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CLONES FROM COMONOIDS
ULRICH KRAHMER AND MYRIAM MAHAMAN

ABSTRACT. The fact that the cocommutative comonoids in a sym-
metric monoidal category form the best possible approximation by
a cartesian category is revisited when the original category is only
braided monoidal. This is used to describe when an endomorphism
operad of a comonoid is a clone (a Lawvere theory).

1. INTRODUCTION

Clones are a special type of operads. Most authors define and study
them in the category Set of sets in terms of explicit structure maps and
axioms as in Definition B.11] below, see e.g. |. However, if one
defines operads as multicategories with a single object, then clones are
simply operads which, as a multicategory, are cartesian. Hence they
are equivalent to Lawvere theories, see e.g. ﬂgﬁmﬁ; EM; M]

The fact that clones are firmly rooted in the world of cartesian cat-
egories explains why they occur naturally in areas such as logic, set
theory, discrete mathematics and theoretical computer science. As
cartesian categories can also be characterised in terms of comonoid
structures on their objects (see Theorem below), we were wonder-
ing whether the endomorphism operad of suitable comonoids in braided
monoidal categories are also clones. At first, the following seems to indi-
cate that one must restrict to cocommutative comonoids in symmetric
monoidal categories:

Theorem 1.1. Let (X, Ax,ex) be a comonoid in a braided monoidal
category C. Then the monoidal subcategory of the category Com(C) of
comonoids generated by X is cartesian if and only if X is cocommuta-
tive and the braiding on X is a symmetry.

In this case, the operation
90‘(1/11,---7%1) 3:<P0(1P1®"'®¢m)oﬁx®n
and the morphisms

7”7"::€X®'-'®5X®idX®5X®---®5X
1
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define a clone structure on the endomorphism operad of X in Com(C).
Here, ¢: X®™ — X ¢;: X®" — X are comonoid morphisms and A yen
is the canonical comultiplication on X®"; see Theorem for details.

However, the endomorphism operad of X can be cartesian even if
the monoidal category generated by X is not. We will illustrate this
by giving a simple example of a comonoid whose endomorphism operad
becomes a clone in the above way although it is not cocommutative.
So we think it is an interesting question to ask:

Question. For which comonoids is the endomorphism operad a clone?

Although Theorem [LT] follows easily from some standard results on
cartesian categories, we also felt it worthwhile to write a self-contained
exposition of this fact, as examples of endomorphism clones of cocom-
mutative comonoids (or of commutative monoids viewed in the opposite
category) and their subclones have not been explored much. The main
ingredient in the proof is the statement that a cartesian category is the
same as a symmetric monoidal category in which every object is in a
unique way a cocommutative comonoid. To the best of our knowledge,
this is originally due to Fox [Fox76] (see e.g. [HV19, Theorem 4.28] for a
textbook that discusses the result). However, all the references we are
aware of start with a symmetric monoidal category. As we were inter-
ested in a generalisation to braided monoidal categories, we reformulate
this result in a way that focuses entirely on comonoids and comonoid
morphisms. The symmetry of the braiding and the cocommutativity
of the comonoids are viewed rather as a side-effect:

Theorem 1.2. A monoidal category D is cartesian if and only if there
exists a braided monoidal category C such that

(1) D is a monoidal subcategory of the category Com(C) and
(2) the counit and comultiplication of every object of D are mor-
phisms in D.

In this case, the canonical symmetry of D is the restriction of the braid-
ing of C, and all comonoids in D are cocommutative.

The original version of this result in [Fox76] was stated as an ad-
junction between symmetric monoidal and cartesian categories: given
a symmetric monoidal category C, there is a universal approximation
by a cartesian category D, namely that of the cocommutative como-
noids in C. For a braided monoidal category C though, there is no
such universal approximation; the above theorem only characterises
the possible choices of approximations.
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Here is a brief outline of the paper: the aim of Section 2 is to dis-
cuss the relation between cartesian structures on categories and como-
noid structures on their objects, starting from semi-cartesian categories
(monoidal categories whose unit object is terminal) and ending with
the proofs of Theorem and Theorem [Tl The following Section
recalls the definition of a clone as a cartesian operad, the action of the
category of finite cardinals on clones, and the clone structure on the
endomorphism operad of an object in a cartesian category. The final
Section ] of the paper is devoted to examples of cartesian categories
arising from vector spaces. We will in particular describe the endo-
morphism clone of the (co)algebra of dual numbers. Finally, we give
the example of a noncocommutative comonoid whose endomorphism
operad is a clone.

Throughout the paper we assume the reader is familiar with basic
category theory including the definitions of monoidal, braided monoidal
and symmetric monoidal categories as given e.g. in [HV19]. To shorten
the presentation, we assume throughout that all monoidal categories
are strict.

2. COCOMMUTATIVE COMONOIDS AND CARTESIAN CATEGORIES

Throughout this section, (C,®,1) is a (strict) monoidal category.
The main goal is to recall the definition of cartesian categories and
their characterisation in terms of cocommutative comonoid structures
on their objects.

2.1. Semi-cartesian categories. We begin by considering the case
in which X ® Y comes equipped with canonical projections onto the
two components X and Y':

Definition 2.1. One calls C semi-cartesian if 1 is terminal.

Proposition 2.2. A monoidal category is semi-cartesian if and only
if it admits a natural transformation ex: X — 1 such that e; = id;.
In particular, C admits at most one such natural transformation.

Proof. See [HV19, Proposition 4.15]. O

Definition 2.3. Let C be semi-cartesian.

(1) The natural transformation e from Proposition 2.2 is called the
uniform deletion in C.
(2) For any pair of objects X and Y, we denote by

Ty XQY = X, 7%y : X®Y =Y
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the canonical projections given by
idx ® ®id
XEE XYy 228y,

In general, these canonical projections do not have the universal
property that makes (X ® Y, 7y, 7%y) a product of X and YV in C.
The following lemma shifts the perspective on this property: rather
than fixing X, Y, we fix an object Z and show that the universal prop-
erty of X ® Y hinges for morphisms with domain Z on the existence
of a morphism Z — Z ® Z which is counital, but not necessarily coas-
sociative:

Lemma 2.4. Let C be a semi-cartesian category with uniform deletion
g and let Z be an object in C. The following are equivalent:

(1) There exists a morphism Z — Z ® Z making the following
diagram commutative:

Z

idz 3 idz

I

I

I
+

Z idz ®ez Z®Z ez®idy Z

(2) For any two objects X, Y in C and morphisms f: Z — X and
g: Z — Y, there exists a morphism Z — X ® Y making the
following diagram commutative:

Proof. [2) = (I is obvious. For ([Il) = (2), the morphism obtained
by precomposing (f ® g) with the morphism Z — Z ® Z satisfies the
required condition. O

Note that this lemma only addresses the existence of a suitable mor-
phism Z — X ® Y; its uniqueness is discussed next.

2.2. Cartesian categories. Cartesian categories are semi-cartesian
categories in which each object Z carries a morphism Z — Z ® Z as
described in Lemma 2.4} our main goal in this section is to show that
this renders each object in a unique way a cocommutative comonoid,
and that all morphisms in C are necessarily comonoid morphisms. The
standard definition of cartesian categories is, however, in terms of the
universal property of ®:
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Definition 2.5. A cartesian category is a semi-cartesian category C
in which for any objects X,Y in C, the triple (X @ Y, 7%y, 7%y) is a
categorical product of X and Y in C, i.e. if for any pair of morphisms
f:Z— X and g: Z — Y, there is a unique morphism

fxg: Z—>X®Y
making the following diagram commutative:

A

! if*g g
\lf

X<+ XY —— Y
Txy Ty
Remark 2.6. The above definition is usually referred to as cartesian
monoidal in the litterature in order to distinguish it from the other
uses of the term “cartesian category”.

Just as we did for semi-cartesian categories, we are going to charac-
terise cartesian categories in terms of some natural transformations.

Theorem 2.7. A semi-cartesian category C is cartesian if and only
there exists a counital natural transformation Ax: X — X ® X such
that for any two objects X,Y, we have

(1) (W}(Y@)ﬂ'g{y)OAX@y:id){@idy.
Proof. “=": Assume C is cartesian. For each object Z, set
AZ = le *le .

This morphism is counital by construction. Furthermore, Lemma 2.4l
implies that fxg = (f®g)oAy holds forany f: Z — X andg: Z = Y.

Let us show that the family of morphisms (Az)zcob(c) is a natural
transformation. Given a morphism f: X — Y, we deduce from the
following two commutative diagrams

X
f f
(f&f)oA
Y

Y<—Y®Y—>Y Y +—Y®Y ——
Ty

7rYY

that Ay o f = f*xf = (f ® f) o Ax, hence A is indeed a natural

transformation.
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Finally, () holds, as the diagram
X®Y

1 2
Xy e’
idx ® idy 9

X— XQY — Y
Ty Ty
commutes for any two objects X,Y in C, which means that

‘ ' 1 2 1 2
idy ®idy = myy * Ty = (Txy @ Txy ) © Axgy.

“«<": Let us now prove the converse, so assume there exists a couni-
tal natural transformation A satisfying ({l). By Lemma 2.4l the mor-
phism (f ® g) o Ay satisfies the universal property for any objects
X,Y,Z and morphisms f: 7 — X and ¢g: Z — Y. Let us show that
this morphism is unique. Let h: Z — X ® Y be a morphism such that
iy oh = f and n§<y o h = g. Then we have

idy ®idy) o h

Txy @ mxy) o (h®h) oAy
(WXY oh)® (7T§<Y oh)]oAz
=(f®g)oAz. O

Especially in the context of theoretical computer science, this is of-
ten rephrased by saying that a cartesian category is a semi-cartesian
category with a natural uniform copying operation A. For example,
the no-cloning theorem (quantum computers cannot copy files [HV19,
Theorem 4.27]) just says that the monoidal category of quantum bits
is not cartesian.

Recall, a symmetry o on a category is a braiding for which oy x o
oxy = idxgy holds for all objects X and Y. We will now discuss
the canonical symmetry on a cartesian category and show that with
respect to this symmetry, A is cocommutative, which further justifies
the terminology uniform copying.

(
(WXY ® 7TXY) oAxgyoh
= (73
[

Corollary 2.8. If C is cartesian, then

OXy = Tyy * Txy
is a symmetry on C, and for all f: Z — X and g: Z — 'Y, we have
(2) gxf=o0xyo(f*xg): XY ->Y®X.

Furthermore, o s the unique braiding on C with this property.
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Proof. The naturality of the morphisms oxy in X and Y is shown
analogously to the naturality of Ay in Z in Theorem 2.7l Using the
universal property it is straightforward to verify that o satisfies the
axioms of a symmetry.

Conversely, let o be a braiding satisfying (2]). Then it holds that

OXy = 0Xx)Yy © (ldX ®1dy)

1 2
=oxy °(Txy * Txy)
= %y * Txy. U
Corollary 2.9. In a cartesian category, every object is in a unique and
canonical way a cocommutative comonoid, and every morphism in C
is @ morphism of comonoids.

Proof. Let C be cartesian. We have shown that each object X carries
canonical morphisms ex: X — 1 and Ay :=idy *xidx: X - X ® X,
and that Ax is counital with respect to ex.

We now show that Ay is coassociative: let f := (Ax®idy)oAx. The
fact that Ax is counital implies that the following diagram commutes:

X
idx lf Ax

idy ®ex®ex X®X®X exQ®idy ®idx X®X

It follows from this that
(AX (%9 ldx) e} AX = ldX *AX = (ldX ®AX) e} Ax,

that is, Ay is coassociative and (X, Ax,ex) is a comonoid.

Applying the property of the braiding ¢ to idx xidy yields that
Ax = ox x o Ax, hence this comonoid is cocommutative.

The uniqueness is obvious — as 1 is terminal, the counit is unique,
and as ® is a categorical product, idy * idx is the unique counital
morphism X — X ® X.

Finally, ¢ and A are natural transformations, which means precisely
that every morphism in C is a morphism of comonoids. O

2.3. Comonoids in braided monoidal categories. We now take a
step back and consider more generally categories of comonoids:

Definition 2.10. For any monoidal category C, we denote by Com(C)
the category of (counital coassociative) comonoids (X, Ax,ex) in C.

Corollary can be restated by saying that for a cartesian category
C, the forgetful functor Com(C) — C is an isomorphism of categories.
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Theorem [L.2] provides a form of converse to this statement. As a first
step towards its proof, the present section contains preliminary results
on categories of the form Com(C). We will freely use the graphical
language of string diagrams, see e.g. [HV19] for more information.

Proposition 2.11. A braiding o on C induces a unique monoidal
structure on Com(C) such that the forgetful functor Com(C) — C
18 strict monotdal.

Proof. This is well-known; the tensor product X ® Y of two comonoids
(X,Ax,ex) and (Y, Ay,ey) becomes a comonoid whose counit and
comultiplication are graphically given as follows:

X Y XY

o™ M

XY XY

From now on we assume that C is braided monoidal with a fixed
braiding ¢. The following proposition in particular shows that one can
recover this braiding from the monoidal structure on Com(C):

Proposition 2.12. Let X,Y be two comonoids in C. The following
equalities always hold in C:

(1) [(ldx ®Ey) X (€X & ldy)] o AX@Y = ldX ®ldy .

(2) [(EX X ldy) & (ldX ®€y)] @) AX@Y =0Xx,y-

Proof. We have that
X v X v
(1=
X g )[ Y )[ Y

In general though, the braiding on C does not induce a braiding on
Com(C):
Proposition 2.13. Let X,Y be two comonoids in C. The braiding
oxy : X®Y =Y ® X is a morphism of comonoids if and only if

-1
Oy,x = UX,Y‘

Proof. See in the appendix. O

Finally, we remark:

Proposition 2.14. The category Com(C) is semi-cartesian.

Proof. The unit object 1 is easily seen to carry a unique comonoid
structure, and the counit ex: X — 1 of any comonoid is a morphism
of comonoids. This defines a uniform deletion in Com(C). O
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2.4. The recognition theorem. We retain the assumption that C
is braided monoidal with braiding ¢. The main missing ingredient for
the proof of Theorem is the next proposition which is known as
the Hilton-Eckmann argument. In the introduction we said that we
view cocommutativity rather as a side-effect, and this is where this
statement becomes manifest:

Proposition 2.15. Let X be an object in a braided monoidal category
C and Ax,0x: X — X ® X be two counital morphisms with counits
ex,€ex: X — 1, respectively, which satisfy the exchange law

(3) (5x®5x)OAX:(idX ®Ux,X®idx)O(Ax®AX)O(Sx.

Then we have ex = e€x, Ax = d0x, and Ax is coassociative and cocom-
mutative. Conversely, if a comonoid (X,Ax,ex) is cocommutative,
then Ax: X — X ® X is a morphism in Com(C).

Proof. See[A.2] and [A.3]in the appendix. O

Corollary 2.16. Let (X,Ax,ex) be a comonoid in C. There ezists
a counital morphism X — X ® X in Com(C) if and only if X is
cocommutative. If it exists, it is unique and equal to Ax.

Proof. The counit ex: X — 1 is the unique morphism in Com(C) from
X tol. Let 0x: X — X®X be a counital morphism in Com(C). Since
dx is a morphism of comonoids, dx and Ax satisfy the requirement for
the Hilton-Eckmann argument, hence dx = Ax and X is cocommuta-
tive. U

In other words, whenever a braided monoidal category C admits a
comonoid which is not cocommutative, then Com(C) is not cartesian.
One might presume that this means that the subcategory cCom(C) C
Com(C) of cocommutative comonoids in C is cartesian, but here a new
problem (Baez speaks more positively of a surprise [Bae94, Lemma 3))
arises: if the braiding ¢ is not symmetric, then this subcategory is not
closed under the tensor product:

Proposition 2.17. The tensor product of two cocommutative comono-
ids X,Y is cocommutative if and only if oy x = a)_(,ly.

Proof. This is a direct corollary of Proposition [A.4l O

Thus in order to construct categories of comonoids that are carte-
sian, one might have to pass to proper subcategories of cCom(C); The-
orem characterises these in a succint way.
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Proof of Theorem[L.2. If D is a cartesian category, then Corollaries 2.8
and state that D is braided symmetric and
D = Com(D) = cCom(D),

hence the two conditions hold for C = D.

Conversely, let D be a category satisfying the two conditions. Since
D contains all the counits and the comultiplications of its objects, they
induce two natural transformations € and A satisfying the conditions
in Theorem 2.7] hence D is cartesian. U

Proof of Theorem[I.1 Apply Theorem to the monoidal category
generated by X. U

Corollary 2.18. If C is symmetric monoidal, then cCom(C) is carte-
sian.

Proof. 1f o is a symmetry, then cCom(C) is a monoidal subcategory of
Com(C), and hence satisfies the conditions in Theorem [[.2l O

This induces the adjunction between symmetric monoidal categories
and cartesian categories described originally in [Fox76].

3. CARTESIAN OPERADS AND CLONES

We retain the assumption that C is a strict monoidal category. Our
main goal in this section is to establish an equivalence between cartesian
operads and clones and to deduce Theorem [I.1l

3.1. Operads. We will define operads as certain multicategories. We
refer to [Lei04] for further information.

Definition 3.1. A (plain) multicategory M consists of

(1) a class Ob (M) of objects,

(2) for any Ay,...,A,, B € Ob(M) a class M(Ay,..., A,; B) of
morphisms and

(3) forany Ayy, ..., Aum,, B1, ..., By, C € Ob (M) of a composition

M(By,...,By;C) x M(A11, Aty ..., Ay Br) X -
s X M(Ap, Anay oo Apmy, s B)
— M(Aq1, Asa, ..o, A, ©)
(@, %1, tn) o (Y1, .., Pn),
(4) for each A € Ob (M) an identity morphism ids € M(A; A)

subject to the obvious associativity and identity axioms.



CLONES FROM COMONOIDS 11

Definition 3.2. An operad is a multicategory O with a single object
X. In this case, we denote O(X, ..., X; X) simply by O,,.
————

n times

Given a collection of objects My C Ob (C) (where C is as elsewhere
a monoidal category), we define the multicategory M associated to M
as follows:

(1) its class of objects is Ob (M) := M,
(2) for Al,...,An,B S MO

M(Al,,An,B) = C(Al ®®An,B),

(3) the composition is given by wo (11, ..., 1,) = @o (& - -®y,),
and
(4) the identity morphisms are those from C.

If My = Ob(C), then M is called the underlying multicategory of C.
If My ={X}, then M is called the endomorphism operad of X.

Before we define the analogue of cartesian categories for multicate-
gories, we will need to introduce some notions related to maps between
finite sets, or more precisely, their converse.

3.2. The category of finite cardinals. Let [F be the category of finite
cardinals, whose objects are the finite sets n .= {1,...,n}, n € N, and
whose morphisms are all possible maps between these sets.

Addition induces a strict monoidal structure on F that we denote by
@, where the unit object is the empty set 0 = (). Given two morphisms
fi:my; = n,; and fo: my — n,, their tensor product is

fl@f2 Tmy D my = ny DNy
where

f1(4) 1< <my,
fo(i—mq) +ny my <i<mg+ms.

(i@ fo)(i) = {

We are actually interested in the opposite category F°P. We will call
a morphism f: n — m in F°P a selection to clearly distinguish it from
the corresponding map m — n; we picture f as a way to select an
m-tuple with entries taken from a given n-tuple, as in Figure [Il

For each n € N, we denote by ¢,,: n — 0 the selection corresponding
to the empty map and by A, : n — n ® n the selection which selects
the tuple (1,2,...,m,1,2,...,n). These morphisms define a uniform
deletion € and a uniform copying A on the category F°P making this
category cartesian.
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1.<:1 1 2 ] 1
.\02 30 e2 1
f g gof

FIGURE 1. Selections

3.3. The substitution product. We assume in this subsection that
C is a cartesian category. For each 1 < ¢ < n, the i-th canonical
projection X; ® - - - ® X,, — X, is given by

i . :
7TX1,...,X7L =£&x; ® '.'®5Xi—1 ®1dXi ®5X1‘+1 ®"'®€Xn'

Given a selection f: n — m, we use these projections to construct a
canonical morphism

) i Xi@e @ Xy o Xy @ ® Xpp),
by setting

(f) — fl1] fim]
Ty X = XX * TN s

where * is as in Definition and f[i] denotes the value at i of the
map m — n corresponding to the selection f: n — m.
The following is verified by direct computation:

Proposition 3.3. The operations m have the following properties:
idy, .
1) Wg([?.,xn =1idx,@--0x,

(gof) _ (9 (f)
X1 X = 7TXf[1],---,Xf[m] X1 e X

([1®f2) _ . (f) (f2)
X1 Xy Vi Yoy — T X1 e Xy ® Y1 Yy

)
)
4) 7T_(XA1:_L.?.,X” = Ax,0-0X,
) X1y Xn = EX10@Xn -
Lt .
(6) 7o N, =T,
This means that the operations 7 define a form of action of F°P:

Definition 3.4. Let f: n — m be a selection. Given morphisms
gi: X; — Y, in C, (1 < i < n), we define the substitution of the
gi;’s in f to be the morphism

fulgn, o ign) X1 ® - @ X = Y ® -+ @ Y
given by

FU(gn - 00) = (g @ @ grm)) 0 TL .-
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When applying this to the cartesian category C = F°P, the substi-
tution fQ(g1,...,gn) becomes an internal operation on the morphisms
in F°P. Under the composition and this operation, the set of all mor-
phisms in F° is generated by the deletion ¢;, the duplicaton A; and
the identity id;.

Remark 3.5. The category F°P, together with the substitution prod-
uct, is a particular example of a cartesian club, as introduced by Kelly

in [Kel72b; [Kel72a]. In [BKP89], this club was viewed as a 2-monad
whose algebras are exactly the categories with finite products.

3.4. Cartesian operads. The following material can be found for ex-
ample in |Gou08, Section 2.3], [Shul6, Section 2.6] or [SLG16].

Definition 3.6. A cartesian multicategory is a multicategory M such
that for each selection f: n — m and objects Ay, ..., A,, B € Ob (M),
there exists a map

- f: M(Afm, .. .,Af[m];B) — M(Al, ce ,An;B)
satisfying the following properties:
(p-flg=w-(gof), ¢-id=0¢,
(- flo(Wr g1, . ¥n-gn) = [300 (¢f[1},---,¢f[m])} : [fz(gh---,gn)}-

Definition 3.7. A cartesian operad is a cartesian multicategory with
a single object.

A

1 A —
Ay B — A B
Ay 2

FIGURE 2. —- f : M(Al,Al,Ag; B) — M(Al,Ag; B)

Proposition 3.8. If C is a cartesian category and My C Ob (C), then
the associated multicategory is cartesian.

Proof. For any objects Ai,...,A,, B in C and selection f: n — m,

) o

precomposing with the morphism 7’ , induces a map

- f: C(Afm &® "'®Af[m],B) — C(Al ®®An,B)
with the desired properties. O

The converse does not hold in general; however, we have:
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Proposition 3.9. A monoidal category C is cartesian if and only if
its underlying multicategory is cartesian.

Proof. One implication follows from the previous proposition. For the
reverse implication, let us assume that the underlying multicategory is
cartesian. Then, we define a uniform deletion € and a uniform copying
A by setting ex =1id;y -e; and Ax =idyxgx -A; for each X € Ob(C).

O

Corollary 3.10. The endomorphism operad of an object in a cartesian
category is cartesian.

3.5. Clones. Clones are usually defined as follows:

Definition 3.11. An abstract clone is a collection of sets {C), }nen,
together with elements

Wi,necn, izl,...,n
and maps
o:Cp, x(C))" = C,
satisfying for all p € C,,, V1, ..., % € Cy, p1,..., pn € C)

(1) pe (Wl,nv"'vﬂnm) =¥

(2) Tin ® (¢17---7¢m) :wiv and

(3) SO.(¢1.(plv"'vpn)w"uwm.(plu"'vpn))
= (SO.(wlw"a,lvbm)).(pla-“apn)

As is pointed out e.g. in [Gou08; Hyll4], this concept is just an
equivalent way to view cartesian operads:

Theorem 3.12. Let O be a cartesian operad with object X. For any
m,neN1<i<n, €0, 1,...,0, € O,, define

Tin = 1dX : ﬂ-i,,,,,la e (wla s a,lvbm) = (SO © (%, s >wm)) ’ Ag_la

where the map A™ 1 :n — mn =n®---®n is the uniform copying in
FoP applied m — 1 times. With these operations, {Oy,}nen becomes an
abstract clone, and this defines an isomorphism between the categories
of cartesian operads and of abstract clones.

Proof. The inverse of the isomorphism is as follows: let C' be an abstract
clone. For each n € N, let O,, := C,, for any selection f: n — m, let
—- f:0,, —» O,, with

©-f=po(Tfhims- s Tfimln)
and for ¢ € O, and ¢); € O,,, (i =1,...,n), let

@O(¢17---7¢n) ::<P‘(¢1'771m Jeny T, 7"'7¢”'7T; Jees L )7
1 1

n n
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73,3 o (1h1,12)

FIGURE 3. Cartesian operad to clone

where the map 7, m, P TAB. . Bmy, = m; is the canonical projection
in F°. We refer the reader to |[Gou08; Hyl14] for the details of the
proof. O

Remark 3.13. Lawvere theories are yet another perspective on the
same concepts. The equivalence is most directly seen when defining
them as identity-on-objects functors on F°P that preserve products.
We refer e.g. to |Gou0g; Hyl14; [Law04] for further information.

4. EXAMPLES

We illustrate the theory by considering the endomorphism clones of
the algebra of dual numbers, viewed as a comonoid in Vect”, and of
the quantum exterior algebra, viewed as a comonoid in GrVect.

4.1. (Co)algebras. Throughout this section, k denotes any field, Vect
the category of vector spaces over k, and GrVect the category of

graded vector spaces
V-

i€z
whose morphisms are linear maps that preserve the grading. The mo-
noidal structure on Vect is the usual tensor product over k; in GrVect
this gets graded by

VeWw),=Vv,eW.,
JEZ

We consider both categories as symmetric monoidal categories: in
Vect, the braiding is the tensor flip v ® w — w ® v, while in GrVect
it is the signed flip

ovw: VW -WwWaeV, vw— (-1)"wev, veV,weW,.
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Definition 4.1. A (co)monoid in Vect (respectively GrVect) is called
a (graded) (co)algebra.

The categories Vect and GrVect are not cartesian, but as they are
symmetric monoidal, the categories of (graded) cocommutative coal-
gebras and the opposites of the categories of (graded) commutative
algebras are all cartesian.

Taking the dual V' := Homvect(V, k) of a vector space defines a
functor Vect — Vect?, and this functor is opmonoidal:

Definition 4.2. An opmonoidal (also called comonoidal or oplax mo-
noidal) functor between two monoidal categories C and D is a triple
(F, Fy, Fy) consisting of a functor F' : C — D, a binatural trans-
formation Fh xy: F(X ®c YY) — F(X) ®p F(Y), and a morphism
Fy: F(1¢) — 1p satisfying some coherence relations (see e.g. [Lei04,
Definition 3.1.3], applied to C°?, D°?). An opmonoidal functor is said
to be strong if F, and Fj are isomorphisms.

Indeed, the morphisms in Vect® corresponding to the canonical
embeddings V' @ W' — (V ® W)’ induce an opmonoidal structure
on the dualisation functor. For finite-dimensional vector spaces this
functor is even strong opmonoidal. The reason why we are interested
in opmonoidal functors is because they induce functors Com(C) —
Com(D) on the categories of comonoids; in particular this implies that
the dual of a coalgebra is canonically an algebra.

Remark 4.3. The dualisation functor Com(Vect) — Com(Vect)
has an adjoint that assigns to an algebra A its dual coalgebra A°. For
finite-dimensional algebras this simply takes the full dual A’ but in gen-
eral, A° is the subspace of linear functionals whose kernel contains an
ideal I <9 A with dimy(A/I) < oo; we refer e.g. to [Mon93, Section 1.2],
[Rad12, Section 2.5] or [Swe69, Chapter VI] for the details.

The upshot is that especially when dealing with finite-dimensional
vector spaces only, we can identify coalgebras with algebras which be-
come comonoids by viewing them in Vect® rather than Vect; the
analogous remarks hold in the graded case.

Note further that linearisation defines a strong opmonoidal functor
k[—]: Set — Vect that maps a set X to the free vector space k[X]
with basis X. As Set is cartesian, this is in fact a functor into the
category cCoalg = cCom(Vect) of cocommutative coalgebras. How-
ever, there are many cocommutative coalgebras which are not of the
form k[X]. We will now discuss the smallest example and compute its
endomorphism clone.
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4.2. The algebra of dual numbers. Let A be the algebra with one
generator x satisfying the defining relation

22 = 0.

That is, A is the truncated polynomial algebra k[z]/z%k[z], also called
the algebra of dual numbers. Our aim is to give a description of the
endomorphism clone O of A, viewed as an object in the opposite cAlg®
of the category of commutative algebras.

Remark 4.4. The coalgebra A’ in Vect has the basis {e, f} dual to
the basis {1, x} of A; its counit and comultiplication are given by

Ale) = e®e, g(e) =1,
Alf) =e@ f+ f®e, e(f) =0.

This is the smallest (by dimension) coalgebra that does not arise by
linearisation of a set.

We define for any r € Z3 = {0, 1}" the element
ar =2 ®...0x™ € A®", r=(r,,...,T,).
The set {a, | r € Z3} is a basis of A®" for any n > 1, and we have

(4) apQq = ®Qp+qa

. _J1 p=0,
p-= 0 otherwise.

We use this basis to assign to any linear map ¢: A — A®™ the function
@: Z% — k that specifies the coordinates of p(x) with respect to this
basis,

where we abbreviate

p(r) = Z Pray.

rely

The following describes the elements of O,, in terms of such functions:

Proposition 4.5. For any n > 1, ¢ — @ defines a bijection between
O,, and the set of maps f : Z§ — k such that

(5) Z fofqa =0 forallr,

pta=r
pq=0

where (p + q); = p; + qi, (PA); == Piq;, and 0; =0 for 1 <i <n.
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Proof. An algebra morphism ¢: A — A®" is uniquely determined by
its value ¢(x) on the generator x, and this can be any element a of A®"
that satisfies the relation a®> = 0. The claim follows now immediately
by inserting the structure constants (). 0

Remark 4.6. (1) Tt follows that each set O,, carries the structure
of an affine algebraic variety embedded into the 2"-dimensional
affine space with the 2" coordinates ¢, r € Z5.

(2) If one identifies Z% in the obvious way with the power set of
{1,...,n}, then () reads Y . fofrip =0, v C{1,...,n}.

(3) Taking r = 0 yields o = 0 for all ¢ € O,; dually, @; is
unrestricted by the equations.

(4) If char k = 2, then the equations in (B) are for r # 0 trivially
satisfied, so O,, is in this case an affine space of dimension 2" —1.

In terms of these coordinates, the operad and the clone structure of
O can be described as follows:

Proposition 4.7. Let p € O,,, ¥; € O, (i=1,...,m).
(1) We have

(p o (w17 ce 7wm>(p7q,,,,7r) = @(i),d,...,f')il,pilq tre @m,rv

where (p,q, . ..,r) € Zy "™ s the concatenation of p,q, . . ., T.
(2) If ny = ... =ny,, =n, then
o, ., Yy) = Z @(p,q,...,f)?zl,p%,q - "J]m,ra
P+q+-+r=s
pq-r=0

(3) For1 <i<m, we have

= _{1 ifl'jzéij Vj

0 else.

So O is a clone in the cartesian category of affine varieties over k.

4.3. The quantum exterior algebra. Finally, we consider a como-
noid whose endomorphism operad is a clone even though it is nonco-
commutative. To this end, we extend the algebra of dual numbers to
the quantum exterior algebra: fix an element ¢ € k£ and let A now be
the algebra with two generators z,y satisfying the defining relations

22 = y2 =0, yxr=—quy.

We consider A as graded algebra by letting x, y have degree 1, so the
nonzero homogeneous components of A are

Ay = span, {1}, A, =spany{z,y}, Ay =span,{zy}.
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We switched to the graded setting as this leads to a relatively small
endomorphism operad that serves well to make our point:

Proposition 4.8. For all \,u € k and 1 < i < n, there are unique
morphisms of graded algebras ©; x u, Yix, Xip: A — A" wtih

Pirp@) =10 - ®leAe1® 1,
%Au(y):1 cR1IuR1l®---®1,
Yip(r) =10 1 uy1®- -1,
ww(y)zo
Xia(x) =0,
Xipn¥) =12 ®1e\ele  ®l,

where the Az, uy are in the ith tensor component. If ¢ ¢ {1,—1}, any
graded algebra morphism A — A®™ is one from this list.

Proof. Any graded algebra morphism ¢ is uniquely specified by its
values ©(x), p(y). These must be elements of degree 1 in A®" which
means they can be uniquely written as

1Rl V1+1®0ae®l1®--- Q1+ +1®---@1Qa,

for some
a; = )\jSL’ —|—,u]y S Al,)\j,ﬂj € k.

They must further satisfy the defining relations. A straightforward
computation shows that p(z)? = ¢(y)? = 0 means that all but one a;
and either \; or p; must vanish. Inserting this into the final defining
relation ¢(z)p(y) = —qp(y)p(x) yields the claim. O

For ¢ = 1 the algebra A is just the exterior algebra in two generators
and we obtain some more algebra morphisms A — A®". In this case,
A is commutative, so the endomorphism operad of A viewed as an
object in Com(GrVect®) is a clone by Theorem [[LI. The effect of
the quantisation (the passage to ¢ # 1) is that the endomorphism
operad becomes a suboperad of the one for ¢ = 1. By the above
proposition, this suboperad contains for all ¢ the projections ;,,, and
it is straightforwardly seen to be closed under e, even though A is
not commutative. Note that in fact, it is generated as a clone by the
projections and the endomorphisms of A (i.e. the degree 1 part of the
clone).
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APPENDIX A. COMONOIDS

Proposition A.1. Let X,Y be two comonoids in C. The braiding
oxy : X®Y =Y ® X is a morphism of comonoids if and only if
Oy x = O-)_(,IY'

Proof. If 0xy is a morphism of comonoids, then

X vy X vy
/
Aygx ooxy = & - 7 = (oxy ®oxy) o Axgy.
c oS P
Y XY X Y XVY X

This implies that

- - B0 -1

- _ -1
Conversely, if oy, x = oy ) then

Proposition A.2. Let X be an object in C and Ax,0x: X - XX
be two counital morphisms with counits ex,ex: X — 1, respectively,
which are compatible in the sense that we have

(6) (5x®5x)OAX:(idX ®Ux,X®idx)O(Ax®AX)O(5x.

Then we have ex = €x, Ax = dx, and Ax is coassociative and cocom-
mutative.

Proof. Let (Ax,ex) = <:\>6) and (dy,€x) = (@,3), then the

string diagram corresponding to (@) is

iy

The equality for the counit is obtained as follows:
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next comes the cocommutativity:

%ﬂ
o) 4

We will omit the colors from now on. For the coassociativity, we have:

B
=
= =

and for the cocommutativity:
r 3

Proposition A.3. If a comonoid (X, Ax,ex) is cocommutative, then
Ax: X - X ® X is a morphism in Com(C).

U

Proof. The coassociativity implies that

B
>

Combined with the cocommutativity, it yields:

(Ax®Ax)oAx = = Axex®Ax.

=
=

O

Proposition A.4. Let X,Y be two comonoids. Their tensor product
X ®Y is cocommutative if and only if the following three conditions
hold:

Proof. Let us assume that X ® Y is cocommutative, that is,
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X Y X Y

HH M B
(1)

(
X Y X X X
(2)

(3)

X Y
X Y
Oxgy,xey © Axegy = = M = Axgy.
J >
( /r XY XY
(
XY XY

First, we obtain ([I]) as follows:

RN R

l

The property (2) is proven in a similar manner. Next, (8] is obtained

as follows:

1)1y

Conversely, if the three conditions are satisfied, then

A-08- 111

O

Corollary A.5. The tensor product of two cocommutative comonoids

. L : 1
X, Y is cocommutative if and only if oy, x = 0x .
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