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O. INTRODUCTION

Questions of effectiveness have been considered in connexion with several of
the special categories of domains studied in denotational semantics. Let us mention
Tang [28] vis-a-vis Scott's "classical” category CL of continuous lattices [21], [22];
Egli and Constable [57 for the category ACPO of algebraic bounded-complete cpo's;
smyth [23] for the cateogry CCPO of continuous bounded-complete cpo's; Kanda [11] for
Plotkin's SFP [19]. Each of these categories could lay some claim to being the cat-
egory of interest in semantics. Recently, however, it has become clear that we cannot
limit ourselves in advance to a small fixed set of categories of domains. Current
work on parallelism, sequentiality and concrete domains, especially, gives rise to a
proliferation of categories (L1, [4], [8]). Even apart from this proliferation, ex-—
plicitly categorical constructions are playing an increasing role, especially in
connexion with data types [6], [15]. The guestion arises, whether we can treat
effectiveness itself in a categorical setting, so that the effectiveness of domains
and functions can be defined in a uniform way, and - beyond that - the effectiveness
of categorical notions themselves, especially that of a functor. In this paper we
propose an affirmative answer, using (mainly) the notion of an effectively given
O-category.

Why should we give so much attention to effectiveness? One reason has to do with
the systematic study of the power of specification techniques. We cannot require of
a general purpose programming language that it be able to specify (define) all number-
theoretic functions, but only (at most) those which are partial recursive. A corres-
ponding distinction must be made for all the "data types" which one may wish to han-
dle. And the problem is not simply that of picking out the computable functions over
a given data type; we have the problem of specifying the data types themselves, and
thus of determining the “computable", or effectively given, data types {i.e. the
types which should in principle be specifiable)}. For data types considered simply as
sets with operations, the discussion has reached a fairly advanced state (see [29]
and references there given). For data types with domains as carriers (with which we
are concerned here), the problems are much more complex. Little is known about the
completeness or adequacy of specification methods for these types.

The requirements that all semantic constructs be effective canbe auseful disci-
pline, both negatively (thus, the power-domain construction of [14] remains suspect,
since we cannot see how to make it effective), and as a positive aid in finding suit-

able constructs (see the remarks on "finite elements" in Sec. 1).
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As our final reason for insisting on effectiveness, let us just cite the connex-—
ion between computing and mathematical constructivism, argued by Bishop [2] and

Constable [3], and recently asserted in a very strong form by Martin-1&f [17].
Some of the proofs missing from this extended abstract can be found in [27].
1. OVERVIEW

The guiding principle of our work is a very simple one: in every system (domain,
category, etc.) with which we have to deal, there is a clearly identifiable subsystem
of finite elements, whose properties completely determine the whole system. The in-
finite elements have as it were a secondary existence as limiting processes applied
to the finite elements (more concretely, as rules for the production of finite ele-
ments), all their properties being derivative from those of the finite elements. One
naturally defines a computable (infinite) element as one which is given as an effec-
tive limit of finite elements (relative to a suitable enumeration of the finite ele-
ments) .

This concentration on the finite elements was the main factor in the simplifica-
tion of the power-domain constructs [24], and has also been fruitful in developing
the theory of concrete domains [10]. Its main application in the present work is the
characterization of the computable arrows/objects of a category as limit of chains
of "finite" arrows/objects. Unfortunately we lapse from ocur principle in regard to
effective (ly given) categories and functors themselves: we do not here build them
from chains of finite categories and functors. On this point, see the concluding re-
marks of the paper.

In Section 2 we introduce the class of "admissgible” categories, which forms the
frameowrk of our investigation. An admissible category is essentially an O-category
in which the subcategory of embeddings is algebraic (in the terminclogy of [241).
Some important properties of admissible categories are proved. In Section 3 we define
the notion of effective basis of an admissible categofy, and characterize the effec-
tively given objects and arrows in a category with effective basis. We indicate that
these abstractly defined notions reduce to the usual ones when we specialize to the
particular concrete categories in which effectiveness has been studied previously
(we verify it in detail only for the case of ACPO). In Section 4 we introduce "frames"
of functors as a counterpart to graphs of functions, and in terms of them define com-
putable functors. We show that, for suitable indexings of our categories, this notion
of computability of functors agrees with Kanda's in [11]; this means that we can use
Kanda's results to get "fully effective” solutions of domain equations. The conclud-
ing section treates some miscellaneous topics: O-categories versus w-categories;
effective versions of the adjoint functor theorem; continuous versus algebraic do-
mains; and a possible refinement of the notion of an effectively given category that
seems to be regquired if we are able to construct functor categories effectively.

We have just alluded to Kanda's work on effective categories. The relationship

between our work and that of Kanda has been discussed in [26]. Briefly, Kanda is not
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concerned with developing a unified theory of computability; rather, he assumes that
we have a countable category (thought of as a category of effective domains and com-
putable functions), suitably indexed, already given to us. In terms of such indexed
categories, the effectiveness of various categorial constructions (functors, initial
fixpoints) can be handled straightforwardly. Our theory can be considered as an
account of how the "suitably indexed" categories come about. The direct verification
that given categories and functors are effective in Kanda's sense tends to be very
complex; but, for categories/functors build up in the way we describe here, such

verification is usually trivial.
2. ADMISSIBLE CATEGORIES

We begin with some definitions as in [30], [24], [26]:

DEFINITION 1. Bn O-category is a category in which (i) every hom-set is a partial
order in which every ascending w-chain has a lub, and (ii) composition of morphisms

g-*A are arrows in an

£
is w-continuous with respect to these partial orders. If A" »B
O-category K such that geof = IdA and fog E_IdB, then we say that <f,g> is a projec-

tion pair of K.

The category having the same objects as K, but having as arrows the projection
pairs of K (with the obvious definition of composition) is denoted KPR. If p is any
projection palr, we denote by pL the left part (the embedding) and by pR the right
part (the projection) of p. Similarly for chains, cones, etc.: thus if A is an w-
chain in KPR, QL will be the w-chain in K cobtained by dropping the second components
of the arrows of A. It will occasionally be useful to consider the category KP having
the same objects as K, in which an arrow from A to B is just a pair <f: A-+B, g: B>A>

of ¥ (composition as in KPR). KPR is of course a subcategory of KP.

DEFINITION 2. An object A of a category L is finite in L provided that, for any w-
chain A = <An,fn>n " in L with colimit u: A » V, the following holds: for any arrow
v: A+ V and for any sufficiently large n, there is a unique arrow u: A - An such
that v = Mocu. We say that L is algebroidal (= algebraic in [24]) provided (1) L has
as initial object and at most countably many finite objects, (2) every object of L
is a colimit of an w-chain of finite objects, and (3} every w-chain of finite objects

has a colimit in L.

We shall be interested in O-categories K for which KPR is algebroidal. "Finite-
ness" of objects should always be understood relative to KPR. Notation: KPRO (resp.
KO} is the full (0-) subcategory of KPR (K) with objects restricted to be finite. The

following (new) definition is the cornerstone of this paper:

DEFINITION 3. An O-category K is admissible provided
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(i) KPR has at most countably many finite ocbjects.

(i1} If A, B are finite in KPR then Hom(A,B) is a finite set.

(iii) For every object A of K there is an w-chain

A=2aA_-A, +... in KPR_ and a cone u: A » A in KPR such that U u%ous = Id_. - A cone
[¢] 1 o ERR S § A

U satisfying this condition will be called an approximating cone for A; we will also

say that y (or sometimes just A) is an O~-limit of A.

(iv) Every w=-chain in KPRO has an O-limit.

The principal definitions and results of this paper concern admissible catego-
ries. However, in order to capture more fully the idea of a category of domains, in

which Scott's D, constructions can be carried out, we need to specialize as follows:

DEFINITION 4. A domain-category is an admissible category K in which:

(i) Every Hom(A,B) has a least slement 1

a,B’
{ii) There is an object E such that IdE = lE £
’
(iii) For any arrow f£: A » B and object C,
1 of = .
B,C lA,C
An arrow f£: A + B is called strict if fDLE A= lE 5 The domain-category K is strict
’ I

if every arrow K is strict.

The clauses of Definition 4 can be seen as extending the defining properties of
admissible categories from w-chains and sequences to finite {in particular, empty)
chains and sequences . Thus, clause (i) says that in each hom-set the empty sequences
has a lub; (ii) says that the empty chain in KPRo has the O-limit E; (iii) gives one-
solid distributivity ("continuity"} over the empty sequence, while in the strict cate-
gory we have full distributivity (it is easy to see that if £ is strict we have
c,A = lC,B for all C).

All the usual categories of algebraic domains with continucus functions are do-

fol

main-categories (we are excluding the more general “continuous" domains; see Sec. 5),
provided that isomorphic finite domains are identified. Cutting down to the strict
functions (in the usual sense) gives a strict domain-category. A simple example of a
strict domain-category is obtained by taking as objects the sets of natural numbers
and as arrows the partial functions, the ordering of hom-sets being the usual inclu-

sion of partial functions.

FACT. If K is a domain-category, then: E is terminal in K; E is initial in XKPR; every
embedding and projection is strict; if K is strict then E is initial in K; finally,
the category KS obtained from K by cutting down to the strict arrows is a strict

domain-category, and KSPR = KPR.

THEOREM 1. Let K be an admissible O-category, and w: A ~ A an approximating cone for
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. . s . L . g ,
A in X. Then u ig colimiting in XPR and Y is colimiting in X.
For the proof, see [26] Lemma 5.
COROLLARY. If K is admissible and KPR has an initial object then XPR is algebroidal.

The following result is relevant to the computability of the - - functor (of type
P x k+K):

LEMMA 1. (i) K Is admissible iff KOP is admissible. (il) The product of two admis-

sible O-categories is admissble.

PROOF. {sketch). (i) Define a (1,1)-correspondence X -+ X between entities (objects,

arrows, w-chains,...) of KPR and entities of KOP—PR by:

A~ A (i.e.A = A)

<f,g>: A > B » <g,f>: A > B

and similarly for cones. Using this correspondence, verify that: A is finite in KPR
iff A (=A) is finite in KOP—PR; and u: A > A is an approximating cone in KPR 1ff
P: A+ A is an approximating cone in KOP—PR. The result follows at once.

(ii) Routine verification.

Projection pairs give us our notion of "approximation" between objects. We need

also a notion of approximation for morphisms:

DEFINITION 5. Let K be an O-category. Then the arrow-category of K, Karr’ has as ob-

jects the arrows of K and as arrows from £ to ¢ (where £: A »+ A', g: B > B' in K)

the pairs <p: 4 -+ A', gq: B > B'> {p,g € KPR) such that

L
£C qR°g°p .

£ g
Assume now that K is admissible., Let A = AO 49 A1 S oeswyg I = BO _9 B1 > ... be w-
chains in KPRO with limits u: A - A&, v: T > B, and assume that arrows hi: Ai »»Bi
satisfy

- R L N
hi J-giohi+1°fi (i = 0,1,...)

{sc that we have an w-chain H in KArr)’ Then a O-1imit of H is a cone £: H »'Ei in

KArr' where Ei = <ui,vi>, u: A+ A and v: I >~ B are O-limits, and ﬁi: A > B is given
by ﬁi = v?hius {(we also say that I is an approximating cone for h = u Ei). We will
i
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often omit the prefix O- of O-limit.

It is easily checked that <Ei> is increasing, so that this definition is sound,
and a limit for an w-chain H as described always exists; furthermore, limits are uni-
que up to isomorphism of cones, so that we may as well write the limit. By an abuse
we will also write, for example, "ﬁi is a limit of the hi", the connecting arrows
and cone being understood.

Various elementary properties of the category KArr can at once be established:
for example, the "limit" just defined is actually the colimit in KArr’ and KArr has
as finite objects exactly the finite arrows of K (that is, the arrows f£: 2 ~ B, A, B

finite in KPR). But we shall not need these in the present work.

THEOREM 2. In an admissible O-category K, every arrow can be expressed as the limit

of some w-chain of finite arrows.

PROOF. Let h: & - B be any arrow in K, and let p: A > &, v: T > B be limits, where

A=A fo A T=8B 90 B re chains in K Put h, = ROh OfL Further
o * By > s T=By 5 By s.oo@ in K- i = 95°hy,°f;. Fur
L R L R L R L R L R
Lovieny oy = W viev eheujous = G viovy) e he (G upeuy) = h.

So h is the limit of <hi>i'

Notice that the sequence <hi>i constructed here has the strong property that
hi = g?chi+1°fi, where only E is required for an "approximating" cone in KArr' Intui-
tively, the difference is that the strong seguence <hi>i gives the best approximation
to h that is available at stage i. It might be asked why we do not work with the
strong sequences which have this (apparently) attractive property. The main reason
has to do with effectiveness: even when h is computable, in an appropriate sense, we
cannot (in general) effectively list the hi (more precisely: list explicit indices
for the hi, see Sec. 3.2).

An important point in our investigation is that the operat;ons/ relations over
objects and arrows which we want to discuss can be all expressed in terms of opera-

tions / relations over the finite entities in the approximating cones for those ob-

jects and arrows. Example:

LEMMA 2. Let <h: A+B, p: B+A> be a pair of arrows in the admissible category XK.
Let u: A-+A,.v: '+ B be approximating cones for A, B, where A = AO .9 A1 a eany
=15} . N
I' = BO 5 B1 + ..., and let <hi' Ai<*Bi>i, <pi. Bl'>Ai>i be w—chains of arrows having
h, p as limits (via u, v). Then <h,p> is a projection pair 1ff
(i) for all k, and for all sufficiently great i (zk), fikcpiOhiOfki = IdAk' and

(ii) for all k, hkopk E.idAk'

PROOF. Only if:
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(1) Id

#

uiopohop}i = U]E}(U uiopioviR)o(U uiohioui)oui

#

R L R L
Mo euyep ohyeuom = U £,

op, oh, of
1%k ot

k ki

Since there are only finitely many terms in this (increasing) sequence (Def. 3, (ii)),
all of them from some point on must be IdAk-
L R

o

L R L
C : C .
)TV P Vg = Vi TRy L Ty

(ii) b op, & v§°h°u 5

I1f: Straightforward.

An alternative formulation is: <h,p> is a projection pair iff, for all k and for

all sufficiently great i (2k), <hi°f °pi> is a projection pair. From this in

£
ki’ Tik
turn we can get a simple characterization of isomorphism pairs h, p.

Simple characterizations of f E_f‘ and of £ = £', in the same style, may be ob-
tained. A particularly important example is composition: this is just given by point-—
wise composition in the approximating chains. That is, if £, g are given as limits of
<f,: A, +B,>, <g: B, >C,> then gof is the limit of <g ¢f : A, »>C.>. Note that this

i i i i i i7i i i
does not work if "strong” approximating sequences are used: the strong commuting pro-
perty does not carry over to the composed diagram. This technical difficulty - which

becomes guite troublesome when we come to consider effective sequences - is another

reason for preferring the weak seguences.
3.1. Effectiveness

DEFINITION 5. An effective basis for an admissible O-category K consists of an ema-
meration 00,01,... of the finite objects (of KPR} and an enumeration mo,ml,... of the
finite arrows of K, satisfying the following:

{i) The predicate Om = 0n is recursive in indices.

(ii) The predicate "mn is an identity" is recursive.

(iii) There are recursive functions D, C such that

OD(n) = dom(mn) and OC(n) = cod(mn).
X : . : s _ h
(iv) There is a partial recursive function Comp such that mkomn mComp(k,n)’ where
Comp is defined iff the composition exists.
(v) The predicate m, E_mn is recursive in indices (false if mo, m are not in the

same hom-set).

Informally: Equality of (finite) objects is decidable, as are the orderings of
thé hom-sets; whether an arrow is an identity is decidable; and the domain, codomain

and composition of arrows are computable (in indices).
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In the following work we make heavy use of recursive sequences of objects/arrows

in an effective basis, given as, say, <O (e, £ recursive functions).

o)1 Pr) i
To spare the notation we will often just write the index e(i) (£(i)) in place of

%y Meey)e

DEFINITION 6. An effectively given O-category is an admissible category K together
with an effective basis of X (Notation KE). An effective finitary projection sequence
{oxr basic seguence) in K is an effective w-chain in KPRO, that is, an w-chain in KPRO
of the form e(O)f(O)—*e(l) +..., e, £ recursive., An effectively given object of K is
an object A of K together with an approximating cone u: A - A for A, where A is basic.

An effectively given (or computable) arrow in K is an arrow h together with an approx-

imating cone ¢: -+ h for h, where I' is basic (i.e. T is of the form
e {0) e e{l) .

1 g(o) + g(1)+
et 2O ey L

e, £, e', £', g recursive).

This definition is in the spirit of Kanda and Park {131, where it is shown that
an effectively given basis of a domain must be understood to include a particular
enumeration of the basis, and an effectively given domain must be taken as a domain
D together with an effective basis for D (not just: for which there exists some
effective basis).

We still have to explain the exact relation between our categorical formulation
of effectiveness and the familiar formulations in terms of domains. To be specific,
let us take X = ACPO (bounded-complete algebraic cpo's, continuous maps). We will
show in the next subsecticon that, relative to suitable indexings of the finite ob-
jects of ACPO-PR (i.e. the finite domains) and of the finite arrows of ACPO, the
effectiveness of objects and arrows given by Definition 6 coincides with that studied

in [51, [233.

3.2, Effectively given domains

We are going to require that the finite domains (in ACPO) and maps between
finite domains be enumerated by a system of explicit indices. An explicit index for
a finite structure is an index from which we can recover the whole structure in a
"time" (number of steps) bounded in advance. The term "explicit" is borrowed from
Myhill and Shepherdson [18]; it corresponds to Rogers' "canonical" [20]. Explicit
indices for domains might be constructed, say, as follows: quppose that ¢ is an ex-

plicit index of a finite set C, and that r is an explicit index of a binary relation
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R on C which gives the structure of a finite domain; then <c,r> is an explicit index
of this domain. This gives only a partial indexing, of course; we suppose it made
total 1n some obvious way. Explicit indices for the maps are constructed similarly.
It is obvious that enumerations of the finite objects and arrows of ACPO, using ex-
plicit indices, vyield an effective basis for ACPO (Definition 5).

We claim that, given an effective basis built in this way (a standard effective
basis, we shall say), the notions of effectively given object and arrow obtained from
Definition 6 agree with the usual notions of effectively given domain and computable

functions. (For reasons of space, we omit all details here; see [27].)
4, COMPUTABLE PUNCTORS

Corresponding to the notion of a graph of a function we introduce frames of a
functor. & frame of a locally continuous functor F: K+ K' (K, K' admissible) is an O-

functor F.: K _—+K'! such that for each finite object A (finite arrow f) of K, F, (A)

O 0 0

(FO(=f)) is an approximating chain for F(A) (F(f)). In case XK, K' are effectively

given, we have the notion of a recursive frame FO: the object and morphism maps of
FO are given by recursive index maps. Of course, functors do not have unigue frames;
but we shall find that computability of functors can be defined in terms of frames

in much the same way as computability of functions in terms of graphs.

DEFINITION 7. Let K, K' be effectively given O-categories. A computable functor from

K to XK' is a locally continuous functor F: K-> KXK' which has a recursive frame.

THECREM 3. A computable functor ¥: XK—+XK' preserves computability of objects and mor-
phisms. More precisely, if D is effectively given then a basic sequence can be given
for F(D), and similarly for morphisms. Moreover, the object and morphism maps so de-

fined are recursive in indices.

In practice the basic functors used in semantics (+,%,*,p,...} always map finite
domains/functions to finite domain/functions, and the computability of these functors
is immediate. Theorem 3 assures us that application of these functors does not take
us outside the realm of the computable., More interesting is the question of the com-
putability of initial fixpoints (algebras) of such functors. This can, indeed, be en~
sured by restricting to domain-categories which are effectively given (as admissible
categories). Probably the easiest way to handle this topic is to begin by showing
that, for effectively given categories, our computable functors are essentially the
same as Kanda's effective functors ([11], [12]) -~ something which follows easily from
Theorem 3 - and then borrow the results of [12]. It is intended to publish the details
on another occasion.

In connexion with Kanda's work, let us mention, finally, his exhaustive study
(in [111]) of effectiveness in Plotkin's category SFP. Kanda finds that the definition

of effectiveness of an SFP object in terms of suitable conditions on the basis of
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finite elements is very troublesome to work with, especially in connexion with the
function space construction. Purely on grounds of simplicity of the resulting theory,
he is led to a definition in terms of colimits of w-chains of finite domains, in

close agreement with our abstract Definition 6.
5. MISCELLANEOUS

(1) O and w. A striking feature of the category-theoretic treatment of data types
([1e]1, [261) is the interplay between "O-notions", deriving from the ordering of hom-
sets, and "w-notions", having to do with colimits of w-chains. O-notions are appro-
priate to categories of (domains and) contimuous functions, w~-notions to categories
of projection pairs. Both types of notion seem to be necessary to get a satisfactory
theory of data types, and so it is perhaps useful to have an independent set of de-
finitions of effectiveness for the w-notions. We say "perhaps" since in fact it is
nearly always most convenient to establish w-properties via corresponding O-proper-
ties (see [26] for examples), so that effectiveness of the O-properties may be suf-
ficient, In any case it is easy to give direct definitions of effectively given w-
category, computable w-functor, and so on, For the effectively given w-category, for
example, we just incorporate some effectiveness conditions into the definition of an

algebroidal category; this is similar to, but simpler than, Definitions 2, 4 above.

(2) Adjoint functors. Much use of adjoint functor theorems has been made in, for
example, [8] and [15]. This is suspect from our point of view, since the “construc-
tions® given in the usual proofs of these theorems are highly non-effective. One

could look for restricted versions of these theorems that could readily be made
effective. For éxample we note that, often, the functors for which we wish to con-
struct adjoints preserve finiteness (of objects and arrows); they may be regarded

as functors between "bases" KO of admissible categories XK. Let us then restrict atten—
tion to countable O-categories in which no two distinct objects are isomorphic and

in which all hom-sets are finite. Let us say that- such a category is finitely powered
if every object has only finitely many subobjects. For these categories we have the

following version of the Special Adjoint Functor Theorem of [97:

THEOREM 4. Suppose that K is finitely powered, finitely complete, and has a cosepara-

tor. Then an O-functor G: K- X has a left adjoint iff G preserves finite limits.

One can immediately write down an effective version of this theorem (relative
to suitable indexings of K, X).

We doubt that such theorems are really very useful. It seems that it is usually
just as easy to construct the adjoint for a "basis" functor G directly, as to appeal
to general theorems. What is, perhaps, more useful is to extend adjointness from func-

L. to functors between the completed (admissible) cateogries

tors between "bases" KO' 0

K, L:
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THEOREM 5. Let F: KL be a computable functor which preserves finiteness, so that F
has in effect a recursive frame FO: KO->LO. Suppose that FO has a recursive left

(right) adjoint GO: LO->K0. Then F has a computable left (right) adjoint G: K>1L with

GO as frame.

Our construction of the power-domains in [24] can - by taking into account [8]-
be seen to fit this pattern (it would have done so still more closely had we followed

the "first variant® mentioned in Sec. 4 of [24]).

(3) The definitions we have given above are appropriate only to categories of "alge-
braic" domains. An abstract treatment capable of handling continuous domains can be
developed using a construction of Freyd [7], p. 51. The construction yields, for any
category K, a canonical extension of X in which all idempotents split. The extended
category might be called the category of retracts over K ([25], Ch. 3, Sec. 2.2);
given a category of algebraic domains such as ACPO it yields in effect the corres-
ponding category of continuous deomains (here, CCPO). However, such a development
seems meore trouble than it is worth, especially it is still not clear whether non-

algebraic domains are really needed in computer science.

(4) A weakness of our notion of effectively given category is that it is not closed
under the formation of functor categories. (Functor categories are useful in the
theory of data types: [16] Sec. é.) The situation is analogous to that obtaining in
the theory of domains. As is well-known, the class of countably-based algebraic

cpo's is not closed under function space formation; we have to restrict at least to
SFP to achieve closure. The same solution is, we believe, appropriate herxe: to re-
strict to categories which may be considered as limits of finite categories {(so elim-

inating the "lapse"” mentioned in Section 1). This is currently under investigation.
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