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Abstract

An endofunctor of a cartesian closed category is often called strong if it 1s enriched
over the exponential. Equivalently this strength can be provided as a natural transfor-
mation 4 x : F(A)x X — F(AxX) satisfying some elementary coherence conditions.
This latter formulation does not require exponentials, relies only on the presence of an
X-action over an X-strong category, and thereby provides a first—order viewpoint of
strength.

The 2-category of X-—strong categories is not finitely complete. It particularly lacks
many standard constructions including the Eilenberg—Moore construction. Thankfully,
the suggestion — attributed to Plotkin by Moggi — that strength can also be equiv-
alently framed in terms of fibrations using projections to X—objects as display maps
can be fully realized. The equivalence can be portrayed as an embedding of X—strong
categories into the 2—category of X—-indexed categories or split fibrations over X. This
embedding can be used to give a coherent declarative implementation of parametrized
datatypes-with-strength and their constructors/destructors in the style of Hagino.

The initiality and finality conditions associated with the strong datatype construc-
tion in the split fibration setting generate a strongly normalizing weak-head categorical
combinator reduction system. The reduction rules permit both “eager” usage of initial
datatypes and “lazy” usage of final datatypes to achieve reasonable computing strength.
An X-action over a strong datatype can be computed in terms of programmed state
transformations over its component datatypes. These reduction rules form the abstract
engine for computation within the Charity categorical programming system.

1 Introduction

In many mathematical instances ordinary functors and natural transformations do not
provide sufficient structure to successfully capture a particular phenomenon. A solution



usually entails the enrichment of type-forming functors and natural transformations. When
the phenomena are programs, we recognize a critical structure-capture requirement: the
calculation of a functor should be doable at the same level as the calculation of maps. This
has been reinforced by Moggi [12, 13, 14] by his demonstration of the direct relation of
strong monads to the semantics of computation.

For cartesian closed categories, this causes us to focus on the obvious enrichment over
the internal exponentiation. In this setting an endofunctor I’ : X —— X is enriched if it is
represented as a natural transformation

fap:A= B — F(A)= F(B)

which behaves correctly with respect to the composition as internally given. This natural
transformation provides the means for building a “strength” for the ordinary functor via
the following equivalence:

X __curry(iaxx) A= (Ax X) _Faaxx F(A)= F(AXX)
F(A) x X —4% | F(A x X)

Conversely, one may formally define the notion of a functor with strength and show that
the notion also implies enrichment by

F(A)x (A= B) -24=F, F(Ax (A= B)) -2, F(B)
A= B —142 . F(A)= F(B) '

These equivalences make redundant the requirement that exponentiation actually be
present. We therefore simply consider functors with a given strength. This paper fully
develops the consequences of following such a computational direction. Section 2 provides
a definition of X—strong categories which serves, we believe, as the appropriate categorical
foundation of strength. The definition departs from previous usage, i.e. as enrichment, by
adopting the generality of a non-closed setting while concentrating on the product as the
source and effect of a tensor action.

Datatypes are built with limits and colimits, yet the resulting 2-category of X—strong
categories disappoints us by lacking arbitrary finite limits. In particular, the category of
F-algebras of an endofunctor cannot be constructed. Thus there is no immediate guidance
for obtaining the “correct” notion of a free monad or, more generally, a datatype. For
example, the “correct” notion of a free monad on an endofunctor F'is that it is the monad
generated by the left adjoint to the underlying functor from the category of F-algebras.

Section 3 shows how our purview of strength can be moved to a complete setting. There
we define and explain an embedding, attributed in [12, 13] to Gordon Plotkin, of the 2-
category of X-strong categories into the 2-category of split fibrations over X. This latter
category, by virtue of its completeness, has the algebraic constructions and the guidance we
seek.

Section 4 explains the limit constructions of the category of algebras for a strong ini-
tial datatype and the category of coalgebras for a strong final datatype within fibrations.
The limits are unraveled into the universal initiality and finality diagrams from which all
our combinators and computation rules for strong datatypes are derived, as detailed in
Section 5. The fibration-based datatype notion we propose is correct in terms of its con-
text parametrization of both constructors and destructors, a feature neglected in other
approaches but vital to practical programming practices.



2 X-strength

This section’s purpose is to cast a foundational description of strength and then mold it
into an elementary description that will be more widely recognized. The molding will be
performed quite independently of cartesian closedness.

The starting point in generality is the notion of a V—tensored category Y. Here V is
a category with an arbitrary tensor product, as described by Anders Kock [9], and Y is a
category with a V-action on it given by a tensor preserving functor from V into Endo(Y).
Our interest narrows to the special case of V’s tensor product being the (cartesian) product.
We will hereafter designate such a category V as X. Furthermore, we demand that Y have
its own tensor, viz. its product, and that the action, now an X-action, be representable by
this tensor. The term X-strong will be used to describe such a category Y. It should be
apparent that X-—strong categories resemble K -algebras (for K a field) more closely than
K-modules.

If X is a cartesian category (i.e. has a binary product and a terminal object) an X-strong
category Y is a cartesian category Y with a bifunctor, called an X-action,

0. YxX—Y

that is compatible with the coherent natural isomorphisms

e ass : YO (X1 xXe)— (Y0OX1)0 Xy,
erid : (YOl)—Y,
erep @ YOX —Yx(1oX).

The first two natural isomorphisms are the standard ones and must satisfy the coherence
conditions expected for any monoidal action. The last allows the action to be represented
by the product of the category Y on which X acts.

Because these categories are cartesian we can simplify the general commuting require-
ments to the following four equations:

o ass;rid=idopy : YO (X x1)—Y 00X,
erid=rep;py : (YOX)01—Y0X,

o ass;(ridoid)=idop; @ YOo(IxX)—Y 00X,
e ridpid=rep;pr @ (101X —10X.

Notice that they are aimed at ensuring that the map rid behaves correctly.

Proposition 2.1 A cartesian category Y with an X—action is X-strong if and only if there
is a cartesian functor

J: X —Y

and a natural isomorphism ryx 1Y 0 X — Y x J(X).



Proof. If we are given J and the natural isomorphism r then by setting
rid = Ty1;Po
ass = ry,x;x X, 5 ((Pos 213 T (po)), P15 (1)) 575 six ) s 1Yok, @ dd
rep = ry,x ;id x(!,id) ; id Xri}(
the (simplified) coherence requirements are straightforward to verify.

Conversely, given an X-action we may choose J(X) = 1@ X. Clearly J is a functor
and r is definable as rep. It remains to show J is cartesian. Because rid : 1 0 1 — 1 is an
isomorphism it follows that 1 1 is final. To show that products are preserved we consider

1oA19 10 (AxB)—22 10 B

and show that it is naturally isomorphic to

10 A Po 10AXx10 B P1 10 B

This is accomplished with the following two diagrams:

10 (X xY) 10 (X x 1)

id o (id <)

ass ass 1d @po

loX) oYV —n— (10 X)01l—>10X

(id © id)®! rid
v
v
rep rep v Do
v
v
1o X x10Y— . loX x1p1
id x ido!
and
1o(X xY 1o(lxY
( ) 10 (I xid) ( )
ass ass 1id Opy
loX)oY . 1lo1)oY ——10Y
( ) (idohyoi ( ) rid 01,
'V
rep rep v p1
v
v
1o X x10Y— - 1olx10Y
do! x 1



in which the four identities are used in the triangles.

All the X—strong categories of interest can be regarded as having a cartesian embedding
J of X into it. The X—action is, up to isomorphism, simply given by the product with the
image of the objects of X under this embedding. This observation motivates our dropping
the action notation A @ X in favor of A X J(X) or just A x X.

X -strong functors, or simply strong functors, are functors between X-—strong categories
equipped with a natural transformation

0y x 1 F(Y)0 X — F(Y 0 X),

called an X-—strength, or simply a strength, such that

(F(A)0B) 0 C—""___F(4)0 (B x C)
9573 O id¢c
Y
F(AoB)oC Hi,BxC
95@3,0
Y
F((AoB)o O) F(A2 (B x())
F(ass
and
HF
F(AY o125 F(A01)
F(rid
rid (rid)
F(A)
commute.

A strong functor, as used by Moggi for cartesian closed categories, is simply an X-strong
endofunctor on X itself with the natural X—action given by product. It is quite reasonable
to discuss “strong functors” for non-cartesian closed categories: the list datatype on a
distributive category [2] is a strong functor even though its setting is not closed.

An X-strong natural transformation between strong functors F,G @ Y; — Yy is a
parameterized natural transformation

agx F(A)0X —GA0X): Y1 xX —7Y,

such that



0f 0 id
(F(A)oX)oy AXIN piio xyoy
oA X @ idy YAQX)Y

GAoX)oY GAoX)oY)

G
9A®X,Y

commutes.

Let v : X —=+ X x X, be any decomposition of X into a product. Then the composition
of two strong transformations a4 y and 84 x is defined by the following sequence of maps:

Fyox 99 U)o (X« Xa) L (F(4) 0 X1) © Xa)
aax, ©id
(a.B)a,x G(AD X1) @ Xy
Bapx,, X,
Haox) O 0o % x) 2O o x o x)

The composition does not depend on the particular decomposition of X. That is, all de-
compositions result in the same parameterized composition. Furthermore, this composition
straightforwardly commutes with the strengths in the required manner.

By noting that (1) the definition of strength implies 0571 is an isomorphism and (2) the

definition of strong natural transformation trivially implies 8% is strong and commutative
with all other strong transformations, we see # is actually the identity strong transfor-
mation on F under this composition. This establishes that X—strong categories, X—strong
functors and X-strong transformations form a 2-category Strong(X).

This formulation of an X—strong transformation reveals the structural effect of making
transformations strong. However, it fails to promote easy manipulation of these transforma-
tions. Notice that an ordinary transformation a gives rise to a related strong transformation
provided

F
FA)o X _ x| F(A® X)
aq ©lidx CAQX
G(A) o X - G(Ao X)
04 x



commutes. The associated parameterized transformation is
: .G _ o
asx = aa0idx;bix = 84 xi040x,

which is clearly strong. Conversely, a strong transformation is related to an ordinary natural
transformation by

F(A) rid™! F(A) 01 QAL G(A %) 1) G(rid) G(A)

and these associations are inverse. Thus we have reorganized our view of X—strong categories
into a more accessible form:

Theorem 2.2 The 2-category Strong(X) is isomorphic to the 2-category having as

0-cells: cartesian functors J : X — Y,

1-cells: pairs (F), 0F) where F is a functor F: Y — Y’ and 0% is a strength:

0f x : F(Y) x J'(X) — F(Y x J(X)),

satisfying
(F(A) x J/(X1)) x J'(X2) w2 F(A) x J'(X1 x Xa)
0%, x id
F(A % J(X1)) x J'(X3) 0% X, x X2
gf\‘xJ(Xl),XQ
Y
F((A x J(X1)) x J(X2)) F(A x J(X1 x X3))
F(ass
and

F(A) x J'(X) AX F(A x J(X))
Po A\ 'F(Po)
F(4)

2-cells: natural transformations a1 F' — G which satisfy :



F
F(A) x J'(X) _lax | F(A x J(X))
ay x 1d QAXI(X)

G(A x (X))

Therefore an X—strong category may be regarded without loss as a cartesian category
with a cartesian functor from X, an X-strong functor as a functor with a strength, and an
X-strong transformation as a transformation which commutes with the strengths as shown
above. We shall henceforth identify  and x and avoid the use of the relatively unfamiliar
coherence maps for _ (¢ _.

3 Strength to Fibrations

A strong functor may equivalently be regarded as a morphism of fibrations [5] in which X
is viewed as a category of contexts. Technically this is given by an embedding of the 2—
category Strong(X) into the 2-category of split fibrations over X, SplFib(X). The latter
can, of course, be equivalently viewed as X-indexed categories. This section derives the
embedding; the next section attaches the importance of this embedding to our fabrication
methodology for datatypes.

Given an X-strong category Y we may form the category Px(Y) to be be thought of
as Y—maps with context ;from X:

Objects: pairs of objects (Y, X) where Y € Y and X € X,

Maps: pairs of maps (f,z) : (Y, X) — (Y',X’) where f : ¥V X X — Y’ in Y and
2: X — X'in X,

Identities: (po,id): (Y, X)— (Y, X),
Composition: (f,%);(g,k) = ((f;p1; h); g, h; k).

A map (f, h) uses h to propagate the context in the second component and f to compute
new data values from both data values in Y and the available context:

(foh): (Y, X) — (Y, X) s (g, 2) = (f(y, ), h(2)).
Composing this map with (g, k) gives:

(fih)i(g.k): (Y, X)— (Y, X") ;s (y,2) — (9(f(y, ), h(x)), k(h())).

Thus g receives a propagated context and the computed value. This can be viewed as the
Kleisli composition for the comonad of the X—action (see Remark 3.4).

The objects of this category may be considered as second projections p; : ¥ x X — X
and the maps as naturality squares. The category, seen as arrows, can be viewed as a
fibration sitting over X, i.e.

oy 1 Px(Y)— X



where (f,z) — 2. The second projections behave as display maps [21], i.e. context extrac-
tors. The map which carries Y to the fibration év is the object map of a 2—functor from
strong categories to split fibrations over X, denoted Px(.). We are now at the starting
point for discussing the correspondence of strength to fibrations attributed to Plotkin by
Moggi. The remainder of this section is dedicated to proving:

Theorem 3.1 The 2-functor Px(-) : Strong(X) — SplFib(X) is a full and faithful
embedding.

Let StrSplFib(X) denote the 2-category of split fibrations of the form éy. The 1-

cells are morphisms of fibrations (functors I : Px(Y) — Px(Z) that commute with the
fibration legs and preserve the splitting on the nose). The 2-cells are natural transformations

of morphisms of fibrations (& : Fy — Fy such that §y = 6z * @ (horizontal composite)).
We will show that Px(-) factored through this full sub-2-category is an isomorphism.

First we assure ourselves that the functors ¢ are indeed fibrations that individually
possess a splitting. The underlying cleavage is defined by

(z, (YvX/)) — (Po, )

This is illustrated by the diagram

(Y X) (po,l‘) (Y, X/)

5 5
v v

X/

The fact that this cleavage yields cartesian arrows follows directly from the definitions and
parallels the reasoning that

I Xx

Y xX Y x X’
1 pb 1
X ——— X

is a pullback. Because the X-action canonically provides the products used in defining the
maps in Px(Y), the cleavage is closed to composition, i.e. it is a splitting.

Suppose F : Px(Y) — Px(Z) is a morphism of fibrations. On the objects it must take
the simple form

F(A,X)=(F(A),X)



for some object function F' due jointly to fixing the second coordinate and preserving split-
ting on the nose, thereby allowing the definition of F’ to be independent of X. On maps it
must take the less precise form

F(f,$) = (Fo(f,$),$)
since the fibration morphism preserves fibers over morphisms as well.

In the fiber over 1 we may recapture an ordinary functor F : Y —— Z by setting for
z:Y — Y’ )
F(z) = (idpyy, 'rery) s Fo(pos o, idh)

To see that this is a functor note first that
F(id) = (id,") ; Fo(po, idy) = (id,!) ; po = id

where Fo(po, id1) = pg since F preserves identities. For composition we exploit the fact

F(posasy, idi) = F(posa , idi); F(posy . idy)
so that
(id, ) Folposasy s idi) = (id,!);{Fo(posa , idr) s prsidi)s Fo(posy , idi)
= (id,1); Fo(po; @ , idy);(id, ) s Fo(posy , idy)
follows, showing composition is preserved.

Next we shall show that this functor has a strength given by §f" = Fo(id, 1), the first
component of

F(id,!) : (F(A),X)— (F(AX X),1)

6'7s naturality in each argument derives easily from the commutativity of the following
square:

Lemma 3.2 The diagram

(F(A x X), 1)

(po; F(a), x) (po; Flax ), idy)

(F(A), X)) e (F(A" x X)), 1)

commutes.

Proof. The lemma’s diagram is the image in Px(Z) of

10



(4, X) (id,} (Ax X, 1)

bl

(po;a, x) (po;(axa), idy)

(A, X7) (A" % X' 1)

(id, 1)

in Px(Y) under F. To see this we observe that

F(posa, z) = F(po,z); F(posa, id) = (po,x); F(posa , id)

because the splitting over z, (po, ), must be taken by F to the specified (i.e. same)
splitting over z. Furthermore, any map F(pg;¢ , id) is determined as the unique map over
the splitting of ! : X — 1 by applying F to

(4, X) (po, ) (4,1)
(posyg , idX)% (posg , idy)
(A, X) ) (A1)

and observing that (Fo(po ;g , idx) , idx) is the unique solution in the resultant image

(Fo(po; g, idy),idy)

(F(A), 1)

(po, )

Tracing the diagram’s first coordinate yields Fg(po;g , idx) = po; F(g), giving the com-

mutativity of the lemma’s diagram (and consequently the naturality of OF). -

A more precise form for the F-image of an arbitrary map (a,z) : (4, X) — (A4, X').
can now be derived:

Lemma 3.3

F(a,w): (OF;F(a) , T).

Proof. A splitting can be factored out by (a,z) = (a,id);(po, x), leaving the problem of
finding F'(a,id). But we note that

11



(4, X) (id, ! (Ax X,1)

(a, id) (posa, idi)

(A1) e (411

commutes so F(a,id) is the unique solution (by the familiar splitting argument) in the
diagram’s F-image (created via the proof of Lemma 3.2)

ranx) — o
(po; F(a) , idy)
(P ) —— e (P01

which is clearly given by (8 ; F(a) , idy).

This observation is useful in showing how to reconstruct the functor F' from (F,8%).
More immediately we see it provides

F(A) x1 " F(Ax1)

A\
Po v F(po)

the first requirement for strength by examining the first coordinate of the image of

(ida, )

(4,1) (Ax1,1)

A\
v

(po, id) v (po;po, idy)

(A4, 1)

under Z:j For verifying associativity of the strength we can now track the first coordinate
in the F-image of

12



(A, X xv) (850 Py vy Gd ) (4 x x) v, 1)

(pOa Id) (PO ; ass Idl)

(4, X xY) G (Ax (X xY),1)

This boils down to distilling from the fibration morphism a strong functor. In similar
fashion we can extract from a natural transformation & : ¥y — F5 of fibration morphisms a
strong transformation a between the respective extracted functors. The (A, X )-component
of & has the general form

ot X = (ag¥idx)

due to the horizontal composition requirement. In the fiber over 1 the A-component of «
is defined as
— 'd LA ~A71
g = <1 ’ > 1 Qg
It is straightforward to verify the required transformational properties of a and to derive
the relationship

at = (posaa , idx)

directly as the unique comparison over a splitting arrow in the following diagram:

F(A, X) F(po, ) F(A1)
(it idy)
G(A, X) T G(A 1)

This extraction process preserves composition of ordinary functors and transformations
as it clearly does so in the fiber over 1. We must also check that it preserves the strong
compositions. For functors this fact is given by breaking the defining map for the strength

of F into a composition
Under ¢ this yields in the first coordinate the Kock equation
OGOF — 0G : G(OF)

as desired. For natural transformations of morphisms of fibrations the strengthening of the
extracted natural transformations is found in the first coordinate of

_ F(id,! _

F(A, X) Gd) | peax x1)
&A,X &AXX,l
G(A, X) . G(A x X,1)

G(id, ")

13



This establishes a 2—functor
StrSplFib(X) — Strong(X)

To show it is an isomorphism it suffices to show bijectivity on objects, functors, and trans-
formations. By construction, bijectivity immediately holds for objects.

Given a strong functor (F), 0F) we define an opposing lifting map that sends F to F
defined by:

[(A, X))o (4 X)) e [(F(A), X)—EEEE 0 (pean), X)),

Note that if F is a morphism of fibrations the strong functor recaptured from the fiber over
1 will be F since

(id,)); Fo(po;a , idy) = (id,");6"; F(po;a)
= (id,});po; F(a)
= F(a).
S0 F — F — I will be the identity. Conversely, Lemma 3.3 will tell us that the transition

F — F — Fis also the identity. This means the 2-functor will be an isomorphism on
functors.

F is indeed a morphism of fibrations as it is a functor Px(Y) — Px(Z) by

(075 F(g), @);0" F(g') <0F,p1>'(F(g)>< ©);6"; F(g)

(67, m) ;0" Fg x 2); F(g')
(id, p1): (87 x id); F(g x 2); F(g')
(id xA);ass; (HF xid); F(gx z); F(g")
(id xA); 6% 5 Fass); Fg x x); F(g)

= 6. F F(id XA); F(ass); F(gx z); F(g")

= 6" F((g, pi;a);d)

and it preserves the splitting because 67 ; F(pg) = po.

Finally, we must show that strong transformations can be lifted back to transformations
of fibrations. We now know that a strong transformation is determined by its underlying
ordinary transformation. From this fact the process of extracting the strong transformation
from a lifted strong transformation is clearly seen to behave as the identity.

If the lifting of the strong transformation extracted from a transformation of fibrations
can also be proved to be the identity then we will have established an isomorphism of
transformations. To confirm this, we first remark that a strong transformation a may be
lifted by using the following diagram as a “naturality square”:

(Fa),x) @D gy x
(po;a , idx) (po;ear, idxr)

(G(4), X) (G(A), X7)

(69:G(a) , )

14



Furthermore, we discovered above that transformations of fibrations also have this form.
So the lifting of an extracted transformation is truly the identity. This completes the proof
of Theorem 3.1.

We shall hereafter refer to the full and faithful embedding of Strong(X) into SplFib(X)
that follows from this development as the strong—fibration embedding.

Remark 3.4 A very compact perspective of strength leverages the equivalence between the
categories of split fibrations and of indexed categories. Because we can view the X-action
@ of the X—strong category Y as an ordinary product in Y, each functor _©® X for X € X
is a comonad of Y. The unit and multiplier are:

n:_.0X Po _

poo0 X e Lo Xyo X

The Kleisli category of this comonad is also Lambek’s polynomial category obtained by
adjoining an element [10].

To each X € X we may associate the Kleisli category Y x. Since any morphism f :
X1 — Xy in X clearly induces a morphism of the respective comonads, then it also induces a
functor f*: Yx, — Yx,. Our association is consequently an indexed category F : X —
Cat. The morphisms of fibrations in StrSplFib(X) restricted to the fiber over 1, i.e.
the strong functors, can now be seen to be exactly the morphisms of the Grothendieck
construction of the corresponding split fibration for F.

4 Datatypes and Strength

Tatsuya Hagino’s thesis [6] proposed a categorical programming language that introduced
two sorts of datatype declarations: initial datatypes and final datatypes. Gavin Wraith
[25] somewhat simplified the original system and declarations by assuming explicitly that
the underlying setting was a bicartesian closed category. In our treatment we take another
direction: assume that the underlying category is a cartesian category and replace the
closed requirement by the assumption that the datatypes are strong. Because the strong
functors of Section 3 are always covariant, we avoid the well-known nuisance of moving
contravariant functors — such as exponentials and hom-functors — to a new venue, e.g.
O-categories [19], where they can also act covariantly — the limit-colimit coincidence [17]
— and thereby become eligible for computing w-colimits as solutions of recursive domain
equations for datatypes.

Factorizer versions of the Hagino “right” and “left” forms of datatype declaration done
in a style similar to that suggested by Wraith are:

data C — R(A) = data L(A)— C =
d1§C—>E1(A,C) CllEl(A,C)—%C
| d,:C — FE.(A,C). | et EL(A,C)— C.

15



The first declaration asserts that any map to the new type R(A) from a state type C'is to be
determined by a set of programmer-chosen maps from C' to the types E1(A,C), ..., E.(A,C).
The second definition forms exactly the dual. The labels d; and ¢; name the collection
of canonical operations (not to be confused with the programmer-chosen maps) that are
universally associated with their respective datatypes and in one-to-one correspondence
with the programmer-chosen maps in a particular declaration. Clearly the first definition
declares a final datatype, the second an initial datatype.

The chosen parameter type variable A usually ranges over a power of the given category.
However, we shall take the interpretation that it simply ranges over some category and
assume the typing F; : A x C — C. The object R(A) comes equipped with canonical
maps

d; : R(A) — E;(A, R(A))

which Wraith called destructors as they play the dual role to the canonical maps associated

with L(A)

¢t Fi(A, L(A)) — L(A)

which are traditionally called constructors. With respect to these maps the initial and
final datatypes satisfy the following universal properties:

¢ L Bi4,0) Ei(A, L(A) —+L(4)
nlo) A nle) B(A () 0
R(A)— = Ei(A, R(A)) Ei(4,C)——s C

Here ¢ and h respectively represent the n-tuples of the ¢g; and h; morphisms.

We shall denote the datatypes as (R,d) and (L, ¢), respectively, to emphasize the defi-
nitional consolidation of destructors and constructors with their respective datatypes. Ad-
ditionally, these finality and initiality diagrams often constitute recursive definitions; they
shall be referred to as the “recursion” diagrams for their datatypes.

Potentially the category of coalgebras for the final datatypes may be constructed as an
inserter (see Kelly [8]), a 2—categorical limit, if it exists. The inserter resembles the comma
category except that the functors giving the domain and codomain originate on the same
object. In fact it is a lax equalizer: for general functors G, H : A — B, the inserter is the
universal pair (U, 3) where U : Insert(G, H) — A is a functor and §: GolU — HolU is a
natural transformation.

For example, in the 2-category Cat the objects of the inserter category Insert(G/, H)
are the pairs (A,b) where A is in A and b : G(A) — H(A). A morphism (Ay,b1) —
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As, by) corresponds to the existence of a commuting “naturality square” generated by a
> P g ¥y sq g y
A-morphism f: Ay — As:

The inserter functor U is realized as the underlying (forgetful) functor from Insert(G, H ).
The required natural transformation 3 consequently arises with the components §(4 ;) = b.

In our final datatype situation this means that we seek an underlying functor to the
category of origin

Ugr: Insert(An o Pry, <E17 7En>) — AxC

and a natural transformation a, regarded as the universal destructor of the final datatype,
where

Insert(A, o Pry,(Fy,..., E,))__Jo_C"
in which a : A, o Prqy oUp — (F4, ..., ) o Ug. Similarly the opposite construction
(Insert((Eq,..., E,), A, 0 Pry),Up,a)

constructs the algebras for the initial datatype and its universal constructor.

To find what the universal properties expressed by the destructor squares translate to
in this construction, we must take heed that these datatypes are parametrized by objects
of A. To naively demand that the underlying functor followed by the first projection, i.e.
ProolUp, have a right adjoint for extracting the final coalgebra and the associated destructor
squares is inadequate: such an adjunction would permit the parameter to vary within it!

Parametrization is more precisely viewed in fibrational terms: it is elementary to show
that P = ProoUg : Insert(A, o Pry,(F1,...,E,)) — A is a cofibration where the co-
cartesian arrows in the inserter category of the cofibration) are the naturality squares of the
form ((A,C),a) — ((A', (), a') generated by A x C-morphisms (hp,hc) : (4,C) — (A, C)
where he = id¢.

The final coalgebra for each A-object can now be viewed as picking out final objects in
each fiber of . This is formalized by asserting the existence of a fibered right adjoint R of
ProoUg(= P) between the identity cofibration Z : A — A and P:
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The unit and counit of this adjunction are required by definition to be vertical arrows,
thereby allowing the restrictions of the functors P and R to the respective fibers over any
object A to form an adjunction where the parameter is constant. Each fiber-restricted
right adjoint of P does the selection of the final coalgebra for the corresponding base in A
exactly according to the universal destructor square. Furthermore, this definition is slightly
redundant: it is easy to show that the unit is vertical if and only if the counit is vertical.
Since Z-verticals can only be identities, the fundamental requirement becomes having a
right adjoint to P that possesses an identity counit.

Moreover, with R being a fibration morphism, this view of parametrization converts
back to the general 2-categorical setting where we essentially insist A to be a reflective
subcategory of Imsert(...) via an inclusion that is the right adjoint to P. Under the
expanded requirement, we can now let P act as a (fiber-wise) underlying functor in order
to follow the “correct” notion for building final datatypes.

Likewise, the initial datatype algebra for each A-object can be “correctly” specified by
noting that @ = PrgolUy, : Insert({F1, ..., F,), A, 0 Pry) — A is a fibration and providing
a fibered left adjoint L that has an identity unit as follows:

L
Insert(...) — A
Q
Q 7
A

Analogously, here A can also be seen as a coreflective subcategory of Insert(...) under the
inclusion L.

The motivation for laying out such abstract formalization is that once datatype building
can be understood in this way we may ship it into any 2—category with finite limits in order to
install the correct notion in that setting. The most natural candidate for receiving shipment
is, of course, the 2-category Strong(X). Alas, Strong(X) is not finitely complete and even
fails to have inserters. This situation is rescued by the strong—fibration embedding. With
it we can make datatypes using Strong(X) inside of SplFib(X) which, by its equivalence
to the 2—category of X—indexed categories, is finitely complete.

The abstract construction of a strong initial or strong final datatype using the strong—
fibration embedding, i.e. respectively the initial object or the final object of an inserter,
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can be unwound and the computationally unimportant components of morphism pairs then
removed. The resulting elementary recursion diagrams expressing the two relevant universal
properties are displayed below. We express the collection of functions, g1,...,¢9, as “gs”.
For a strong final datatype the diagram is

CxX 4.@“])1) Ei(A,C)x X

unfold{gs}: Ei(A,C % X)

iEZ'(A, unfold{gs})
v

Ei(A, R(A))

in which OQEi, as 0% ; Ei(po,idox x ) via the naturality of 8%, is the strength applied in the
second argument only. Similarly, the diagram for a strong initial datatype is

Fy(A, L(A) x X 09X L poy o x
<92Elap1>
Ei(A, L(A) x X) x X fold{hs}
Ei(A, fold{hs}) x idx:
: ;

These diagrams are explored further in the next section, but we should note here the
serendipitous inclusion of the context parameter X in the domain of each h; and g;, the
components of actions — fold and unfold, respectively — that are in turn determined by
these components.

It makes moral intuitional sense to allow the context to be processed with the state by
the components of an action using that same context. This feature contrasts with other
often-used examples, e.g. concerning lists and natural number objects, where this morality
has not been kept.

An immediate corollary of the strong-fibration embedding is :
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Lemma 4.1 In the datatypes (R,d) and (L,c), R and L are strong functors.

It is well-known that if a category has coproducts and admits the construct of final
datatypes then the destructors form a product cone. Dually, if the category has prod-
ucts then the constructors of initial datatypes form coproduct cocones. For strong initial
datatypes we have the even stronger result:

Lemma 4.2  If (L,c) is an initial X -strong datatype then ¢ forms an X -sum.

Here we use the term X—sum to indicate that the X—action distributes over the coprod-
uct, i.e. the ¢; X idx morphisms are embeddings.

Proof. Suppose h; : F;(A, L(A)) x X — C then any comparison map
h:L(A)x X — C

with (¢; X idx ) ; h = h; satisfies the following recursion diagram

¢; X IdX

Ei(A, L(A)) x X L(A) x X
<92Elap1>
Ei(A, L(A) x X) x X {po, )

EZ(A, <p0, h)) X IdX

Y

E(A LA X)X X — L(A)x C

Vi

where v; = (po; Ei(ida, po);ci, (Fi(ida,po) x idx); k). Therefore it exists and is unique.D

Many initial datatypes have been studied in first-order settings. For example, Leopoldo
Romaén proposed various recursion schemes for the natural numbers in [18] including the one
suggested by the above analysis. The first author studied the list datatype in [2] by using
a slight variant of the list recursion diagram. For initial datatypes based on functors whose
strengths are isomorphisms (these we call linear functors) the exact form of the recursion
diagrams is not critical. As an example, the recursion suggested in [2] is correct — but
morally “wrong” — and is shown by
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ass ; cons X idx nil x idx

A x (list(A) x X) list(A) x X 1x X
ida xa a
f
AxC C

It is quickly seen to be equivalent to the morally correct version

(A x list(A)) x X ZOPXHX )« x L miDxddx 1x X
(ass™1;idy xa, po) a
f
(AxC)x X C

that combines the context X with the state C' for processing by the programmer-chosen
maps [ and g¢'.

For more complex datatypes based on functors whose strengths are not isomorphisms
the equivalence between the datatypes implied by the diagrams above fails.

Choosing the correct diagram in these cases becomes critical, but the proper choice is
made evident by our general construction.

A common asserted justification for stronger recursion diagrams are their validity in a
cartesian closed category. This justification’s weakness is revealed by its not confirming
whether we have obtained all the strength it is natural to have.

Yet, admittedly, knowing that our strength-based diagrams are valid in a cartesian
closed category certainly provides assurance:

Proposition 4.3 In a cartesian closed category ordinary datatypes are necessarily strong
datatypes.

Proof. We shall demonstrate this for the initial datatypes. Suppose (L,c) is an ordinary
initial datatype, i.e. it satisfies the simple algebra initiality property firstly-mentioned in
this section.

Let h; @ Ei(A,C) x X — C be a collection of programmer-chosen maps. Define i} as
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a particular transpose via

Ef(A,X = ) x X 222200 Ba (X = ) x X) x x Lldacvalddih, o

Ei(AX = C) Mo X=C

Using the h7 as programmer-chosen maps for the ordinary initial datatype L, we con-
struct the diagram below to obtain a unique arrow a : L(A) — X = (C which gives
commutativity in its top square. The bottom pentagon commutes by adjointness.

By rearranging the left vertical composite, the outermost polygon becomes the strong
recursion diagram for fold{hs} = (a X idx);eval. Since any fold map can be factored in the
presence of cartesian closure into the form of the right vertical composite, the comparison
map is unique. Thus (L, ¢) is strong as well.

¢; X IdX

Ei(A, L(A)) x X L(A) x X

EZ'(I'dA,a)XI'dX a><1'dX
A

EiA X = ) x x X v oy x

<62El 3 p1>
Y

E(A(X=>0)xX)x X eval

EZ'(I'dA, eval) X IdX

Y

EZ(A, C) x X

5 Datatypes to Combinator Reduction

We now transition from specifying strong datatypes to establishing a categorical combi-
nator reduction system that is directly derivable from our brand of Hagino-Wraith style
declarations. The strong initiality and strong finality diagrams of the previous section
provide immediately the re-write rules for the fold{hy,...,h,} and unfold{gi,...,g,} ac-
tions by pasting the diagrams in the direction of decreasing data structure complexity, i.e.
towards earlier declaration. These respective actions are uniquely built ;from a program-
mer’s specification of context-parameterized state transformers ; coming from components
of a datatype and of context-parametrized state de-transformers g; going to components
of a datatype. If components of a datatype are intuitively regarded both as its general-
ized “subterms” and as “instances” of the domains (codomains) of the transformers (de-
transformers), the rewriting rules can be seen to correspond closely to folding and unfolding
program transformations as first cataloged by Burstall and Darlington [1].
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Thus the fold rewrite rules for the initial datatype L are easily seen to be:
¢; X idy jfold“{hy, ... .k} = (8% {po, fold“{h1, ..., h,}}. p1) 5 b
and similarly the unfold rewrite rules for the final datatype R are:

unfoldR{gl, cegntidi = {gi,p1) ;HEi{po, unfoldR{gl, cesOnt}

where 07 {fi,..., f,n} will hereafter abbreviate 8 ;: F(fi,..., f,,) for any strong datatype
F. We call fold* the L fold factorizer or informally the fold from L. Likewise we term
unfold®™ the R unfold factorizer or informally the unfold to R. These two factorizers can
form a minimal utilizable set of categorical programming primitives within this setting, but
such a severe constraint in expressiveness leads expectedly to over-complicated codes.

This problem is alleviated by defining two specializations, respectively, of both folding
and unfolding that correspond to familiar and vital programming tools. The definitions
leverage the fact that, although we are working in a cartesian setting, this setting is closed
over all declarations of strong initial and final datatypes.

First, the respective analogies of case analysis and higher-order transformation for initial
datatypes can be specified with the use of the available binary products, which can be
considered as the strong final datatype Prod of parametric arity 2 where the component
functors £y and F, are respectively Prgo Prg and Prq o Pry:

(i) L case factorizer :

case?{hy,... hy} =
fold“{. .., (po; Ei(ida,po);ci » (Eilida,po) X idx);hi), ...} i

(ii) L map factorizer :

map®{hy,...,h,} = fold"{... 05 {(hy, ..., hy),p0} ;¢r- ..}

Second, the analogies of record formation and higher-order transformation for final
datatypes are definable by using the available binary sums, which can be treated as the
strong initial datatype Sum of arity 2 with the same component functors as Prod:

(i) R record factorizer :

record®{g1, ..., 9.} =
by x idyx ; unfold®{.. ., <casesum{p0 sdiy git s Eiida,bo}, p1), ..}

(ii) R map factorizer :

map™{g1,....9.} =
unfoldR{. oo d; xidy <0E"{(gl, e s Gn)s POt P1)s -}

Each of the four specializations and their associated rewriting rules are justified below.
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The L case factorizer is precisely the comparison map h of the diagram in the proof of
Lemma 4.2. The rewrite rule derives directly from the X—sum factoring property:

c; X idx; caseL{hl,...,hn} — hy

The L map factorizer is defined by the diagram below in which the the collection of

passed functions, hq,...,h, is abbreviated as “hs”:
Ei(A, L(A)) x X ¢i X idx L(A) x X
<92Elap1>
Ei(A, L(A) x X) x X §9L
Ey(id, 07) x idx
; 5. \
EiA L(Ax X)) x X v Ey(Ax X, L(Ax X)) —p L(A x X)
L E;(id, L(hs)) x idx E;(hs, L(hs)) L(hs)
; ;
E(AL(B)x X ——»  E(B,L(B , L(B
(4,L(B)) ) (B, L(B)) & (B)

The top hexagon defines I strength as a fold operator and the outermost polygon defines the
L map factorizer as a fold operator. That is, map’{hs} = 8{hs}. The diagram’s polygons
are essentially pasted from upper-right-to-lower-left to derive the following rewrite rule:

cixidX;mapL{hl,...,hn} = HE"{(hl,...,hn),mapL{hl,...,hn}};ci

The R record factorizer can be defined in a manner dual to the definition of the L case
factorizer:

(R(A)+C)x X DL Bj(A R(A) +C) x X

E;
0,

casesum{po,g}g FEi(A (R(A) 4+ C) x X)

%Ei(idA, casesum{Po, g})
v

Ei(A, R(A))

24



where

vi = (case™" W {po i d; | g7}, pr)s Eilida, bo) x idx
and ¢ : C x X — R(A) is any comparison map such that g;d; = ¢;. Here
recordR{gl,...,gn} is defined to be exactly g which is, in turn, defined by the unique

definition of casesum{po,g} as an unfold operator. By Lemma 4.2 ¢ is uniquely specified.
From the definition’s factorization condition we have the rewrite rule:

recordR{gl, ceagntidi = g

The duality is seen clearly by noting that the L case factorizer definition can now be

expressed in terms of record factorizers, viz. by using the relation recordPrOd{fl,fg} =
(f1, f2) for f1 and f; having a common domain.

Finally, the R map factorizer is defined by the following diagram in which the collection
of passed functions ¢1,..., ¢, is abbreviated as “gs”:

dl' X IdX

R(A) x X Ei(A, R(A)) x X

<61El 3 p1>

Ei(gs, Id) x 1dx

Ei(Ax X, R(A)) x X E(B,R(A)) x X

or 03" 05"

Bi(A x X, R(A) x Xy 2SI g ey« x)

%Ei(jd, 6%)
R(A X X)) ————i(A < X, R(A x X)) Ei(id, 93{95})§
o Filgs, Rigs) |
R(B) Ei(B, R(B))

The top left hexagon defines R strength as an unfold operator and the outermost polygon
defines the R map factorizer as an unfold operator. Again, this means map™{gs} = 8%{gs}.
The polygons of the diagram are pasted lower-left-to-upper-right to obtain the rewrite rule:

mapR{gl,...,gn};di = di><idX;HE"{(gl,...,gn),mapR{gl,...,gn}}

Conjoining these six rewriting rules with the well-known basic rewriting rules for carte-
sian categories forms a strongly-normalizing polymorphic combinatory reduction system
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in which an expansive variety of eager initial and lazy final datatypes can be declared in
a cartesian setting and their terms computed. This system forms the abstract machine
backbone of the Charity categorical programming language implemented by Cockett and
Fukushima [4].

To balance our discussions of the more familiar initial datatypes, we close this section
with two concrete strong final datatype examples: infinite lists and colists, two forms of
“lazy lists”. Their utility often lies in reducing complexity in list manipulation. Final
datatypes are often infinitary and correspond to greatest fixpoints of colimit-preserving
functors (e.g. see Manes and Arbib [11]). Our first example, infinite lists, are declared with
the component functors Prg and Pry and with the destructors that extract respectively the
head and the (infinite) tail of an infinite list. Essentially we are solving the domain equation
Inflist(A) = A X Inflist(A) maximally, i.e. finding all truly infinite lists of the parameter
type A. The strong infinite list recursion diagram is presented below:

AxX (7.p1) CxX {g.p1) CxX
Do UHfO]dInﬂjSt{f, g} UHfO]dInﬂjSt{f, g}
Inflist( A Inflist( A
A head nflist(4) tail nflist(4)

The colist datatype includes the non-empty finite lists as well as the infinite lists. Here
Prg and Sum{1,C'} are the declaration functors and consequently we envision the equation
Colist(A) = A + (A x Colist(A)) = A x (1 + Colist(A)). Recall that the second equality
follows jfrom Lemma 4.2. Using like-named destructors, the strong colist recursion diagram
reduces to

AXX <fap1> CXX <gap1> (1+C)XX
Po unfo]dCOHSt{f, g} Hsum{po, unfo]dCOHSt{f, gt}

Colist(A 1+ Colist( A

A head olist(4) tail + Colist(A)

The partiality of the colist tail, revealed by the appearance of an error type (1) in its
codomain, contrasts with the totality of head.

6 Conclusions and Future Work

A forthcoming paper will describe a term logic with support for strong datatypes which
serves as a categorical programming language. The translation of this term logic into the
above datatype combinators will be explained and proven to be consistent and functionally
complete.
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Such a categorical programming language has been implemented: Charity is currently
an operational testbed for categorical programming and uses a mixture of eager initial
and lazy final datatypes (Cockett and Fukushima [4]). As a programming language it is
remarkably useable (considering its formal nature and the fact that all programs strongly
normalize). The arithmetic strength of the setting is weaker than most comparable systems
(as there is no exponentiation) but does allow, for example, the definition of Ackermann’s
function.

Categorical computation remains relatively ineflicient compared even to conventional
functional languages, so techniques such as optimizing the translation of the term logic to
combinators in order to speed up execution will be important. Recent intriguing results
by Barry Jay [7] on the efficiency of iteration within categorical computation may help
illuminate such optimizations. The discovery of additional specializations of the fold and
unfold factorizers to outfit a categorical programmer’s “toolkit” in the sense hinted by David
Turner [22] would further this goal. Also, optimizing via program transformations similar to
those developed by Malcolm [15, 16] for general Hagino datatypes may be feasible. Finally,
the current research surge in functional programming analysis jfrom the perspectives of
control, continuations, and partial evaluation might well be worthwhile in this setting.

Cockett’s recent investigations [3] indicate that attractive abstract data structure speci-
fications, such as those espoused by Walters [23], are highly applicable to this programming
setting. Also, preliminary investigations have begun towards incorporating dependent types
into the system which would yield further improvements in abstract data structure expres-
siveness.
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