the data of the composite 

promoivoidal functor ¥.9 being (w¢,$$,¢'¢‘). Similarly,, 

one can comnose    promonoidal natural transformations with 

_,promonoidul Sunetors, qnd with one another. An 

= §g§g:gh*sn in Prom is readily seen to be a prowonoidal 

functor ¢ = (¢,¢,¢') whose data ¢, ¢, and. ¢* are all 
wdsomorphisms. A natural isomorphism in Prom is a natural     
transformation .all of whose components are isomorphisms. 

Ve 
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. 

- The folléwing lemmas allow us to replace given 

    

promonoidal structures by suitable isomorphs when 

  

    required. The verifications are straightforward 

        
cbmputations from the definitions and shall be omitted. 

    
Le mmg 2.2, 5 Given categories A and B and an isomorphism      

       
    -¢ 2 A + B together with functors 

P        A%Pga%Pos 5 vy, T : BPg%Pgg 4 y 

            . J:A+v, T:B=>v   
and natural isomorphlsms 

l\ 

=8, 1 P(AAT) » B(oasnro- ) 
¢-:J+J¢’ ) "_\,. 

TN 

    
t:he axioms PF1-3 for q: = ($,9,0") establish a 'bi,jecf:.ion 

between promonoidal. completions of the data (P J) on A   and the data (F,7) on B. 

Lemma 2.2.6 Given promonoidal categories A andrB together 

with functoers $,¢ : A > B and a natural isomorphism 

n:¢ >y : A->"B, the axioms PN1 and PN2 for n establish 

a bijéction between promonoidal functor completions of § 

and of . 

   



  

     

       
    
      
     

   
         

     

       

     
           
       
       
       

  

‘ ;mn 2.J~ Dualities 
  

'0f the two basic dualities available for - 
: ,,,,mnnnidal categories (Bénabou [21, §3) only "traemsposle" 
'~‘gen1ains available in the general promonoidal sezft;‘t:fifng. 

/"jf.we shall make much. use of the "     comJugate" 
: of a \mono*dal category. } 

.PreDOSition and Definition 2.3.1 (Bénabou) I 

A= L8103 

  

»T>2) 1s a monoidal category then so- ¥s its 

___LLCOD'H ate Aop = (Aop op:I 2_1:1"-1 1) ) e 

  

This duality is a special attribute of‘t&he 

A"category" of mono:.dal categories and strong monoidal 

  

    

  

Definition 2.3.2 A monoidal functor & = (4,3,0%) & 4 
As stromp 30 4he tfansf‘ormations 

: 37: 9A84A" ¥ ¢(aeAr) 
FE Y 

m ;is;:)irv:)rphisms . 

  

‘u:fllearly 2 strong monoidal functor 

ong) conjugate: 

  

$o= rm¢¢ ). A+Badmitsa(str 
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57 - o ~—1v‘c_1' ", op op 8% = (¢%P,371,6° ) 1 4 » B, Strong monoidal 

functors occur quite widely} as shown 1n Kelly [11], the 

closed left adjoint of a normal closed funetor is always 

) strong. 

  

Proposition and Definition 2.3.3  If A   = (A,P,J,A,p,a) is 

transpose 

)}, where P* ig the composite 

" a promonoidal category then so is its' 

= (A,P%,3,p,%,a"L 
   

      

     
       

   

e81 : P A%PgAaPgp T 49Pg,0Dg, —_—. 
It is & &imple matter to construct the tran   spose 

- of a gromonoidal functor. Moreover if a promonoidal 

‘i : category or funa&0r<is symmetric then it is (canonlcally) 
B 

isomorphic to its own transpoqe. 

  

       



  

   g0, 

  

       
Section 2.4 Comonoid categories 
  

    

Suppose, for the moment, that the ground 

  

     category V is a cartesian closed category.. Then any     
category ‘B which admits finite V—coproducts (including 

    

. an initial object O) becomes a monoidal category if we set 

    

BSB' = B + B' and I.= 0 

    

-and take %,F, and 3 to be the canonical isomorphisms 

    

0+BEBZB+ 0     
(B +B') +B"<B + (Bt + B"),       Such_a structure B might well be called a cocartesian 

     

  

» monoidal category (ever‘v).; 

      N 

Theorem 2.4.1 (V" cartesian closed) The trace of a. 
  

    

    

     

  

    

   

cocartesian monoidal category B exists on any full 

E o subcétegory of B. 

Progf = Let A be an arbitrary full subcategory of B, For 

all A,A'eA and BeB, consider the composite 

  E ‘ C 7 XeA o 
: B(BX)8B(X + A,A") = [ B(BX)XB(X + A,A') 

XeA B L 
E . f B(BX)X(A(XA')xA(AA')) 

« R XeA L 
| : 2 ([ (B(BX)XA(XA")))xA(AA") 

because -xA(AA') has a right adjoint, 

   



  

B(BA')xA(AA') 

.by the higher representation theorem, 

£ B(B + A,A'), 

This composite isomorphism is verified to be 

. z.: B(BX)@B(XSA,A') -+ B(BSA,A') 

by applying the representation theorem to BeB. In 

particular, Zy +.. Z) are isomorphisms, whence the trace 

of B exisns on A, ‘ 

Thus, because a full subcategory A of B might 

: not admit finite coproducts (ind), there do exist examples 

of promonoida1 categorles which are not moneidal :To ' 

~.Eeneralise this new type of promonoidal structure, obsérie 3 
%hat we have : S : P 

P(A'A"A) = B(A' + A",A) 

B(A'AYxB(A"A) 

A(ATA)xA(A"R) , 

A(A'A)LGA(A"A),’ e Co(2.8,1) 
the final expression being functorial in AcA by virtue of 

  

the diagonal Ffunctor & : A + AxA. Similariy, 

' ‘ JA = B(O,A) 2T T o (z2.8.2) 
is functorial by virtue of the constant functor e : A>T, 

  

If we wish to remove the cartesian restricticn 

on V we must ensure that (2. u 1) and (2.4.2) remain 

functorial in AecA. This is so if A admits the structure   
  

  

     



  
     

  

i 

  

. s . ’ [T 
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of a comonoid in the "monoidal-category" V-Cat: Such a B 

comonoid comprises a comultiplication functor ék:¥A_* A@A: 

and a -counit functor € : A » I satisfying the following 

~coassociative and~lefltmandarightflcounit laws: 

681 
ARA o (ARA)BA 

  

A . ’ . S o - 

,\;\\\\*$~ . . ABA ——— o AB(ARA) 
) 1838 

o €@l - U 18e - é 
L TIQA - ABA AB7T ’ 

um 3 \ ne 

A - A A R 
  
  

Notg.thét commutativity of these diagrams implies that & 

maps an object AeA to .the pair (A,A)eABA, and that the 

morphisms 

§ = GAA": A(RAT) - A(AA')BA(AAY) 

= . t . - EAA'_' A(AAr) + T 

provide a ®-comonoid (that is, an associative 8-coalgebra 

with a counit) structuré on each hom-object A(AAY). 

A promonoidal structure is then defined on A by 

the following data: 
Ve 

  

     



  

         

       

   

    

T18s Hom(A®A) 
2)8A ——= (A%P8AP)gA8A ——— v, 

  

  ACA'A)     
      © JX8(A(XA)BA(A'A)) _ L L 

       

  

   

oo (A(xA)ng)@A(AvA)—-————_‘>JA@A(A'A),7 ) % e ‘ y81l 
S : . . - p: ’ 

E K .- JX@P(A'XA) A(ara) : 

; ‘ JXQA(A'MIOA(XA)) N fe 

A(AvA)g(A(XA)gJX) ————————= A(A'A)8JA, 

  

  

18y . 

) it o . : 

P(A'A"X)QP(XA"'A) P(A"A'V'X)8P(ATYA) 

ed ci | 
“P(ATA"X)B{ALXAIBALAM A)) P(A"A™ X)8(A(A'A)BA(XA)) 

: .(’A('*X;i‘s\)gP(A'A"X-)’)@A(A'"A) A(A'A)@(A(XA);@_P(A"A""’X)V) 

o y&1 4, . : l : 18y 

e i PLAVAYA)GACATTA) ) A(ATA)OP(A"AMA) 

A{AATA)SATAYATRA(AMIA) — A(ATA)B(A(AMA)RA(ASY L)), 
. , a 
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' 

    

   

‘imitions of A, p, and o-implicitly involve 

the cpmoflo‘id axioms for € and 8. Furthermore, #if the 

  

/:mxjmp;..j,.cation ¢ is commutative s we can definé & 

~gygrmetry ¢ = Taramy for A as 

w7 . A(AS A)@A(A"A)—-——>A(A"A)®A(A'A) = PAAAY. 7 . ’ 

  

. This u.:tzjeiax,iy«.satisfies PC3; the other axioms ame Too 

i:i‘mg to verif‘yv here but they are essentially a rwesuit of 

.the "eoherence" of the Yoneda isomorphism y. 

““Remark on symmetry To each assertion that is mad;e i3 
s : 

“the- ‘sequel there 1s a corresponding assertion—wi’ch—symmetry. - 

To . avoid restatement, we have omitted it noting ’chat the 

sEmresTending pr'oof—with-syrrunetry requires nothing that is 

~essentially new. 

  

  
        

  

  

    

   



     

  

THE FUNCTOR CATEGORY THEOREM 
  

Section 3.1 The Hom construction R R 
      

    
   

  

e FPeom the considerations of the preceding section, 

  

;pz@mn?oidal category is monoidal. However'wé 
  

    51437 “can ask. whether every promonoidal éategory arises 

;“flmmfllkas'zhe trace of a monoidal category. For "small" 

‘firéhbhoidal categories this can be answered in the 

'jséxéffirmative by use of the Yoneda embedding. 

¥ 

Let A be a category for which the functor 

Gategory F = [A,V] exists; in practice this will meam that.. ' ' 

b
 
i
 

- p
s
 

  

{the ‘'set of objects of) A is small and V is complete. 

      

      

Ffirther, suppose that there is given a functor 

  

8 : FOF »+ F 

  

with an object 

  

TeF. 

fhewdigpussion'of Section 2.1, we set B = #%P ana 

,A~wff9p; thus obtaining functors 

P : A%PgA®PaA » v 

T s AV 

  

Frsesigivepe P(AA-) = F(L-,LABLA') and J = F(L-,T). 

    

7 If the given functor & : FOF » F admits a 

=xdglt adjoint to each variable then diagrams. (2.1.1) to, 
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L2538 xestmbhish a’bijection between biclosed completions 

     

  

of the data (§,I) on F and prcmonoidal completions of the 

     

__constructed data (P,J) ori" A 

  

© Proof First we have that Zy .. Zy are isomorphisms 

aeformations 

  

  
a3 

(3.1.1) ] ve
 

_F(LX,S)8F(LA,LXSLA'). » F(LA,SSLA') 

F(LX,S)8F(LA,LA'OLX) + F(LA,LA'8S) 

  

are- isomorphisms for all SeF. To see this, combine the 

-following three facts: ‘ 

(1) For each AeA, the funétor F(LA,=) ¢ F.» ¢ ha§ a right 

' adjoint Znes[z,LA%. . 

  

(2) By hypothesis, the functor 8§ has a right adjoint to 

each variable. .~ ) . R
 

R
 

e 
R
 

e 
e
 

e
 

o 
s 

S 
g 

“{3) ~ The functor L : A°®P = F 1is dense (Section 1.5). 

  

In other words, the functors F(LA,-8LA') and F(LA,LA'8-) 

o i 

preserve the expression 

  

w8 & F(LX,8)8LX o v e 

seF. » ‘    
Thes&fbecause Zy ... Zy are lsomorphisms, %the ! 

e diagrams (2.1.1), (2.1.2), and (2.1.3) provide a bijection 

‘% ““between natural isomorphisms A, o, and o for (P,J) znd 

natural isomorphisms ¥ :-I8LA € LA, T : LASI = LA, and 

  

a : (LA®LA')8LA™ = LA®(LA'8LA") for (§,T), by taking the 

   



   

  

    

      

  

4 

5 
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inverses of the ¥, F, a actually shown in these diagrams; 

  

in other words, we are looking at the conjugate of B. 

  

Because (3.1. l) are isomorphisms for all SeF, the 

   diagrams (2.1.4) and (2.1.5) are also diagrams of    
’isomorghisms. Consequently, axioms PCYL and PC2 hold for 

  

A, p, and « if and only if the ceriter regions of (2.1. U) 
and (2.1.5), respectively, commute. -But, by the higher 
representation theorem, F(L- s3) £ S for all -‘SeF, hence 
these center regions commute if and only if the diagrams 

  

a y o Tt . (LA@I)@L&'——~———~a~LA@(I®LA') (3.1.2) 
' F@i\\\\g\ ' /g//fg% . 

O TLaeraf e SETRER RIETE . S - : (2.1.3) and -~ . ‘ ‘ , : 

a z ((LA@LA')@LA")@LA'"———%~(LA®LA')Q(LA"@LN'?a»LA@(LA'@(LA"@LA’"» 

- F@81 
18T 

  

(LA®(LA'®LA™))@LA " LAS({LA'8LA")@LAM) 
’ a 

commute for all A,A',A",A™ ipn A. 

Finally, because § has a right adjoint to each 
variable and L : A%P-4 F ;4 dense, we can use Lemma 1.5.4 
to deduce that the transformations T, T, 7 admit unique 
extensions to natural isomorphisms 

 



    

  

~ 
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) P » Ies 2.8, Fé :'88I = S; and 

‘;EETR. (SeT)8R = S@(T@R),‘ 

    

   
satisfying axioms MCl and MC2 if and only if (3 1. 2) and ’ 

  

13m1-3) commute. - This completes thekproqf.    

  

  

  

Theorem " 3'1 2 (the functor category tbeorem) Let A be a 

.eategory Tb?’which the functor category F = [A,V] exists, 

  

  

      
      ““let P : A%gA%g4 » V be a functor for which the coend 

1 T = .[AA 

    

(SA8TA' )eP(AA'-) (300       
-eXists for all S >TeF, and let JeF. Then there exists a    

  

bijection between promonoidal complefions of the data 

    

“(P,J) . on A and biclosed completions of. (G J) on F.   

  

      

  

Proof The expression (3.1.4) defines’a (canonical) 

:tadmnttor,e : FQF + F by Lemma .1.3.%. 

    

Furthermore, & has a 

        Tight adjoint to each variable: 

F{S8T,R) = fA"[(S@T)A",RA"]     
  

    
Lo/ (saeTar)oP(ARTA"), RAY] 

     % i nqn [ (SASTA')SP(AATA") ,RA" ] 
EE{Anian[SA,[P(AA'A"),[TA',RA"]J) 

s fA[SA,fA,A"[P(AA'A"),[TA',RA"J}J 

= ]A[SA (R/T)AT say, 

= F(S R/T) 

where the isomorphisns are the canonical ones. 

rouodhet each of 

Assuming    Ainvolved is made functorial in its    
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extra variables usiog fiemma 1.3.1, we fiave that the 

composite~isomorphism is naéural in S, T, 'and R.  Thus 

- =BT admits a right adjoiofiv;/T defined’fiy. 

; R/T = jA,A“[P(-A'A"),[TA',RA"]] : (3.1.5) 

for al% ReFfi Similarly, we -have 

‘ [y (TassAT)eP(AAIA"),RA ] fi(T@S,R) 

n [A.[SA',[AA"[P(AA'A"),[TA,RA"]JJ 

whence T8- admits a right adjoint T\- defined by 

T\R = IAA"[P(A-A"),[TA,RA"JJ ' o (3.1.6) 

for all ReF. L ‘ 7k€ k 

: Now define functors P' : A°Pgi%Pei V-.and 
I i Asvby G 

PY(AA'S) = F(D- JLABLAYTY 

it s 3= F(L-,0). 
Then the Lemma .3.1.1 provides a bijection between 

promonoidal completions of (P',J') on A -and bielosed 

completions of (&,J) on F. Furthermore, the higher 

"epreoen»ation theorem provides 1somorphisms 

¥ P(AA'-)—-—e—P’(AA'«) 

X' o J-f—eaJ'. 

By Lemma 2.2.5, the promonoidal functor axioms for (1, i X" 

eqtab1ish bijection between promonoidal completions of 

the data (P,J) and of the data (P',J'). The proof is 

completed by composing the two biljections. 
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" We shall éali a promonoidal category "smali" 

     

    

   

  

       

    
    

    
    
   

if 1ts data satisfy the hypothesis of the Theorem 3.1.2. 

  

Definition 3.1.3 When A is 'a "small® promonoidal 
-category the biclosed structure provided by Theorem 3.1.2 
on~ fA V] shall be called the Hom of A and V and denoted 
by {A,V}. : 

  The justification for this terminoclogy lies in 
" the observation that 

AArARLPCARTAY Y [SA@TAr JRAY 1] 
{A Vi(s,T)-= jAA,[A(AA') [5A,7A%13 S 

CqA, Vi(J,s) [A[JA,[I,SRJJ. 
These formulas display the P, Hom 

'{A V}(s8T,R) = f 

  

n 

s and J of {A,¥} as the 
respective "inner products" of those of ‘A ‘and v, 

Corolliary 3.1.4 Any Ysmalil" bromonoidal category A 1is 
  

isomorphic to the trace of a monoidal structure namely 
{A,v3°P, 

Prooi By the construct;on of {A,V} in Theorem 3.1.2.     
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"Corollary 3.1.5 Eéch'biclosed structure on [A,V] is 
  

isomorphic to one of the form {A,V} for some promonoidal 

structure on A. 

Proof Let (8,J,...) be a biclosed structure on 

F = [A,V]. Define a functor P : A°P8A®PeA + v with 
7 T 

) 

P(AA'-) = LABLA' ‘ (3.1.7) 

"Define 8' : F8F + F and bgp ¢ SBT 2 S§'T by the composite 

-isomorphism ‘ 

1 s8T 1 (fAsaeLa)s( /A rarernar) 

by the higher repn.bthrm., 
¥ 

e Eo fA% (saeTat)8(LABLAT) 

bbécause & has right adjoints, 

. 
A% (sneratyer(aar-) . 

' by (3.1.7) 

= 5@, L | 
By Lémma 2.2.5, there exists.a uhiqfie (biclosed) monoidal 

completion of (§%,J) méking (1,%,1) a monoidal 

isomorphism.‘ Moreover, the Theorem 3.1.2 asserts that 

this is {A,V} for a unique promonoidal completién of ‘the 

data'(P,J) for A. 

  

The net result is a correspondence to within 

isomorphism, between "small" promonoidal structures on a 

. eategory A and biclosed structures on [A,V]. 
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. The Hom construction has the infierestifig, 

though not unexpected, property that it turns certain 

promonoidal functors into algebras: If A is a "small"   

promonoidal category then a promonoidal functor ¢ : A + ¥ 

G£§/p§53isely a ®-monold (by which we mean an associative 

8-algebra with a unitj in {A,V}, and a promonoidal 

’hatural transformation between two such functors ° 

corfeéponds to a - monoid homomorphism. One immediate 

consequence of ‘this fact is that each funcfor T: A=V 

  

generates a free promon01da1 funetor ;‘ 

X T ' : A > V where 

  

n=0 T’ 

‘TO f J 

f1 T TAl...An o T, =/ (TA;8.. .@TAn)S(P(AlAZX)gP(XA3X)§. --8P (XA -)) 

for n > .1, 

provided V admits the required colimits, This result 

follows on combining our definition of & in {A,V} with 

the free‘8~monoid construction for a biclosed category 

which 1s essentially provided by M. Barr in {13 §2. 
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1 

Section 3.2  Monoidal examples 
  

For special typeé of prombnoidal category A the 

- formulation of the biclosed”structure {A;V} may be » 

'simplified by app'* aticn of” the higher representation 

theorem. Tn thls aection we sha1¢ suppose that 

       ategory. . Then the 

   ’.1nternal—hom - to    
(T/S)A = 

sad o 
(S\T)A = Jo P(BACY,[SB,7C1] 
i #%BC{A(B@A;C),[SB,TC]] — ; . 

= f4I5B,T(BeA)1 ' 
reépectlvely. ’ | 

If in agdition, the mon01da1 category A is- 

biclosed with 

A(A8B,C) = A(A,C/B) = A(B,A\C) 

then the tensor-product (3.1.4) reduces to either 

AB ’ 
f (s8T)C (SA®TB )P (ABC) 

n [*B(saeTE)8A(A,C/B) 

n Bs(c/matB 
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i 

    

    
    
         

   
    

    

    
   

   

  

    
   
   

BB | AB_(SAQTB)@A(B,A \C) 

= fAsper(arc). _ 

-+ lhese. formulas present {A,V} as a convolution of A and V. 

"*“?%%’following are typicai examples of {A,¥} 

\1énd pessibly biclosed. For convenience,     
“We Suppose in each example that A is small as a category 

anfl that v admits all small limits and colimits. 

. W;Examg}e 3.2;; Let A be a category with a single object . 

Then the endomorphism-object M = A(I,I) admits a canonical 
    

B-monoid structure in V, the multiplication p : MEM + M B 

and identity n : I > M being descéribed by -composition and . 
,E. 

idéntity in A respectively. Moreover, every @—monoid in 

5@fiay*%e}sd obtained, By Eilenberg-Kelly' [9 ] Propn IIILH.ZQ_ 

“he data : : e T ' 

   Hefine. .o b 

~Af.and only 4T M = (M,u,n) is a commutative 8-monoid.. 

“Thus, ‘on taking each of ¥, %, 5, and ¢ to be the idesatity 

transformatfen»oT +the identity functor on A, we obtain a 
s    
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- <   

  

  

Symmetrle me 121 category (A,8,%,%,7,4,3) whenever      
.-M.ds eommutative. The resuiting closed category {A,V}    

is the categfiry of M-modules with the usual tensor-product - 

  

usmnd dpternailebom; to see this, notethat 

J5I8(T), 1)      
= "natural'transformaéions"‘from S to T, 

  

   
" Example 3.2.2 Suppose that A is a symmetric 

promonoidal category. Then {A,V} is closed. Moreover, 

  

  
a commutative @-monoid in {A,V} is precisely a symmetric 

promonoidal functor ¢ : A » ¥ . Thus, from the preceding 

example, the. category ¢-Med of ¢-modules -is closed. 

P 

. 

Example 3.2,3 (V cartesian closed) Take ¥ = § and let A 

    
  

be a (finitary) commutative theory in the sense of Linton 

[141. Recall that A is commutative if, for each m-ary 

operation yieAlm.1). 

  

And n-ary operation veA(n,1), the 

  

wrd0llowing «disoranasemmutes : 

6 b L I R | P 
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where the isomorphiém is the canonical one. By [9] 

    

Propn III.h4.2, this is preciéely theveondition that the 

    

rules 

    

nén 

      P U ugv = p VP     
should define a functor 

  

& ¢ AxA 4. 

      
    

    
    

   
   

   
    

    

   

  

With this in mind, let us replace § by an 
arbitrafy cartesian closed category V. We now define a   

: finitéry Y-theory to be & V-category A having for oéjects 

the noh-negative integers N = {0,.1, %.. , n, ...} ‘and 
§ N 

; having the property‘that}f? ‘ TR 

  

n = 1% (the n-folid product of 1) in Ags 

n o and A(m,n) ¥ A(m,1)" in»Vaylfor all myneA . ‘The category   of A-algebras 1s the full subcategory of [A,V] determined 

by those functors from A to V which preserve finite 

products. 

  

For each m,ne¢ A , the morphism 

A(n,1)" » A(a™,1™) 2 

defined by the (i=1,...,m) diazrams     A, 1) — — —— s A(n™, 1) 

e . 

Py A(l,p;) 

AN,1) ———— o A(a™, 1) 
A(pi’l) N 

  

 



  e 
  

  

of projections, ma& bé composed -with the diagohal function 

5§ : A(n,1) » Aln,1D™ to yiéld a morphism 

t 0t An,1) > A(®,1m). . 
This in turfi enables us to define canonical functors 

P m8- : A+ Aand -8n: A+ A 

with m8n = n™ for each m,neA. 

By definition, the V-theory A is commutative 

if m8- and -8n are the partial functors of a bifunctor 

8 : AxA -+ A, ' 

Assbming this 1s so, let I =1, let E, r 

  
be the canonical nén—identity iszomorphism. Theée data: 

FreTt g 

  

provide A with the structure of a symmetric monoidal 

category. The resulting fllosed structure {A V} on the 

category [A,V] of all functors from A to V, can be 

restricted to the category of A~glgebras. First, 1t is 

easily verified that the internal hom 

[S,T1 = [ [Sn,T(né-)] 
of S and T preserves finite'producté whenever T does, 

More imfiortantly, if S and T are both A—élgebrAS»then éo 

is the tenscr product 

S8BT = [™(smxTn)xA(ndn,-) 
e 1] fmn(SXT)(m,n)XA(mén,—). 

This result follows from combining the Kan extension 

theorem given in Appendix 2, with the fact that 

  

  
  

  
     



     
   

T both do. 

  

‘when'b =8, we obtain the usual closed category 

     

  

   
= of algebras ové§“§ commutative theory (Linton [14]). 

Otharm 2rd applications are obtained by taking 

    

V to be the cartesian closed category of compactly Lo 

wugenerated spaces and continuous set maps (discussed in 

  

      
Section 4.3). For instance, the ordinary (commutative) 

  

~S=theory of abelian groups provides. a (commutative) 
e 

  

      

  

theory 1f we take the came sets of operations buty give 

them the discrete topology. The resultlng category of    

  

N 
compactly generated abelian Proups and continuous group 

    

homomorphisms is ‘closed by the -above procedure. Less 

““"“%riv1ally"       
   

s we could consider the category of compactly 

o Vgenerated,modules over, say, the field of real numbers     

       
      

  with themusual topology; in this case the sets of 

  

operations sgd responding theory are non-trivially ‘§  

. APPOlORISEd. Woreswer, the theory is commutative and ‘       - thus yields,awaméfiidafl closed categery of topological’ 

     
    

“yector spaces., 

  

Example 3.2.4 :»Amy;{multiplicative) group G = {g,h Kyoudd 

  

- 
,§1 may be viewed. . 

   L AsRleorete biclosed category over S by 

; taking 

     



      9.        

+ 

g%h = gh, g/h = gn"l, g\n =gl     The assoclated free V-category A= FiG then has an       

     

   

    

     

   
    

induced biclosed structuré over V.  Because G is g discrete 

éategory, f* reduces to Jand [ to T in Vo so that the 

  

  

N resu%ting biclose§ structgre {A,V} on»the category of 

T_% F—graded ocbjects of V is given by the familigr formulas 
3 e V(X@Y)k = ghg X, 8T, : 

& 121 Xyp-10Y, : 

% - 5 g‘ g1k 

  

B 5 Par¥e   it = . P
 

o]
 3 ' (X\mfg = 

for all X = X} and ¥ = {‘fg}‘in [F4G,V1.  Generally %“his 
biclosed structure is non-symmetric; it is symmetric 

R whenever G is an abelian group. 

  

Example 3.2.5 - Another non-symmetric éxample of {A,V} is 
i obtained by considering the simplicial category mvwhose 

  

2 objects are the finite'tbtally ordered sets {0, 1, ... 5 n} 
and whose morphisms are non-decreasing set maps. This 

    
category has a non-symmetric monoidal structure obtained by 

   



  

  

   
#miwplicial objects in V. This differs from 

the usual Z etrlc closed structure on simplicial Obifects; 

“tpe latter is treated by Example 3.3.3. 

      
, 

oo Example 3.2.5 
(]. 

Lastly, let us. take A to be the free 

category on the arrow uategory 0 »1, together with the 

synmetric monoidal structn*e given by finite products 
  

  ,Jn 0 » I, In this simple case, the tensor product and    'internal hom in {A,V} ean beeasily computed from the 
      

  

   

WA construction for coends and’ ends - (outlined in - 

'Sec ion 1 l) The resulting closeq structure fA,V} on 

the category [A V] of morphisms in V, may be described as 

follows. Let X » Y and £r ¢ 3! #+ Y' be morphisms in    
R ABTY 45 defined by the diagram 

B Yox! 

R n@X" . @f_ —>-Y®Y' 

1%\ / 
/ X8y 

   
   

    

  
 



          

/ L s 

where .2.1s.the push—out'of' (f@l,i@f') in V,, and [f,f"] 

J5 gdefined by the diagram : 

S _IXx ] 

‘ j [f, , . = | B . 

. )', ‘ T ‘ \ . 

E L n,e [£,1] 
L - - T 

" where P is the pull-back of ([f,l],[lr,f'])4rin' Vo The 

“+41dentity T.is the unique morphism 0+ I, where O denotes 

the initial object of VO' A second closed ;truc.ture_qn 

"fbhisg category will be described in the following section. 
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:V»s.‘m:)monoid examplma and ‘general remrks     

    

   

    

  

¥Wien A has the structure of a comonoid in 

  

Mlat . the tensor product (3’.1.14)_ reduces to a jpointwise 

TSI, IAB(SAaTB)eP(ABc) 
= jAB 

  

(SASTB)®(A(AC)BA(BC)) 

(jAA(AC)@SA)@(}BA(BC)®TB) 
SCeTC. 

TR 

nh 

  

n 

  ""i:i‘!l’.he V:{i._»r‘;tigrnaiwé'xum formulas (3.1.5) and (3 1.6) become 

(T/S)A = jBCEP(ABc) [(SR,T¢1] ARTTR . 

= IBCEA(AC)QA(BC),[SB,TC]J 

  

E IBC[A(Ac)sA(Bc;®SB,TCJ T T N i 
 fsLAwac)efPa(acress, el 

& jc[A(Ac)@sc,TCJ 

    

    

   

:%gctA(BC)@A(Ac),[SB;¢CJJ. 

fiCLSC@A(AC),TCJ 

.re.sp;e:ciively e 

This “t'y'pe of -biclosed functor- category #rises     ‘i*‘requently in practice and some examples are lis#ed below. 

Again, we shal 

  

egppose that A is a small category and     
that V. is com;SZ.tht_.e_v___gnd cocomplete. 

   



    

  

   IrAis a comonoid in V-Cat with only 

one object then its endomorph*sm-object is'a hopf monoid     

  

    
   sand A VY is the usual bic;osed category -of modules 

“o¥er this.monoid (ef. [91 IV §5). ” 
   

    

      

     
     
   

-"Example 3.3.2 {V cartesian closed) TIf V is a cartesian 

~/x3esed category then V-Cat is a cartesian monoidal 

  

  

"g¢ategory”, hence every V-categoryvA admits a unique 

"“%tvmmutativej comonoid structure in V-Ca%, with the 

~dlagonal functor A+ AxA as comultiplication and the 

   
      

  

  

vuhique fimetcr A + T as counit The reduced tensor-product 

: formula obtained above shows that {4, V} is cartesian 

.xq,wclaged, . 

  

      

   

' Examgle 3-3&3 If A is an S—category then the comonoid 

          

       

in V-Cat on'the free V—category FLA generated by A. Thus 

  

b egery f”¥ 3%1, whose underlying S-category is 

iSbmorphic to the S-category [A,V.] of ordinary. S-functors 

wifrom-A to Uo and- S-natural transformations between them, 

always admits a symmetric monoidal elosed structure over V. 

  

         



  

    

  

b 

~symmetric closed structure on the category [F#mop;VJ of 

- simplicial objects in V, differs from the non-symmetric 

" blelesad structure discussed in Example 3.2.5. 

% S _’f ‘ o . .84, 

A given funétor category [A,V] méy;vof‘course, 

;dmit several distinct biclosed structures. Moreover, 

'fiy the functor category theorem, these will cofrespond 

to non-isomorphic promonoidal structures on A, To 

111ustrate, take the s-category in Example 3.3.3 to be 

the dual of the simplicial category m. The resulting 

  : Again, in Example 3.3.3, take A to be the free 
TN 
v-category on the arrow category 0 + 1, The categorv 

  

EA,V] of morphlsms 1n v then admits a closed structure k % 

with a,201ntw1se tensor product;’ that is, with 

£ i rer' (x - )B(X Y1) = X&X' — = vey',   

This differs from the tensor prodact discussed in Ezample 

3.2.6, whieh was constructed from flnlte products in 0 =+ 1. 

-In fact the pointwise structure could 2qually be regarded 

‘as a "monoidal example" by taking the monoidal structure 

6# A to 'be that arising from fin;te coproductS'in 0.+ 1. 

Whilé a large numbef of promonoidal categories 

can be viewed either as monoidai categories or as 

comonoids (ofvboth), there do exist other types which we 

have not bothered to elaborate here. For example, consider 
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s 

the category [AOpsA,Vj of "bimodules" over a small 

~ecategory A. 'This functor category admits a canonical 

biclosed structure for which - A 

SBT(AB) e f%stacysT(cB) = s(ac)er(ce) 
| __AT/8(AB) = JoIs{Be),TC4C) ] 

k S\T(AB) = f,[S(CA),T(CB)]1 

T(AB) = A(AB) 
¥ : A(AC)8T(CB) ———=T(4AB) 

y 

F T(AC)8A(CB) = A(CB)@?(AC)—-———’-T(AB) 
: ¥ooo St 
(R(AC)BS(CD))@T(DB) = R(AC)®(S{CD)@T(DBY) 

  

[ EY [T
 

R
 

_where R,5,T<[AP84,V1 and (4B)eA%P@A. This biclesed 
$trufifinre corresponds,‘by Corollary 3.1.5, to a 

promevioidal structure on A°p®A which, in general, is 

meither monoidal nor a comonoid. 
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" CHAPTER 4 

" THE REFLECTION THEOREM 
  

Seetion 4.1 Reflection of biclosed structures - 
  

Many closed categories arise as full reflective 

subqgtegories of ‘others that are more "freely® 

zggétructeq.vaor instance, the cartesian closed categor& 

/of compactly generated spaces arises as a full refleective 

subcategory of -the category of qfiasi~topological spaces 

Introduced by E. Shanier [161, the latter category being 

cartesian closed in a particularly simple marnner. :Again; 

wa~m,~>the closed category of 'sheaves of abelian groups, on a 

_ tepology T, is a fuil reflective subcategory of the 

‘cYosed functor category {T°P,Ab}. 

In general, we seek properties of a'refiection 

which enable us to conclude that the reflective 

subcategary is closed. The properties we shall discuss 

here are eaéh equivalent to the requirement that the 

'feflecting functor admit enrichment fib a strong monoidal 

functor. 'This result is compatible with G.M. Kelly's \ 

observation (referred to in Section 2.3) that the closed 

left adjcint to any normal closed funetor, is strong. 

    

     

    

  

  
  

       



  

Theorem !.1.1 (the reflection theorem) Let B = (B sLsees) 
  

6} a biclosed category and let & :C > B be a full 

7sbedding with left adjoint ¢ (we shall omit the symbol 6    

  

ind denote the unit of the adjunction byn: 1 > ¢-: B + B). . 

Further, let AcB be a strongly generating class of objects 

1n B. Then, in order ‘that there exist a biclosed st"ucture 

5@ C for which ¢.:B + C admits enrichment to a strong ' L 

@;noidal functor, it is necessary and sufflcient that cne 

éf the following pairs of morphisms be a pair of 

. “isomorphisms for all AeA, B,B'eB, and Ce(; 

Y 1a) n': ¢/B > ¥(C/B). SR N R g 
B\C + y(B\C) N - b)j n 

2a) n: C/A » b(C/A) : 

®)  n: ANC » $(A\C) o 

"3a)  m\1: gB\C » B\C R 

‘b) L/no: C/yB > C/B v : 

H 

4a) . ¢(n8l) : Y(BGB') -+ Y(yBEB") 

b)) ¢(18n) : Y(B'OB) ~ w(B'®¢é) 

52)  ¥(nel) : v(BeA) > y(yBeA) 
b)  $(18n) : Y(A8B) > Y(AGYB)   

6 ¥{n8n) : Y(BOB') + Y(yBEYB").   
The biclosed structure-on € is then unique to within 

isomorphism. ~ 

    

  

  
  

  

 



   o 8s. 

S
R
 

Yo
 

xirsi,we establish the equivalence of the six 

numbered cdhditions. These are arranged in tramspose 

M
R
 

F¥=vithe Tlast being self-transpose) so that m = n 

‘henever ma) ='naj}. We prove 

    

3 37 3a) = ha) = 5a) = 3a) 

4 =6 =1a), 

(3> 2a) because AcB. 
     

2a) - 3a). Consider the following commuting diagrum 

  

  

  

NP 

e S B(1,n\1) 
B(A,¥B\C) > B(A,B\C) . 

R B - Sl i 
. e B(al) e 
B(YB,C/AY - B(B,C/A) 

e i i 1 osam 

: 2 B(YB, W(C/A)) B(B,y(C/A)) 
s il B(nl), ~ 

“Twowcodhere the vertical arrows are isomorphisms by 2a) zmd the 

  

“bottom arrow ';“ah isomorphism by the adjunction y-—é&. 

op-arrow. s an isomorphism for all AcA. 'Mais’ 

s sufficient -for 3a) to be an isomorphism because 4 is 

S nnnstrongly generating., 

'3a) = 4a), Comsider the commuting diagram 
e 
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& T ceen), 1) 
T{Y(yB8B'),C) — : = C(y(B8B"),C) 

: B(n®1,1) ' i 
“B{yBEB',C) — — B(BeB',C) 

          
    
          
        
    
      

R (H.1.1) 

_ B(B',yB\C) ~ : = B(B',B\C) 
: : ’ B(1,n\1) . 

  

  

: 'iflme the vertiéal arrows are isomorphisms from the - 

: adjunction y—i0, and the bottom arrow is.an isomorphism   " by 3a). Thus, applying the representa’cion theorem to c, 

S Lj]; ’ff ¥(ne1) : b(BEB") > y(uBes")     ; :[s an isomorphism, ‘as required.       
A2} =+ 5a) because AcB . 

    

   

  

5a) = 3a).: Consider diagram (4.1.1) with B' = AeA. The e 

top arrow is now an 1somorphlsm by Sa), hence 
“ 

  

B(l.nxl) B(A,¥B\C) - B(A,B\C) 

  

   

  

s fimm:rsomorphlsm Tor all AeA. - Because A is str"ongly‘ 

gene“at.Lng, this implies: that 3a) is' an isomorphism. 

4 =6, This is immediate from the commutativity of 

  

lb(B@B') = p(YyB8YB!') 
L A{n€n) ’ 

A ’/;flen) 

‘\/ 
${yBERE') . 
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6= la). It sfiffiées to produce-a left inverse 

v 1 $(C/B) > C/B ton : C/B > ¥(C/B). Such a'v will 

V_“automatically bé M inverse to n bécause 

':nv-: y{C/B) + ¢(C/B), being in L‘o, is-uniquely de‘cer-mined 

by composition with the unit-n; but (nv)n = n(wn) = n 

henice nv = 1, ‘ B 

By the appropriate tensor-hom adjunction, it 

suffices to find a v : %(C/B)8B » C making 

   

E e 
™, o - {(C/B)8B —————>C . 

o - n@l 

g(C/BIEB ' T \ 

commute, where e is the appropriate evaluation morphism, 

This is achieved by taking v = E.Kil(n@:n)_l.n.len from 

  

  

  

the diagram i g 

V e 

(¢c/B)®B f 
, . R 

! 
-8 w((C/B)®B) 

: P(nén) 

kp(c/'s)es—g—a— v(C/B)oyB — $(§(C/B)OYB) 
: ~ n. : n 

where y(n®n) 1s an isomorphism by 6, and e is the unique 

factorisation of e through the a‘djunction unit n. 

  

  
  

 



    

T N e Y L 

When'these conditions are .satisfied they produce 

2 biclosed structure on C as follows. First set 

- €8C" = y(c8Cc'). 
and e L -1 

CoeT T : w(neén) 
W= P UBBYB' = y(YBSYB') —— = y(BER') 

“This 8 will be biclosed because 

P 

b 
d 

[ 

<
 =l
 

e(c8et,D) = c(y(cec’),p) | 
. s B(C8C',D) by the adjunétion w——qé 

_,v;) C o =Ben,owm S k 
= Ber,ee\D)) by 1a) 

R ICRTEY T . 
i \ 

“and, sifiilarly; ;:”;fi”“f‘-'g_ e 

. €(CBC!,D) = ¢(C,w(D/C")) by 1b). 

    

" “But ¥ is dense, being- left -adjoint to a full embedding, 

  

' hence, by Lemma 1.5.4, ‘the monoidal functor axioms (2.2.3), 

(2.2.4), and (2.2.5) for ¥ = (¥, 9,%°) actually define 

isomorphisms : 
A 

Cs i c8yI mn
 

ne
 £ y1ée C, and & : (C8C')8C" = c(crécH) 

respectiVely. Furthermgre, by Lemma 1.5.4, thesev 

dsomorphisms satisfy‘MCI and MC2 iff the centers of the 

diagrams (4.2.2) and (4.1.3) commute., Butthe extericrs of 

these diagrams .commute by axioms MC1 and MC2 for B, and 
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each ofqthe xema*ning subregions commutes either by     

    

  

     

   
   

     
      

   
   

    

    
    
   

,:kfiLniuion of E r, or a, or by the S-naturality of § or 

  

{Q. Hence € = (C, @ I,...) is a-biclosed catevory and 

{9.9,9°) 1s a strong monoidal functor. 

    
   

#gmwmplete the proof, suppose that (@ I,...) i
 

is'a 55253 biclosed structure on-C, and *hau ¥ = (w,w,w ) 

“is a strong monoidal enrichmentof Y. 4 Then, by the 

“fepresentation theorem, the follo@%ng diagram (of 

isomorphisms) is completed for é uniqfie isomorphism 

£ :1C/B + C/yB. 

  

[
 

B(n,1) 

  

  

    

  

   

B(¥(B'6B),C) : B(B'@B,C) 
O N\ : 

B(y,1) | - - : TR 

B(yB! 84B,C) - B(B',C/B) 

U BV | B(1,0) 

B{YB',C/yB) B(B',C/yB) . 
o S 3(n,1) 

Hence 1. : C/B-» #IEFR) 1is an isomorphism-for all BeB, 

“Lel, by naturaliity of n. Similarly, n : B\C + ¢(B\C) is 

  

/'filwqys an isomorphism. Thus condition 1 1is satisfied. 

  

      
o~
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e
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Diagram 
(4.1.3) 

(primes 
omitted) 

S
 

(a) 
| 

() 
v ((B8B)@B)eB) 

4 
~ 

U 
(BOB)8 (B8B)) 

vea 
N
F
 

~ 
v 

¥ ((BSB)@B)8yB 
V(BOB)8Y 

(BRB) 
///@@p 

H@fl\\\\ 
//@mp 

. 
a 

(
y
(
B
®
B
)
®
Y
B
)
@
Y
B
 
—
—
s
 
e
A
m
e
m
v
n
a
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m
m
e
w
v
 

1+ 
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y
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&
y
(
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E
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l
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v
 

YB@ 
(yBRyY(BEB) 

) 
(¥81)01 

fl@W///Z_J\\\\Maa 
18(18), 

‘a 
a 

L
 

\\ 
(¥B8YB)S 

(YBBYB) 
— 

B
 

(B8 
(yBSYB)) 

    ¥ (B8 (B6 (ROB))) 
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Y
B
8
Y
 

(B 
(BSB) 

) 

H
®
W
\
\
\
 

. 

“2AQT 

s{ReT)h 
   

  %, X   
 
 

  
-~ 

  
  

>~ 
(B8 ((BEB)EB)) 

A 

 
 

 
 

  
 



  
  

  

    

  

95. 

>Section b2 Addit;onal conditions 
  

Throughout this section we suppose that AcB, 

. CcB and ¢ : B .+ C are as given in the hypotheses of 

   
   

  

     

Theorem 4.1.1. vurthermore, we take ¥cC to be a strongly 

cagenerating class in the subcauegory C. 

5 

  

  

   
   

- Gorollary 4.2.1 Conditions 1 to 6-are (each) equivalent to: 

‘7a) n : D/& -+ w(D/A) 

b) n: AD > PEA\D) 

gee. isomorphisms for al¥ AeA and Del. 

. 

" Proof  2a) = 7a) hecause DeC. '7 ?3*'."'j, ¥ 

¥2) = %a). Censider the commuting diagram 
y 

e{pine1),1) - 
  

  

  

€H(yB8A) D) —— = C(§(BEA),D) 

SE L “B(n®1,1) : l 
B{¢E84,D) : B(B8A,D) 

U 81 ’ 1) : R 

B(yB,D/A) : - B(B,D/A) 

B{1,n) B ‘ : R B(1,n) 

R o B(n,1) 
B(yB,y(D/4)) , B(B,¥(D/A))   

where the beottom and unlabelled vertical arrows are 

isomorphisms by the adjuhction p— 8, and the arrows 
: P . 

  

   
   
   
    
    

  

   

        

   

  

   
   
   

  
B{1,n) are isomorphisms by 7a). Then the top arrow is an 

  

    



  

1somorphism, whence, because ¥ is strongly cogenerating 
    

  

   

  

?l " 1n c, w(nel) '(BQA) + Y(yBOA) is an isomorphism for 

% all A¢A and BeB, .as required. 

i If AcB is dense then conditions 1 to 7 

_% /'8. For each.fgA«and DeD there sxist objects H(AD) and 

K(AD) in C, and natural isomorphisms 

a)  C(p(-84),D) = C(y-,H(AD)) 

b)  C(V(A8-),D) = C(y-,K(AD)). 
Proof 7a) = 8a). Take.H(AD) = ¢(D/A) and the 

  

1somorphism'to be 
¥ 

  

o e(p(A'8AY,D) = B(A'6A,D) by adjunction 

e 

g
 

i
t
 

B(A',D/A) , 

B(A',0(D/AY) by Ta) 

C(¢A':W(D/A)) by adjunction, 

1]
 

in
 

which is natura1 in A'eA.. 

%a}'%’ é’?a). 

| B(A',D/A) £ B(a'eA,D) 
    

  

n C(y(A'84),D) by adjunction 

in
 C{yA",H(AD)) by 8a) 

=B{ET;H(AD)) by adjunction; 

     uds 0T the fTor T a unique isomorphism £ : D/A £ H(AD). 
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) is in €, 7a) is an isomorphism by 

“the naturality of 1. 

G
O
 

" Now suppose that the given B-1ls a cartesian 

.. ¢losed category; this requires us to suppose. also that 

     
y V is cartesian closed, otherwise finite the ground cabers 

" products in B do not yield a bifunctor & on B. If 
L 

L} 
P P 

B BxB' B!   

denotes a typlcal product - -in B, the diagram 

y{nxn) 
  ¥(BxB1) B(BxgB') 

    

e ,‘.‘ ($S') : 

rmay be verified to commute by composing both legs with the 

  

unit n ! BxB' -+ Y(BxB'). ~This procedure is valid because 

  

  C, being reflective in B, is "closed" under the. formation 

  

of finite: limits 47.8; in other words 

BB > Y(YBxyB') 

Thus. $(nxn) is an isomorphism (condition 

   

   

  

£ 

is. an isomorphimmi:     
$6) if and only if ($g,) is an isomorphism. 

Corollary 4.2.3 artesian closed) If B is cartesian 

  

  

closed then cbndition;‘l'to 8 are equivalent to: 

'f'ng_ L -.finite procducts. 

           



    

B 
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Section 4.3 A topological.application 
  

For this sectlon we suppose that ¢V = S ‘and 

let Top denote the category of all topological spaces 

and continuous maps. = It"ils well known that Top itself ' 

is not cartesian closed.. However there exists & general 

jprocess for generating cartesian closed subcategories 

{f'po. Ve shall describe this below, making use of 

the reflecflon theorem. i i : 

' Iet A be a full subcategory of Top, containing 

the one paint space "¥F, Coustruct'catégoriefi B afid'C 

as Follows. 
- ) N 

  

B = "f.-wimplicial® bases: an;object of B is 

a set B tugether with, for each AcA, a set Ad(AB) of 

_edmisxible: set weams from A to B; these may bé thought of 

as the "simplices™ of type A in B. The sets Ad(AB) are 

subject to the axioms: 

Az, All constant maps are admissible 

A2.. If geA(AA{) and feAd(A'B) then fgeAd(AB). 

A morphism f : B + B' of bases is a set mafi having the 

property that feeAd(AB') whenever geAd(AB), AcA., 

It is straightforward to verify that B is 

complete and cocomplete, cartesian closed, and 
-   

(canonically) contains A as a dense full subcategory. The 

  
  

s
 

  K
B
 e

oL
 

  

     



  

          
    
    

         

NJMfingfisnéa%rhom;efuhgseé B and B':ih B is obtained by taking 

LBB'] to be the set B(BB') with feAd(A,[BB'1) if and enly 

1f-the map AXB - B', (a,b)~=f(a)(b), 1s-a morphism in B 

”““Thg éategory B is thus constructed directly along the 

lifia§¢of§th5{fi$fim sry of quasi—fiopological spaces 
   

introduced by E. Sbanier [161; however, we do not require 

"Spanier's third and fourth axioms. 

C = A-generated topological spaces: this is the 
  

full subcategory of Top comprising those spaces X having 

‘the property: S ' ; e T R ; T 

A subset V is open in X 'if (and only if) ety 

is open in A for all feTop(AX) and Ach.     The category C coincides with the full subcategory 

  

70T "Top-determined by the spaces that are direct limits in     
“Top of objects of A.  The’embedding CcTop admits an 

evident right adjoint W : Top » C 

'_';Mlnyxcr = : 2 ¢(C,WX) o - (4.3.1) 
wcsihere WX hassdssx mnderlying setvés X, but a new 

     

L
S
R
R
 

     
! B . 
srivs et Piner) topoloEyigizem by: _ 

" A subset V is open in WX if and only if 1y 

4w ot ds open in A for all feTop(AX) and AecA. 

In particular, C.is complete and cocomplete; however, one 
  

must be aware that a product in C is net a topological 

    

    
     



   
w 

          

  

. 

p#oduct unless the léttér already lies in C. 

The categories B and C are related by a full 

embedding 6 : CcB, given by S 

6C = the underlying set of C, with Ad(AC) Top(AC) for 

" each AeA, ' ' 

with, eft adjoifit ¥ : B+ C given by v 

WB =athe underlying set of B with V<YB open if and only if 

f Iv 15 open in A for all £eAd(AB) and AcA. 
Im brief, yB is the topolagical realisation of the base B. 

W@ are now in a position to ask whether the 

cartesian closed strweturs on B is ‘reflected into € by w 

. Before supplying.sufficient conditions on A for this to be- 

“'so, we weesll tuwe Inportant p01nts from Day-Kelly f[417. 

Firstly, we map define a topology 2(X), on the 

set (X} of opem subssets of & space X, by taking HeQ(X) 

te %e‘open peclsely when 1t satisfies the conditions 

ol. IRV, v ef2(X) with VeV¥' and if VeH then V'eH: 

02, 'Ir VleQ(X) for ek and if uAVAsH; then there exists 

a finite subset {A;, ... ,'An}cA such that 

V) W oe.. u V, eH. 
1 An . 

Secondly, if a space X has.the property that 

-xX Top - Top preserves topological quotient maps, then 

~a map f : Y > Q(X) is continuous if and only if the set 

      

      
     

    

    
  

     



                  

 for &1l YeTop. 

'maps A into the category C of A-generated spaces, then ( 

  

foe - 
10l. 

{(y,x)e¥xX | xef(y)} is open in YxX. We shall call such 

an X an Q-compact space..  These spaces are topologlcally 
  

characterised in [4] Theorem 3, and it is shown in [4] 

Proposition 5 that a hausdorff space is Q-éompact if and 

‘oaly if it is locally compaet. 

Now let D = Q(#); this is the topological space 
7 

of two points, one of which is open and the other not 

: open. . Then, using the obvious bijection between the open 

subsets cf a space X and the elements of Top(XD), we have 

that X is Q-compaet if and only if 

i PP
N 

Top(¥xX,D) = Tep{Y,a(X))" (4.3.2) 

. Y ¢ 5 
(S RN - - AT O 

Theorem 4.,3.1 If Actop is a class-of Q-compzct spaces 

with the property that each functor ~xA : Top > Top, Ae€A, 

~ 

is cartesian closed. 

Proof - Because each AcA is Q-compact, we fiave 

‘ L Top(A'xA,D) = Top(A',Q(A)) 

for all A',AeA, by (4.3.2). Moreover, the hypothesis that 

each -xA : Top » Top maés A to -C ensures that the 

tqpological product A'xA is the product of A* and A in C. 

Thus we obtain 

  

    
      
 



  

  

102. 

  

0 

[[1
] el C(ATxA, WD) 

for 211 A',AeA, by (4.3.1). 

C(A' ,WR(Aa)) 

  

Because, in this instance, 

- the dense subcategory AeBaetually lies in C, we have 

  

'fiémtjfist -established condition 8 in Corollary 4.2.2, Thus 
conditimres 4 to 9 hold provided WD is a strong cogenerator 

.for C, But it isn't it only deteets open subsets. 

rfiowever, the adjunction unit n : 1 >0y is-a bijection 

“since nelther @ nor ¢ alters underlying sets. Thus the 

- map 

v(nx1) : Y(BxA) - y(yBxa), : 
being a tijection for all AeA and BsB is a homeomorphism 

iP and only if 

C(¥(nx1),1) : C(P(YBxA),WD) » C($(BxA), WD) 
dixfi “ijection of "open sets"     

  

In other words, we still 

  

“”%%tain 7a) = 5a) in the proof of Corollary 4.2.1. Thnas 
the chain of conditions is complete ‘and the result follows 
from Theorem 4.1.1, o 

) Thewgbove proof tells us that 

a% “%he Anternal- 

  

hom [BC] in B is an A-generated 

topological space for any base B and A-generated spacé C, 
“ -y the realisation functor ¢ :-B » ¢ is finite product 

- preserving 

“e) theradjunction ¥v—8 1lifts to a homeomorphisn 

    

    
  

       



  

    
a-cgmpact topological spaces and close 1t up under finite 

products if necessary. Then the category of all-direct Coonm    
wi~dimits of these spzses in Top, is cartesian closed. For 

examg;fuiwe&%* 

This A is already “losed under finite products and 

  

A te be all Q-compact spac¢s.     

~ arbitrary coprodueu§ “in Top, thus. 

  

  

Corollary #.3.2 - The category of all topological quotiemts 

of Q-compact spaces, and continuous maps. is a cartesian 

closed category. 

  

" Similarly: - SN 

  

Lorollary fi.3.3 The category of all topological quotients 

  

“"of loeally compact hausdorff spaces, and continuous maps, 

1s cartesian closed. 

    

2gory is tha* of compactly 

  

3e@§aseraled spaces - Gezamlned in a previous thesis [61).   

Another 1nteresting example, which I indirectly owe to 

s sMoore, is obtained by taking the objects of A to be the- 

affine SlMpllCES Al ,’BtN‘ although this A is not closed 

  

under flnite topological products, each AfxpR i" a 

  
    

  

  
 



  

  

      

         

.lo4, . 

topological quotient of:A's. The resulting categorka, 

of all topological quotienfis of CW~-complexes, is cartesian - 

ciosed. 
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Section 4.4 Reflection of Hom 

On applying fihe reflection theorem of Section 

4,1 to the Hom constructipn 6f Section 3.1, we immediately 

" obtaln a set of conditions under which a "small" 

promonoidal category A generates a biclosed structure on a 

reflective clasé of functors Cc[A,VjL In particular, 

?gcnsider the second cpndition provided by Theorem 4.1.1 

when B = {A,V} and the strongly generating class in B is | 

tzken to be the elass of left represented functors 

BA s A ; . Pragm the higher representation theorem applied 

to the internal~hom formulss (3.1.5) and (3.1.6), éogether » 

with &he matura%ity of “the adjunction unitvn, we need . S 

‘omly estaklish hat i ; 

. B/LE j&‘,fi,.EEE{—A'A"),[A(AA'),SA"J] =1 [A..[P(-AA"),SA"] 

CEM\E = jmfi,.n@mf--zx'*)_,EA(AA'),SA"]] = [pu[P(A-A"),84"1, 

as functors from A to ¥V, admit isomorphs in' C whenever 

bed and SeC. Furthermore, if the category A is fionoidal 

then the higher representation theorem yiélds 

I S/LA = 5(-8A) 

[1H
 

LA\S = S(A8-). 

To apply thg‘preceding criterion to a familiar 

situation, let V be suitably compleste and let A be the 

free V—categogy on the,duél of the S-category of open 

subsets of a topological space X, the latter being given 

    

       



      
  

    

the cartesian closed structure: 

I=1X, VOV!' = VaV', [VW']'= int ((compl V)UV’) for open 

subsets V, V' of X. 

Then the V-category of sheaves over X with values in ¥V, 4s 

a c%9§ed category provided the functor S(—nV) : A > v is 

kgléheaf whenever S is.onej but this is -immediate from the 

;,fiefinition‘of sheaf. ~Thus conditions 1 to 8 are satisfied, 

"and 9 also holds if V is cartesian closed. 

A second application is obtained by taking 

¥ cartesian closed and letting A be a commutative finitary 
  

‘v-theary with the monoidal structure dascribed in Example 

  

3.2.3. -Assume that the. catevory ¢ of A—algeb“as is 

  

refieetive in [A,V1; thesreflection ¥ ¥ [A,¥1 = C can be 
  

construrted if V- has small colimits. However, we have 

alwcady constructed the. tensor product In Cc{A;V}, 

regardless of cocompleteness considerations for C (see 

: Exémple 3.2.3). The refieetion theorem now tells us- that 

o AV} » ¢ admits enrichment to a strong monoidal 

. funetor (that is, preserves tensor products) because. each ' 

-functor -&n : A+ A preserves finite products, hence 

- 8(-8n) : A+ V is an A-algebra whenever S is one. 
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' GHAPTER 5 

  

“;?fié CONSTRUCTTON THEOREM 
  

.Sécfion 5.1 Preliminaries. 
  

  

We wish to examine the extent to which procedures 

  

cthapters can be applied to the consideration 

   .. In these. 

~ eircumstances the¥§0ta1 functor category [A,Y] is no longer 

.. .available because the end [A,VI(ST) = [,[SA,TAJ may not 

exist in V for all functors S,T : A » V. Nevertheless, 

“certain;"reflective subcategories” ¢ of [A,¥] do exist in 

the sense that there is given a.gggggtf%ggtq:_fl i A9p + C. 

-In view of this, the promoncidal structure of A may yét 

sdetermine a biclosédvstruabure on C,}wi%ggutirgfgrence to 

LALV]. Before formulating a theorem to this effect, in 

    wfeetion 5.3, we need two-generalised concepts. 

~ The concept of V-natural transformation may be 

extended to describe. certain families of morphisms which 

o oceur betweén”Kah éitensions. First we note that, for 

  

  

st funetors F,Gon o8 ot ween tensored categories B and C, 

an S-natural trarisformation B : F + G is V-natural if and 

<omigesonly 1f the canonical diagram 

      

NI 
s
 

i
,
 

  
  

      
      
 



  

  

     —— F(X0B) 

188p BxeB. 

  X8GB — G(X®B) 

T _ - T : A 
commutes for all XeV and ‘BeB. This criterion for 

Aenaturality is established in Appendix 3 (where we also 

recall the definition of 1). , 

To generalise, let F;G : Aép +fC be funetors into 

2 suliadbly tensored cétegory c, and let SABFA » FsS gnd 

SA8GE » G5 be a pair of coends over A f&f éach funcéor 

3 : A=+ ¥ admitting such; wé think of F& and &S aé being ' 

;'@@Mnctnrial" in-S.  Now suppose that we.are given a family 

BS H ?S -+ @S of morphisms in CO, indexed by the class: of 

furictors § : A > V for which FS and GS both exist. 

  

Definition 5.1.1 - The given family>BS : FS » G5 15 ecalled 

neonaturai in S if, for all natural transformations 

¥ : S+ T and objects XeV, the cenonical diagrams 

B . S . 

FS———Fs - XeFs = - F(xes) 

Fy O 1esg Byes 

FP ——— Lo Gr 
- XeGS = G(xeS) Bp 

commute whenever they are defined. 
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O = o In circumstances where [A,V1 can be constructed 
- e, iy S 

_w;and the coends FS and TS exist in C for all functors 

S : A+ V, we obtain canonical functors F,G : [A,V] > ¢ 

:hy Temma 1.3.1. Then a neonatural transformatibn ] 

FWo E. is Erecifie]y a natural transformatlon from F to @. 

  

But such a trans*ormation is uniquely determined by its 

represented—functor components. ~ This is true of neonatural 

~¢pansformations in general: 

  

Lemmg 5.1.2 There 1s a eanonicai.b&?ection between‘ 

'neonetural transformations f#om Fto G ana»natural o 

u‘transfcrmations from F(L-) to G(L-). 

'ggggg By the higher'repfeSentation thee}em;‘the coends 

LELIA) = FA and G(LA) = GA always exist; they are canonically 

  

g mdanetorial in A by Lémma 1.3.1. Again, the higher 

B k representation theorem provides a coend 

¥ 1 SASLA » 8 

for each functor.S.:.A.> V. If FS and TS both"exist we    
   

    
! obtath induced coead 

Fy F(SA@I‘.A:) > Fs 

Gy : G(SASLA) - @S 

by Lemma 1.3.4," Then, given a natfiral transformation 

B : F(L-) » G(L-), we define Eé : FS » GS to be the unique 

    nomorphism making .the Feo diagrafi commute: 
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: 188, : , . , 
— - SABG(LA) - (5.1.1) 

L N U ‘ 
G(SASLA) 

   
Bs     

  

  

  

i dd ds straighfifcr»vard to verify that the resulting family B 

1s neonatural. Moreover, the diagram 

o i 188A g : 
LA (A)QF(LA) — LAT(8)8G(1A) (5.1.2) 

i R : i : 

F(rat(a)yena) ' -G(LA'(A)SLA) 

F_Y ‘, ' I 5 o S - G-Y 

F(La') — - T(LAY) 
s BA. 

commutes"iffil‘ all A,A'EA on applying the representatioh 

theorem. to.4,.      

  

= §LA for all AeA. It is now‘ 

D T i 

    

b dnmediate “that Gagram (5.1.1), which defines E,    """“”flfifi.nss“.the anigque-reonatural transformation whose 

  

—.restrietion is 8. <Tonversely, given an arb.itrary neonatural    
~fransformation B : F > &, the diagram (5.1.2), with Ba 

replaced by «%’A ; 

  

» commutes- by reonaturality. 

Thus By, : F(LA) » T(LA) 1§ natural in A by the Lemma 1.3.3 

  

“veesepfi induced natuEETity. -  



  

. 111, B S 
éfi. 
% - - T 

     In practicé_a neonatural transformation may 
  

“fiafiée through the4u§é of possibly distinct choices of coend 

representations for FS and GS. Lemma 5.1.1 and 1.3.1 

.guarantee that this chéice is irrelevant provided the 

    

   

  

fuiictoriality of F{ 
e 

‘the chosen coends: 

) and G(LA) in-A is fixed, and that - 

  

natural in this extra varlable. 

E AR - An  important example of a neonatural transformation 

" ...A§ the isomorphism 

2 = zg : [MIA,V1(LA,8)6F(LA) ¥ FS 

  

g
 

which is defined to be the extension of the composite 

  

  

FALA VLA, LAY )BF(LA) — — —- F(LA') i 2 

W o oom 

fRacarn) oFar .~ FAr S e 
- ¥ S ' ; 

’*‘fi'”%4¥¥sing‘this definition‘of z it 1is clear that the "ccherence™ - 

I azagrens in Appendix 1 still commute. 

The second concept to be generalisnd is that of 

‘strong monoidal functom... We do-this by observing that, 1if 

«fpromonoidai functor. from a 

  

= (6,8,07)= 4 
.promonoidal cateps g.A‘to'a ¢~cotensored monoidal category 

  

By then the matural transformations 

¢ @ P(AA'X) » B($ASPA',¢X) 
    . 97 3 JX *T(T,4X) 

transform to - 
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GAQPAT > Ef(AA‘X),¢XJ 

  
I Lx,ex3 

-% ‘u?der the cotensoring adjunction. ' These 1in turn provide 

» .'ficrphisms i _ 

:; v ¢§@¢A' > fx[P(AA'X),¢X] 
(5.1.3) 

T+ [RE3X,4X) o 
T cal e c i E . : 

Definition 5.1.3  The promonoidal functor & : A - B is   

sfiwong if the morphisms (5.1.3) are isomorphisms. 

Ta
wy
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Section 5.2 The‘"monéidal" presentation of a promorioidal 
  

category i 

Let A be a promonoidal category and, for 

" functors S,T .+ A+ ¥V, let 

sgr = f*'saerar)ep(aat-) 

F(5T} = [,[5A,TA] - 

%génever théy exist. The very definition of promonoidal 

categéry ensures fihat certain §;products do exist; for 

example, JBLA, EABLA', (LABJ)BLA', ((LASLA')BLA"M)BLA™. 

Moreover, these expressions are canonically functorial in 

A, A', ... by Lemma 1.3.1. ' : 

i Heplace the profioneidél structure on A by the 

'iS@morwhimzstru@fiur@ detérmined by the isomorphisms 

SR P(aa%-) + F(L-,LABLA") 

5 S 1 F e FlL-,J) . 

anéd Lemmz 2.2.5.  This wodification of A enables us to 

‘preduce natural isomorphisms J®LA 2 LA, -LABJ 2 LA, and 

(E4BLA' )8LAY = LAB(LA'SLA") directly from diagrams (2.1.1), 

(2.1.2), ang (2.1.3)'respectively. ‘Then, using Lemma 5.1,2 

and the coend definition of &, these isomorphisms admit 

neonatural extensions: 

  

   
           

        

      
    

      

   
      

  

   
     

   

  

  
   



  
  

  

  

    

T
 

e
 

  

  

    

e 

583 =8 - . I > rs . 

Egupe @ (SLA)BLA' = SE(LABLA') 

Bgqpr ¢ (LABS)BLA' = LAB(SBLA') 

Byprg ¢ (LABLA')BS = LAB(LA'SS). 

Now we are able o write down the "axioms": 
1 N .. 

T (LA@J)&LA' _ = LAB(JBLA') 

BEN P 

   
  

. LABLA' 

B R & o g Co 
O CALASEA LA Y BLAYY > (LABLA*)B(LASLA' ) —=LAR(LA'E(LAMBLAY ) ) " 

Lt BRESNE . : L 5 : 

agl | , Lt 18 
: L i 

s ! ‘ : ] , 

CLAB{LA T ELAT ) YELA T LAB((LA'8LA")BLA™) 

2 

Five commutativity~of’these diaggrams is equivalent to the 

validity of axifoms FC1 and PC2 for A. To see this, return: 

“to diagrams (2.X.4) and (2.1.5) and observe that the center 

regions commute if and only if the above dlagrams do; the 

remaining subregions of (2.1.4) and (2.1.5) commute for the 

"same" reasons they did so before, namely the definitions of 

%, ¥, &, the neonaturality of T, r, &, z (using Lemma 5.1.2), 

  

  

 



   & 

f 
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¥ 

" and the: "coherence" of z (Appendix: 1), 

3 

‘ 
_ Thus, the promonoidal structure on A may -be 

     
fprmally represented by a "partial monoidal” structure on 

  

~the-left-represented functors from A to v, 
, 
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Section 5.3 The conétruction theorem 
S35 

  

Theorem 5.3.1 Let A be a promonoidal category and let 

EEw | :vfigpc+ C be a dense functor into a cotensored and 

  

. Mmtensnred oategory C. Then, in order for there to exist 

    

  

sgrueture on C for which M : A+ %P admits e é 

“enrichment to a strong profionoidal functor, it is necessary 

xa;d,sufficient that the coends and ‘ends 

(1) Qaa") = fFR(aa'x)eMX 

@ [Xaxemx 

  

_ jxx'(C(MX,C)@C(MX',C'))@Q(XX')J g 

(1) H(ac) = fKe(axa),c)emx 

(5)  K(aAC) = IXC(Q(AX),C)@MX i 

A ) - Jxlex,c),H(XC )] 

7)) J4LE0X,8) K{XC ) ] 

  

exist in £ for all A,A'¢A and C,C'eC, and the resulting 

morphisms 

   (8)  C(QUXA),C) » C(MK,H(AC)) 

CHD) - ClQEK) ) - COHX,K(AC)) 
be isomorrhisms. “The biclosed structure on C is then 

  

=z3midque to within isomorphism. 

  

Proof of necessity = Let C = (C,@,f,...) be a biclosed 

~structure on € for=witeh MNP : A » ¢°P admits enrichment 
. Ve 

  

Crriescoderasstrong promord     L"Functor. Then, by Definition 

  

  
   



  

¥ i 
i 

i 
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,t.,ém'gz}-.&m 

a(aar) = fEe(aarx)eMx = magmar 

    

   

   

  

   

W,IXJXQMX =7, 

“because 8 admits right adjoints- to eee‘chf_ 

  

.,:ma?fle, ‘hénce ‘preserves the density exptression 

  

1 

7 ) e, cremx & ¢ 
   

"“%*@’&ffi'i""fl’i’&fiable_. The existence of thé coends (4) amd {5}, 

.and \the isomorphisms (8) and (9), follows from the 

1somorphisms 

C’(Q(XA) ) 

T(Q{AX),C) = C(MASMX,C) = ¢(MX,MA\C) 

  

in
 

I C(MXEMA,C) = .C(MY,C/MA) 

  

i 'tbgether with the density of M. Finally; the ends (6) amd 

    

=tadwepause the opposites . of ‘the functors 

i‘*»‘i'hfi?;,'--'\fi : %P 5 ¢ admit right adjoints, namely . -\C ané& /-, 

whenee preserve *the density expression. 

Proof of suff‘iciency By Lemma 1.3.1, a canonical fumctor 
  

  

m.f:rnm £&C fo C.is obtained on setting 

T . ,fX‘( 
   

(C(MX,C)8C(MXT,CT))RQ(XK") 

Faxemx. 

  
  

  

  
   



  

  

  

  
    

R
 

e 
RS 

S
R
 

  

-‘¥C(cec',n) 

  

e( /XX (e, c)ec (X1, G1))8R(XX") ;D) 

£ [y [C(MK,CEL(MX',C),C(Q(XX"),D)] 

z IXX,[C(MX,C)SC(MX',C'),C(MX,H(X[D))]A._V 
i 

mn
 

~ m 
- 

by the isomorphism (8), 

by the density of M, 

‘ ¢(c,b/C') say. : 

 Similarly €{C8C',D) & €(C',[y(COMX,C),K(XD)T) 
= c{€*,C\D) say. 

" Purthermore, there exists 

MAGMA* 

which . can be obtained as follows. . The represehtation 

a 

m 

natural isomorphism 

Q(AA") e 

theorem applied to Ce( in the composite 

c([xc(mx,MA)aa(xar),C) 

e
 

ne
 

n 

fxLe(Mx,MA) , C(Q(XA*),C)] 

J)TCODE,MAY , C(MX, H(ATC)) T 

by -the isomorphism (8), 

C(MA,H(A'C)) ' 
by density of M, 

€(Q(AA™),C) 

by isomorphism (8), 

  

J4LCQNR,C), fy [C(HX" ,C1) , C(MX,E(X D)) 1] 
7 fxLeQx,C),C(MX, [y, [C(MX',C),H(X'D) 1) ] 

. : g ¢(C,fylc(mx,c),H(XD)]) 

  
  

 



    

    

1 ,x (MX MA)BO(XA') = Q(AA'). 

  

f ‘The transpose argument -yields an- 1s'omorphism 

‘”?xxxMx,MN 8Q(AX) = Q(AA'). 
    

    
   

  

2 QaA") : 

- If the "reflection" of a functor S': A .+ V exists 

sar £ ther it is denoted by 

o = [Asaema. 

",.‘;Siwnilar_ty, the reflection .of 'a natural transformatlom 

w8 » T s A+ V Is denoted by 
A 

  

wla) = fao1 : fAsnema s fAraema. 

mm, a transformation 

bg t F(LA,S) + C(ypLA;9S) 

is define,d¢'n<;abe the transform, under f and tensoring in 

’t, of the neonatural transformation 

  

Z= zg : ]AF(LA;,S)&;_I;LA > ¢S. Then V(yg)(a) = y(a) for each 

  

mmimrAl transformation a : LA » S : A = V., 

" From the deflnltlon of ¢, we have naturdl 

fosw i ndsomorphl sms   LA = fX'A’X)@MX 

  

MA by the higher repn. thm., 

    

» 

    

  

   



   

        

    

      

   
    

   

   

LR 

  

MABMA® L 

Q(AA") by-(5.3.i), 

v(P(AAT-)) 

P(LABLAY ), 
1]

 

- § o+ yLABYIAY 

  

" 

  

E where § is as constructed in Section 57.2.v Using Lemma 

71,2 and the coend Gefinition of §, v admits neonatural 

;qitensions ' : : l ) 

ST Fgp ¢ vSBULA > Y(SBLA) 

Vpg @ VLABYS > $(LABS). 

' We aziready have ¥° = I= 1J by definition of I. Thus we 

. are able to write down "axions® for (,9,¥°) to bela 

- ";xofiaidal ‘functor’:: il 

" pI®yLA ————= LA ST (5.3.2) 

  

!D% w'f,' 

    

(5.3.3) 

    

  
 



   

      

    
  

    
     

  

     

  

   
    

     

    

  

   
    

i8¢ 

Y(LA § A')@¢LA" < - YLAGW(LA'QLA").      

   
   

  

   

  

- 

¥   
va o 

=M : A% 5 ¢ 1s dense and 8 admits right 

~  adJoin s to each variable, the isomorphisms fi, T, a 

uuefjned by the above three diagrams, admit unique 

laxfensions to ‘niatural isomorphisms 1 : fec = 

- FO%'similar,reasons, these isomorphisms satisfy the 

monoidal functor axioms MC1 and MC2. "To see this, note 

    

: neonaturallty argument using Lemma 5. 1 . Then, 

.-substituting the results into diagrams (4.1.2) and (%.1.3 

we see thét MC1 and MC2:hold for fi ;, and. a whehever the 

vertices cocntain variables all of the form ¢YLA £ MA. - Thus 

because M is dense, axioms MCl and MCZ2 hold all the time 

by Lemma 1.5,4, 

  

  

) S a S B IR 
(VLASYLA')8YLA" — > yLAG(yLA'GyIA") - (5.3.1) 

=, & (c@c')@c" = .08(C'eC™}, by Lemma 1.5.4, 

), 

]   
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Having established the biclosed structure on €, 

       

i :fitrema.in 7'1‘:'0' show that MOP .: A'» ¢°P ‘admits enrichment 

_toa strong promonoidal functor. Using Lemma 2.2.6, it 

—'mf_w:e“ ool consider strong enrichment of the 1somm=phic    
   

   

  

  fspetord ad o COF, = yLA, with respect tc the 

fweprasonoidal structure on. A introduced im 

  

  

“Section 5.2. 

To complete the structure, define     
,F(LB,LA§LA')-—>C(¢LB,w(LA§LA')) __C(_l_‘l’_’Lc(q;rua WLA@\LuA') 

F(18,7)—m C(y1B,49). 

o
 . 

.
 

N V 

.fThen, I'rom the definition of ¥, 3 = (¢ $'¢') willilee 

~s1:rong. The promonouial functor axioms PCl, PC2, amé PC3 

  

    
mnixiaqlnaxz.oms" (5.3.2), (5.3.3), and (5.3.4) for 

'jp;:}?,fl;o}., Briefly, the dlagram (5.3.%5) (and its tramspose o . 

  

Jiform). . can bechecked to commute by first transformimg it 

    

.,,und'er the tensoring adjun_ction of b, then using the: 

neonaturality .,Qf U 

    

  

  
’”-for ¢ are established by transforming the respectivze Ryt 
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S F(LX,S)8F(LB,LXSLA) L (s 
‘ ' o % ‘ .‘. TR \ 5 ’ LTEERTL N o 

F(LX,S)8F(LB,LX8LA) . F(LB,S8LA) 

"'-W‘I’ * T RS : e 1] 

I C{YLY ,¢S)@C(YLB, y(LXBLA)) . ‘c(wLB,¢(s§LA}) 

1ee(1,5™h) e, 
s N - , v B 
i C(PLX, ¢S)QC(YLB , YLXGYLA) C(yLB, ySEYLA) 

v : S¢ .‘ : ” y = ‘ - 

C(Y,yS)EC(YLB,Y®yIB) -~~~ . 

  

.This diagram reduces axiom PCl for ¢ to the following: 

    
  

  

    

s F(LX,J)@F(LB,LXBLA) — A(AB) 

s ay | 
S F(1,0) 

- F(LB,J8LA) F{LB,LA) 

v @ |y 
i : 138 €(1,37) 

- C(yLB,p(IBLAYY > C(YLB,yLA) 

‘ - e(1,1) . 
c(1,7™H | (3) R CO R B 

» . C(YLB,yIBYLA) = C(Y,yS)8C(YLB,YEYLE). 
y 

Ve 

         



  

  

  

         
   

    

Here the subregions (1), (3), and (4) commute by 

%, and A respectively, while the subregion 

(2% commutes because Yg : F(LA,S) + C(yLA,¥S) is S-natural 

  

  

so:4n 8. -.Fhe remaining axioms PC2 .and PC3 for & aré 

wergstabiished by the same procedure.- g 
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Seétion 5.4 . Cdmmutative monads 
  

~In econclusion, we outline an application of 

’Thebrem 5.3.1 to the thepry of commutative monads. Some 

familiarity with.the usual constructions of V-monad theory 

‘ (as given, for example, in Dubuc [7] or Kock [131) is 

assumed.  Moreover, to permit these constructions, we 

  'Ab;_guppose throughout this section that V has equalisers. 

Notation:   T= gT,u,n) is a V-monad on V. ’ 

N is Khe category of M-algebras {C,£ : TC + C), whose hom 

: obje@fis are defined by the equaliser diagrams 

€(CL) ———= [CD] [Tc,D]     s e Tepes N [1,£1    
[TC,TD] e 

F—d4U.: C » V is the associatedvfreeualgebra adjunction. 

-K .%s the Kleisli category of "free algebras", where 
i 

obj K = obj V and K(XY) = [X,TYI. 

S J ¢ ¥+ K is the canonical functor that is the identity 

on objects. ' 

M ¢ K + C is the functor that fully embeds “"free algebras" 

into the -category of algebras. ' M   
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T 1 X8TY » T(X8Y) is tfie canonical natural transformation 

associated to T, and t' : TXRY.= Y@TX-e—E—e—T(Y@X) = T(X8Y) 

is - its transpose. 
\ 

The ‘symbols U and J are fisually 6mitted. 

Definition 5.4.1 (Kock) The monad T = (T,u,n) on <
 is 

  

commutative if the legs of the diagram 

T .« TXBTY ————— = T(TX8Y) 

st U ; Tr! v 

  ' T(XETY) o 12(xeY) ——-—-V—?T(xey),- 
R i ¢ : B 

‘are equal; we write T %»§XY ¢ TX@TY + T(X8Y) for their . 

common vglué. X 

v ~ The comfiufiativity condition on T 1s equivalent 

to the condition that the functors ) 

X6- : K 5 K ana -8Y 1 K » ks 

defined by A k 

X8Y = X8Y, 

  
     



  

i - 127l 

S xe- ' 

T ) o 
il [Y,T2] o [X8Y,X8TZ] — s [X8Y,T(X8Z) 1, 
R L X8- [1,7] 

. U K(XZ) — — —— —— —— = K(X®Y,78Y) 

fif_m:’ u : : L : : " 

S IX,T2) ———= [X8Y, TZ@Y]———>-[X®Y T(Z@Y)], 
R : ~-Y [1,7'] 

  i, o should be the partial funectors of a bifunctor 

& : KeK » K. R 

  

1'Thfi§, T is commutative then K assumes a (symmetric), 

  

mdng;g@g structurevfor which J ¢ V » K is a strong 

= monoidal functor. 

  

‘Theorem 5.4. If = (T,u,n) is a commutative monad on V 

  

then, in order for there to exist a closed structure on € 

v for which M : K » € admits enrichment to a strong moncidal: 

R functor, it 1s necessary and sufficient that the 

et coequaliser of the pair 

; > R ‘ 
- : T (C8D) T(C8D) 

’ T(T\ %@a) 
T(TCOTD) 
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exist in ¢ for all T-algebras C and D. 

  

Proof- In Theorem 5.3.1 take AP = K and M : K+ C as 

glven. It 1s easy to verify that € is cotensored and 

M-tensored. Furthermore, M is dense by the corollary . to 

  

the monad representation-theorem given in Appendix 4. By 

the higher representation theorem, the coends (1) and (2} 

e
 

  

; i7 —;1n Theorem:5.3.1 become 

G ST K QexY) 
o ¢ 

] e FIREXOY, 2Y8MZ = M(XOY) 

Frerxyemx = ur 

respecfiively. On applying the monad representation theorem   
to the definitiens sf}X@e and -8Y, the coend (3) : 

. c@b = IXY(C(MX,C)@C(MY,D))8M(X®Y)f ‘ S e . é_ 

  

~~ reduces to the joint cosgualiser in Cof the pairs 

  

     
: T(CeTD) . m(TCeD) 

o Taee).  2(gen) - 

22(C8D) —— ST(C8D) e —— T2(C8D) . 
H , ! 

_Moreover, this coincides with the coequaliser in C of the   single pair . 

T2 (c8D) E T(C8D) 

- T(T\ /E@E) 

TC@TD) 

      
e
 

s
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~Thfis, fhe codomain»of‘this coéqualiser is the tehsor 

product of the algebras C and Dvin ¢. To construct the 

internal hom in C, we must first verify that the 

~ isomorphism 

actually provides 

7o ‘e(MX,[YC]) & €(M(X8Y),C) 

C(¥(X8Y),C) " C(FX,[YC]) = [X[YC]] = [X®Y,C] = 

an isofiorphism 

(5.4.1) 

that is natural in XeK. This is done simply by applying 

thé‘monad representation theorem. Coend (4) now becomes 

Xe(uxey),c)emx i 

s 

H(YC) 

= 
A fEe(mx,r¥c)eMx by (5.4.1) : 

e
 [YC] by the density of M, 

  

    

whence (8) is an»isomorbfiiém by (5.4.1). Finally, the end 

C + U ereates limits and we 

  

{6) always exists because U : 

: airéady_know that ‘ 

U(fyLe(Mx,C),H(XD) D) n f4Le(x,C),e(MK,D)] 

" ) c(CcD) 

exists in V, by the density of M.  This completes the proof. 

Remarks - The condition of commutativity on a monad T was 

£irst formulated by Koeck [12] who established, in [1313, 

that a commutative monad generates a category C with an 

internal hom (in the original Eilenberg~Kelly [9] sense). 
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'l“'hev formula we pfovide Vin Theorem 5.4.2 for thé exfra 

filonoidal structure of C has also been suggested by 

“Linton [151.. It 15 not difficult to check that this 

;k}losed structure on C coineides with the one obtained in: 

TI;i’;ca.mple 3'.2.3 whenever T is a commutative "theoretical” 

"mbhafi, that is, a. monad obtained by Kan extension: from 

~ & commutative theory. 
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i APPENDICES 

Appendix 1  On the iterated use of z 
  

We require that the transformation z, Introduced 

in Section 4.1, be "coherent". In the absence of a 

  

general theorem to this effect, we verify the follow1ng. 

Lemma Let M : A+ B8, 8: B~-+B, T :B=+V,and . 

  

R : B8B -~ V be functors for which the required coends 

.. ‘exist. -Then the exteriors of the following diagrams 

“commute for all B,CeB. i e et 

‘1.B(MX,B)8(B(MY,SMX}@TMY) z (B(MX,B)QB{MY,SMX))@?MY 

~ 

z 

  

~ | 281 

B{MX,B)8TSMX : B(MY,SB)QTMY 

\/ 

2.B(MX,B)Q(B(MY;C)@B(MX,MY)) = B(MY,C)gflB(MX,B)@R(MX,MY)) 

~ 
I < 

19z % — 19z 

. B(MX,B)®R(MX,C) T B(MY,C)®R(B,MY) 

. 18z 

    

e 
k4 z 
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Proof  The lower subregions of bBoth diagrams commute on 

applying the representationfltheorem to BeB, and using 

the definition (1.4.1) of =z, To verify that the upper 

'region of diagram 1 commutes, we "expand" the coends ' e 

present: e ) L 

- gl : - R i 

- B(MX,B)®(B(MY,SMX)8TMY) ——= (B(MX,B)®B(MY,SMX))OTMY . 

18s ’ : B s81 
e ¥ e ¥ 

B(MX;B)@(B(MY,SMX)Q?MY (B(MX,B)QB(MY,SMX))@TMY 

. 

.VB(MX,B)Q(E(MY,SMX)§$MY (B(M*,B)gfi(MY,SMXi)g%ff/) 

z81 81 

  

     

    

" 

         
_ B(MY,SB)8TMY   B(MY,SB)®TMY 

Commutativity of the exterior of this diagram follows 

_easily from the representation theorem applied to BeB, 

togéther with coherence of a, r, 2 in V. The uncommented 

subregibns commute by.definitions. Thus.the diagram (%) 

commutes .because s(l@s) is 2 coend over X and Y. The 

-upper region of diagram.2 commutes for similar reasons. 

Va 

  

  

  

   



      

      

of a finite—product—preserving,functof T s A+ VY along the 

Appendix 2 A theorem on Kan extensions 
  

Let V. be a cartesian closed category and let A 

be.a V-category with finite V-products, including a 

terminal object I. Then we say that a functor T : A + V 

preserves finite products if the canonical morphisms 

i
l
 

T(AXA') > TAXTA' and TI -+ I are isomorphisms for all A,A'cA. 

- R . . . : - FEAN 
,/ " e 

N 5 

Theorem (V cartesian closed) Let M : A > B be a functor 
  

between categories A and B which admit finite products. 

Then the Kan extension - : : 

ST = éABQfifi'-%xTA AU, 

  

“functor M, is finite-prodset preserving. 

Proof From the definitiem of terminal, the composite 

  

T X-F A(AI) ———-B{MA,ME} B(MA,X) =1 
S M B(1,u) 

“'is the identity isomorphism for all AecA. Thus 

71 = [AB(MA,TI)xTA 

= [Aacaz)xTA 

i TI by the higher repn. thm., 

T 
m I because T preserves I by hypothesis. 

Hence T preserves terminal objects. Secondly, if 

B « BxC + C is a product of B and C in B, then the 
. Vs 

resulting morphism T(BxC) + TBxTC is easily shown to be 
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~ . left inverse to the ¢omposite isomorphism 

ToxTc = ([¥B(MX,B)XTX)x(f B(MY,C)*TY) 
[ 1]

 ST = X (B(ux,B)*xB(MY,C))x (TXXTY) 

tecause V is cartesianAcldéed, 

n T E R(BOm,B)B(NY, C))XT(XXY) 
because T preserves finite products; 

1] - _.[XY(B(MX,B)xB(Mi,c))x[ZA(z,Xxy)xTz 

by the higher repn. thm., 

[ (B(Mx,B) xB(MY,C) )% [ Z (A(ZX)xA(ZY) )*TZ n 

‘pecause A(Z-) preserves V-limits, 

m FECBOX, BYxA(2X) ) x( [TB(MY, C)xA(2)) AT 

    

because V is cartesian closed, 

mn
 J%(Bz BYXB(ME,C))XT2 

G by'the"higher repnf thm., 

2Bz ,BC)xTZ n 

because B{MZ,-) preserves V—limits, 

n _T(Bxc). 

Remark Special cases of this theorem have appeared 

elsewhere; in Ulmer [181 for example. 
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,Apé%ndix 3 A eriterion for V-naturality 
  

  

Theorem  Let F,G : B » C be functors between tensored 

'ca'égories B and C, and let o : F + G be an S-natural 

    

' transformation. Thencls V-natural if and only if the 
R - 

: //cafionical diagram _ . : 

z L i g 

= . X8FB —— > F(X8B) 

8oy * . |%eB 

X8GB ————— > G(X8B)} 
) T i

 

commutes for all XeV and BeB. 

  

Proof By definition, the family aB': FB + GB is V-natural 

if and pnly if 

  B{BB') ¢(FB,FB') 

N - e(1,a) 
.;' : : ' N 

¢(GB,GB') — = C(FB,GB') 
C(a,l) 

’cofimutes for all B,B'eB. By the repreéentation theorem 

applied to XeV, this is so if and only if the center region 

of the following diagram commutes for all B,B'eB and XeV. 

    

L 

i 
; 

  

  

 



  

  

~ 
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A CO(T 1) 

1’{2{”11(33\ FB') ..———————>C (XQFB, FB') 

A - 
Vo (X,C(FB, FB')) ; Collsa) 

     

  

     e ”},g (1 F/ \ (1 c( ,CL)) 

) 

’C(BB')) V (X,C(¥B,GB’ )" C (X@FH,uB') 

2) (3) 
Ve(1,0) Vy(1,0(a,1)) 

V (x,c(GB, GB')) 
C (18,1} 

. » 5 

CB(G(XQB),GB')———~————> 
CO(X@GB,GB' 

. Co(t,l) 

  

uIn this diagram the bijections ‘are those underlying 

,wftensor;ng adjunctions hence subregions (3) and () commute 

‘Subregions (1) and {2) commute 

      

y. the naturality of these. 
  

M‘Wfiybthé“aéfifiition of T (recalled from [1l] §4). - Thus the 

center commutes if and only if the exterior commutes. Bubt; 

by the representatlon theorem at the S-level épplied ta 

B'eBo, the exterior commutes if and only if the diagram * 

¢$yrafluired.     

  

  

  

     



              

/ 
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Appendix 4  The monad representation theorem 
  

In this appendix we may as well suppose that 

T = (T,u,n) is a V-monad on an arbitrary V-category; in 

{all other respects we shall use the notation given in 

Section 5.4. For ease of recognition, morphisms in the - 

“Kleisli category ‘K skall be represented by their images 

under the full embedding MK~ C. : 

Theorem Let 8 : K°P » ¥ be a functor and (C,E : TC » C) 

be a‘E—algebra. Then there is a (eanonical) bijection 

“ between netural tran%formasions ay .t e{MX,C) + sX and 
s 

elementq in the equaliser of 

' . - WSp 
VSC 2" VSTC 

vS(TE) 
. Proof We shall establish the (equivalent) higher form of 

.
 

  

this assertion.  First note that the fork on the right hand 

side of the diagram 
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- f teqx,c),sx1 

X / R : . 

( . = : = 
S © L 80 ————— [ [K(XC),5X] = ————— [ [C{MX,MC),SX] 

. ! / j' 
: { 

Sy STE Coof e, | f e, ), 13 | 
5 

i 

STC ——= [ [K(X,TC),SX} ~=——— [ [C(MX,NTC),SX] 
y oo , J m,1] :   is an equaliser diagram in Va; this follows from the 

  

!we;l:known characteristic. of C that the fork . 

E e(L,ey- o (L,E) 
o o C(MX,MTC) == -€{MX,¥C) e C(MX, C) 

€(1,Te) 

i§,a céequaliser diagram in V@,for all XeK. ' Because the 

two iower regions commute by naturality, we obtain an 

e equaliser dlagram on the eft hand side (the dotted arrow 

15 easily seen to be . the composite   [ [eOm,0),8%] — — — = SC 

. K : m 

[req,e),n | [1,8C3 

. 1 [3,13 

f redux,ue),sx3 ——s—>- re(Me,Me),sel ). 
c    



  

  

  

~ 

  

g T o139, R T S 

The theorem follows on”applying V_: ¥ + S to this 

equaliser. 

E;Corollafg The functor M : K= C is dense, i . . it 

  

Proof/’ In the higher form of the monad ”epresenvation 

theorem, take S to be C(M— D) : K°P > ¥ for some algebra o \ 
- 

- DeC. We thus obtain an equaliser diagram 

Clp,1) 

fx[c(MX €),C(MX,D}]— - C(MC,D) ————————== C(MTC,D) 

: : C(TE 1) 

  

_“for each pair of algebras C,DeC. But. the morphicm’ 

€(g,1) .+ C(CD) » C(MC,D) is the equaliser of C(u,l} and I O 
~ .     

  

: C(Tg’,l) The resulting isomcsrp«hism , . SRR 

' e(cD) = [y[C(MX,C),C(MX,D)] 

makes M : K + C a dense functor “y Definition 1.5.1. 

  

  

   



    

          

- E51% | Day, B.J., On closed categories of functors. Reports 
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