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1 Introduction

It is well known that it is easier to prove the correctness of a program if one
derives the program from its specification rather than first writing the program
and then prove the correctness. By analogy, we propose a method for proving
completeness of an equational theory where the set of equations is found by
interactively proving its completeness.

We will exemplify the method by two different theories. The first example
1s an extremely simple theory with only zero, successor and addition. Qur main
example is a simply typed A-calculus with explicit substitution. We will for both
examples show that the set of conversion rules we obtain by this method is sound
and complete.

The method is to define an interpreter, [M], for the terms in the theory
yielding the semantics of the terms in a model. Then we define an inversion
function, quote, which returns a term corresponding to a given semantic ob-
ject. This function should have the properties that for two terms having equal
semantics it yields syntactically equal results. Now define a normalization func-
tion nf as.the composition of the interpreter and the inversion function. The
name of this function may be a little bit misleading since it is not essential for
the method that 1t actually returns a normal form, but this will be the case in
the examples below. To obtain a complete set of conversion rules we set up the
goal of proving that any term M converts with nf(M), leaving the conversion
relation yet undefined. Then we choose the conversion rules according to what
we need to prove this theorem. Now this set of conversion rules is complete and
we even have a decision procedure for it. Indeed if [M] and [N] are equal, then
quote([M]) and quote([N]) are the same and hence M and N are convertible
with each other.

The normalization function presented in this paper is similar to the one
in [2]. In this paper they define a normalization function for simply typed A-
calculus with full 87 reduction to obtain a refinement of Friedman’s completeness
theorem. The main difference compared with their function and ours is that we
extend this technique to A-calculus with explicit contexts and substitutions and
that we give the the complete set of conversion rules for this calculus. The
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treatment of variables is also different in our approach. The inversion function
is also presented in [6] where it is discussed for combinatory logic. In [3] a more
detailed study of how to extract the normalization function from a normalization
proof using Tait’s method is presented. One important difference with other
works on explicit substitution is that we address the problem of using named
variables.

2 The proof editor

The analysis is formalized in an implementation of Martin-Lof’s type theory,
ALF, which supports user-defined inductive definitions. This framework can be
viewed as a functional programming language with strong typing rules. In this
system theorems are identified with types and a proof is a function yielding a
result in the type; all proofs are intuitionistic.

In Martin-Lof’s framework we have the base type Set and the abstraction

(#1 € a1;...;@p € an)a which is the type of n-ary functions [z1,...,2,]a. The
variable z; will often be left out when it does not occur in a;y1,...,a, and o.
For n-ary application we write a(ay, ..., a,).

We will use natural deduction style when we present new inductive sets. The
constructors of the set will be written in bold letters when they are introduced,
but will in the rest of the text be written in ordinary style.

The terms we have in Martin-L6f’s type theory are so called monomorphic,
this means that all type information is in the term. For readability this informa-
tion has been taken away in most of the terms.

We will use the intensional equality Id(A, a,b) as described in [15] with its
constructor id(A, a) € Id(A, a, a) (the A will be dropped) and the set Bool with
its standard elements and operations. We also introduce a set, T'(b) depending
on Bool, which has one element in T'(¢rue) and no element in T'(false).

All the work presented below has been done in ALF and all the proofs of the
theorems have been type checked. The proofs are using the pattern matching
introduced by Coquand in [8] which is not a part of Martin-Lof’s framework,
but has been essential for carrying out this proof; in fact this study motivated
the mechanism. ALF does not yet check that the theorems are proved using
structural induction but it helps you %o find all the cases in a case-analysis.

3 A small example

We present a very simple example to illustrate the method to obtain a complete
set of conversion rules. We define a set of terms with the elements zero, succ
and add. We define an evaluation function giving the semantics of these terms
into the set of natural numbers in the obvious way. Now we write an inverting
(injection) function from the set of natural numbers to the set of terms, again in
the obvious way. The composition of the evaluation function and the injection



93

is then a normalization function; we will call this function nf. One fundamental
property of this function is that if M and N have the same semantics, then
1d(nf(N),nf(M)) '

We now want to define the conversion rules between these terms in such
a way that they are sound and complete with respect to the semantics, that
is, two terms are convertible with each other if and only if their semantics are
intensionally equal. To do this we set up the goal of proving that any term, M,
is convertible with nf(M), leaving the conversion rules yet undefined; in fact we
could start off with the reflexivity, symmetry, transitivity and congruence rules
since they will always be needed. We then choose our conversion rules according
to what is needed to show this. We now have a complete set of equations. Indeed,
if M and N have the same semantics, then Id(nf(M),nf(N)), and since M is
convertible with nf(M) and N is convertible with nf(N) we get that M and N
are convertible with each other.

Now we can use these results to show, firstly, that all terms are convertible
with zero or a term of the form suce and secondly, that succ is one-to-one.
Observe that we did not need the Church-Rosser property to get these results.

The main difference between this small example and the analysis of simply
typed A-calculus is that the model we choose has to be extensional for the A-
calculus. We will also get a somewhat stronger soundness result for the A-calculus
since we will have the soundness with respect to any model. Also, in order to
prove that any term converts to the normal form we need to use the reducibility
method for simply typed A-calculus.

4 Simply typed A-calculus with explicit substitutions

We are going to analyze a A-calculus with explicit substitutions using named
variables. We chose a non standard set of combinators for substitutions. We
have an explicit projection function (that will be motivated later ) and this
time, contrary to the previous example, it is not at all clear a priori what a
complete correct set of equations is for the calculus. We can really claim that
the computer system helped us, not only in checking proofs, but also in the
process of finding this set of rules.

There are several motivations why using a calculus with explicit substitu-
tions:

— For reasons of efficiency and to avoid the problem of having to do a-conversion,
implementations of the A-calculus records the substitutions to be made
rather than performing them immediately.

— For proving the correctness of these implementations it is not trivial to trans-
late the implementation to the theoretical presentation. A A-calculus with
explicit substitutions has been suggested in [1, 12] to bring the theoretical
presentation closer to the usual implementations.

— Explicit substitutions also correspond to let-expressions in functional lan-
guage.
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— There has been a recent interest in using them in proofs, eg. in ALF [11] this
is implemented. The present proof makes use of explicit substitutions.

4.1 Definitions of the calculus

We define the set of simply typed derivation of A-terms with named variables in
the ordinary style & la Church, except that we have explicit substitution.

Definitions of types The types we have are base type and function types. The
set of types 7 € Set is introduced by:

A,BeT
oeT fun(A,B)eT

Types will be denoted by 4, B.
We recall that the constructors are written out in bold face only when they
are introduced.

Definition of contexts To define context we will suppose an infinite set, Name,
with names. We also suppose that we have a decidable equality on Name. A
context is a list of names together with types and is defined mutually with a
boolean-valued function fresh which describes when a name is fresh in a con-
text:

Ce Set
fresh € (Name;C)Bool

The set of contexts € is introduced by:

rec z € Name AeT feT(fresh(z, 1))
empty € C add(Iz, A, f)eC
We will write [] for empty and [I',z : A] for add([',z, A, f), hence when we

write [T, : A] it is implicit that z is fresh in I". The function fresh is defined
by induction on the context as:

fresh(z,[])
fresh(z, [y : A])

true
and(z # y, fresh(z, I'))

[Tt

We will use I, A and @ for contexts.
The predicate Occur is true when a name with its type occurs in a context.

z € Name AeT I'ec
Occur(z,A,T") € Set

The introduction rules are:

occ € Occur(z, A, I")
occy € Occur(z, A, [T,z : A]) occz(oce) € Occur(z, A, {1,y : B])
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We also define the relation that describes when a context contains another.

rAec
Gi(T, A) € Set

We use the notational convention I' > A for Gt(I', A). The set > has the con-
structors:

cel>A occ € Oceur(z, A, I')
gt,el'>] gto(c,occ) € I' > (A, z 1 A]

The following lemmas are easy to prove:

Lemmal € (Occur(z, A, A); I' > A) Occur(z, A, I')
Lemma2 e (I'eC) I'>T

Lemma3 € (O >TI'>A0> A

Lemmad € (' €Ciz € Name; A€ T) [[e: A>T

Definition of derivations We will mutually inductively define the derivation
of terms and substitutions
AeT rec IAecC
D(I,A) € Set DS(A, T) € Set

We will use the notational convention I'—A and A—1I" for D(I', A) and DS(A4, I')
respectively, A substitution for a context A over a context I is intuitively a list
that associates to each name in A a derivation in I' of the same type.

The derivations of terms are:

oce € Occur(xz, A, T) vy € A=TI McTI—-A
var(occ) € I'—A subst(M,y) € A—A
M e[l z: Al—B M € '—fun(A, B) Nel—A
lambda(M) € I'—fun(A, B) apply(M,N) € I'-B

The explicit substitutions we have are the projection map, updating and com-
position:

ceEA>T yEO=I  Sel—A
proj(c) € AT comp($,7) € 64

¥y € A—=T Me A—A
update(y, M) € A—[Iz: A]

We will use the following notational conventions:

z4 for var(occ), where occ € Occur(z, A, ")
M~y for subst(M,y)

Az.M for lambda(M), where M € ([, z : A]—»B
M N for apply(M,N)

. for proj(c)

(7,2 = M) for update(y, M)

6y for comp(8,7)
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Derivations of terms and substitutions will be named M, N and v, 6,8 re-
spectively.

The substitution 7, is not a standard primitive for explicit substitutions.
Often one rather has an identity substitution (in I'—I") [1, 12] or the empty
substitution (in I'—{]) [6] in either case 7, would be derivable. Instead we have
taken 7, as primitive and the identity and the empty substitution is then deriv-
able. In [1] they also have a substitution 7 which corresponds to a shift on
substitutions; this substitution is here defined as w. where c€ [I,z: A] > I'. In
the calculus [12, 19] we have as primitives also the thinning rules:

MelI'—A v € AT v E AT
ceA>T ceEB>A cel>E
Me A—A ’yE@——)F 76A—~+@

These rules will in our calculus be written as M., yr, and 7.7y respectively. The
first version of this work used these combinators, since we wanted this work to be
a start for a complete mechanical analysis of this calculus. The set of conversion
rules we obtained using these combinators suggested the use of m., which gives
a more elegant set of conversion rules. There might be other advantages in using
m.: if a term is of the form M7, we know which the possible free variables are
of the term M, information that might be used in a computation.

4.2 The semantics

Since we want to deal with full conversion on open terms and the n-rule, we
choose to describe the semantics in a Kripke style model. See [7, 14, 10} for a
discussion on Kripke models. A Kripke model is a set of possible worlds, W, with
a partial ordering, >, of extensions of worlds. We also have a family of ground

sets G(w) over possible worlds which will be the interpretation of the base type.

Semantic objects We define the set of semantic objects as usual in Kripke
semantics:

AeT weW

Force(w, A) € Set
Force(w, A) will be written w |- A. For the base type an element in w |- o is
a family of elements in G(w'), w' > w. For the type fun(A, B) an element in

w |- fun(A, B) is a family of functions from v’ [~ A to v’ |- B, v’ > w.
The semantic objects will then be defined as

fle) e G(w) fle,u)ew' |- B
[cew >w] [cew >wuew |- A]
gf)ewl-o Lambda(f) € w [ fun(4, B)

We will use the notational convention A(f) for Lambda(f).
We then define the following two elimination rules

appg € (v [l o;w' > w) G(w')
app € (v | fun(4, B);w' > w;v' |- A) v’ |- B
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in the obvious way. We will write app.(u,v) instead of app(u,c,v), or even
app(u, v) in the case when c € w > w.
The monotonicity function

mon € (w |- A;w' >w) v | A

lifts a semantic object in one world into a semantic object in a bigger world
and is defined by induction on the type. We will have the notational convention
mon.(u) for mon(u,c).

We now want to define an equality Eq on semantic objects. For the sound-
ness of the 7-rule we need u € w |- fun(A, B) to be equal to A([c, v]app.(u, v)),
which corresponds to n-expansion on the semantical level. This means that the
equality on our model must be extensional and that application and the mono-
tonicity function commutes; i.e. lifting the result of an application up to a bigger
world should be equal to first lifting the arguments and then do the application.
We will say that a semantic object is uniform U if the application and mono-
tonicity function commutes for this object. In [17] there is a further discussions
on this commutativity. The predicates E¢ and U will be mutually defined

uwvEwl- A4 vEw| A
Eqy 4(u,v) € Set Uy a(u) € Set

They will both be defined by induction on the types, the idea of this way of
defining extensionality is presented in [9]. Two semantic objects of base type are
equal if they are intensionally equal and two semantic objects of function type
are equal if the application of them to a uniform semantic object is extensionally
equal. A semantic object of base type is always uniform. A semantic object of
function type is uniform if it sends a uniform semantic object to a uniform
semantic object, if it sends two equal uniform objects to equal semantic objects
and if the application and monotonicity commutes for this semantic object.
The sets Eq and U is then (leaving out the constructors) defined by:

Id(appg(u, c), appg(v, c)) Eqy: p(app.(u1,v), app.(usz,v))
[c€w > u] [c€w > w,Uu,a(v)]
Equ o(u,v) Eqw,fun(A,B)(uly U‘Z)

”w’,B(appc(u, 1))) [C cuw > 'U),uw',A(U)}
Eqw’,B(aPpc(us v1), appc(u, UZ))
[c € w > w, Uy a(v1),Uu a(v2), Equr a(v1,v2)]
Egur p(mone, (appe, (u, v)), appe, (v, mon,, (v)))
ueEwl-o [er € w” > w' es €w' > w,e3 €W > w, Uy 4(v)]
Us,o(u) Us,un(4,8)(1)

The equality Eq is transitive and symmetric and for uniform objects it is also
reflexive. Equal uniform values can be substituted in app and the function mon
returns uniform objects for uniform input and equal results for equal input. We
also need to prove the following properties about Eq and U:
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— (Uw,a(u);c € w> w) Eqy, a(mon.(u),u)
— Uy a(u)jer €w’ >wie€u >wjes e’ >w
) Equr a(mon, (mon.,(u)), mon,(u))
= (Uu,fun(a,B)(W);c € W' > w;Uu 4(v)) Eq(app.(u,v), app(mon.(u),v))

All the proofs are straightforward by induction on the type.

Semantic environments We define an environment

I'ec weW
Force_env(w,I') € Set

that associates a semantic object for each variable in a context. The set
Force_env(w, I') will be written w |- I'. The set is introduced by:

pew|-I  vew|-A
empty_env(w) € w ||~ ] update_env(p,v) € w || [,z : A]

We will write {},, instead of empty_env(w) and {p, 2 = v} instead of
update_env(p, v). We define the following operations on semantic environments.

lookup € (w |- I'; Oceur(z, A, ")) w |- A
mon € (wl-MNuw>w)w |1
proj €(w|-IT>4)w|-A

Instead of lookup(p, occ), occ € Occur(z, A, I'), we write lookup(p, z4), instead
of mon(p, ¢) we write mon.(p) and instead of proj(p, c) we write proj.(p).

We say that an environment is uniform Uy, r(p) € Set [p € w |- I'] if each
semantic object in the environment is uniform. Two environments are equal
Equ,r(p1,p2) € Set [p1,p2 € w |- I'| if they are equal component-wise.

The equality on semantic environment Eq is transitive and symmetric and
for uniform environments it is also reflexive. We can substitute equal semantic
environments in lookup, mon, proj and the result of applying these function
to uniform environments is also uniform. We also need to prove the following
properties about Eq and U for semantic environments:

— (Uw,r(p);c € T > A) Eqy a(lookup(p, z1), lookup(proj(p), £4))
— (Uw,r(p);c € w' > w) Eqy: a(mon (lookup(p, 2)), lookup(monc(p), z7))
— Uwrphiael > el e Al> A
) Equ,a(proj.,((p,z = v)), proj., (p))
- (uw,I‘(P);C er> F) Eqw,p(pm]c(p),p)
- (uw,P(P); cew > w) Eqw,p(monc(p),p)
— Uupelp)ict€O 2D €A>Tc3€02T
) EQw,F(Projcz(Projcl(P))aprojcg(/)))
— Upr(p)icr €V > W €W > wies €W’ > w
) Equn r(mon., (mon.,(p)), mon,(p))
- Uwr(p)icr€ AZTc€w > w
) Equi,a(monc,(proj., (p)), proj., (mon.,(p)))
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4.3 The semantics of the A-calculus

We define evaluation functions for derivations of terms and substitutions in a
given environment

[[]]Term (S (F—LA,’U) “—— F) w “_. A
Osubst € (A—=Thw |- Ay w |- T

The evaluation function for derivation corresponds via the Curry-Howard
isomorphism to a proof of the soundness theorem of minimal implicational logic
with respect to Kripke models. We also define an evaluation function for substi-
tutions which computes a new environment.

We will only write [[] below, it should be clear from the typing which one is
used.

[z£]p = lookup(p, z7)
[Az.M]p = A([e, u][MHmon.(p),z = u})
M N]p = app([M]p, [N]p)
[MA]p = [MIIv]p
[(v,2 = M)lp = {1]p, = = [M]p}
[r1721p = [nllrale
[7]p = proj.(p)

4.4 The inversion function

We now define an inversion function, guote, that given a semantic object in a
particular Kripke model returns a term. The particular Kripke model that we
choose is the one where as possible worlds we take contexts, as the order on
worlds we take the order on contexts and as G we take the set of derivations
of terms of base type. Via the Curry-Howard interpretation quote is a proof of
the completeness theorem of minimal implicational logic with respect to this
particular Kripke model, ¢f. the completeness proof in [14].

The function quote will be mutually defined with a function, val, which given
a function from a context extension to a term gives a semantic object as result:

quotera € (I' | A) I'-A
valra € (FE(AECA>T) A—AT |- A

Intuitively quote returns an 7-expanded term and wval returns an 7-expanded
semantic object.
We define an abbreviation for the semantic object corresponding to a variable.

var_valp, a = [occlvalr,a([4, c]zs) € (oce € Occur(z, A, I)) I |- A

We write only var_val(z$) for var_valp a(occ) where occ € Occur(z, A, T').
In order to do an 7-expansion we need to suppose that from a given context we
can choose a fresh name. So we will suppose a function gensym € (I' € C)Name
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and a proof gf € (I" € C) T(fresh(gensym(I"), I'}) which proves that gensym
returns a fresh variable.
The functions quote and val are both defined by induction on the type.

quoter ,(u) = appg(u, lemma2(I))

valr,o(f) = g(f)

quotep fun(a,p)(t) = Az.quoterr .. 4], B (app.(u, var_val(z[‘}’z:A]))),
where z is gensym(I") and c is lemma4(I', z, A)

valp tun(a,B)(f) = A(le1, v]vals([O, e2]f(O, ¢) quotee a(mon.,(v))))
where ¢ 1s lemma3{cz,c1) €O > T

We also have that if two semantic objects in a Kripke model are extensionally
equal, then the result of applying the inversion function to them are intensionally
equal. To prove this we first have to show the following two lemmas:

—(he(AeCce A>T Id(f1(A, ), f2(A,¢)))) Eq(valp a(fi), velp a(fz))
— (c € A > T') Eg(mon.(valr 4(f)), vala,a([O,1f(O, lemma3(c, c))))

Both lemmas are proved by induction on the type.
The theorem

Theoremb € (Eqr a(u,v)) Id(quoter a(u), quoter 4(v))
is shown mutually with
Lemmab € (f € (A€ C; A > I') A—A) U(valr 4(f))

which states that val returns a uniform semantic object. Both the theorem and
the lemma, are proved by induction on the type.

We are now ready to define the function that computes a term to its normal
form. For this we define the identity environment id € (A > I') A ||~ I that for
each variable in the context I" associates the corresponding value of the variable
in A {var_val gives the value of this variable}. Now the normalization funciion,
nf, i1s defined as the composition of the evaluation function and gquote. This
function is similar to the normalization algorithm in [2]; one difference is our use
of Kripke models to deal with reduction under A. One other difference is that,
since we use explicit contexts we can use the context to find the fresh names in
the quote-function.

To compute the normal form is now only to compute the semantics of the
term in the identity environment and then invert the result:

nf(M) = quoter a([MJid(lemma2(I)))) € (I'—A) I'—A

Now we know by theorem theorem$ that nf returns the same result when
applied to two derivations having the same semantics:

Corollary? € (Eq([M]id, [N]id)) Id(nf(M),nf(N))
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4.5 Completeness
We now want to define the complete set of conversion rules for derivations of
terms and substitutions:

M,N € I'—A v,6 € AT
Conv(M,N) € Set Convs(y,6) € Set

We use the notational convention M2p 4N and y=r a6 for Conv(M, N)
and Convs(v, 6) respectively; or only M=N and y=6 when the typing is clear.
We now set up the goal of proving

Theorem8 € (M € I'=A) M=nf(M)

leaving the conversion rules yet undefined. We then choose our conversion rules
according to what is needed to show this. Having done so we know that the set
of conversion rules we obtain is complete since, by corollary7? we know that if
Eq([M]id, [N]id), then Id(nf(M),nf(N)) and then by theorem8 and symmetry
and transitivity of = we know that M=N. To prove the theorem we define a
Kripke logical relation [14, 18]:

Mel—-A vel | A
CVF,A(M,U)E Set

this relation will correspond to Tait’s computability predicate.
A derivation of base type is intuitively CV-related to a semantic object of
base type if they are convertible with each other; or more precisely:

Mrc=a aappg(u,c) c € A>T
CV[',O(M, u)

A derivation of function type, fun(A, B) is intuitively CV-related to a semantic
object of the same type if they send CV-related derivations and objects of type
A to CV-related derivations and objects of type B; or more precisely:

CVa (MmN, appe(u,v)) [c€ A> I',CV A a(N,v)]
CVF,fun(A,B)(M) u)
The idea of this predicate is that we can show that if CV(M, u), then M =quote(u),

hence if we show that CV(M, [M]id), we have a proof of theorems8.
Correspondingly for the environment we define the set:

YEA-TI  peAT
CV_enva,r(y,p) € Set

We will write C'V for CV_env.
The relation CV on substitutions has the introduction rules:

v € A=]] CVa,r(mey, p) CVA,A(JIA’)/, u)
CVa(r;{}a) CVarea)(v,{p & = u})
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We prove that CV is closed under 2, ie:

- (MgN,CVp’A(N, U)) CVI‘,A(M; U)
— (y26;CVa,r(8,p)) CVa r(7,p)

We prove these lemmas by induction on A and A respectively. To illustrate
the method we will show the case when A is 0. We then have to show that
M= Zappg(u, c) knowing that N#.Zappg(u,c) and M=N. Since we define the
conversion rules according to what we need to prove the lemma, we will introduce
the rule:

M= N y€A-T
M~y =F W Ny

and then by this rule and transitivity of conversion we get M w.Zappg(u,c). We
also have to prove the following lemmas:

— (CVra(M,u);c € A>T') CV4 a(Mme, mon(u, c))
—(CVar(1,0)) €V a sz Tookup(p, 72))

— (CVa,r(y,p);c€ @> A) CVeo,r(yn., mon(p,c))
= {CVa,r(v,p);c € I' 2 ©) CVa,0(mey, proj(p, c))

Now we are ready to prove that if v and p are CV-related, then M~y and
[M]p are CV-related. This theorem corresponds to Tait’s lemma saying that
each term is computable under substitution. We prove this theorem mutually
with a corresponding theorem for substitutions.

Theorem9 € (M € I'—A;CVa,r(7,p) CVa,a(My,[M]p)
Theoreml0 € (y € A—T;CVe,a(8, p)) CVeo,r (v, [7]p)

Both theorems are proved by induction on the derivations.
The proof of that if M and u are CV-related, then M=quote(u) will be shown
mutually with a corresponding lemma for val.

Theoremll € (CV(M, u)) M=quote(u)
Lemmal2 € (he€(A€Cce A>T) Mn.2f(A,c)) CVra(M,valp a(f))

In order to prove theorem8 we also prove that CV(m.,id(c)); then by this,
theorem9 and theorem11 we get that M7= snf(M), where c€ I' > I'. If we
now define the conversion rule M=p o Mx. for ¢ € I'—I" we get by transitivity
of conversion that M=nf(M).

Now it is easy to prove the completeness theorem

Theoreml13 € (Eq([Mid, [N]id)) M=N

since by corollary7 we get that Id(nf(m),nf(N)) and by theorem8 and by tran-
sitivity and symmetry of conversion we get M=N.
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The conversion rules for derivations of terms we have obtained by this method
are the reflexivity, symmetry, transitivity, congruence rules and the following
rules:

(Az.M)y N =M (y,z=N) Me[lz:Al—B, vy € A—TI
M = Az (M, zf},x:A]) cel[lz:A]>T
mﬁ“,a::A](V’x:M)gM 7EA—>F,M€A—?A

zh7, =24 cecA>T

M, =M cel’>r

(M N)y = (My)( Nv)

(Mv)s = M(v6)

The first rule is the S-rule and the second is the p-rule.
The conversion rules for derivations of substitutions we have obtained are
the reflexivity, symmetry, transitivity, congruence rules and the following rules:

(v6)6 = ~(80)

(v,2=M)6 = (y6,z=MS$)

(e =M)=y celle: A>T

Moy ey = T, e EB>A A>T c3e@>T
YA ™y cel'>T

Completeness of the conversion rules for substitutions Actually the set
of conversion rules that we have obtained for the explicit substitutions is not
complete. For example, we have that 7., where ¢; € [z : A] > [z : A] and
(ep, @ = z4) where ¢ € [z : A] > [] have the same semantics but they are not
convertible with each other. In order to find the complete set of conversion rules
for the substitutions we define an inversion function for semantic environments.

quotear € (A |- I') A—T
which is defined as:

quotean({}a) = gty
quotea [r-.41({p, x = v}) = (quotea r(p),z = quote a(v))

To define the normalization function for substitutions is now only to compute
the semantics of the substitution in the identity environment and then invert the
result

nf(y) = quotea r([v]id(lemma2(I))) € (A—I') A—T

If we now prove that all substitutions y are convertible with nf(y), we can see
that we also need the following two rules of conversion:

Y7, ceA>][], ye A=]
'y’:“(wc'y,m:x[“},)w:A]'y)ce[F,:c:A]ZF, v € A=[I z: A]

These rules corresponds to the 7-rule for terms in the sense that they both
express that a derivation should be convertible with their canonical derivation.
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4.6 Soundness of the conversion rules
In order to prove the soundness of the conversion rules we first have to show:

— [M]p and [y]p are uniform if p is uniform

— Eq([M]p1, [M]p2) and Eq([7]e1, [7]p2) if Eq(p1, p2)
— Eq(mon([M]p, ), [M]mon(p,c)) and Eq(mon.([v]p), [v]mon.(p))

Then the proof of soundness
Theoremld € (M=r4 Nip € w |- I') Eq([M]p, [N]p)

is straightforward by induction on the rules of conversion. Notice that this sound-
ness result holds in any Kripke model.

4.7 Some consequences

We now have a decision algorithm for testing conversion between terms (together
with a correctness proof).

We can now prove that the result of nf on a term of function type is a term in
long 7-normal form and for a term of base type it is a term in applicative normal
form (a variable or an application where the first argument is on applicative
normal form and the second argument on long 7-normal form). Hence a term is
convertible with its normal form.

It is also straightforward to show that X is one-to-one up to a-conversion and
this without using the Church-Rosser property.

5 Doing proofs on machine

One important aspect of this work is that this has been done on machine, actually
this example was partly chosen because that it seemed to be possible to do it in a
nice way in ALF. Often it is emphasized that a proof is machine checked, but this
is only the minimum that you could ask of a proof system. Another important
aspect is that the system helps you to develop your proof and I feel that ALF
is on the right way for this. This work was not done by pen and paper first and
then typed into the machine, but it has from the start been done in interaction
with the system. Once getting used to the system and having introduced the
definitions, I now find it more cumbersome to do the proofs by hand.
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