ADVANCES IN MATHEMATICS 129, 99-157 (1997)
ARTICLE NO. A1971649

Monoidal Bicategories and Hopf Algebroids
Brian Day and Ross Street*

School of Mathematics, Physics, Computing & Electronics, Macquarie University,
New South Wales 2109, Australia

Received January 2, 1997; accepted March 15, 1997

Why are groupoids such special categories? The obvious answer is
because all arrows have inverses. Yet this is precisely what is needed
mathematically to model symmetry in nature. The relation between the
groupoid and the physical object is expressed by an action. The presence
of inverses means that actions of a groupoid ¥ behave much better than
actions of an arbitrary category. The totality of actions of 4 on vector
spaces forms a category Mod ¢ of modules. The feature of Mod ¢ which
epitomises the fact that ¢ is a groupoid is that the internal hom in Mod 4
is calculated in a particularly simple way. More precisely, the functor out
of Mod ¢ which forgets the actions preserves, not only the monoidal
structure but also, the closed structure. With this as a guiding principle,
we develop a general concept of “autonomous pseudomonoid” which
includes ordinary Hopf algebras (indeed, Hopf algebroids) and autonomous
(=compact =rigid) monoidal categories. This is intended to elucidate the
interaction between Hopf algebras and autonomous monoidal categories in
Tannaka duality as appearing in [JS2; D2], for example.

Given a topological monoid M, it is explained in [JS2, Section 8] why
the monoidal category of finite-dimensional representations of M is equiv-
alent to the monoidal category of finite-dimensional comodules over the
bialgebra R(M) of representative functions on M. This provides evidence
that, when regarding a Hopf algebra as a quantum group, it is the finite-
dimensional comodules (rather than modules) which should be regarded as
the representations of the group. In dealing with comodules, we are using
the coalgebra structure of the Hopf algebra H. A Hopf algebroid is an
additive category (that is, “algebra with several objects”; that is, algebroid)
with a comonoidal structure: modules over a Hopf algebroid make sense
but comodules are not appropriate. What we need is a notion where the
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100 DAY AND STREET

“several object” aspect applies to the coalgebra structure rather than the
algebra. We call these Hopf opalgebroids. A quantum groupoid' should be
a Hopf opalgebroid with cobraiding and cotwist inducing a tortile structure
on the monoidal category of finite-dimensional comodules over it.

We shall examine convolution product in a context general enough to
include both that on Hom(C, A) for a coalgebra C and an algebra A4 (see
[Swd]), and that on a functor category [.«/, '] for o/ a promonoidal
category with homs enriched in ¥~ (see [ D1]).

That context is a monoidal bicategory .# (by which we mean a one-
object tricategory in the sense of [ GPS]). We shall introduce versions of
many concepts from category theory internal to our monoidal bicategory
. Tt is an interesting fact?® that, to internalize a given structure, the corre-
sponding external higher-dimensional structure is required to be present
on .Z. This leads to a dichotomy of definitions into those for the external
higher structures and those for the internal structures.

As a notational point, in any bicategory, we shall use o for horizontal
composition and juxtaposition for vertical composition. A monoidal
bicategory .# has another operation &:.# x.# — .4 called tensor
product. For simplicity in developing the theory, we shall suppose that .#
is a very special kind of monoidal bicategory: a Gray monoid. A Gray
monoid is a 2-category .# with an associative, unital multiplication
&Q: M x M — A which is not generally a 2-functor but merely a special
kind of homomorphism of bicategories (called “cubical functor” in [ GPS]).
Precisely, a Gray monoid (also called “semistrict monoidal 2-category”
[KV]) is a monoid in the monoidal category Gray of 2-categories and
2-functors with the strong Gray tensor product. In the first section, we
shall spell out the definition of Gray monoid explicitly.

Examples naturally occur as monoidal bicategories rather than Gray
monoids. However, the coherence theorem of [ GPS] allows us to transfer
our definitions and results. The main example we deal with is the monoidal
bicategory of ¥ -enriched categories and 7 -modules between them where
" is a sufficiently complete braided monoidal category.

1. GRAY MONOIDS AND THEIR MORPHISMS

DEFINITION 1. A Gray monoid 4 is a 2-category equipped with the
following data:

' A different definition is given by [ BM].
2John Baez and James Dolan have advised us that they call this phenomenon “the
microcosm principle.”
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(a) an object I;
(b) for all objects A4, two 2-functors L, R, : .# — ./ satisfying the
conditions

L (B)=Rgz(A4) (and define A ® B=L 4(B)),
L,=R,= 1,{//,
LA@B:LAL37 RA@B:RBR/U Ryl =L, Ry,

for all objects A, B; and
(c) for all arrows f: 4 —> A', g: B— B’, an invertible 2-cell

L,
A®B >A @B
=
R; () g R, ®
A'®B > A'® B
L,.(®

such that the following axioms hold:

(i) if both f and g are identity arrows then c,, is an identity
2-cell,

(i) for all arrows f:4— A, g:B— B, h:C— C’, there are
equalities

L(cen)=Cre).n Cf, Ly(h) = CRg(f), b Reles o) =¢1 reo)s

(i) for all arrows f,h: A—> A', g, k: B— B, and 2-cells a: f'=h,
B:g=k,

LA(k}
e L, &)
A®B TL.® Aep A@B——————= AQP
=
R B (f) = RB ) ch\, k RB (h)
RB(a) L &
A®B [ ~A®B aes M@ Aes

L.(®
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(iv) for all arrows f: 4> A, g:B—> B, f :A' > A", g': B > B,

L. L&)
A®B —2A > A8 ep
L@e
R, (O = RO = R () A®B —————> AQB
\ Cf,g y B Cf,g‘ \ B
A'®B A'QB > A'®B" = R = R (ff)
L,.(® L) B hgg B
Ry (f = R ) = - A'®B ————> A'®FB
ol S5 s e.x RB"« ) LA' &9
y ’ Y
A"®B————> A"®B————>»A"® B"
L® L@ o0

Weput L,(g)=A4®¢g, L(f)=A® S, Rp(f)=/®B, and Ry(a) =a® B.
However, notice that there are two isomorphic choices for what might be
called /' ® g; for definiteness we put

J®g=Rp(f)oL4(g), a®P=Rp(x)oL(p),

and this naturally becomes a homomorphism of bicategories ®:.# x
M — M. In this way, each Gray monoid becomes a monoidal bicategory.

Recall that we write .# °P for the bicategory obtained from .# by reversing
the direction of the arrows (so .#°°(A, B)=.#(B, A)), and we write .#“°
for the bicategory obtained from .# by reversing the direction of the 2-cells
(so M°(A, B)y= (A, B)°?). If ./ is monoidal, we keep the same tensor
product in .Z°° and .#°. We write .#*" for the monoidal bicategory .#
with the tensor product 4 ®' B given by A ® B=B® A. Of course, if .#
is a Gray monoid then so are .#°P, .4, .4 in natural ways.

We shall distinguish a special kind of lax functor between tricategories
[GPS, pp. 15-18].

DEeFINITION 2. A weak monoidal homomorphism T :.# — N between
Gray monoids .#, ./ is a pseudofunctor ( = homomorphism of bicategories)
from .# to A" equipped with arrows

Ixy: TXQTY>T(XQY), 1:1-TI

in ./ for all objects X, Y of ., and invertible 2-cells,
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xX,Y
TX®TY > TX®Y)
Tf® Tg Xig T(eg)
=
X' @TY' > T(X'®Y")
XX',Y'
18y
TX®TY ®TZ YZ > TXQ@T(Y®2Z)
X ©l1 O vz X
X,Y = X, Y®Z
TX®Y)®TZ >TX®Y ®Z)
X®Y,Z
TX
191 1®1
= 1| &
CX Kx
TX®TI »TX< TI® TX
xXI xI,X

7

in A for all objects X, Y, Z and arrows f, g in .4, so that a pseudonatural
transformation (=strong optransformation) y and modifications w, {, x
are determined satisfying the following conditions (where tensor symbols
between objects have been omitted as a space-saving measure).

TXTZ TXTZ
1®1:§/1®§ \ l®lf/
TXTITZ—>TXTZ _ TXTITZ

x ©l1 x @1 kol 1
X1 Oz x X,Z X1
=
TXTZ ———m T(XZ) TXTZ X—> T(XZ)

Xz X,z
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TWX) TY TZ——-——-——->T(V\7XY) TZ

T S

wixyz 22 wTomtz 19 twxyz

DN

TW TX T(YZ) —>TW T(XYZ)

1
TWX) TY TZ ——2 8 o TWXY) TZ

A ST

TXTYTZ Cxx TWX) T(YZ) -———'T(\N X)

Nl

TW TXT(YZ) —-———-—-—-—> TW T(XYZ)

Weak monoidal homomorphisms compose in a natural way. Weak monoidal
structures can be transported across equivalences of homomorphisms.
A monoidal homomorphism is a weak monoidal homomorphism for which
Xx. vy and 1 are all equivalences.

ExamprE 1. If .# is a Gray monoid, we have the representable
2-functor #(I, —):.# — Cat. In order to say that this provides an
example of a weak monoidal homomorphism there is a small technical
difficulty in that Cat is not a Gray monoid (the cartesian product of
categories is not strictly associative). So we shall henceforth suppose that
Cat denotes a Gray monoid which is equivalent to the monoidal bicategory
usually intended by that name. Composing .# (I, —) with the equivalence
gives a weak monoidal homomorphism which we shall still denote by
M1, —) . M — Cat. Be aware, however, that this new .#(I, —) is no
longer a 2-functor, merely a homomorphism of bicategories.

DerFmNiTION 3 (Compare [ GPS, Section 3.3]). Suppose .#, A" are
Gray monoids and S, T: .# — A" are weak monoidal homomorphisms.
A monoidal pseudonatural transformation 6 :S — T consists of a pseudo-
natural transformation 6 : S — T, together with an invertible modification,
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X

XY
SX®SY »>S(X®Y)
0
XY
0 X ® OY = 0 X8y
TX® TY > T(X®Y)
X XY
and an invertible 2-cell,
S1
1
0
I
Mo, 1
I -——l—-—pT I

subject to the following three equations:

197 SX®S(Y®2Z) %
Y, Z XY®Z
sx®sy®sz\ ﬂwx,v,z SX®Y®Z)
&l X®Y Z
lole0, Xxx SX®YV)®S rov.2
= 196,
SX®S y ¢l \ )
X®5Y ® TZ——————"—>5(X®Y)® TZ 0
xx,Y®1 ( g{@*{,z O%evez
0,86 01 2x,y ®1 6 ol
= X®Y
Y \ y
TX®TY®Tz—x-——m—>T(X®Y)®TZX—>T(X®Y®Z)
XY X®Y,Z
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1oy SX®S(Y®Z) - %
Y.Z X Y®Z
/ 190
SX®SY®SZ Y®Z SX®Y®Z)

=  SX®T(Y®Z)

0
% X,Y®Z
106,06, my' Z)
Y 6,01
1ex, , X ®revez

SX®TY®TZ
TX®T(Y ® Z)
0. 101
X Y®Z
MXYZ\
\j YZ Y
X,Y X®YZ

SX
1®1 CX\
=

SX® S [—;—>SX

xX,l =
0 ®91 e=> 0,
%X,I
TX®TI-—X—>TX
X1

G&SI®SX X

sx 191
‘f/&\ SI®=S>X(—SX
= 9,81 (M \GX

LX = TI®SX =

¢ TX
TI®SX = |p g5, = )
c ®1
\ P2X 0% | X 1o6y %ll
16 =
X TI®TX—F—>TX TI®TXX——>TX
1,X LX

'y

Suppose S, T: .4 — N are weak monoidal homomorphisms and 6, ¢ : S— T
are monoidal pseudonatural transformations. A monoidal modifications : 0 — ¢
is a modification s : 6 — ¢ such that the following two equations hold:

X X

Y
SX®SY —— > 58 Y) SX®SY — > 5x®Y)
8 s ®s o
0.00 %X, Y 0 xoY | ¢ — 0,80, |%%5%|¢0,®¢ XY
Ty = Xeyp o7 | Txey A N A = %oy
TX®TY x—>T(X®Y) TX®TYT>T(X®Y)

XY XY
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SI SI
1 0| = = 1
All;% A{l%
I T TI I—l.

T1

There is a 2-category WMonHom(.#, ./") whose objects are weak monoidal
homomorphisms S: .# — A", whose arrows are monoidal pseudonatural
transformations, and whose 2-cells are monoidal modifications; the com-
positions are defined in an obvious way, and we have a forgetful 2-functor
WMonHom(.#, /") — Hom(., A").

2. ADJOINT MONOIDAL HOMOMORPHISMS AND BIDUALS

DErFINITION 4. Suppose o7, #, % are bicategories. A left parametrized
biadjunction consists of homomorphisms 7: .o/ X6 > %, H: A °x B — €,
together with equivalences

4 pc:BT(A4 C),B)3%(C H(A, B))

which are pseudonatural in objects A4, B, C of o7, 4, €, respectively. The
homomorphism H is determined by 7 up to pseudonatural equivalence.
We call T the left biadjoint and H the right biadjoint. The pseudonatural
parameterized counit ¢ with components

e 5. T(A, H(A,B))—> B

is determined up to isomorphism by 7,4 z g4 5)(é4. 8) = L4, 5)- Similarly,
there is a parameterized unit

e, 4t C— H(A, T(4, C)).

ProrosiTiON 1. If T: o/ X6 — A is a homomorphism and, for all objects
A, B of </, B, there exists an object H(A, B) of € and equivalences
e B(T(A4, C),B)3%(C, HA, B)) pseudo-natural in Ce¥, then H
can be extended to a homomorphism H: .o/°° x B — € such that n4 g
becomes pseudonatural in A, B, and so becomes a left parameterized biad-
Jjunction.

Proof. This is a routine exercise in the bicategorical Yoneda lemma
[St1]. Q.E.D.
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Recall [ K1] that a right adjoint to a monoidal functor is automatically
weak monoidal. This generalizes to the parameterized case and to the next
higher dimension.

PROPOSITION 2. Suppose </, B, € are Gray monoids and T, H, © form a
left parametrized biadjunction. If T:.o/ x€ — % is a monoidal homo-
morphism then H : o/ °° x B — € becomes a weak monoidal homomorphism.

Proof. The required arrow,
Xa ), a5y HA B)QH(A, B')> HA®A, BQB'),
corresponds under 7 to the composite

T(A®A', H A, B)® H(A', B"))

e B®eu, g

~ T(A, H(A, B))® T(A', H(A', B')) B®B.

The extensive remaining details are left to the reader. Q.E.D.

DEerFINITION 5. A monoidal bicategory .# is called right closed when the
homomorphism ® : .# x .# — # is the left biadjoint in a left parametrized
biadjunction. The left biadjoint is denoted by [, ]: . #°°x.4 — M.
A monoidal bicategory .# is called left closed when .4 is right closed; it
is closed when it is both left and right closed.

DErFINITION 6. Suppose .# 1is a monoidal bicategory. An arrow
e:A®B—1 is called an exact pairing when, for all objects C, D, the
functor

e*: M(C,BRD)— M(ARC, D),

given by e*(f)=(e®1,)°(1 ,®f), is an equivalence of categories. We
call B (together with an exact pairing e) a right bidual for A; since right
biduals are unique up to equivalence, we write A° for B. Taking C =1 and
D= A, we obtain an exact copairing n:I— A°® A with e#(n)=1,. We
call .# right autonomous when each object has a right dual. Then the
assignment A — A° extends to a biequivalence [ Stl] of bicategories

()05 llP — .

We call . left autonomous when each object has a left dual; a left and right
autonomous monoidal bicategory is called autonomous.
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PropPOSITION 3.  Each right autonomous monoidal bicategory is right
closed. A right closed monoidal bicategory is right autonomous if and only if,
for all objects A, B, the arrow

[4,11®B—[4, B],

corresponding to ¢, ;@lz: AQ[A,I]®B— B, is an equivalence. In this
case there are canonical equivalences

(4,113 4°, A°®Bx[A,B].

3. PSEUDOMONOIDS

There is a well-known concept which, following the terminology scheme
of [KS], we shall call “pseudomonoid”® 4 in .#. Explicitly, a pseudo-
monoid A in ./ consists of an object A, arrows u: A®A—-> A, n:1- A4
(called the multiplication and the unit for 4), and invertible 2-cells a, /, r,

1®
A®A®A—-u—>A®A ALQI>A®A<1®—“—A
a Ll *
uel = M 1\& =1
A®A—T—'—> A A

(called the constraints of associativity, left unit, right unit) such that the
following two equations hold (where, for example, we have written 3 for

ARA® A):

191® 191®
1®a 1@ 1®
\&&@;1 = \ Cuop \u
1®1 — ®1IR1 ®1
pole1f ™ 2 p®1® = & i 2
' :}u . a Y = 1®u ” =
—_—
\ = ; a
u®1 uet = #
2 —>1 2o > 1
KB [

3 Other words used at varying degrees of generality in the literature are “doctrine” [ Z; St1]
and “tensor object” [JS1, pp. 61-62]. Also, “pseudo-algebra” might be preferred by those who
use “algebra” for “monoid” in a monoidal category.
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2 2

liym, 1 18181 1
=

3 > 2 3 2
1®u — r®1 1

uel = Jp, L1 = lu

a

2 > 1 2 > 1

For example, a pseudomonoid in the cartesian closed 2-category Cat of
categories, functors and natural transformations, is precisely a monoidal
(or “tensor”) category. A pseudomonoid in .#°P is called a pseudocomonoid
in ./; the multiplication x and unit # in .#° are called and denoted
comultiplication 6 and counit ¢ in /4. However, notice that pseudomonoids
in ./ and .4 can be identified with pseudomonoids in .Z.

ExampPLE 2. For any object X of a right closed Gray monoid, the
internal endohom [X, X] becomes a pseudomonoid under “internal
composition.” In fact, we have an obvious n-fold multiplication
W, [ X, X]® --- ®[X, X]—[X, X] corresponding to the composite

XQ[X X]® - ®[X, X]

ey y®1® - ®1 ey x®1

XX, X125 x.

There is a canonical constraint isomorphism between x, and any arrow
[X,X]® --- ®[X, X]— [ X, X] obtained as a composite of arrows of the
form1® - @u,® --- 1.

ExampLE 3. If C is a pseudo-comonoid in a cartesian monoidal
2-category (that is, a 2-category with cartesian product as tensor product)
then it easily seen that the left and right unit constraints form an
isomorphism between the comultiplication ¢ and the diagonal C - Cx C.

ProprosITION 4. Suppose A is a pseudomonoid and C is a pseudoco-
monoid in M. The category M (C, A) is equipped with a monoidal structure:
the tensor product is convolution f x g given by

o I®g

C c®C ARA—— 4

and the unit is given by

C—5S 10 A
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Proof. The associativity constraint is the following pasting composite:

(f*g)*h

coal® i cecea

f*(g*h)

The left and right unit constraints are the following pasting composites:

Cef ®A ®A
OC— @Ay A 100 oA
1
J eaC | . ¥ u
¥ f 1
3\ A
c - C
Ce C oA
eCc—L>c—Ny oA >A® A
1
) Ur U,Cf,n u
1 f Aen Ur
A > A
¢ 1

The associativity pentagon and triangle for unit constraints are easily
checked, however, a more conceptual proof of this proposition will be
given below. Q.E.D.

PROPOSITION 5.  Weak monoidal homomorphisms take pseudomonoids to
pseudomonoids.
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Proof. Every homomorphism H:.o/ - % is equivalent to a normal
homomorphism (that is, one for which the constraints 1,,=>7(1,) are
identities for all objects A of .o/). Pseudomonoids A in .# can be identified
with weak monoidal normal homomorphisms 4 :1— .#. Thus, a weak
monoidal homomorphism 7':.# — /" yields a composite weak monoidal
homomorphism 7-°A4 in .4". The canonically equivalent normal homo-
morphism 74 becomes weak monoidal by transport of structure.

Q.E.D.

Recall from [SW] the versatility and expressive power of liftings and
extensions in a bicategory .#. A diagram

K
h/ o \f
=
A—T—>X

is said to exhibit h as a right lifting of [ through j when, for all arrows
t: K— A, pasting with 4 determines a bijection between 2-cells =/ and
2-cells jot = f. A right extension in .4 is a right lifting in .#°P. Of course,
not all right liftings exist in Cat; but they do in an interesting class of
bicategories which we shall examine later in this paper.

PROPOSITION 6. Suppose A is a pseudoalgebra in a Gray monoid M
which admits all right liftings. Then the monoidal category M (I, A) is closed.

Proof. For f,h:1— A, let [ f,h]:I— A be the right lifting of /4 along
the composite

ALEL 44—+ 4.

Then 2-cells g=[f, h] are in natural bijection with 2-cells f*g=
o(f®1)og=h. So #(I, A) is right closed. The right lifting of & through
Ho(1®g) gives the left internal hom. So .#(I, A) is closed as required.

Q.E.D.

In a monoidal bicategory there is a generalized form of lifting to be
considered.
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DEerFINITION 7. In a monoidal bicategory, a diagram

»/U ®K\<
U®A'——>X

is said to exhibit h: K— A as a right lifting of f through j modulo U when,
for all arrows 7: K— A, pasting with 1 determines a bijection between
2-cells t=h and 2-cells jo(1,®t)=>f. If the ambient bicategory is right
closed then / can be obtained as a right lifting of the arrow zn(f): K—
[U, X] through the arrow n(j):4—[U, X]. Hence, in a right closed
bicategory in which all right liftings exist, all right liftings modulo objects
also exist.

DerFINITION 8. Suppose /: U® 4 - U® B is an arrow in any monoidal
bicategory .#. A cotrace |, f of f modulo U is a right lifting of
f:U®A—- U®B through 1 ,55: U® B— U® B modulo U.

Recall [St2] that an arrow f: X — Y in a bicategory .# is called a map
when it has a right adjoint f”: Y— X. We write Map .# for the sub-
bicategory of .# with the same objects as .#, with the maps as arrows, and
with all 2-cells between these. Homomorphisms (=pseudofunctors) of
bicategories preserve adjunctions, and hence, maps. It follows that, if .# is
a Gray monoid, then Map .# is a Gray submonoid. However even when
M and Map ./ are both left closed, the homs are generally quite different.

ProrosiTiON 7. If A is a pseudomonoid in Map .4 then A becomes a
pseudocomonoid A in M by taking the comultiplication and counit to be the
right adjoints of the multiplication and unit.

Proof. This is a simple exercise in the calculus of “mates” [KS].
Q.ED.

Let us call 4 a map pseudomonoid in .4 when it is a pseudomonoid in
Map .. Despite the last result, the reader should be warned that a map
pseudomonoid is not necessarily a “pseudobimonoid” in .#. A pseudo-
comonoid in Map .# will be called a map pseudocomonoid.
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DEFINITION 9. Suppose .# is a right autonomous monoidal bicategory.
A left parametrized right adjoint for an arrow t: A® C— B in ./ is an
arrow h: A°® B — C which has the composite

C22L £°R 40 CL25 4°®B

as a right adjoint. Of course, it follows that % is a map such that 7 is
isomorphic to the following composite:

AR CLE A0 4°® B—<2L B.

DEerFiNITION 10.  Suppose A4 is a pseudomonoid in the right autonomous
monoidal bicategory .#. A right internal hom for A is a left parametrized
right adjoint hom : A°® A — A for u: A® A — A. We say A is right closed
when a right internal hom exists.

DerFINITION 11. Suppose 4 is a map pseudomonoid in a right-auto-
nomous monoidal bicategory .#. A right antipode for A isamap v: A° > A4
such that the composite

A°@A—EH A®A—— 4

is a right internal hom for 4. In other words, there should exist an
isomorphism

A——A®A

r

nel = v ®l

ARARA—> A°QA
=)

Equivalently, the following composite should be isomorphic to u:
ARA 25 ARARA—272L 4 4° @425 4.

A map pseudomonoid equipped with a right antipode will be called right
autonomous.

PRrOPOSITION 8. Suppose A is a right-autonomous map pseudomonoid
in a right-autonomous monoidal bicategory M. Suppose that the counit
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vov' — 1, is invertible. If f: 1 — A is a map then it has a left dual f in the
convolution monoidal category M (I, A); indeed, f can be taken to be the
composite

I—"5 424225 A4 L2, 4.

Proof. 1If we take f as suggested then f"ovxeo(f Y ®1). Since
the counit vov'— 1, is invertible, we have an isomorphism f"=~
eo(fY ®1)ov". Since right liftings along maps can be obtained by com-
position with the map’s right adjoint, it follows from the proof of
Proposition 6 that (f"® 1)ou"oh is a right internal hom of f, & in .# (I, A);
we need to prove that this is isomorphic to f¥ s h=puo(f¥ ®1)oh. So it
suffices to prove (f"® 1)ou"=u-(f ¥ ®1). Using the defining property of
antipode, the homomorphism property of tensor, and the formula for /” in
terms of /¥, we obtain isomorphisms

pe(f®1)

11

(e®@1)o(1@V' @) (1@u")o(f¥®1)
(e®@D)o(fV"R1I®1)e(V®1)ou”
(f"®1)ou". Q.ED.

12

I

4. BRAIDED GRAY MONOIDS AND
BRAIDED PSEUDOMONOIDS

DEerFINITION 12, Suppose .# is a Gray monoid. A braiding for .4 con-
sists of arrows

Pry: XQY->YRX

which are equivalences for all objects X, Y with py ;=p; y=14, and
invertible 2-cells

pX,Y
X®Y > Y®X
p
feg fg ®f
e &
X®Y >Y ®X'
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1®pvz

WRX®YRZ : > WRIXRZRY
(0]

p o1 W, XY, Z o1
W, X j = pw,X®z
XOWRYRZ > XQZOWRY

1®p

WeY, Z

determining a pseudonatural transformation p and such that @, ;, , is
the identity of py;, , and the following two equalities hold:

®1
XWUYVZ 2Y 5 XYWUVZ

®1 B
w/ WXUY%\WU”
1®p

WXUYVZ —2X>wxyuvz |o XYZWUV
W, XY, UV, Z

1e® l®p
lep U,Y,V,Z UVZ

I

WXUYZV 1o > WXYZUV
U YZ

1ep ®1
WU, Y
XWUYVZ > XYWUVZ

®1 190 1®
pw,x Tep N WU,Y,V,Z Pwuv, z

WXUYVZ U %0 XWUYZV 3 > XYZWUV
® pWU YZ® 1

1® P [0] ®1 ®1
pV. z W.X W, X, U, YZ pw, XYZ

WXUYZV > WXYZUV
®p ®1
U, YZ
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pA B®1
A®B®C - »>B® A®C
Pa®B,C
Upp,l
(0] A,B
18p arscl Coaeb P

B,C 01 B®A,C

Pa.c N BB

Y mA, C LB v
A®CQ®B »CR®B®A
pA,C ®B
il
pA’B® 1
A®B®C >B® A®C
\lwA,V
1®
pA,B®C &,c
1 ®pB,C P B®C®A % pB®A,C
e, , B,I,A,C
’ ®1
\V B,C pB,C V
A®C®B > CRB®A
pA,C®B

The first equality means that the homomorphism ® : .# x .# — ./ becomes
equipped with a monoidal structure by taking

Awx. vz =lw®@px yR@1 WRXQYRZ->WRYRXRZ,
=1, 1> I®]1,
O, w, (x. x), (v, vy =1lw @@y y x. y®ly,

{x.xy=Kx.x =lxgx-

(Compare the one-dimensional case as in [JS1, Proposition 5.2].) The
second equality means that the identity pseudonatural transformation in
the commutative square
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Mx Mxﬂ% Mx M

®x1 ®

M x M- > M
®

is enriched with a monoidal structure (Section 1, Definition 3) via the
isomorphism

x@(@xl)
A®B®C®X®Y®Z®A®X®B®Y®C®Z
X@(lx@)

obtained as the pasted composite,

ARXQ®B®C®Y®Z

1®p ®191 121018p @1
B®CX cY

18 819181
Jiew @101 B,X
BLC,X

A®BO®CRX®RY®Z——> AR®BRXQOCRYR®Z U‘l@c ®1 AQX®B®Y®C®Z
1® 1®pc x® 1®1 [ds

1o 168 o1[1®1018p, @1
CX,LY ’ 1% ®19181
®18p Pe x

A®BRX®Y®CQ®Z

(In fact, this monoidal pseudonatural transformation is a blip in the techni-
cal sense of [ GPS, (3.8)].)
A braided Gray monoid is a Gray monoid equipped with a braiding.
Notice that, if .# is braided, the identity functor of .# is equipped with
a canonical structure of monoidal homomorphism .# — .#™.

Remark. This definition of two-dimensional braiding is equivalent to
that of Kapranov and Voevodsky [KVI; KV2] as modified by Baecz-
Neuchl [ BN]% in particular, the need for an axiom equivalent to our last
axiom was observed by Larry Breen and Baez-Neuchl. The fact that these

4 See the Appendix of [C] for many other comments on, and corrections, to [KV1].
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definitions agree is a higher version of [ JS1, Proposition 5.1]. To make the
connection, put

"w,y i z=%Tw, 1 v, 2> "wix,z= 0w, x, 1,z

which fit into triangles as shown below:

1ep
WRYRZ—% > WRZRY WOX®Z
? p 1 p @1 - pw,xa:z
Pwey 2 WYz w.z WX T
, wix,z
ZOWRY X®W®z—i-g—-—>X®Z®w
P

W,Z

A right closed braided Gray monoid is closed with the left internal hom
equal to the right. We have the following consequence of Proposition 5.

COROLLARY 9. If M is a closed braided Gray monoid then [ , | : . #°P x
M — M is a weak monoidal homomorphism.

Proof. Since # is braided, ® : # x M — 4 is a monoidal homo-
morphism. Q.E.D.

ProrosiTioN 10.  If 4 is a closed braided Gray monoid, if C is a
pseudocomonoid in M and A is a pseudomonoid in M then [ C, A] becomes
a pseudomonoid with multiplication given by the composite:

[CA]®[C Al —— [CR®C, A®A] L2, [C, 4],

Proof. Since (C, A) is a pseudomonoid in .#°° x ./, the result is a
corollary of Propositions 5 and Corollary 9. Q.E.D.

This provides a more conceptual proof of Proposition 4 since, applying
the monoidal homomorphism .#(I, —):.# — Cat to the pseudomonoid
[C, A] in .#, we obtain a pseudomonoid .#Z(I,[C, A]) in Cat; but this
category is equivalent to #(C, A). So .#(C, A) becomes a monoidal
category via transport of structure across the equivalence; the tensor
product is easily seen to be convolution.

In fact, we use Proposition 10 to justify centring attention on the con-
volution structure of .# (I, A), where A is a pseudomonoid, rather than the
more general .#(C, A), where C is any pseudocomonoid. For, .Z(C, A) is
equivalent to .#Z(I, [ C, A]) and [ C, 4] is a pseudoalgebra. Our results for
AM(I, A) can, of course, be generalized to .#(C, A) even when .# is not
closed or not braided, but we choose the simpler case for easier reading.
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DEerINITION 13 (Compare [JS1, Definition 5.2]). Suppose .# is a

braided Gray monoid and 4 is a pseudomonoid in .#. A braiding for A is
an invertible 2-cell y as in the triangle

Py

»ARA

%

such that the following two equations hold?:

pA ABA DA AGA

RTINS
\\// ~ ¢

A®A A PA@A A

SN s N % /\
NN

Alternatively, the last two equations are equivalent to the following three
equations:

> As before, “3” is an abbreviation for “4A® A® A.”
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Pra=1
A - > A A
Py .1
nel - 181 nel len
Paa - 4 rt
ARA—— >AQA = ARA = |1 = A®A
N
n i 0 B
A A
pA,1=1 -
1@ Pim
n = nel len nel
— r 1 !
A®A—————>AQA = A®A — = A®A

pA, A
N

M i n H
A A
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lou®l

—

op

DEFINITION 14, Suppose .#, ./ are braided Gray monoids and
T: .4 — A is a weak monoidal homomorphims. A braiding for T is an
invertible modification,

p
TX ® TY XY e TY®TX
XKY uxy
=
TX®Y) » T(Y @ X)
T(p
X,Y

such that the following two equations (expressing uy. yg in terms of uy y
and uy ,, and uyg y » in terms of uy y and uy. ) hold®:

SFor a:gf=h, we abusively write Ta: TgoTf= Th for the composite of the real
To: T(gf) = Th and the canonical isomorphism 7go Tf = T(gf).
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TYTZTX
Ty/v 1® X Z X
TXTYTZ 0 TYT(ZX)
1 x\1 Z
’ T(YZ)TX Y Z,X
1y
Xy y® 1 Y.2
. TXT(YZ) TX T(YZ)
mx, Y, A x Uy vz
TXY)TZ T(YZX)
X
XY, Z T
T(XYZ) A frpx YZ)
Tp. ®1 xiv,z/T1ep )
XY T ®1 !
ﬂx By (pX,Y ) Xz
TYX)TZ x »T(YXZ)
YX,Z
i
TYTZTX
TV' z,x
TXTYTZ TX I TY, TZ TX TZ TYT(ZX)
P 1 TYTXTZ Mieuy,
®1
XX,y \ 18Tk, ,
®1 TYT(XZ)
T(XY)TZ 1 &z T(YZX)
Y X, Z
Tpxl N 1 T1® px . )
T(YX)TZ »T(YXZ)

YX,Z
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TZTXTY

pTV xz,x® 1
1®x

TXTYTZ T@ZXTY
Al

TZT(XY) Z XY
TXY)TZ T(XY) TZ
x Uxy,z

TXT(YZ) \ T(ZXY)
T(XYZ)

1eT(p _)
M, o Taep
Y,Z Y,
TXT(ZY) z

X, ZY

Il
TZIXTY

x. o1
zZX
TXTYTZ ﬂrm i1z [Tt T@ZX)TY

1
TY Tz TXTZTY X
1®
xY,Z xley
Tp ®1
1euy z X,z

TXT(YZ) TXATY X, Xp, 501 TZXY)

X Z Yﬂ
1® T(py . ) T(p ® 1)

TXT(ZY) »T(XZY)
x, zY
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®

Mx M —————i M

TxT -_7% T

Ax N — A

These conditions are equivalent to the requirement that the pseudo-
natural transformation y (above) should become monoidal when equipped
with the structure y,. x. x. (v. v, and y, given, respectively, by the following
two pasting composites:

18p 81 X, 8%

TXGTX QTYSTY — X S TX@TYRTX ®TY —— XY 7X@ Y)ST(X 8Y)

81 1
Y 187 TXQTYST(X )25, ¥
o1
TX®T(XQYSTY A
X, Y, X®Y
18TINg! oy x
Ly 2k | TXGTX®T(YRY') 1 XY 'IX@T(Y@X')@TY' 1y Xey,xey
! XY, Y' Y, X®Y'
¥ ver 18 x 18
X.m TX®T(X ®Y®Y) ————e——— >TXST(YOX' OY)
18T, )
X Y®Y
XY
X X9Y®Y
THEX)@T@Y) ——————> T(XOX 8Y8Y) ———————> TIXEYOX8Y)
% xex, vor " Tdep_ e Py O
TI®TI
1®
181

A weak monoidal homomorphism is called braided when it is equipped
with a braiding.

Suppose S, T: .4 — A are braided weak monoidal homomorphisms.
A monoidal pseudo-natural transformation 8 : S — T is called braided when
it satisfies the following condition:
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xv,x X
SY ® SY ———v S(Y @ X) Y @S —E > gy aX)
0
psx,SY ﬂux,y S(p/4) \eY@X psx,s/ Y ﬂez,- Y,NG’X
<1 ﬂpex‘ey
x®sy5—=sxey flo, TveX) = sx@sv TY ® TX5—=T(¥ ® X)
X, Y Y Y, X
o ®
ex®&\ ﬂ 2% XIY\Q\YAPX,Y) eX@R P% ﬂuX'Y/T(px,Y)
T™X® TY —T(X® Y) TXOTY ——>TX®Y)
Xxy XY

This is equivalent to the requirement that the following modification
should be monoidal:

MxM-L»M MXM—®——>
SxS| 8x0 T SxS ol 8 |7
2P )TxT 4 = = S >

= 0,
A(x X Ax N e

ExampPLE 4. If .# is a braided Gray monoid then .# (I, —): .# — Cat
is a braided weak monoidal homomorphism.

ProrosITION 11.  Braided weak monoidal homomorphisms preserve braided
pseudomonoids.

Proof. Braided pseudomonoids can be identified with braided weak
monoidal (normal) homomorphisms 1 — .#, and a composite of braided
weak monoidal homomorphisms is canonically braided. Q.E.D.

ExampLE 5. If .# is a braided Gray monoid and A is a braided
pseudomonoid in .# then .#(I, A) is a braided monoidal category. The
braiding is given by the following pasting composite:

f®g A®A 1

1%‘ Paa 47
gof A®A/

PROPOSITION 12.  In the situation of Proposition 2, if T is braided then so is H.

Proof. Since T:.o/ x€ — % is braided, we have data as follows in
which the vertical arrows are equivalences:

A
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Pra, 0,1, )

T(A, C) ® T(A', C) >T(A', C') ® T(A, C)
X Ya,0,m,c) x
0, @, = A, C), 4,0
T(A®A', CRC') > T(A'®A, C'®C)
T (pA, aPcc

What we require are data as displayed in the following square:

P H(A, B), H(A', B')

H(A, B) ® H(A', B) >H(A', B') ® H(A, B)
X , %, B, @, 8) x
(A,B),(A,B) = (A,B),(A,B
H(A®A', B®B') > H(A'®A, B'®B)
H (pA A’ p13. B

We saw in the proof of Proposition 2 what the vertical arrows in the last
square correspond to under the pseudo-natural equivalence n of the
parameterized biadjunction. So we obtain the required data u 4 z (4. 5)
corresponding to the following pasting composite (in which we write y !
for an inverse adjoint equivalence for y).

T(A' ®A, H(A B)Y®@H(A',B"))

'l;m/ I (L Pyeam, Hapy)
Pan’ am, ma B)

T(A®A', H(A B)Y®H(A',B")) T(A'®A, H(A',B') ®H(A,B))
x lux 1

(A, H(A B, (A", HA'B)) = Xa, LB, (A, HOAB)
Y

T(A, H(A,B)) ® T(A', H(A'B')) > T(A', H(AYB')) @ T(A, H(A,B))

T(A, H(AB), TCA', H(A'B))
€% B = €a P €A
\
B®B' > B'®B
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The axioms required on these data for H to become braided can be
verified. Q.E.D.

5. SYLLEPTIC AND SYMMETRIC GRAY MONOIDS, AND
SYMMETRIC PSEUDOMONOIDS

Recall from [JS1, Proposition 54] that a braiding on a monoidal
category is a symmetry if and only if the tensor-product functor is braided
monoidal. We shall consider the corresponding situation for monoidal
bicategories.

DerINITION 15. A syllepsis for a braided Gray monoid .# consists of an
invertible modification,

>X®Y
\ UVX v
Y ®X b
such that the following two equalities hold:
1 1
X®YQZ »X@Y®Z X®Y®Z >X8Y®Z
19
1e o _ mwy,z pY = 0
"z zxer = 1°P , xoze¥  zxy Prxer
p, 81
1 vx'éfl X
X®Z®Y >Z®X®Y X®ZBY >Z®X®Y
®1 p o1
X,z X,Z
1 1
X8Y®Z »>X8Y®Z X8YQZ >X8Y®Z
e b
= hvez| & Yexez S
xlvz 1 ’
] 1®sz
Xz &7
Y®Z®X >Y®X®Z
1®%x

It follows that v; y=vy ;=1 (the proof is similar to that in [JS1, Proposi-
tion 2.1]). Syllepses are in bijection with braidings for the monoidal
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homomorphism & : .# x .# — . : given a braiding w for ® : M x M — M
constituted by the data

Pwex, ez
WRX®YR®Z >YR®ZOWR®X
w
1ep, ,®1 g}x,y,z 1®pzw®1
WRY®X®Z > YOWRZ®X
pw,\(®px,z

the corresponding syllepsis v is given by the formula vy y=wy ; ; y; given
a syllepsis v, the corresponding braiding w has w, y ., equal to the
following pasting composite:

pW@X,Y@Z
WeXeYez >Y®ZOW® X

-1

ﬂrw,xlwz

1ep ®1 =
X,Y

T
WRYR®Z®X

¢ 1 Px z pW,Y
W®Y®X®Z——>Y®W®Z®Xf>Y®W®Z®X
pw,\(®px,z

A Gray monoid is called sylleptic” when it is equipped with a braiding and
a syllepsis.

COROLLARY 13. If ./ is a closed sylleptic Gray monoid then [ , | : M °P x
M — M is a braided weak monoidal homomorphism.

ProrosITION 14. If 4 is a closed sylleptic Gray monoid, if C is a
braided pseudocomonoid in M and A is a braided pseudomonoid in M then
the convolution pseudomonoid structure on [ C, A] acquires a braiding given
by the following pasting composite:

" The term “weakly involutory” has been used by Baez-Neuchl [ BN].
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P [C,A],[IC, Al
[C, Al ®IC, A] > [C, Al ®[C, Al
% Yeallc Al
[C,ALIC Al = Xicalic Al
[C®C,A® A] >[C®C,A® A]
[pc, Cc’'"AA ]
[v,v]
=
[C, A]

DEerFINITION 16. Suppose .#, ./ are sylleptic Gray monoids. A weak
monoidal homomorphism 7: .# — A" is called sylleptic when it is braided
and the following equation holds:

Prx, Ty Py, 1x
XTY ———————>» TY R TX———— > TX ® TY

S M
X, Y XX,Y

1

X

TX®Y) 1 TX®Y)

TXOTY — = > TY ® TX—— % > TX®TY
u u
XY Y. x
Xxy = Xy, x Lxvy

——— —
TX®Y) TG, ) TY® X) e ) TX®Y)

N~ Ui o

T o
(pY, X pX,Y)

170,

T(IXQY )

The composite of two sylleptic weak homomorphisms is sylleptic.
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ExAmPLE 6. If .4 is a sylleptic Gray monoid then .#(I, —): .# — Cat
is a sylleptic weak monoidal homomorphism.

ProrosITION 15.  In the situation of Propositions 2 and 12, if T is sylleptic
then so is H.

DEerFINITION 17. Suppose .# is a sylleptic Gray monoid. A symmetry for
a pseudomonoid A4 in .# is a braiding y satisfying the following condition:

Pa,a Py p

, A
ARA—">ARA—2>A®A A9AAsi0A
Va A
NG LY/ AN N
A®AT>A
A

Clearly a symmetric pseudomonoid corresponds to a sylleptic weak homo-
morphism 1 — .Z.

ProroSITION 16.  Sylleptic weak monoidal homomorphisms preserve sym-
metric pseudomonoids.

ExampLE 7. If .# is a sylleptic Gray monoid and A4 is a symmetric
pseudomonoid then .#(I, A) is a symmetric monoidal category.

DerINITION 18. A Gray monoid .# is called symmetric when it is
sylleptic and the following equation holds:

P, P,
»X® YLy @ X Xo Y=L >yox >Y®X

XY
\YU;;/ = \il@y/

This is equivalent to the requirement that the braided homomorphism
& : M x M — M should be sylleptic.

CorROLLARY 17. If 4 is a closed symmetric Gray monoid then
[,]: A% x M — M is a sylleptic weak monoidal homomorphism.

PropoSITION 18.  If M is a closed symmetric Gray monoid, if C is a sym-
metric pseudocomonoid in M and A is a symmetric pseudomonoid in M then
the braiding of Proposition 14 is a symmetry.
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6. BALANCED GRAY MONOIDS, AND
BALANCED PSEUDOMONOIDS

There is a bicategorical generalization of balanced monoidal category [ JS1].

DerFINITION 19. A twist for a braided Gray monoid .# is a monoidal
pseudo-natural equivalence from S to 7, where S: .# — .#*" is the identity
homomorphism equipped with the canonical monoidal structure deter-
mined by the given braiding, while 7:.# — .#™" is the identity homo-
morphism equipped with the monoidal structure from a quasi-inverse
braiding. The data for a twist (¢, v) are displayed as the following squares
in which the 2-cells are isomorphisms and the horizontal arrows are equiv-
alences (we take the isomorphism 7,~ 1, to be an identity for simplicity):

tX
Xe—X

te
N

Y—-;——>Y

X®Y
X®Y XY

v
Py v Uxv Py x

Y®X Y®X
t ot
Y X

A balanced Gray monoid is a braided Gray monoid equipped with a twist.
Notice that a syllepsis is a twist with = 1.

DEerFINITION 20. Suppose A4 is a braided pseudomonoid in a balanced
Gray monoid .#. A twist for A is an invertible 2-cell 7:1,=>¢ such that
the following two equations hold:

n
1
t
1— ‘AmA = ‘AU i > A
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7. ENRICHED CATEGORIES

It is now an appropriate point to turn to more explicit examples of the
concepts developed so far. In this section, we merely provide a class of
examples of monoidal bicategories. We would like to approach these
examples by specialization. For any monoidal bicategory .#, we have the
braided monoidal category

V=L )

(it is the hom category in the monoidal full subbicategory X ¥~ of .# con-
sisting of the single object I; that is, we have a one object, one arrow tri-
category, and so, a braided monoidal category [ GPS]). Our question now
is: when can we recapture M itself from ¥°? An answer is provided by
[St3]. If .# admits collages, is locally cocomplete, and the single object 7
is a cauchy generator for .#, then ./ is biequivalent (as a bicategory) to
¥"-Mod. Some of these terms could be unfamiliar. “Collages” are lax
colimits. A bicategory is “locally cocomplete” when each hom category
(X, Y) is cocomplete and horizontal composition with arrows, on either
side, preserves the colimits. The “cauchy generator” condition here means
that the homomorphism .# (1, —) : .# — Cat should reflect equivalences. It
follows that every object X of .# is a collage

I——>I

\/

where x, y run over all maps /— X and ¢ is the counit for the adjunction
y— »". We shall soon remind the reader what we mean by the bicategory
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7"-Mod of 7 -categories and ¥ -modules, although [St2; BCSW] are
suitable references. The tensor product of ¥ -categories, for ¥~ braided, was
described in [JS1]. Of course, in order for the biequivalence between .#
and 7"-Mod to be monoidal, we need the tensor product on .# to preserve
collages in each variable. Now, although 7~ is braided as a monoidal
category, this does not mean 27" is braided as a monoidal bicategory; for
this we require 7~ to be symmetric. Yet, if ¥~ is symmetric, we shall see that
¥"-Mod is a symmetric monoidal bicategory. On the other hand, if .# is a
braided monoidal bicategory then ¥~ is a symmetric monoidal category; so,
whenever 7"-Mod is braided, it is symmetric. This implies that, if we are
interested in examples of braided or sylleptic monoidal bicategories, we
must look beyond #"-Mod. Yet this example will suffice for the present.

Continuing for the moment with this kind of monoidal bicategory .#
and the braided monoidal category ¥~ =.# (1, I), we should also point out
that each hom category .#(I, A) becomes a ¥ -category by taking the
internal hom of f, g: I - A4 to be the right lifting of g through f. (There is
a generally different way to do this using right extension, but the two ways
are isomorphic when .# is braided.) So, in fact, we can improve on
Proposition 6 and Examples 5 and 6. The convolution structure on
M(I, A) actually makes it a closed monoidal ¥ -category. If the object 4
is braided as in Example 5, then .#(I, A) becomes a braided 7 -category;
moreover, there is now a converse: a ¥ -enriched braiding on .Z(I, A) gives
a braiding on 4. Symmetries behave similarly.

Remark. 1f  is right closed, notice that each hom category .# (A4, B)
becomes 7 -enriched because .#(I,[ A, B]) does. This shows that the
impulse to deal with bicategories .# enriched in another monoidal
bicategory (such as #"-Cat) can be avoided in the present paper. For our
purposes that structure is implicit in the mere monoidal bicategory itself.

Suppose 7~ is any monoidal category. We shall consider ¥ -categories in
the sense of [ EK]; also see [L; K2]. A ¥ -module® ® : </ — % consists of
objects @(A, B) of 7~ for all objects 4, B of </, %, respectively, together
with an associative, unital right action m, : @(4, B)® «/(A', A) > &(A’', B)
of o/ and an associative, unital left action m, : %#(B, B')® @(A4, B) —
@(A, B') which satisfy the obvious compatibility axiom for a bimodule.
Suppose @, : Ay — A, Dy: A= sy, D, Ay —> oA, Vo o, are
¥ -modules. A ¥"-form o: (D, D,, ..., D,)= ¥ is a family of arrows

X g

s s Ay * D,(A,_1,4,)® - @D (Ay, A1) > ¥(Ay, 4,)

n

such that the following diagrams commute:

8 Modules have been called “bimodules” [ L], “distributors” and “profunctors.”
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DA AD®... 00 (LA IOAKLORA, ,KS...00(A;,A)

1®...em o12...01 18...91em,®...81

DAL A)®...OR (KA, )ORA,,KB...00 (A, A)

QA L A®...88 (LA IBBA, ,1S...00 (A, A)

k+1

o
Ay Ap KA o Ay

Apgr Ay

YAy A,)

m,® ®1 m,
@A L D®...ODALA) > WAL
Agoees A L
o el
LA, "
—
QA L A)®... @O A)RA(KL) WL, A)®A(K L)
1®...8m m
T r
(Dn(An_], An) ®...8 <I>1(K, A1) = WK, An)
K, AL Ay

In particular, if @, ¥: .o/ — % are modules,” a form «: @ = ¥ is called a
module morphism, and these can be composed in the obvious way. More
generally, there is an operation of substitution of forms; for example, if
(P, Pro) =V, 0y (Do, Do) = W, fi (¥, ¥,)= 0O are forms, we
obtain a form f(a,, a,) : (D1, P15, @5y, @,,) = O in the obvious way.

A composite for modules @ : .o/ > %, ©: % —>% is a module ®-O :
of — €, together with a form v: (0, @)= ® -6 such that, for all modules
Y. of > €, substitution with v determines a bijection between module
morphisms o : @@ = ¥ and forms f: (6, ®)= Y.

° We drop the prefix “#"-” when the context makes it clear.
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A right lifting (or “right hom”) of a module ¥ : o/ — % through @ : # - €
is a module @/¥: .of - 4, together with a form ¢:(®/¥, @)= ¥ such
that, for all modules @ : .7 — 4, substitution with ¢ determines a bijection
between module morphisms « : @ = @/¥ and forms f: (O, @)= V. A right
extension (or “left hom”) of a module ¥:.o/ > % along O : .o/ > % is a
module O\¥ : # — €, together with a form ¢ : (0, ®\¥)= ¥ such that,
for all ¥"-modules @ : # — €, substitution with ¢ determines a bijection
between module morphisms o : @ = O\¥ and forms f: (0, ®)= V.

Suppose now that #” is (right and left) closed, complete, and cocomplete.
Then, for all modules © : .o/ > %, ¥: o/ > €, ®: B — % a composite PO
exists if 4 is small, a right lifting @/ exists if € is small, and a right exten-
sion O\ exists if .o/ is small. We now have the bicategory ¥"-Mod in
which all right liftings and right extensions exist: the objects are small
¥ -categories, the arrows are ¥ -modules, and the 2-cells are ¥"-module
morphisms. Moreover, the bicategory ¥ -Mod is locally cocomplete.

There is also a 2-category ¥ -Cat whose objects are small ¥ -categories,
whose arrows are 7 -functors, and whose 2-cells are ¥ -natural transforma-
tions. There is a locally fully faithful inclusion homomorphism from 7 -Cat
to 7 -Mod; it is obtained by identifying each ¥ -functor F: .o — % with the
¥ "-module F: .o/ — % given by F(A, B)=%(FA, B). In fact, F: o/ > % is a
map in ¥"-Mod; the right adjoint ¥ "-module F":% — o/ is given by
F'(A, B)=%(B, FA).

In order for #"-Mod to be a monoidal bicategory, we have seen that it
is necessary for 7~ to be braided. This is also sufficient. The tensor product
o ® A of ¥ -categories .o/, # has objects pairs (A4, B) of objects 4, B of
o, B, respectively; the homs are given by

(/ @ B)((4, B), (C, D))= /(4, C) ® A(B, D);

the composition (/@ A)(C, D), (E, F))® (< QAB)((A4, B),(C,D))—
(o @A)((A, B), (E, F)) is the composite (and note the use of the braiding)

A(C. E)® (D, F)® (4, C)® (B, D)
—1E8L /(C, E)® (4, C)®A(D, F)® (B, D)
_OmPOCOMP , (A, E)® B(B, F);

and the unit /- (& ® B)((A, B), (A, B)) is just given by the tensor
product of the units [I— .o/(A, A), - %(B, B). We write [ for the
"-category with one object O and I(O, O)=1. The reader will have no
problem in providing the definition of the tensor product @RXQ Y : o ®
B oA ®A of modules @ : of > /', W: B — HA'; it is very similar to the
definition of ./ ® %. For forms such as o: (0, @)= A, f: (I, V)= Q, we
easily define a tensor product « @ f: (ORI, PR V)= AR® Q2 of forms. In



MONOIDAL BICATEGORIES 137

particular, this shows how to make ® : ¥"-Mod x ¥"-Mod — #"-Mod into a
homomorphism of bicategories. There are associativity and unit constraints
which are actually invertible ¥ -functors. (If we take our category Set of
small sets to be skeletal, take ¥~ to be braided strict monoidal, and restrict
attention to 7 -categories whose sets of objects lic in Set, then these con-
straints can be taken to be identities; so the axioms for a monoidal
bicategory are trivial.) The tensor product on ¥ -Mod restricts to 7 -Cat
and the latter becomes a monoidal 2-category.

The (left) opposite </°P of a ¥ -category .o/ has the same objects as .oZ,
homs given by .&/°P(A4, B)=.</(B, A), composition ./°?(B,(C)®
o/ °P(A, B) - o/°P(A, C) equal to the composite,

A(C, B)® A (B, A) —— A (B, A)® /(C, B) —> 4(C, A),

and units those of .Z. There is a ¥ -module &:.&/°°® .o/ > given
by Z(B,A,0)=./(A,B) and a ¥"-module N:I—- .o/ ® «/°° given by
N(O, A, B) =./(B, A). These modules induce the equivalence of categories,

Y "-Mod(#, o @ €)Y -Mod(./°° R A, € ),

under which @: % — .o/ ® € corresponds to ¥:.o/PQ B — € via ®(B, A4, C)
=Y%¥(A4, B, C). So ¥-Mod is a left autonomous monoidal bicategory. In
fact, 7"-Mod is autonomous since we can define a right opposite </ °P using
the inverse braiding to define composition. It follows that ¥"-Mod is a
closed monoidal bicategory.

We can regard 7~ itself as a ¥ -category with the left internal hom as
the ¥ -valued hom. Then 7 -functors @:.o/ - ¥~ can be identified with
¥ -modules @ :I— /. This implies that ¥"-modules @ : .o/ - % can be
identified with ¥ -functors @ : /PR B — ¥ .

We should also point out that ¥"-Cat is a closed 2-category. For any
endomodule @ : .o/ — o/ with o7 small, there is a (left) cotrace (or “end”)
|, @ which is the object of ¥~ obtained as the right extension of the corre-
sponding module @ :./°°*® .o/ — I along the module Z: . /°® ./ -1
(compare with Definition 8),

APea——>1

19® = Jo

AP g I

[~
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For any 7 -category %, we can define a ¥ -functor ¥ -category [/, %]
whose objects are ¥ -functors F: o/ — % and whose homs are given by

[/, Z1(F,G)=| G'-F.
o/

Then [/, Z] is a left internal hom of ¥ -categories; there is a natural
isomorphism between the category of ¥ -functors ¥ ® .o/ - % and the
category of ¥ -functors € — [ .o/, Z]. A right cotrace of @ : of — </ is given
by taking the right lifting of the corresponding @ : I — .o/ ® .«/°P through
N:I- o/ ®e/°. This leads to a right internal hom [.«/, %], of
¥ -categories.

The objects of [/, ¥"] are ¥ -functors S: .o/ — ¥  and the ¥ -valued
hom [.«Z, V" ](S, T) is determined up to isomorphism by the existence of a
natural bijection between arrows X — [.«Z, ¥ ](S, T) in ¥~ and ¥ -natural
transformations X® S — 7. There is a ¥ -functor Y:.&/?— [, V],
called the Yoneda embedding, which takes A4 to the representable # -functor
(A, —): .o/ - ¥ . Restriction along the Yoneda embedding produces an
equivalence between the category of ¥ -functors

F:[d,7V]~[% 7],

which admit right ¥"-adjoints, and the category of ¥ -functors .o«7°° — [ %4, V" ];
and this last category is isomorphic to 7-Mod(.«Z, 4). Indeed, the ¥ -module
@ : o/ - A corresponding to F is determined up to isomorphism by

D(A, B) = F(A(4, —))(B),

F(S)(B) = F S(A4)® B(A, B).

By [GPS] there exists a Gray monoid equivalent to the monoidal
bicategory #"-Mod. Yet, when ¥~ is symmetric, there is a fairly canonical
choice 7"-Mog for such a Gray monoid. First, we choose a skeletal
category Set of small sets so that cartesian product makes it a strict
monoidal category. Next we replace ¥~ by a monoidally equivalent strict
monoidal category; this is possible by Mac Lane’s coherence theorem, but
see [JS1] for another choice.

Then we need to replace the bicategory #"-Mod by a biequivalent
2-category 7 '-Mog described as follows. The objects of ¥-Mog are
¥ -categories whose sets of objects lie in the skeletal category Set and
whose homs lie in the strict monoidal category ¥". The arrows &/ — % are
v -functors [/, V" | - [%4, 7"] with right ¥ -adjoints. The 2-cells are
# -natural transformations between the ¥ -functors. The ordinary composi-
tions of ¥ -functors and ¥ -natural transformations make this a 2-category.
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From our previous discussion, it is clear that ¥ -Mog is biequivalent to
7"-Mod.

For each ./, % in 7"-Mog we define 2-functors L _,, R, : 7 "-Mog —
#"-Mog on objects by L _(%6)=.2/ ® 6, R,(€¢)=% ® #. For a left-adjoint
# -functor G: [¥4, V] - [¥, V], define L ,(G), R,(G) by commutativity
in the squares

L_(G) R _(G)
[ﬂ@CV]———>[ﬂ®j@, V] [c® B8 V}———— > [D® B, V]
[4,1c ’V]]'W—*[ﬂ, (D, V1] [8,Ic ’V]]—[—ll—é]——-)[ﬂ, (o, VIl

where the vertical arrows are the canonical isomorphisms (those for the
second square use the symmetry to ensure the identification [, 2], =
[, Z]). If G corresponds to the 7 -module ¥: % — &, then, of course,
L _(G), R,G) correspond to the ¥ -modules /@Y, Y®% whose
components are o/(A4, A')® ¥Y(C, D), Y(C, D)® %#(B, B'). Further, if F
corresponds to the ¥"-module @ : .o/ — 4, there is a canonical isomorphism
Crg:Ly(G)oR(F)=R,(F)°L_(G) since both composites correspond,
up to isomorphism, to the ¥ -module @ ® ¥. The axioms for a Gray
monoid can be verified.

A pseudomonoid .o/ in ¥"-Med is precisely a promonoidal v -category
as defined by [DI1] (except that, in that first paper, the word
“premonoidal” was used). The ¥ -modules u: 4 Q.o >/, n:1-> .o
amount to ¥ -functors P: /PR APR A — ¥V, J: o/ — ¥ . The convolu-
tion monoidal structure on ¥ -Mod(l, «/)=[./, 7 ] is given by the
formula

(FrG)A)=[ PX Y. )®FX)@G(Y)

with unit J. By Proposition 6, [ .7, "] is closed. From Sections 4, 5, 6 we
see that [ .7, 7] is braided, symmetric, balanced if .«/ is (and conversely,
using comments at the beginning of this section).

ExampLE 8. There is a promonoidal ¥ -category associated with any
small 7 -category .o/ [DI; pp.36-37]. The underlying 7 -category is
o/ °? ® .o/ while the ¥ -functors

P:AdQAPRQARQAPRAPRQA -V, J APQA -V
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are given by

P((Ala AZ)’ (Bls B2)s (C1> C2))=UQ{(C1’ A1)®~Q{(A2’ Bl)®%(B2a Cz)s
J(A,, 45)=A(A4,, 4>).

The convolution tensor product induced on [Z/°P® .7, ¥ ] by this
promonoidal structure is precisely the transportation of composition of
modules across the equivalence

[A4PQ A, V]9 -Mod(.L, L)

ExaMPLE 9. There is a braided promonoidal category'® associated with
any groupoid . Let 4% denote the category of automorphisms in ¥; that
is, the objects are pairs (A4, a), where a: 4 > A is an arrow in ¢, and the
arrows f: (A4, a) > (B, b) are arrows f: 4 — B in ¥ such that foa=bof. It
is convenient to write this last equation as b ="a, where fa= foaof ' is
conjugation by f. A promonoidal structure on %% is defined by

P((A,a), (B, b),(C,¢))={(u: A— C,v: B—C) | “as"b=c},
P(f, g h)(u,v)=(houof hoveg).

The braiding is the natural isomorphism y: P — P whose component at
(4, a), (B, b), (C,c) takes (u, v) to (“acv, u).

This construction is related to the Drinfeld double of a group [Kl],
Yetter’s crossed bimodules over a Hopf algebra [ K1], and the Freyd—Yetter
braiding on crossed G-sets [JS1; Example 5.1]. To see this, consider the
functor category [ ¥, Set] as monoidal under cartesian product, and con-
sider the functor category [ %%, Set] as a braided monoidal category under
convolution of the above braided promonoidal structure. Notice that there
is an equivalence of categories

[%%, Set] =3[9, Set]/Aut
where Aut : ¥ — Set is the functor given by
Aut(4)=9(A, A), Aut(f)(a)="a,
so the convolution structure transports to a braided monoidal structure on

[ ¥, Set]/Aut; when % = G has one object this agrees with the Freyd—Yetter
braided monoidal structure on crossed G-sets.

19 Here the base category ¥ is of course the category of small sets.
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Furthermore, there is an equivalence of braided monoidal categories
[9% Set] > Z[ 9, Set],

where Z 7" denotes the center [JS1; Example 2.3] of a monoidal category
7#". The base can be changed to the category of k-vector spaces by taking,
for any category €, the k-linear category k,% with the same objects as
and with homs the free vector spaces on the homs %(A, B) of . Then we
obtain an equivalence of k-linear braided monoidal categories

[k,%% Vect, ] > Z[k, 9, Vect,].

It follows that, when ¥ =G, the Drinfield double D(k,G) of the group
algebra k, G is Morita equivalent to the algebroid k, G“

8. ENRICHED DUALS AND HOPF ALGEBROIDS

Suppose 7" is a complete cocomplete closed braided monoidal category,
and suppose ./ is a monoidal 7 -category (that is, a pseudomonoid in
¥"-Cat). Then o/ is a map pseudomonoid in ¥"-Med. The multiplication
.o ®.o - o/ is a ¥ -functor whose value at (4, B) will be denoted by
A & B

According to Definition 10, the condition for a 7 -functor hom : o7°°? ®
of - o/ to be a right internal hom for .o is that the ¥ -module .o/ —
o/ °P® o/ corresponding to u : .o/ ® .o/ — .o/ (under the equivalence arising
from the right dual .o/°? of .o in ¥"-Mod) is a right adjoint of hom. In other
words, there should be a ¥"-module isomorphism

/(A & B, C)= o/ (B, hom(A, C)).

According to Definition 11, the condition for a ¥ -functor v: .oZ°P — o/
to be a right antipode for .o/ is that there should be a ¥ -natural
isomorphism

hom(A, C)=v(A) & C.
That is, there should be a #"-module isomorphism
A(A & B, C)=A(B,v(A) & C).

Suppose we regard .o/ °P as a monoidal ¥ -category with the same tensor
product 4 ® B as ./ (not the reverse). We claim that an antipode for .o/ °P
amounts to an inverse equivalence for v. To see this, suppose V' is an
antipode for .«7°P. Then we have a ¥"-module isomorphism
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< (V'(v(A4)), B) = o/°P(B, v'(v(4)))
~ o/°P(v(A) & B, 1)
~o/(I,v(A) & B)
~ </(A, B),

and so, by the enriched Yoneda Lemma, a ¥ -natural isomorphism
V' (v(A))= A. Similarly, v(v'(B)) =~ B. So V' is an inverse equivalence for v.
The converse is easy.

It follows from Proposition 8 that, in the situation of the last paragraph,
if F:.o/ - ¥ is in the Cauchy completion of .«/°? then F has a right dual
FY in the convolution monoidal category [ .7, ¥ ].

DerINITION 21. A Hopf v -algebroid is a ¥ "-category #, together with
" -functors

D:H—->HQH, E: -1 S H - H°P

whose right adjoints in #"-Mod are equipped with the structure of right
autonomous map pseudomonoid in (7 -Mod ).

A more explicit description of Hopf 7 -algebroids is possible. This will
help in the recognition of examples. It will also show that, to define this
concept, far less structure is required of ¥~ than required to have ¥ -Mod.

First notice that the ¥ -functors D: H# > H QH, E:H — 1 are
equipped with the structure of comonoidal ¥ -category; that is, pseudo-
comonoid in 7 -Cat (we call the Hopf algebroid strict if it is actually a
comonoid). Then notice that the ¥ -functor D : # — # & H# is isomorphic
to one given on objects by the diagonal; that is, we can assume D(X)=
(X, X) for all objects X of s#. This follows from the fact that the left and
right unit constraints give isomorphisms D(X) = (X, X) and the fact that if
F:.of - %A is a ¥ -functor, G : obj &/ — obj # is a function, and FA =~ GA,
Ae .o/, is a family of isomorphisms, then G is the object function for a
¥ -functor G : .o/ — % unique such that the family of isomorphisms provides
a ¥ -natural isomorphism F=~G.

The antipode S: # — #°P is a ¥ -functor satifying the condition that
there should be a ¥ -natural isomorphism

H(A, S(B))® #(B, C)= # (A, C)® #(B, C).

Of course, the repetition of the object B on the left-hand side and the
object C on the right is made ¥ -functorial by means of the ¥ -functor D
which is suppressed from the notation. As we shall now see, it is this
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property of antipode which implies that the internal hom for the convolu-
tion monoidal structure on [, 7] is formed “pointwise.”

ProPOSITION 19. For any Hopf v -algebroid # and V" -functor M : H — V",
there is a v -natural isomorphism

MSB® H (B, C)=Z=MCQ® H(B, C).

Furthermore, the convolution monoidal structure on [, V"] has tensor
product M ® N and right internal hom [ M, L] given by

(M®N)C=MC®NC, [M,L]B=[MSB,LB],

where the  -functoriality of the right-hand sides in C, B uses D : # —
HQH.

Proof. Recall that the Yoneda lemma can be expressed as a ¥ -natural
isomorphism

A
MC= [ #(4,C)@ MA.
We have the following sequence of isomorphisms:

MC® #(B, C) ;jA H(A, C)® #(B, C)® MA

;jA H(A, SB)® #(B, C)® MA

~ MSB® #(B, C).

The formula for M ® N comes directly from the definition of convolution
tensor. That the right internal hom is as asserted follows from

[,V 1(M®N, L)

gj [MC®NC, LC] ;j [MC® #(B, C)® NB, LC]
C B, C

gj [MSB® #(B, C)® NB, LC]
B, C

12

j [#(B, C),[MSB®NB, LC]] ;j [ MSB® NB, LB]

B, C B

12

j [ NB, [ MSB, LB]]. Q.ED.
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ExampPLE 10. Any groupoid ¥ is a strict Hopf algebroid for the base
category ¥~ =Set. The functor D: % — 4 x % is the diagonal, the functor
E: % — 1 is the only one possible, and the antipode S : ¥ — %°P is the iden-
tity on objects and is given on arrows by S(f)=f"'. The natural
isomorphism

(A, S(B))x%(B, C)=%(A, C)x 4B, C)

takes (f, g) to (gof, g). Changing the base from Set to Vect, as in
Example 9, we linearly induce a Hopf Vect,-algebroid structure on k,¥
from that on %.

ExampLE 11. Let H be a Hopf algebra over the field k. Let »# denote
the Vect,-category with one object 4 and #(A4, A)= H; the unit and
multiplication of H provide the identity arrow and composition for 5. The
comultiplication and counit for H provide the linear functors D : # —
HQH, E: A — 1 The antipode S: # — #°P is the identity on objects
with S(x)=v(x), where v is the antipode of H and xe # (A, A)= H. The
isomorphism

H(A, S(A)@H (A, A)=H (A, A) @ H(A, A)
is the (“fusion operator” [ St6]) isomorphism
HOH L HRHQH 2% H®H
which has inverse
HOH 2L HOHQH 2L, HQ HQ H—2% H® H.

In this way, Hopf k-algebras can be identified with strict one-object Hopf
Vect,-algebroids.

9. OPCATEGORIES AND HOPF OPALGEBROIDS

For any monoidal category 7, the opposite category 7 °F is also
monoidal via the same tensor product.!' A ¥ -opcategory is defined to be

! The reader should keep in mind, however, that ¥ °P will not generally be closed if ¥~ is;
indeed, if X® — preserves colimits in 77, it will preserve limits in 7"°°? and not generally
colimits (unless, of course, X has a dual).
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a category .o/ with homs enriched in 77°P; the point is that there are
families of cocomposition and counit arrows

5: (A, C)> A(B,C)®A(A, B), ¢:A(A,A)—I

in 7" indexed by objects 4, B, C of .«/.

Enriched categories always have underlying categories. The underlying
category .o, of a ¥ -opcategory has the same objects as ./ and has,
as arrows f:A— B, the arrows f:.</(4, B)— 1 in ¥". The composite
gof (A, C)>ITof f: /(A B)—1and g:.o/(B, C)— I as arrows in .o,
is the composite of the arrows

§:4(A,C)—> A(B,C)®A(A,B), g®f:AB,C)®A(A, B)—I

in 7.

Also, ¥ -opfunctor, V¥ -opnatural transformation just mean 7 °P-functor
and 7 °P-natural transformation. So a 7 -opfunctor S: .o/ - & assigns an
object SAeZ to each object A€o/ and arrows S, z: 2(SA, SB)—
o/ (A, B) in ¥ respecting the counits and cocompositions. A ¥ -opnatural
transformation o : S — T consists of arrows o, : Z(SA, TA) —» [ in ¥~ such
that the following diagram commutes:

$ 1®Q
D(SA , TB)— D(TA,TB) ® D(SA,TA) -—-é>' D(TA,TB)

8 TA, B
DISB, TB)® D(SA, SB)——-= DISA, SB——— = (A, B)
B A,B

With the obvious compositions, we have a 2-category 7 -opCat of
¥ -opcategories.

If v is left closed with left internal hom [X, Y], we have the weak
monoidal functor [ —, I]: 7 °? > v *'. Hence [EK] we get a 2-functor
(—)*=[—-,1] « . 7 -opCat — 7"""-Cat which takes each ¥ -opcategory .o/
to a ¥ ™-category ./* with the same objects as .o/ and with .«/*(4, B) =
[.«Z(A, B), I]. The underlying category of ../* is isomorphic to the under-
lying category of ./ using the natural bijection between arrows [—
[«Z(A4, B),I] and arrows o/(A, B) - I. If ¥ is symmetric and, for each
object X' e 7", the canonical arrow X — [[ X, I], I] is a monomorphism, it
can be see that (—)* is locally fully faithful; that is, for all ¥ -opfunctors
S, T: o/ —» /', each ¥ -natural transformation S* - T* is of the form a*®
for a unique 7 -opnatural transformation a: S — 7.
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Let o/ be a ¥ -opcategory. A (right) .o/-comodule is defined to be a
7 °P-module M : .o/ — I as defined in Section 7; there is a family of coaction
arrows

5: M(A)— M(B)® /(A4, B)

in 7" indexed by objects 4, B of .«/. An .&/-comodule morphism f: M — N
is a family of arrows f,: M(A)— N(A) in ¥~ which commute in the
obvious way with the coactions. This defines a category Comod(.<7) of
o/-comodules. If ¥~ is complete and left closed, and .o/ is small, it is
possible to make Comod(.</) into a ¥ -category; the hom object Comod(.7)
(M, N) is defined to be the equalizer of the obvious pair of arrows in ¥~
from the product of all the objects [M(A4), N(A)], for A€o/, to the
product of all the objects [ M(A4), N(B)® </(A, B)], for 4, Be .</. In other
words, we have the following limit diagram in 7":

Comm{(.lﬂ)(M,N) ———————————————— > [M(A),N(A)]

I
| f1,9]
|

M(B), N(B)l———> [M(B A,B), , , ,
[ ( )]—®ﬂ(A,B)[ (B) ® A(A,B),N(B) ® AA B)][S—IH>[M(A) N(B) ® A(A,B)]

For each object 4 € .<7, there is an evaluation ¥ -functor E , : Comod(.</) — V"
which takes M to M(A). We write Comod,(.«/) for full the sub-¥"-category
of Comod(.</) consisting of those .«/-comodules M for which each M(A4)
has a left dual M(A)*.

ExaMPLE 12. Suppose # is a ¥ -category for which each hom %(B, A)
has a left dual #4(B, 4)* in ¥". Then we obtain a ¥ -opcategory #* with
B*(A, By=H(B, A)*. Right #*-comodules M are in bijection with
¥"-modules M : # — I (we use the same letter M since, under the bijection,
the family of objects M(A) remains the same while the coaction is the mate
of the action). Furthermore, we have an isomorphism of ¥ -categories
Comod(#*)~v"-Mod(%, I) (=[%°°, "] when the terms make sense). So,
for a general ¥ -opcategory .o/, we might think of Comod(.</) as the
presheaf 7 -category of the perhaps-non-existent 7 -category % with
of =H*. Of course, if ¥~ is symmetric and each o/(A4, B) has a dual then
RB=cA*.

For comodules, there is an analogue of the Yoneda lemma.
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ProrosiTION 20. Suppose o/ is a ¥V -opcategory and M is a right
of -comodule. Then the following diagram exhibits M as a limit in the
V -category Comod(<Z).

7"A
1|v[ ———————— > M(A) ® 4(-,A)
|
xB| o0®1
|
Y
M(B) ® 4(-,B) Tes » M(B) ® A(A,B) ® A(-,A)

Furthermore, the evaluation functor E , takes this limit to an absolute'? limit
inv.

Proof. This is an application of an aspect of the generalised Beck
monadicity theorem of [ St0; p. 40]. Q.E.D.

Now suppose % is a small ¥ -category. We shall produce a ¥ -opcategory
%~ whose objects are the ¥ -functors X :% — ¥~ whose values have left
duals; that is, for all objects Ue @, the object X(U)e ¥  has a left dual
x(U)*. The hom object ¥V (X, Y) for €V is given by the coend

U
| ruyrexw)

in 7". This hom object has a universal property; there is a natural bijection
between arrows ¢V (X, Y)—> K in ¥  and ¥ -natural transformations
X-> Y®K, where Y® K : € — 7 is the ¥ -functor given by (Y® K)(U) =
Y(U)® K on objects and in the obvious way on homs. There is a coevalua-
tion ¥ -natural transformation

d:X—>YRFY(X,Y)
corresponding to the identity of (X, Y). The composite of d: X —

Y®€V(X,Y) and d®1:YR®RF"(X,Y)>ZQ®€€ (Y, Z)RF"(X,Y)
then corresponds to our required cocomposition arrow

516V (X,Z)~>C"(Y,Z)QF (X, Y).

12 A limit in a ¥ -category X is absolute when it is preserved by all functors out of X.
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The counit ¢: % (X, X)— I corresponds to the identity ¥ -natural trans-
formation X — X.

We write 7 for the full sub-7"-category of ¥~ consisting of those objects
which have a left dual. In terms of the philosophy at the end of
Example 12, we now show that the ¥ -category [%, ¥/]°F is trying to be
the perhaps-non-existent ¥ -category 4 with ¢ = #*.

ProposITION 21.  Suppose V" is symmetric closed monoidal, complete and
cocomplete. For any V -category €, there is a canonical isomorphism
¢ *~[%, 7]

Proof. If X, Y:% — v are ¥ -functors whose values have duals then we
shall show there is a canonical isomorphism

[, 7](X, Y)=[¥" (X, Y), I]

by showing that both sides of the isomorphism have the same universal
property. By the universal property of the hom in ¥~ and by symmetry,
the arrows K—[%V(X, Y),I] are in natural bijection with arrows
K®€V(X,Y)—1 and these are in natural bijection with arrows
€ (X, Y)—[K, I]. By the universal property of ¥ (X, Y), these arrows
are in natural bijection with ¥ -natural transformations X - Y®[K, I].
Since the values of Y have duals, we have the string of isomorphisms:

YRIKI=[Y(-)* [KI]=[Y(-)*®K I]=[K [Y(—)*I]]
=[K Y(—)**]=[K Y(—)]=[K Y]

But [ K, Y] is the cotensor of K with Y in the ¥ -category [€, 7 ]; so
arrows X — [ K, Y] are in natural bijection with arrows K — [€, 7 ](X, Y).
Q.E.D.

The following adjunction underlies the “several object” generalization of
Tannaka duality. With the philosophy of Example 12, the adjunction is a
variant of that between the functors indicated by the assignments
B> [HB°P, V'] and €+—[€, V" ]°P.

PrOPOSITION 22.  The constructions €+ %" and o/ — Comod (/) are
adjoint'® to each other as

13 In stating Proposition 22 in this concise way, we are taking the liberty of ignoring some
size questions. The heart of the proposition is an equivalence of hom categories which does
not involve these size worries. Moreover, in the examples of current interest, ¥ is essentially
a small category so the codomains of the functors in the adjunction are indeed as shown.
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\4

YopCat P ¥JL_/ V.Cat

Comody

Proof. We begin by examining what is involved in giving an arrow
G:%"Y — .o/ in ¥ -opCat®P; that is, in giving a ¥ -opfunctor G: .o/ > € ".
We must have

(a) for each object 4 of o/, a ¥ -functor G(A4, —):% — ¥~ with
pointwise left duals, and

(b) for each pair of objects 4, B of o7, an arrow G4 5: € ¥ (G(4, —),
G(B, —)) > o/(A, B) in ¥~ which respects cocomposition and counit.

Expanding (a), we have, for all Ae.o/, Ue%, objects G(A, U)e?V”
with left duals, and further, for Ve®%, arrows G(A4, —)y :6(U, V)—
7 (G(A4, U), G(A, V)) in ¥~ respecting composition and unit in 4. We note
that the arrows G(A4, —). , can be replaced by arrows

LCUV)YRGA, U)— G(A, V)

which are associative and preserve unit as needed for an action by .
Turning to (b), we see that the arrows G, z can be replaced by arrows

§:G(4, U)> G(B, U)® </(A, B)

which respect cocomposition and counit of ./ and are ¥ -natural in U in
the sense that the following compatibility square should commute:

QU , V)®G(A,U) 198 o U,V)®GE,U)® AA,B)
0 ne1
G(A,V) 5 > G(B,V)® 4(A,B)

Now we examine what is involved in giving a ¥ -functor F:% —
Comod,(.e/). We must have

(i) for each object U of €, an .o/-comodule F(U, —) for which
F(U, A) has a left dual for each 4 € .o/, and
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(i) for U, Ve®¥, an arrow Fy ,:4(U, V)— Comod( o/ )(F(U, —),
F(V, —)) in 7~ which respects composition and unit in %.

Expanding (i), we have, for all 4 € .o/, Ue ¥, objects F(U, A) e ¥~ with left
duals, and further, for B e .o/, arrows

§:F(U, A) > F(U, B)® </(A, B)

which respect cocomposition and counit of .«/. Turning to (ii), we see that
the arrows F, ,, can be replaced by arrows

wi6U VYQFU A)— FV,A)

which respect composition and unit in %, and are opnatural in ./ in the
sense that the above compatibility square should commute with G(4, U)
replaced by F(U, A4).

The required natural bijection between the arrows G:% Y — ./ in
¥ -opCat®® and the ¥ -functors F': € — Comod,(.</) is therefore given by
F(U, A)=G(A, U). 1t is easy to see that this is in fact an isomorphism of
categories 7"-opCat°?(C", o/ ) = v -Cat(%, Comod,(2/)) so that we have a
2-adjunction. Q.E.D.

As a consequence of this adjunction, there are a “unit” and a “counit”
which both look more like “units” because the opposite of the 2-category
7 -opCat is involved. For each 7 -category %, we have the ¥ -functor
N : % — Comod (% ") whose value at the object Ue % is the ¥ *-comodule
N(U) with N(U)(X)=X(U) for all Xe% ": the following triangle com-
mutes:

N
c > Comod. I(CV)

X Ey

14

For each ¥ -opcategory ./, we have the ¥ -opfunctor L:.o/ —
Comod, (/)" whose value at the object Ae.o/ is the ¥ -functor
L(A): Comod,(s/)— V" given by L(A)(M)=M(A).

If 7" is a braided monoidal category then so is ¥ °P, so there is a well-
defined tensor product of ¥ -opcategories as well as tensor product of
¥ -categories. For ¥ -opcategories .7, .«/’, we have a canonical ¥ -functor

@ : Comod, (/) ® Comod,(.A4") — Comod (A ® L")
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For an ./-comodule M and .o/’-comodule M’, the .o/ ® .«/'-comodule
&(M, M') has
DM, M")(A4, A') = M(A) @ M'(4),

and the coaction

0: DM, M)A, A") > DM, M')B,B')® 4 (A, B)RQ /' (A", B')
is the composite

M(A)® M'(4') —22— M(B)® +/(4, B)® M'(B)® #(4', B)

—2E5 M(B)@ M'(B)® /(4. B)® /'(4', B').
The effect of @ on homs is induced by the effects
[M(A), N(A)]®[M'(A"), N'(A")] - [M(A) @ M'(A"), N(A) @ N'(4') ]

of the tensor product of ¥~ on internal homs. There is also the canonical
" -functor

D, : - Comod (I)="7;

which picks out the object Ie?¥,. This enriches the 2-functor
Comod,: "-opCat°® — ¥"-Cat with a weak monoidal structure. Conse-
quently (Proposition 5), Comod, will preserve pseudo-monoidal structures,
which brings us to the next definition.

DEFINITION 22. A comonoidal ¥ -opcategory is a pseudomonoid in
¥ -opCat°P.

To be more explicit, a comonoidal structure on a ¥ -opcategory .o/
consists of ¥ -opfunctors D:.of > .o/ ® o/ and E:.o/ — I, together with
invertible coherent coassociativity and counit constraints. As with Hopf
algebroids, it is possible to replace D up to isomorphism by a D which is
given on objects by D(A4)= (A4, A). The effects of D and E on homs then
amount to arrows,

1 A(A, BY® A (A, B> A(A,B), n:l- A4 A)

in 7". The associativity constraint has component a , : .&/(A4, A)® (A, A) ®
(A, A)— I at A e .o/ satisfying invertibility, opnaturality, and coherency
conditions; the unity constraints can be taken equal to the counit
e:A(A,A)— L

If o/ is a comonoidal 7 -opcategory then Comod,.</) becomes a
monoidal category since Comod, is weak monoidal. We shall describe this
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structure in more detail. The tensor product M ® N of .«Z-comodules M, N
is given by (MQ®N)(A)=M(A)® N(A) with coaction given by com-
mutativity of the following square:

5
M(A) @N(A) > M(B) ® N(B) ® A(A ,B)

Sesl T1®1®u

M(B) ® 4(A,B) ® N(B)® 4(A,B) W M(B) ® N(B)® A(A ,B) ® 4(A, B)

The associativity constrainta : (M@ N)® L - M ® (N ® L) is the following
composite:

5®8
(M(A) ®N(A)) ®L(A)—®—£8>M(A) ®AA,A)BNA)RA(A,A) QL(A)®A(A , A)
1®c®c®l

M(A) ®N(A) ® A(A,A)® L(A) ® A(A,A) ®A(A,A)
181®c®1®1

M(A) ® (N(A) ®L(A))Tgl—®—mM(A) BN(A)® L(A) ® A(A,A) @ A(A,A) ®A(A ,A)

For each 4 e .o/, the evaluation ¥ -functor E, : Comod,(.«/) — 7" becomes
what Majid [ Md] calls a “multiplicative” functor: it preserves the tensor
product up to ¥ -natural isomorphisms, but these isomorphisms are not
required to respect the associativity constraints as would be required for a
strong monoidal functor.

The left adjoint of a weak monoidal 2-functor is weak comonoidal. We
shall identify the weak comonoidal structure on the 2-functor (—)Y :
7 -Cat — ¥ -opCat°® which is the same as a weak monoidal structure
on (—)V:¥ -Cat®® - ¥ -opCat. For 7 -categories ¥, &, we have a
¥ -opfunctor ¥: 6" @I - (4®<Z)” given on objects by P(X, Y)=
X ® Y which denotes the composite ¥ -functor

X®Y

¢RI 2L vy —25 v,

Moreover, the effect of ¥ on homs is invertible:

[TTre v rrexe vy

—_

14

= ["xwrexwe| roren.
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Now suppose % is a monoidal ¥ -category. We write € ¥ ® for the
¥ -opcategory whose objects are the multiplicative ¥ -functors X : € — /7,
that is, there are isomorphisms

X(I)=1, XU@V)=X(U)®@X(V),

where the latter are ¥ -natural in U, Ve®%. Also put 4V®(X, Y)=
%" (X, Y). A monoidal functor is a multiplicative functor for which the
above isomorphisms are compatible with the associativity and unit con-
straints.

ProrosITION 23.  For monoidal v -categories €, 9, the ¥ -opfunctor ¥
induces an equivalence of ¥ -opcategories

CCRIVON(ERT)C.

Proof. Since the effect of ¥ on homs is invertible, it remains to prove
that each multiplicative Z : ¥ ® & — ¥ is isomorphic to a ¥ -functor in the
image of ¥. We define X, Y:% — 7 by

X(U)=2(U,1), Y(V)=Z(L V).

Then (X ® Y)(U, V)= X(U)® Y(V)=Z(U, 1) ® Z(L, V) = Z((U, 1) ®

(I, V))=Z(U, V). Checking a few straightforward details, we obtain
Z=X® Y. Q.E.D.

When % is a monoidal ¥ -category, there is a natural comonoidal
structure on the ¥ -opcategory ¥ v®. To give the structure arrows
w6 X, Y)YRC "®X,Y)»4 ®X,Y), n:I1-%"®(X,X) for any
multiplicative ¥ -functors X, Y : % — ¥~, we must provide arrows

[""rurexvmerrrex [ vwrexw)
I—»JWX(W)*@)X( w).

For the first we take the arrow whose composite with the (U, V')-coprojec-
tion into the source coend is the composite of the isomorphism

U, v

[ norexmernrex = nuerrexuver)
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with the W-coprojection into the target coend with W=U® V. For the
second we take the composite of the isomorphism

I=X(I)*® X(I)
and the W-coprojection with W=1.

ProOPOSITION 24.  Suppose € is a monoidal v -category and <o/ is a
comonoidal ¥"-opcategory. Suppose F: 6 — Comod, (/) is a ¥ -functor and
G:of > %€ is the Vv -opfunctor corresponding to F under the adjunction of
Proposition 22. Structures of multiplicative ¥ -functor on F are in natural
bijection with strict comonoidal liftings G': .o/ - € ® of G through the
forgetful V -opfunctor €~ ® — €. A multiplicative ¥ -functor structure on
F is monoidal if and only if the corresponding G' lands in the full sub-
Y -opcategory of € ® consisting of the monoidal functors.

DEFINITION 23. A Hopf 7V -opalgebroid % is a Hopf 7 °P-algebroid;
that is, it is a comonoidal ¥ -opcategory %, together with a ¥ -opfunctor
S: PP - & (called the antipode) and a ¥ -opnatural isomorphism

ZL(S(A4),C)®ZL(A,B) =X (B, C)® ZL(A, B).

The next thing to see is that Comod,(£) is right autonomous for each Hopf
¥ -opalgebroid #. The approach is similar to that for Hopf algebroids
(Proposition 19); however, for comodules we do not have the calculus of ends
at our disposal and tensor product in ¥~ does not preserve all limits.

ProrosiTioN 25. If ¥ is a Hopf ¥ -opalgebroid and M is any right
L-comodule then there is a canonical ¥ -opnatural isomorphism

M(S(4))® L(A4, B)~M(B)® %(4, B).

Proof. Evaluate the diagram of Proposition 20 at Ce.¥ and at
S(D)e &. The two resultant diagrams are absolute limits in ¥". Apply the
functor —®Z(D, C) to the diagrams to obtain two diagrams which
express M(C)® (D, C) and M(S(D))® ZL(D, C) as limits. Using the
defining isomorphisms for antipode (Definition 23), we see that the two
diagrams are isomorphic, so their limits must be isomorphic. Q.E.D.

Suppose M e Comod (£ ). Define an #-comodule M * by putting

and letting the coaction J : M(S(A))* - M(S(B))* ® £(A, B) be the mate
of the composite
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M(S(B)) —2— M(S(4))® L(S(B), S(4)) ~2>% M(S(4))® (4, B)
LN L(A, B)Q M(S(A)).

ProposITION 26. If & is a Hopf ¥ -opalgebroid and ./ € Comod (L)
then M * is a right dual for M in Comod(¥). Consequently, Comod (%) is
right autonomous.

Proof. We must prove that there is an isomorphism
Comod( L) (LR M*, N)= Comod(ZL)(L, NQ M)

¥ -natural in L, N. This is determined by a canonical bijection between
comodule morphisms f: K®(LQ® M*)—> N and comodule morphisms
g:K®L—->N®M for all Ke¥". To describe the bijection, notice that the
component f,: K®Q L(A)® M(S(A))* > N(A) has a mate K® L(A4)—
N(A)® M(S(A)) which, by using Proposition 20 to express N(A4) as an
absolute limit, we see corresponds to a family of arrows K® L(A4)—
N(B)® M(S(A)) ® £(A, B) compatible with the coactions. By Proposi-
tion 25, this amounts to a compatible family of arrows K® L(4)—
N(B)® M(B) ® £(A,B)=(N® M)(B) ® (A4, B). By Proposition 20
applied to the comodule N® M, these induce a family of arrows
g . K®L(A) > (N®M)(A) which can be seen to be a comodule
morphism g: K&® L - N® M. The remaining details are left to the reader.

Q.E.D.

For each monoidal 7 -category %, we write ¥ "¢ for the full sub-
¥ -opcategory of ¥ ® consisting of the monoidal ¥ -functors X : %4 — ¥".
The comonoidal structure on % ® restricts to 4 ¥ Suppose ¥ is right
autonomous. We shall define an antipode S for % v The ¥ -opfunctor
S:% V4P > % Vs given by the identity S(X)= X on objects Xe % ¥“. The
effect of S on the hom of X, Ye%"“ is the arrow Sy y: %" (X, Y)—
%Y (Y, X) uniquely determined by commutativity of the following diagram
in which the top-left isomorphism arises from the fact that (strong)
monoidal ¥ -functors preserve duals.

Y(U)"' ® X(U) ._i* Y(U*) ® X(UH* _i_.)x(uu-)a- ® Y(U"')

copr,, copr,

X,y > Y, X)

XY
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ProproSITION 27. If € is a right autonomous monoidal ¥ -category then
€ is a Hopf v -opalgebroid.

Proof. For all (strong) monoidal ¥ -functors X, Y,Z:%— 7", the
following calculation, invoking the Yoneda lemma, provides the required

isomorphism:

€V (S(X), Z)®% (X, Y)

= [ zurex e e x)

;[UV @ Y(V)*@X(V®U)

z[ CW, VO U)®Z(U)*Q Y(V)*® X(W)

;j CWRU* V)Q®Z(U)*® Y(V)*®X(W)

;J R Y(W® U*)* Q@ X(W)

;j Y(U)® Y(W)*® X(W)

~¢V(Y,Z)QF" (X, Y). Q.ED.
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