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Lecture Notes in Category Theory [Draft]





These notes are prepared by Mario C�a

amo from a graduate 
ourse on Category Theory given by

Glynn Winskel in the fall of 1999 at BRICS, Aarhus. Heavy use has been made of latexed notes and

exer
ises by Thomas Mailund and Mikkel Nygaard Hansen, under the editorial hand of Mario C�a

amo

and Glynn Winskel. The 
ourse was derived from and inspired by Martin Hyland's Cambridge part

III Mathemati
s 
ourse given in 1995, when notes were taken by Co
ky Hillhorst.
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1 Categories, Fun
tors and Natural Transformations

1.1 Categories

De�nition 1.1 (Category) A 
ategory C 
onsists of

� a 
olle
tion of obje
ts ob(C),

� for ea
h pair of obje
ts X;Y a 
olle
tion C(X;Y ) of arrows/maps/morphisms,

� for ea
h triple of obje
ts X;Y; Z a 
omposition mapping Æ

XYZ

: C(Y; Z) � C(X;Y ) ! C(X;Z)

and

� for ea
h obje
t X an identity id

X

in C(X;X);

satisfying the axioms

h Æ

XZW

(g Æ

XY Z

f) = (h Æ

Y ZW

g) Æ

XYW

f f Æ

XXY

id

X

= f = id

Y

Æ

XY Y

f

for any f in C(X;Y ), g in C(Y; Z) and h in C(Z;W ) where X;Y; Z;W are in ob(C).

Notation 1.2 Given a 
ategory C, we write X 2 C to mean that X is an obje
t in ob(C). In general

we use 
apital letters from the beggining or end of the alphabet for obje
ts: A;B; : : : ; X; Y; Z. Given

an arrow f in C(X;Y ) we say that X is the domain of f and Y is the 
odomain of f . This is emphasised

in the diagrammati
 notation for 
ategories where f in C(X;Y ) is pi
tured as X

f

//
Y ; in the same

spirit we sometimes write f : X ! Y . In general we use small letters for arrows: f; g; h; : : : ; u; v; : : : .

For f in C(X;Y ) and g in C(Y; Z) we write f Æ g for the 
omposition omitting the subs
ripts; in some


ases when the 
omposition is 
lear we just write g f instead of g Æ f :

X

f

//

g f

33
Y

g

//
Z :

Sin
e 
omposition is asso
iative we sometimes omit parenthesis, for example we write hÆ g Æf to mean

either h Æ (g Æ f) or (h Æ g) Æ f . We use arr(C) for

U

X;Y 2C

C(X;Y ), the 
olle
tion of all arrows in C.

De�nition 1.3 (Lo
ally Small Category) A 
ategory C is lo
ally small i� for ea
h pair X;Y 2 C

the 
olle
tion C(X;Y ) is a set.

The 
ategory Set of (small) sets as obje
ts and total fun
tions between sets as arrows is a lo
ally

small 
ategory where 
omposition is de�ned as 
omposition of fun
tions and identities 
orrespond to

the the identity fun
tions.

De�nition 1.4 (Small Category) A lo
ally small 
ategory is small i� the 
olle
tion of obje
ts is a

set.

Simple examples of small 
ategories are 0 and 1, the empty 
ategory and the singleton 
ategory

respe
tively. Another example of small 
ategory is given by any partial-order set where the obje
ts

are the elements and the arrows are given by the partial-order relation; the identities 
orrespond to

re
exivity and 
omposition to transitivity.

Exer
ise 1.5 Show that any set 
an be interpreted as a small 
ategory. In general 
ategories of this

kind are 
alled dis
rete 
ategories, but not all dis
rete 
ategories are small.

1



Notation 1.6 Hen
eforth, we use A, B, C : : : to denote lo
ally small 
ategories and I, J, C : : : to small


ategories. Given a lo
ally small 
ategory C we 
all the 
olle
tion C(X;Y ) the hom-set for X;Y 2 C.

De�nition 1.7 (Isomorphism) An isomorphism (or just iso) is a pair of arrows

X

f

//
Y

g

oo

su
h that g Æ f = id

X

and f Æ g = id

Y

.

Proposition 1.8 Given one arrow of an iso pair, the other arrow is uniquely determined.

Proof: Assume (f; g) and (f; g

0

) are iso pairs, where f : X ! Y , then (g

0

Æ f) Æ g = id

X

Æ g = g and

g

0

Æ (f Æ g) = g

0

Æ id

Y

= g

0

. From asso
iativity of the 
omposition (g

0

Æ f) Æ g = g

0

Æ (f Æ g) and then

g = g

0

.

�

Notation 1.9 This proposition allows us to denote an iso pair by just one of the arrows. If f : X ! Y

is an arrow of an iso pair, we say that f is an isomorphism (or f is an iso), and we write X

f

�

=

Y or

f : X

�

=

Y .

De�nition 1.10 (Mono) The arrow f : X ! Y in the 
ategory C is mono (or moni
) i� for any pair

of arrows g; h

Z

g

//

h

// X
f

//
Y

we have that f Æ g = f Æ h implies g = h.

Exer
ise 1.11 Show that the 
omposition of monos gives a mono. Show that if the 
omposition g Æ f

is mono then f is mono. What are the monos in Set?

De�nition 1.12 (Epi) The arrow f : X ! Y in the 
ategory C is epi i� for any pair of arrows g; h

Z and for all g; h 2 C(Y; Z)

X

f

//
Y

g

//

h

// Z

we have that g Æ f = h Æ f implies g = h.

Exer
ise 1.13 Show that the 
omposition of epis gives an epi. Show that if the 
omposition g Æ f is

epi then g is epi. What are the epis in Set?

1.2 Fun
tors

De�nition 1.14 (Fun
tor) Let A and B be 
ategories. A fun
tor F : A ! B 
onsists of

� a mapping F

0

: ob(A)! ob(B) and

� for ea
h pair X;Y 2 A a mapping F

XY

: A(X;Y )! B

�

F

0

(X); F

0

(Y )

�

;

satisfying the axioms

F

XZ

(g Æ f) = F

Y Z

(g) Æ F

XY

(f) F

XX

(id

X

) = id

F

0

(X)

for any f 2 C(X;Y ) and g 2 C(Y; Z).

Notation 1.15 For a fun
tor F : A ! B we usually write just F for F

0

and F

XY

. Sometimes we

write F X instead of F (X) for X 2 A and similarly with arrows in A. In general we use 
apital letters

from the middle of the alphabet for fun
tors, e.g., F;G;H;K.
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De�nition 1.16 (Full Fun
tor) A fun
tor F : A ! B is full i� for ea
h pair X;Y 2 A the mapping

F : A(X;Y )! B(F X;F Y ) is surje
tive.

De�nition 1.17 (Faithful Fun
tor) A fun
tor F : A ! B is faithful i� for ea
h pair X;Y 2 A the

mapping F : A(X;Y )! B(F X;F Y ) is inje
tive.

For a fun
tor F whi
h is both full and faithful (fully faithful) the mappings F : A(X;Y ) !

B(F X;F Y ) are all bije
tions.

Proposition 1.18 Fun
tors preserve iso: if (f; g) is an iso pair in the 
ategory A, and F : A ! B is

a fun
tor, then (F f; F g) is an iso pair in B.

Proof: Let X

f

//
Y

g

oo be iso in A. We are to show that F X

F f

//
F Y

F g

oo is iso in B. This follows from

(F f) Æ (F g) = F (f Æ g)

= F id

Y

as (f; g) is an iso pair;

= id

F Y

:

Analogously, we 
an 
on
lude (F g) Æ (F f) = id

F X

.

�

Proposition 1.19 If F : A ! B is a full and faithful fun
tor, then F re
e
ts isomorphisms: if

F X

�

=

F Y then X

�

=

Y .

Proof: Assume F X

�

=

F Y . Then there exists a pair of arrows f; g

F X

f

//
F Y

g

oo

in B su
h that f Æ g = id

F Y

and g Æ f = id

F X

. By fullness there exists f

0

: X ! Y and g

0

: Y ! X in

A su
h that F f

0

= f and F g

0

= g. We show that f

0

and g

0

are mutual inverses and so an iso pair:

F (f

0

Æ g

0

) = F f

0

Æ F g

0

= f Æ g

= id

F Y

= F (id

Y

):

By faithfulness we have f

0

Æ g

0

= id

Y

. Similarly, we 
an 
on
lude g

0

Æ f

0

= id

X

.

�

De�nition 1.20 (Composition of Fun
tors) Given the fun
tors F : A ! B and G : B ! C their


omposition G Æ F : A ! C is de�ned as

� (G Æ F )

0

= G

0

Æ F

0

and

� (G Æ F )

XY

= G

F

0

(X)F

0

(Y )

Æ F

XY

for X;Y 2 A.

Exer
ise 1.21 Che
k that this de�nition gives rise to a fun
tor.

It is easy to see that the 
omposition of fun
tors is asso
iative. Moreover, for any 
ategory A we


an de�ne the identity fun
tor id

A

: A ! A to be the fun
tor whi
h it is the identity on both obje
t and

arrow parts. These observations allow us to de�ne 
ategories of 
ategories where arrows are fun
tors.

In parti
ular, we de�ne the 
ategory Cat of small 
ategories and CAT of lo
ally small 
ategories.

From the observation that fun
tors are arrows in a 
ategory of 
ategories we 
an spe
ialised the

general de�nitions of iso, epi and mono to fun
tors. For example, if a fun
tor F is de�ned as both a

bije
tion on obje
ts and arrows we 
an de�ne a fun
tor G to be the inverse of F , and thus F is an

isomorphism.
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Exer
ise 1.22 Why a full and faithful fun
tor is not ne
essary an isomorphism?

De�nition 1.23 (Sub
ategory) A sub
ategory A of a 
ategory B, written as A � B, is a 
olle
tion

of obje
ts and arrows in B su
h that:

� for ea
h arrow f in A, we have that the domain and 
odomain of f are in A,

� for ea
h obje
t A in A, we have the arrow id

A

in A, and

� for ea
h pair of 
omposable arrows f : A ! B and g : B ! C in A, we have the 
omposition

g Æ f : A! C in A.

Clearly, the de�nition above ensures that a sub
ategory is itself 
ategory. The mapping whi
h sends

obje
ts and arrows in A to themselves in B de�nes the in
lusion fun
tor. This fun
tor is faithful and

if it is full we say that A is a full sub
ategory of B.

1.3 Natural Transformations

De�nition 1.24 (Natural Transformation) Given the fun
tors F;G : A ! B, a natural transfor-

mation � : F ) G 
onsists of a 
olle
tion of arrows h�

C

: F C ! GCi

C2A

in B, su
h that for any

arrow h : X ! Y in arr(A) the diagram

F X

�

X //

F h

��

GX

Gh

��

F Y

�

Y

//
GY


ommutes, i.e., �

Y

Æ F h = Gh Æ �

X

. The diagram above is the naturality square asso
iated with h.

Notation 1.25 A natural transformation � : F ) G for fun
tors F;G : A ! B is a family of arrows in

B indexed by obje
ts in A. Ea
h arrow of su
h a family is a 
omponent of the natural transformation,

and we use subs
ripts to denote them, e.g., �

C

: F C ! GC. We use angle bra
kets to denote the

family of arrows as in the de�nition h�

C

: F C ! GCi

C2A

. Naturality squares are often depi
ted

with the arrow whi
h they are asso
iated with on one side, re
all that the arrow and the naturality

square may be from di�erent 
ategories.

De�nition 1.26 (Composition of Natural Transformations) The 
omposition of natural trans-

formations is de�ned 
omponentwise: given two natural transformations � : F ) G and � : G) H

A

F

��
G //

H

CC

�

��

�

��

B

their 
omposition � Æ � at 
omponent A 2 A is (� Æ �)

A

= �

A

Æ �

A

.

Exer
ise 1.27 Che
k that the 
omponentwise 
omposition of two natural transformations is a natural

transformation.

This 
omposition is often 
alled verti
al 
omposition to distinguish it from the horizontal 
om-

position of natural transformations { see exer
ise 1.29 below. Given the fun
tors F : A ! B and

K : C ! D and a natural transformation � : G) H

A

F //
B

G

  

H

>>
�

��
C

K //
D

we de�ne the 
omposition �F : GÆF ) H ÆF 
omponentwise as (�F )

A

= �

F (A)

for A 2 A. Similarly

the 
omposition K � : K ÆG) K ÆH at 
omponent B 2 B is de�ned by (K �)

B

= K(�

B

).
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Exer
ise 1.28 Che
k that the 
omposition of natural transformations with fun
tors de�ned above

are natural transformations.

Exer
ise 1.29 Given the natural transformations � and �

A

F

$$

G

::
�

��
B

H

%%

K

99
�

��
C ;

we 
an de�ne the horizontal 
omposition � ? � : H Æ F ) K Æ G { how? Hint: The 
omposition of

natural transformations with fun
tors is a degenerated 
ase of the 
omposition ? where the fun
tor

stands for the identity natural transformation, i.e., a natural transformation whi
h has identities at

ea
h 
omponent.

1.4 Fun
tor Categories

Natural transformations between fun
tors 
an be (verti
ally) 
omposed and it is easy to 
he
k that

this 
omposition is asso
iative. Moreover, given a fun
tor F : A ! B we 
an de�ne the identity

id

F

: F ) F to be the natural transformation with identity at all 
omponents: (id

F

)

C

= id

F (C)

. That

a
tually de�nes a 
ategory of fun
tors and natural transformations.

De�nition 1.30 (Fun
tor Category) Given the 
ategories A and B, the fun
tor 
ategory [A;B℄ is

the 
ategory where the obje
ts are the fun
tors from A to B and the arrows are the natural transfor-

mations between them.

As natural transformations are arrows in a fun
tor 
ategory we 
an spe
ialised the notions of iso,

mono and epi to them. For example, a natural transformation � : F ) G is an iso, 
alled natural

isomorphism, if there is a natural transformation � : G) F su
h that � Æ � = id

F

and � Æ � = id

G

.

Proposition 1.31 A natural transformation is an isomorphism of fun
tors i� it is an iso at ea
h


omponent.

Exer
ise 1.32 Prove the proposition above.

Notation 1.33 The 
ategory of fun
tors with domain A and 
odomain B is noted by [A;B℄; some

authors use B

A

. In general we use Greek letters to denote natural transformations. We depi
t natural

transformations as double arrows only when we want to stress we are dealing with natural transfor-

mations.

Exer
ise 1.34 The 
ategory [A;B℄ need not be lo
ally small even though A and B are lo
ally small.

However, when A is small [A;B℄ is lo
ally small { why?

Exer
ise 1.35 Let C be a 
ategory, a fun
tor F : A ! B indu
es a fun
tor F

�

: [B; C℄! [A; C℄ where

the a
tion over obje
ts is de�ned by pre
omposition with F . What is the a
tion on arrows of F

�

?

2 Constru
tions on Categories

2.1 Opposite Category and Contravarian
e

De�nition 2.1 (Opposite Category) Let C be a 
ategory, we de�ne the opposite 
ategory C

op

as:

� ob(C

op

) = ob(C), and

� C

op

(C;D) = C(D;C) for ea
h pair C;D 2 C

op

.
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In words, C

op

is the 
ategory with the same 
olle
tion of obje
ts as C where the arrows are reversed.

Clearly, the identities in C

op


orrespond to the identities in C. Some authors prefer to write f

op

for the

arrow f in the opposite 
ategory, however, in general there is no reason to make su
h a distin
tion. The


omposition of arrows in C

op


an be expressed in terms of the arrows in C by reading the 
omposition

in the reverse order

C

op

: X

f

//

gÆf

44
Y

g

//
Z C : X Y

f

oo
Z :

g

oo

fÆg

kk

A 
ontravariant fun
tor F : C ! D is essentially a fun
tor whi
h reverses the arrows

A

f

��

F (A)

B

F (B) :

F (f)

OO

� //

In 
ontrast, the fun
tors as de�ned in se
tion 1.2 are 
alled 
ovariant. It is more 
onvenient to identify

a 
ontravariant fun
tor F : C ! D with a 
ovariant fun
tor F : C

op

! D.

Remark 2.2 There is no di�eren
e between F : C

op

! D and F : C ! D

op

{ they are the same


olle
tion of fun
tions. Likewise, there is no di�eren
e between F : C ! D and F : C

op

! D

op

.

Exer
ise 2.3 Show the opposite 
onstru
tion gives rise to a fun
tor (�)

op

: CAT! CAT a
ting on

obje
ts and arrows

C

F

��

C

op

F

op

��

D D

op

:

2.2 Produ
t of Categories

De�nition 2.4 (Produ
t of Categories) Given the 
ategories C and D, we de�ne the produ
t 
at-

egory C � D as:

� ob(C � D) = ob(C)� ob(D),

� C � D

�

(C;D); (C

0

; D

0

)

�

= C(C;C

0

)�D(D;D

0

) for ea
h

�

(C;D); (C

0

; D

0

)

�

2 C �D, and

� 
omposition and identities are de�ned 
omponentwise.

A fun
tor whose domain is a produ
t of 
ategories is 
alled a bifun
tor..

In general a mapping M on objet
s and arrows in C � D to obje
ts and arrows in E determines

mappings M(C;�) from D to E for ea
h C 2 C de�ned as follows

D

g

��

M(C;D)

M(C;g)=M(id

C

;g)

��

D

0

M(C;D

0

) :

SimilarlyM de�nes mappingsM(�; D) for every D 2 D. Noti
e that M is not ne
essarily a bifun
tor,

and from the following proposition we 
annot in general 
on
lude that M is a bifun
tor even when

M(C;�) and M(�; D) are.

Proposition 2.5 Suppose F is a mapping on obje
ts and arrows in C � D su
h that

� F (C;D) 2 E for any C 2 C and D 2 D, and

� F (f; g) 2 E

�

F (C;D); F (C

0

; D

0

)

�

if f 2 C(C;C

0

) and g 2 D(D;D

0

).

F is a bifun
tor from C � D to E i�

1. F (C;�) is a fun
tor from D to E for all C 2 C,
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2. F (�; D) is a fun
tor from C to E for all D 2 D, and

3. F (f; g) = F (C

0

; g) Æ F (f;D) = F (f;D

0

) Æ F (C; g), i.e., the diagram

F (C;D)

F (f;D)

//

F (C;g)

��

F (f;g)

&&M
MMMMMMMMM
F (C

0

; D)

F (C

0

;g)

��

F (C;D

0

)

F (f;D

0

)

//
F (C

0

; D

0

)


ommmutes for all f : C ! C

0

in C and g : D ! D

0

in D.

Proof:

\Only-if": if F is a fun
tor then F (C;�) and F (�; D) are fun
tors, and F must satisfy 3 sin
e

(f; g) = (f; id

D

0

) Æ (id

C

; g) = (id

C

0

; g) Æ (f; id

D

).

\If": we need to prove F satis�es the fun
tor laws. It is easy to show F (id

(C;D)

) = id

F (C;D)

by using

the fa
t that F (C;�) is a fun
tor (or equivalently that F (�; D) is a fun
tor). It remains to prove F

preserves 
omposition; assume C

f

//
C

0

f

0

//
C

00

and D

g

//
D

0

g

0

//
D

00

, then

F

�

(f

0

; g

0

) Æ (f; g)

�

= F (f

0

Æ f; g

0

Æ g) by 
omp. in C � D;

= F (C

00

; g

0

Æ g) Æ F (f

0

Æ f;D) by 3,

=

�

F (C

00

; g

0

) Æ F (C

00

; g)

�

Æ

�

F (f

0

; D) Æ F (f;D)

�

by 1 and 2,

= F (C

00

; g

0

) Æ

�

F (C

00

; g) Æ F (f

0

; D)

�

Æ F (f;D) by asso
iativity;

= F (C

00

; g

0

) Æ

�

F (f

0

; D

0

) Æ F (C

0

; g)

�

Æ F (f;D) by 3;

= F (f

0

; g

0

) Æ F (f; g) by asso
iativity and twi
e 3:

�

The next example 
onsiders a mapping satisfying 
onditions 1 and 2 but not 3.

Example 2.6 Let A and B be one-obje
t 
ategories

A :

�

f

��

id

ZZ B :

�

g

��

id

ZZ :

Let F be a mapping from A�A to B whi
h sends (�; �) to the only obje
t in B and a
ts on arrows

as follows

F (f; f) = g

F (id; f) = id = F (�; f)

F (id; id) = id = F (�; id) = F (id; �)

F (f; id) = id = F (f; �):

One 
an 
he
k F (�;�) and F (�; �) are fun
tors from A to B, but F does not satisfy 
ondition 3 of

Proposition 2.5

F (f; f) = g

F (id; f) Æ F (f; id) = id Æ id = id :

Hen
e,

F

�

(id; f) Æ (f; id)

�

= F (f; f) = g 6= F (id; f) Æ F (f; id) :

Therefore, F is not a fun
tor.
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2.3 Natural Transformations between Bifun
tors

Given the bifun
tors F;G : C � D ! E , 
onsider the natural transformation �

C � D

F

##

G

;;
�

��
E

:

From the de�nition of natural transformation � is a family of arrows in E indexed by obje
ts in C �D

su
h that given an arrow (f; g) in C � D the square

(C;D)

(f;g)

��

F (C;D)

F (f;g)

��

�

C;D

//
G(C;D)

G(f;g)

��

(C

0

; D

0

) F (C

0

; D

0

)

�

C

0

;D

0

//
G(C

0

; D

0

)


ommutes. This de�nition indu
es two natural transformations by �xing one of the arguments:

� �

C;�

: F (C;�)) G(C;�) where (�

C;�

)

D

= �

C;D

, and

� �

�;D

: F (�; D)) G(�; D) where (�

�;D

)

C

= �

C;D

.

Proposition 2.7 Given the bifun
tors F;G : C � D ! E , a family of maps h�

C;D

: F (C;D) !

G(C;D)i

(C;D)2C�D

in E is a natural transformation i�

1. �

C;�

= h�

C;D

i

D2D

is a natural transformation from F (C;�) to G(C;�) for any C 2 C, and

2. �

�;D

= h�

C;D

i

C2C

is a natural transformation from F (�; D) to G(�; D) for any D 2 D.

Proof:

\Only-if": left as exer
ise.

\If": It follows from exhibing the arrow

(C;D)

(f;g)

//
(C

0

; D

0

)

as the 
omposition

(C;D)

(f;id

D

)

//
(C

0

; D)

(id

C

0

;g)

//
(C

0

; D

0

) :

Consider the asso
iated squares:

(C;D)

(f;id

D

)

��

F (C;D)

F (f;id

D

)=F (f;D)

��

(�

�;D

)

C

=�

C;D

//
G(C;D)

G(f;id

D

)=G(f;D)

��

(C

0

; D)

(id

C

0

;g)

��

F (C

0

; D)

F (id

C

0

;g)=F (C

0

;g)

��

(�

�;D

)

C

0

=�

C

0

;D

=(�

C

0

;�

)

D

//
G(C

0

; D)

G(id

C

0

;g)=G(C

0

;g)

��

(C

0

; D

0

) F (C

0

; D

0

)

(�

C

0

;�

)

D

0

=�

C

0

;D

0

//
G(C

0

; D

0

)

From 2 we have the 
ommutativity of the upper square and from 1 of the lower square. Hen
e the

outermost square 
ommutes

�

C

0

;D

0

Æ F (f; g) = (�

C

0

;�

)

D

0

Æ F

�

(id

C

0

; g) Æ (f; id

D

)

�

= (�

C

0

;�

)

D

Æ F (id

C

0

; g) Æ F (f; id

D

) as F is fun
tor,

= G(id

C

0

; g) ÆG(f; id

D

) Æ (�

�;D

)

C

by 
ommutativity of the squares,

= G

�

(id

C

0

; g) Æ (f; id

D

)

�

Æ (�

�;D

)

C

as G is fun
tor;

= G(f; g) Æ �

C;D

:

Therefore we 
an 
on
lude � is a natural transformation from F to G.
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�

Thus, naturality may be 
he
ked in ea
h argument separately when dealing with bifun
tors.

Exer
ise 2.8 Prove the \Only-if" part in the proof of Proposition 2.7.

Remark 2.9 (Fun
toriality and Naturality) Suppose E(X) is an expression with a an argument

X su
h that given an obje
t A 2 A, E(A) stands for an obje
t in the 
ategory C; and given an arrow

f 2 arr(A), E(f) stands for an arrow in C. We say that E(X) is fun
torial in X if this assignment is

a fun
tor from A to C. One example of fun
torial expressions are hom-sets.

Traditionally, arguments in expressions are denoted by means of pla
e-holders like for example

C(�;+). This notation might lead to some 
onfusion spe
ially in distinguishing the s
ope where

ea
h argument is de�ned. To save this potential sour
e of 
onfution we sometimes use �-notation

to indi
ate arguments in expressions. Thus, assuming E(X) is fun
torial in X of type A then the

expression �X:E(X) denotes a fun
tor from A to C.

We say that the expressions E

1

(X) and E

2

(X) both fun
torial in X are naturally isomorphi
 in X

or equivantly that there is an isomorphism natural in X , i� there is a natural isomorphism between

�X:E

1

(X) and �X:E

2

(X).

Exer
ise 2.10 Prove that a bifun
tor F : A�B ! C de�nes a unique 
urryied fun
tor �X: �Y: F (X;Y ) :

A ! [B; C℄. Similarly, show how a natural transformation � : F ) G for fun
tors F;G : A � B ! C

uniquely de�nes a natural transformation from �X: �Y: F (X;Y ) to �X: �Y:G(X;Y ).

2.4 Examples

Evaluation Fun
tor: De�ne the evaluation fun
tor eval : [C;D℄�C ! D for 
ategories C and D as

follows

(F;C)

(�;g)

��

� //

� //

F (C)

F

0

(g)Æ�

C

=�

C

0

ÆF (g)

��

(F

0

; C

0

)

� //
F

0

(C

0

)

where � : F ) F

0

and g : C ! C

0

. The arrow g indu
es the natural square whi
h justi�es the a
tion

of eval on the arrow (�; g)

C

g

��

FC

Fg

��

�

C //
F

0

C

F

0

g

��

C

0

FC

0

�

C

0

//
F

0

C

0

:

We use Proposition 2.7 to show eval is a bifun
tor:

1. eval (F;�) : C ! D whi
h sends g : C ! C

0

to F g : F C ! F C

0

is a fun
tor sin
e F is a fun
tor;

2. eval (�; C) : [C;D℄ ! D whi
h sends � : F ) F

0

to �

C

: F C ! F

0

C is a fun
tor sin
e the

identity natural transformation has identities in ea
h 
omponent and the 
omposition of natural

transformations is de�ned 
omponentwise; and

3. �nally we want

eval(�; g) = eval(F

0

; g) Æ eval(�;C) = eval (�;C

0

) Æ eval(F; g)

from the de�nition of eval this is

eval(�; g) = F

0

g Æ �

C

= �

C

0

Æ F g

and this follows from the naturality square above.
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Hom-fun
tor: Re
all that the hom-set C(C;D) is de�ned to be the set of arrows with domain C

and 
odomian D in the lo
ally small 
ategory C. Here we show how hom-sets extend to bifun
tors.

A hom-fun
tor for a 
ategory C is a fun
tor C(�;�) : C

op

� C ! Set whi
h a
ts on obje
ts and

arrows by sending (f; g) : (C;D)! (C

0

; D

0

) to

C(C;D)

C(f;g)=gÆf

//
C(C

0

; D

0

)

where C(f; g) is a fun
tion mapping any arrow C

h //
D to the arrow C

0

f

//
C

h //
D

g

//
D

0

.

Informally, to obtain an arrow from C

0

to D

0

out of an arrow from C to D, we need both a way to go

from D to D

0

and a way to go from C

0

to C.

Exer
ise 2.11 Che
k that the de�nition of the hom-fun
tor above is a
tually a bifun
tor.

From Proposition 2.5 we have a fun
tor C(�; D) : C

op

! Set whi
h a
ts on obje
ts and arrows

C

f

��

C(C;D)

C

0

C(C

0

; D) :

C(�;D)=�Æf

OO

Noti
e that the arrow f drawn above is in the 
ategory C not C

op

; that explains why the dire
tion of

the arrow is reversed after applying C(�; D). In the same manner we 
an de�ne a fun
tor C(C;�) :

C ! Set.

Yoneda Fun
tor: Given the 
ategory of fun
tors and natural transformations [C

op

;Set℄, we de�ne

the Yoneda fun
tor Y : C ! [C

op

;Set℄ whi
h takes an obje
t C 2 C to the fun
tor C(�; C) and a
ts on

arrows as follows

C

g

��

Y C = C(�; C)

Y g=hgÆ�i

E2C

��

D

Y D = C(�; D):

Exer
ise 2.12 Che
k that Y de�nes a fun
tor from C to [C

op

;Set℄.

Dually, we de�ne the 
ontravariant version of the Yoneda fun
tor Y

o

: C

op

! [C;Set℄ whi
h a
ts

on obje
ts and arrows

C

g

��

Y

o

C = C(C;�)

D

Y

o

D = C(D;�) :

Y

o

g=h�Ægi

E2C

OO

Constant Fun
tor: Given Y 2 D, we write �Y : C ! D for the 
onstantly Y fun
tor whi
h a
ts

over obje
ts and arrows as follows:

C

f

��

�Y (C) = Y

�Y (f)=id

Y

��

C

0

�Y (C

0

) = Y

This may be extended to the fun
tor �� : D ! [C;D℄ whi
h sends g : D ! D

0

to �g : �D ) �D

0

where �g is just the arrow g at all 
omponents.

Exer
ise 2.13 Che
k that �� is a fun
tor from D to [C;D℄.
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3 Yoneda Lemma and Universal Properties

3.1 Yoneda Lemma

Proposition 3.1 LetF : C

op

! Set be a fun
tor, we have that ea
h element x 2 F (C) for some C 2 C

indu
es a natural transformation ex : Y C = C(�; C)) F whose 
omponent at an arbitrary D 2 C is

ex

D

= F (�)(x) : (1)

Proof: We need to prove that for an arbitrary arrow g : E ! D in C the diagram

C(D;C)

�Æg

��

ex

D //
F (D)

F (g)

��

C(E;C)

ex

E //
F (E)


ommutes. For any f 2 C(D;C) we have

F (f Æ g)(x) = F (g)(F (f)(x))

sin
e F is a fun
tor. This gives the 
ommutativity required. Re
all F is a 
ontravariant fun
tor and

so reverses the order of 
omposition in C.

�

Proposition 3.2 Let F : C

op

! Set be a fun
tor; given a natural transformation � : C(�; C) ) F

we have � =

^

�

C

(id

C

).

Proof: Given an arbitrary f 2 C(D;C), we need to 
he
k that �

D

(f) = F (f)(�

C

(id

C

)). This equality

is obtained by 
hasing the identity id

C

around the naturality square determined by f .

�

Theorem 3.3 (Yoneda Lemma) The mappping �

C;F

whi
h takes � in [C

op

;Set℄(Y C;F ) to �

C

(id

C

) 2

F (C) is an isomorphism

[C

op

;Set℄(Y C;F )

�

C;F

�

=

F (C)

natural in C 2 C and F 2 [C

op

;Set℄.

Remark 3.4 Noti
e that the naturality 
ondition in the statement of the Yoneda lemma requires

fun
torial expressions. The right hand side 
orresponds to the appli
ation of the evaluation fun
-

tor eval : C

op

� [C

op

;Set℄ ! Set. The right hand side is a more 
omplex expression that involves


omposition of fun
tors:

C

op

� [C

op

;Set℄

Y�id

//
[C

op

;Set℄

op

� [C

op

;Set℄

[C

op

;Set℄(�;+)

//
Set:

Proof: We show that (e) de�ned by (1) is the inverse of �

C;F

. From Proposition 3.2 we already have

that

^

�

C;F

(�) =

^

�

C

(id

C

) = �. Let x be an element in F (C)

�

C;F

(ex) = ex

C

(id

C

) by de�nition of �

C;F

;

= F (id

C

)(x) by de�nition of (e);

= id

F (C)

(x) as F is a fun
tor,

= x :

Thus we 
omplete the prove that �

C;F

is an isomorphism of sets.

It remains to prove naturality in C 2 C and F 2 [C

op

;Set℄. By Proposition 2.7, this is equivalent

to proving naturality in C and F separately.

11



Naturality in C: Given an arrow f : C ! D in C, we need to prove

[C

op

;Set℄(Y C;F )

�

C;F

//
F (C)

[C

op

;Set℄(Y D;F )

�Æ(Y f)

OO

�

D;F

//
F (D)

F (f)

OO


ommutes. Given � 2 [C

op

;Set℄(Y D;F ), we have

�

C;F

(� Æ (Y f)) = (� Æ (Yf))

C

(id

C

) by de�nition of �

C;F

;

= (�

C

Æ (Yf)

C

)(id

C

) as 
omposition is 
omponentwise,

= (�

C

Æ (f Æ �))(id

C

) by de�nition of Y ,

= �

C

(f)

= F (f)(�

D

(id

D

))

whi
h gives the 
ommutativity of the diagram above.

Naturality in F : Given � 2 [C

op

;Set℄(Y C;F ) and � : F ) G. Sin
e the 
omposition of natural

transformations is de�ned 
omponentwise we have

(� Æ �)

C

(id

C

) = �

C

(�

C

(id

C

)) ;

whi
h proves the 
ommutativity of the diagram

F

�

��

[C

op

;Set℄(Y C;F )

�

C;F

//

�Æ�

��

F (C)

�

C

��

G

[C

op

;Set℄(Y C;G)

�

C;G

//
G(C) :

�

The Yoneda lemma is stated for an arbitrary set-valued fun
tor F . One spe
ial 
ase arises when

F is itself a hom-fun
tor, say C(�; D). In this setting the Yoneda lemma tells us that there exists an

isomorphism between the morphisms in C(C;D) and the natural transformations in [C

op

;Set℄(YC;YD).

As one might expe
t this isomorphism 
orresponds to the Yoneda fun
tor a
ting on arrows.

Corollary 3.5 The Yoneda fun
tor Y : C ! [C

op

;Set℄ is full and faithful, i.e., given C;D 2 C the

Yoneda fun
tor de�nes a bije
tion between (Y D)C = C(C;D) and [C

op

;Set℄(YC;YD).

Proof: Given f 2 C(C;D) we show

e

f = Y f . Given an obje
t E in C, from the de�nition of (e) in (1)

we have

e

f

E

=

�

C(�; D)

�

(f) = f Æ � = (Yf)

E

:

�

Proposition 3.6 Given C;D 2 C, we have that C

�

=

D i� Y C

�

=

Y D in [C

op

;Set℄.

Proof: Left as exer
ise.

�

Exer
ise 3.7 Prove Proposition 3.6 and state its dual.

Exer
ise 3.8 State the Yoneda Lemma for the Yoneda 
ontravariant fun
tor 
ase.
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3.2 Representability

De�nition 3.9 (Representation) A representation for a fun
tor F : C

op

! Set 
onsists of an obje
t

C 2 C and a natural isomorphism

Y C = C(�; C)

�

�

=

F :

We also say that F is representable.

Remark 3.10 We have a dual de�nition; a fun
tor G : C ! Set is representable i� there exist an

obje
t D 2 C and a natural isomorphism Y

o

D = C(D;�)

�

�

=

G

De�nition 3.11 (Universal Element) Given a fun
tor F : C

op

! Set, a pair (C; e) where C 2 C

and e 2 F (C) is a universal element of F i� for any C

0

2 C and e

0

2 F (C

0

) there exists a unique

f : C

0

! C in C su
h that e

0

= F (f)(e).

Theorem 3.12 There exists a universal element for a fun
tor F : C

op

! Set i� F is representable.

Proof:

\Only-if": Let (C; e) be a universal element for F . From Proposition 3.1 we have that e indu
es a

natural transformation ee : Y C ) F whose 
omponent at C

0

2 C is ee

C

0

= F (�)(e). As e is a universal

element we have that ee

C

0

is a bije
tion and then by Proposition 1.31 we 
on
lude that ee is a natural

isomorphism.

\if": Suppose Y C

�

�

=

F , then from for any e

0

2 F (C

0

) for some C

0

2 C there exists a unique arrow

f 2 C(C

0

; C) su
h that �

C

0

(f) = e

0

. From Proposition 3.2 we have that e

0

=

^

�

C

(id

C

)

C

0

(f) =

F (f)(�

C

(id

C

)) and then (�

C

(id

C

); C) is a universal element.

�

De�nition 3.13 (Universal Properties) An obje
t C 2 C satis�es a universal property when C and

some spe
i�ed natural isomorphism form a pair whi
h represents a (
ontravariant) set-valued fun
tor,

say F : C

op

! Set.

In this setting we may understand an element in F (D), for any D 2 C, as uniquely determined by

the universal element and an arrow f 2 C(C;D). The arrow f sometimes is 
alled mediating arrow

and it is drawn in diagrams with a dotted line.

Proposition 3.14 Representations are unique up to isomorphisms: if (A;�) and (B; �) are both

representations of a fun
tor F : C

op

! Set then A

�

=

B in C.

Proof: A dire
t 
onsequen
e of Proposition 3.6.

�

Therefore two obje
ts satisfying the same universal properties are isomorphi
.

Theorem 3.15 (Parametrised Representability) Let F : A�B

op

! Set be a bifun
tor su
h that

for every A 2 A there exists a representation (B(A); �

A

) for the fun
tor F (A;�) : B

op

! Set. Then

there is a unique extension of the mapping A 7! B(A) to a fun
tor B(�) : A ! B su
h that

B(�;B(A))

�

A

�

=

F (A;�)

is natural in A 2 A.

Proof: By 
urrying F we have the fun
tor �X: �Y: F (X;Y ) : A ! [B

op

;Set℄ { see Exer
ise 2.10.

Then, given f : A! A

0

we 
an 
onstru
t the 
ommuting square

Y(B(A))

(�

A

0

)

�1

ÆF (f;�)Æ�

A

��

�

=

�

A

//
F (A;�)

F (f;�)=hF (f;B)i

B2B

��

Y(B(A

0

))

�

=

�

A

0

//
F (A

0

;�) :

13



Sin
e Y is full and faithful, there must exist a unique arrow, say B(f), from B(A) to B(A

0

) in B su
h

that Y(B(f)) = (�

A

0

)

�1

Æ F (f;�) Æ �

A

. We need to 
he
k that this extension to B(�) indeed satis�es

the de�nition of fun
tor:

� Given the arrows A

f

//
A

0

f

0

//
A

00

in A, we have

Y

�

B(f

0

Æ f)

�

= (�

A

00

)

�1

Æ F (f

0

Æ f;�) Æ �

A

= (�

A

00

)

�1

Æ F (f

0

;�) Æ F (f;�) Æ �

A

as �X: �Y: F (X;Y ) is a fun
tor,

= (�

A

00

)

�1

Æ F (f

0

;�) Æ �

A

0

Æ (�

A

0

)

�1

Æ F (f;�) Æ �

A

= Y(B(f

0

)) Æ Y(B(f))

= Y

�

B(f

0

) Æ B(f)

�

as Y is a fun
tor;

therefore Y(B(f

0

Æ f)) = Y(B(f) Æ B(f

0

)), and as Y is faithful we have B(f

0

Æ f) = B(f

0

) Æ B(f)

as required.

� Given the identity id

A

in for A 2 A we have

Y(B(id

A

)) = (�

A

)

�1

Æ F (id

A

;�) Æ �

A

= (�

A

)

�1

Æ id

F (A;�)

Æ �

A

as �X: �Y: F (X;Y ) is a fun
tor,

= id

Y(B(A))

= Y(id

B(A)

) as Y is a fun
tor;

therefore Y(B(id

A

)) = Y(id

B(A)

), and as Y is faithful we have B(id

A

) = id

B(A)

as required.

�

The 
omposition of the fun
tor B(�) and Y gives rise to a fun
tor whi
h is isomorphi
 to the


urryied version of F where the natural isomorphism is given by � = h�

A

i

A2A

A

B(�)

��
;;

;;
;;

;;
;;

;

�X: �Y: F (X;Y )

//

YÆB(�)

99
�

=

�

KS [B

op

;Set℄

B

op

:

Y

==zzzzzzzzzzzz

Exer
ise 3.16 State the dual version of parametrised representability theorem, i.e., where representa-

bles are of the form Y

o

(B(A)).

Exer
ise 3.17 Let n 2 ! and let Prod : Set ! Set be the fun
tor whi
h sends the set X to

X

n

and a
ts on arrows a

ordingly, i.e., it sends f : X ! Y to f

n

: X

n

! Y

n

. In this setting,

f

n

(x

1

; : : : ; x

n

) = (fx

1

; : : : ; fx

n

). Suppose � : Prod ) Prod is a natural isomorphism. Show that

there is a permutation � on the sequen
e 1; : : : ; n su
h that

�

X

(x

1

; : : : ; x

n

) = (x

�(1)

; : : : ; x

�(n)

) :

Hint: Use the 
ontravariant Yoneda embedding Y

o

: Set

op

! [Set;Set℄ noting that X

n

�

=

Set(~n;X),

where ~n = f1; : : : ; ng.

4 Limits and Colimits

4.1 De�nition of Limit

We take limits over fun
tors whose domains are small 
ategories (I, J, K : : : ) and 
odomains are lo
ally

small 
ategories (C, D : : : ). In this setting these fun
tors are sometimes 
alled (small) diagrams, e.g.,

for F : I! C we say F is an I-indexed diagram in C.

14



De�nition 4.1 (Limit Abstra
tly) A limit for a diagram F : I ! C is a representation for the

fun
tor [I; C℄(��; F ) : C

op

! Set:

C(�; L)

�

�

=

[I; C℄(��; F ) :

Noti
e that the fun
tor [I; C℄(��; F ) : C

op

! Set in the de�nition above is obtained as the 
ompo-

sition

C

op

��

//
[I; C℄

op

[I;C℄(�;F )

//
Set:

Take X 2 C in the de�nition above, then we have C(X; lim

 �

I

F )

�

X

�

=

[I;C℄(�X;F ), i.e., an arrow

f : X ! lim

 �

I

F is mapped to a natural transformation �

X

(f) = 
 : �X ) F . Given an arrow

u : I ! J in Iwe have the asso
iated naturality square in C

I

u

��

�X(I) = X

�X(u)=id

X

��




I //
F (I)

F (u)

��

J

�X(J) = X




J //
F (J) :

(2)

This diagram 
an be drawn as

I

u

��

F (I)

F (u)

��

X




I

44hhhhhhhhhhh



J

**VVVVVVVVVV

J

F (J);

from the 
ommutativity of (2) we have that this triangle 
ommutes, i.e., 


J

= F (u) Æ 


I

. A natural

transformation of this kind is 
alled a 
one.

De�nition 4.2 (Cone) Let F : I! C be a diagram. A 
one � from X 2 C to F (or a 
one for the

I-indexed diagram F in C with vertex X) is a 
olle
tion of arrows h�

I

: X ! F (I)i

I2I

in C su
h that

for any arrow u : I ! J in I the diagram

F (I)

F (u)

��

X




I

44hhhhhhhhhhh



J

**VVVVVVVVVV

F (J)


ommutes.

Therefore, the fun
tor [I; C℄(��; F ) takes an obje
t X 2 C

op1

to the set of 
ones from X to F .

Given an arrow f : X

0

! X in C and a 
one 
 = h


I

: X ! F (I)i

I2I

, we 
an extend 
 to a 
one




0

= hf Æ 


I

: X

0

! F (I)i

I2I

= 
 Æ� f . This explains how [I; C℄(��; F ) a
ts on arrows.

From the de�nition above a limit for a diagram F : I! C is given by a representation C(�; L)

�

�

=

[I; C℄(��; F ). From the proof of Theorem 3.12, we have that (�

L

(id

L

); L) is a universal element of

[I; C℄(��; F ). Then given a 
one 
 2 [I; C℄(�X;F ) there exists a unique f : X ! L su
h that


 =

�

[I; C℄(� f; F )

��

�

L

(id

L

)

�

=

�

�

L

(id

L

)

�

Æ�f

= h(�

L

(id

L

))

I

Æ fi

I2I

Then ea
h 
omponent 


I

: X ! F (I) is the 
omposition of arrows

X

f

//
L

(�

L

(id

L

))

I//
F (I) :

This straightforwardly gives a more 
on
rete de�nition of limit in terms of 
ones where �

L

(id

L

) is a

limiting 
one.

1

Re
all ob(C

op

) = ob(C).

15



Proposition 4.3 (Limit Con
retely) Given a diagram F : I! C, a limit for F determines and is

determined by a 
one � = h�

I

: L ! F (I)i

I2I

from some L 2 C to F su
h that for any other 
one


 = h


I

: X ! F (I)i

I2I

there exists a unique arrow f : X ! L su
h that for every I 2 I the diagram

X




I

//

f

��
�

�

�
F (I)

L

�

I

==zzzzzzzz


ommutes. The 
one � is 
alled limiting 
one.

Proof: Given a representation C(�; L)

�

�

=

[I; C℄(��; F ) from Theorem 3.12 we have that (�

L

(id

L

); L)

is a universal element. To prove the 
onverse we just need to show (�; L) is a universal element of

[I; C℄(��; F ), and then by Theorem 3.12 we have the representation C(�; L)

e�

�

=

[I; C℄(��; F ).

�

Remark 4.4 In general, we use the word \limit" to denote the obje
t part of the representation in

the de�nition. Thus, the obje
t L in the de�nition of limit is often written as lim

 �

I

F or lim

I

F . For

a given diagram, however, there might exist more than one limit. As a 
orollary of Proposition 3.14

we have that limits are unique up to isomorphism. In other words, a spe
i�
 limit for a given diagram

F : I! C involves a 
hoi
e among all possible limits of F . In the abstra
t de�nition this 
hoi
e is

made expli
it through the representation for the fun
tor [I;C℄(��; F ) : C

op

! Set.

De�nition 4.5 (Complete Category) A 
ategory C is 
omplete i� the limits for all diagrams exist

in C.

Proposition 4.6 Two results on limiting 
ones:

(i) Suppose � is a limiting 
one from X to F , and Y

f

�

=

X . Then � Æ� f is a limiting 
one from Y

to F .

(ii) Suppose �

X

is a limiting 
one from X to F and that �

Y

is a limiting 
one from Y to F . Then

there is an isomorphism Y

f

�

=

X su
h that �

Y

= �

X

Æ� f .

Proof: Left as an exer
ise.

�

Exer
ise 4.7 Prove the proposition above (use the 
on
rete understanding of limiting 
one).

4.2 Examples of Limits

De�nition 4.8 (Terminal Obje
t) An obje
t 1

C

in a 
ategory C is 
alled a terminal obje
t (�nal,

one) i� there is exa
tly one arrow from every A 2 C to 1

C

.

A limit for a diagram F : I! C where I is the empty 
ategory is a terminal obje
t in C. Noti
e

that this limit might not exist. Any A 2 C is the vertex for an empty 
one to F , then there must be a

unique arrow from A to lim

 �

I

F = 1

C

.

Exer
ise 4.9 What is the terminal obje
t in Set?

De�nition 4.10 (Produ
t) A produ
t of two obje
ts A and B in the 
ategory C is an obje
t A�B

in C together with two proje
tions �

1

: A � B ! A and �

2

: A � B ! B, su
h that for any pair of

arrows f : C ! A and g : C ! B there is a unique (mediating) arrow hf; gi : C ! A�B making the

diagram

C

f

��

hf;gi

��
�
�
�
�

g

��

A

A�B

�

1oo
�

2 //
B

16




ommute, i.e., f = �

1

Æ hf; gi and g = �

2

Æ hf; gi.

Let I= f1; 2g be the dis
rete 
ategory with two obje
ts. A limit for a diagram F : I! C is the

produ
t F (1)� F (2) in C where the limiting 
one gives the proje
tions �

1

and �

2

.

One 
an extend the de�nition of binary produ
t to general produ
ts:

De�nition 4.11 Assume I is a dis
rete 
ategory. Given a diagram F : I! C a produ
t of F 
onsists

of an obje
t

Q

I2I

F (I) in C, and a 
olle
tion of proje
tions �

I

:

Q

I2I

F (I)! F (I) for ea
h I 2 I, su
h

that given any X 2 C together with a 
olle
tion of arrows hf

I

: X ! F (I)i

I2I

there is a unique arrow

hf

I

i

I2I

: X !

Q

I2I

F (I) su
h that for ea
h I 2 I the diagram

X

f

I //

hf

I

i

I2I

��
�

�

�
F (I)

Q

I2I

F (I)

�

I

99ttttttttt


ommutes, i.e., f

I

= �

I

Æ hf

I

i

I2I

.

De�nition 4.12 (Pullba
k) A pullba
k of a pair of arrows f : A ! C and g : B ! C in a 
ategory

C is an obje
t P 2 C, sometimes written A �

C

B, together with a pair of arrows g

0

: P ! A and

f

0

: P ! B su
h that

1. f Æ g

0

= g Æ f

0

, i.e., the diagram

P

f

0

//

g

0

��

B

g

��

A

f

//
C


ommutes, and

2. for any X 2 C together with arrows h : X ! A and i : X ! B for whi
h f Æ h = g Æ i, i.e., the

diagram

X

h

��

i

""

B

g

��

A

f

//
C


ommutes, then there exists a unique arrow k : X ! P su
h that h = g

0

Æ k and i = f

0

Æ k, i.e.,

the two triangles in

X

h

��

k

  @
@

@
@

i

""

P

f

0

//

g

0

��

B

g

��

A

f

//
C


ommute.

Exer
ise 4.13 Let I be the 
ategory represented by the following graph

�

��

$$

�

//
$$

�

zz
:

Show that a limit for a diagram F : I! C is a pullba
k in C.
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De�nition 4.14 (Equaliser) An equaliser of a pair of parallel arrows A

f

//

g

//B in a 
ategory C is

an arrow m : E ! A su
h that f Æ m = g Æ m and with the universal property that for any arrow

h : X ! A su
h that f Æ h = g Æ h there is a unique arrow k : X ! E making m Æ k = h, i.e., the

triangle in the diagram

E

m //
A

f

//

g

// B

X

k

OO�
�

�
h

>>~~~~~~~


ommutes.

Exer
ise 4.15 Let I be the 
ategory represented by the following graph

�

//

//
""

�

||
:

Show that a limit for a diagram F : I! C is an equaliser in C. Hint: The equaliser 
orresponds to

one of the arrows in the limiting 
one.

4.3 Limits in Set

Consider a diagram F : I! Set; from the de�nition of limit for any u : I ! J the indu
ed triangle

F (I)

F (u)

��

lim

 �

I

F

�

I

44hhhhhhhhhhh

�

J

**VVVVVVVVVV

F (J)


ommutes, where � = h�

I

i

I2I

is a limiting 
one. Then for any x 2 lim

 �

I

F we have that

�

F (u)Æ�

I

�

(x) =

�

J

(x).

We de�ne our 
hoi
e of limitis in Set to be

lim

 �

I

F =

�

hx

I

i

I2I

j x

I

2 F (I) & 8 u : I ! J x

J

= (F (u))x

I

	

and the limiting 
one � = h�

I

i

I2I

by letting �

I

be the proje
tion on the I 'th 
omponent. Clearly, any

other 
one 
 = h


I

: X ! F (I)i

I2I

fa
tors uniquely through our 
hoi
e of limit in Set by the mapping

z 2 X 7! h


I

(z)i

I2I

.

Produ
ts in Set: Consider the diagram F whose domain is a dis
rete 
ategory with two obje
ts

f1; 2g and 
odomain is Set. As we have seen before the limit of F is the produ
t F (1)� F (2) in Set.

Using the de�nition of limits in Set above we obtain

lim

 �

f1;2g

F = fhx

1

; x

2

i j x

1

2 F (1) ^ x

2

2 F (2)g

whi
h is the usual de�nition of produ
t of sets.

Pullba
ks in Set: Let us assume F is a diagram in Set whose limit gives a pullba
k for the arrows

A

f

��

B

g

//
C

(the identities arrows are not drawn). From the de�nition of limits in Set, the pullba
k P is

P = fha; 
; bi j a 2 A ^ b 2 B ^ 
 2 C ^ f(a) = 
 ^ g(b) = 
g

= fha; bi j a 2 A ^ b 2 B ^ f(a) = g(b)g:

Exer
ise 4.16 What are equalisers in Set?

Exer
ise 4.17 The set [I; C℄(�X;F ) is itself (isomorphi
 to) a limit, of whi
h diagram?
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4.4 Limits as Produ
ts and Equalisers

Assume a 
ategory C with all produ
ts. Given a small diagram F : I! C, then a 
one 
 uniquely

de�nes a mediating arrow h


I

i

I2I

: X !

Q

I

F (I) su
h that for every I 2 I the diagram

F (I)

X


=h


I

i

I2I

//




I

77oooooooooooooo Q

I2I

F (I)

�

I

OO


ommutes. This is just a 
onsequen
e of the de�nition of produ
t.

We 
an also de�ne in C the produ
t

Q

u:I!J2arr(I)

F (J): the produ
t of F (J)'s su
h that there is

an arrow u : I ! J 2 arr(I). The proje
tions of this produ
t are indexed by the arrows in I.

We have two mediating arrows from

Q

I2I

F (I) to

Q

u:I!J2arr(I)

F (J):

1. h�

J

i

u:I!J2arr(I)

su
h that for an arbitrary u : I ! J the diagram

F (I)

F (u)

//
F (J)

Q

I2I

F (I)

�

J

44hhhhhhhhhhhhhhhhhhhhhhhh
h�

J

i

u:I!J2arr(I)

//
Q

u:I!J2arr(I)

F (J)

�

u

OO


ommutes; and

2. hF (u) Æ �

I

i

u:I!J2arr(I)

su
h that for an arbitrary u : I ! J the diagram

F (I)

F (u)

//
F (J)

Q

I2I

F (I)

�

I

::ttttttttt
hF (u)Æ�

I

i

u:I!J2arr(I)

//
Q

u:I!J2arr(I)

F (J)

�

u

OO


ommutes.

Theorem 4.18 A 
ategory C has all small limits i� C has all produ
ts and equalisers.

Proof:

\Only-if": Obvious sin
e produ
ts and equalisers are limits.

\If": Given a diagram F : I! C; a 
one 
 fromX to F equalises the mediating arrows h�

J

i

u:I!J2arr(I)

and hF (u) Æ �

I

i

u:I!J2arr(I)

. On the other hand, any arrow equalising these arrows determines a 
one

on F . So a limit of F is an equaliser for h�

J

i

u:I!J2arr(I)

and hF (u) Æ �

I

i

u:I!J2arr(I)

.

�

4.5 De�nition of Colimit

De�nition 4.19 (Colimit Abstra
tly) A 
olimit for a diagram F : I! D is a representation for

[I;D℄(F;��) : D ! Set:

D(C;�)

�

�

=

[I;D℄(F;��) :

The obje
t C is often written as lim

�!

I

F or 
olim

I

F .

The 
omponent at X of the natural isomorphism � in the de�nition above takes arrows in D(C;X)

to 
ones from F to X (or a 
o
one for the I-indexed diagram F in D with vertex X). A 
one � from

F to X is a 
olle
tion of arrows h�

I

: F (I)! Xi

I2I

su
h that for any u : I ! J in I the diagram

F (I)

F (u)

��

�

I

**VVVVVVVVVVV

X

F (J)

�

J

44hhhhhhhhhh


ommutes.
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Proposition 4.20 (Colimit Con
retely) Given a diagram F : I! D, a 
olimit for F determines

and is determined by a 
one � = h�

I

: F (I)! Ci

I2I

from F to some C 2 D su
h that given any other


one � = h�

I

: F (I) ! Ci

I2I

there exists a unique arrow g : C ! X su
h that for every I 2 I the

diagram

F (I)

�

I

��

�

I //
X

C

g

==z
z

z
z


ommutes.

Proof: Left as exer
ise.

�

Exer
ise 4.21 Prove the proposition above by using the dual of Theorem 3.12.

All the remarks we made for limits are applied to 
olimits in the dual version.

De�nition 4.22 (Co
omplete Category) A 
ategory D is 
o
omplete i� the 
olimits for all dia-

grams exist in D.

4.6 Examples of Colimits

De�nition 4.23 (Initial Obje
t) An obje
t 0

D

in a 
ategory D is 
alled an initial obje
t (zero) i�

there is exa
tly one arrow from 0

D

to every A 2 D.

A 
olimit for a diagram F : I! D where I is the empty 
ategory is an initial obje
t in D. Noti
e

that this 
olimit might not exist. Any A 2 D is the vertex for an empty 
one from F , then there must

be a unique arrow from lim

�!

I

F = 0

D

to A.

De�nition 4.24 (Coprodu
t) A 
oprodu
t of two obje
ts A and B in the 
ategory D is an obje
t

A+B in D together with two inje
tions �

1

: A! A+B and �

2

: B ! A+B, su
h that for any pair of

arrows f : A! C and g : B ! C there is exa
tly one arrow [f; g℄ : A+B ! C su
h that the diagram

A

�

1 //

f

%%

A+B

[f;g℄

��
�
�
�
� B

�

2oo

g

yy
C


ommutes, i.e., f = [f; g℄ Æ �

1

and g = [f; g℄ Æ �

2

.

Let I= f1; 2g be the dis
rete 
ategory with two obje
ts. A 
olimit for a diagram F : I! D is a


oprodu
t F (1) + F (2) in D where the limiting 
one de�nes the inje
tions �

1

and �

2

.

We 
an extend this to general 
oprodu
ts:

De�nition 4.25 Assume I is a dis
rete 
ategory. Given a diagram F : I! D a 
olimit for F is 
alled

a 
oprodu
t and 
onsists of an obje
t

P

I2I

F (I) and a 
one h�

I

: F (I)!

P

I2I

F (I)i

I2I

su
h that for

any other 
one hf

I

: F (I) ! Xi

I2I

there exists a unique arrow [f

I

℄

I2I

su
h that for ea
h I 2 I the

diagram

F (I)

�

I //

f

I

%%K
KKKKKKKKKK

P

I2I

F (I)

[f

I

℄

I2I

��
�

�

�

X


ommutes.

De�nition 4.26 (Pushout) A pushout of a pair of arrows f : C ! A and g : C ! B is an obje
t P

together with a pair of arrows f

0

: B ! P and g

0

: A! P su
h that
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1. f

0

Æ g = g

0

Æ f , i.e., the diagram

P B

f

0

oo

A

g

0

OO

C

f

oo

g

OO


ommutes, and

2. for any obje
t X together with arrows h : A! X and i : B ! X for whi
h h Æ f = i Æ g, i.e., the

diagram

X

B

i

kk

A

h

SS

C

f

oo

g

OO


ommutes, then there exists a unique arrow k : P ! X su
h that h = k Æ g

0

and i = k Æ f

0

, i.e.,

the two triangles in

X

P

k

``@
@

@
@

B

f

0

oo

i

kk

A

g

0

OO
h

SS

C

f

oo

g

OO


ommute.

Exer
ise 4.27 Let I be a 
ategory de�ned by the graph

�

$$

�

$$
�

zz

OO

oo
:

Show that 
olimit for a diagram F : I! D is a pushout in D.

De�nition 4.28 (Coequaliser) A 
oequaliser of a pair of parallel arrows A

f

//

g

//B in a 
ategory

D is an arrow m : B ! E su
h that m Æ f = m Æ g with the universal property that for any arrow

h : B ! X su
h that h Æ f = h Æ g there is a unique arrow k : E ! X making k Æm = h, i.e., the

triangle in the diagram

A

f

//

g

// B
m //

h

!!C
CC

CC
CC

C E

k

��
�

�

�

X :


ommutes.

Exer
ise 4.29 Let I be the 
ategory de�ned by the graph

�

$$ //

// �
zz

:

Show that a 
olimit for a diagram F : I! D is a 
oequaliser in D.
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4.7 Colimits in Set

Consider a diagram F : I! Set, from the de�nition of 
olimits we have that for any u : I ! J the

triangle

F (I)

�

I

**VVVVVVVVVVV

F (u)

��

lim

�!

I

F

F (J)

�

J

44hhhhhhhhhh


ommutes, where h�

I

i

I2I

is a 
olimiting 
one. Then for any x 2 F (I) we have �

I

(x) = (�

j

ÆF (u))(x).

We de�ne our 
hoi
e of 
olimits in Set to be lim

�!

I

F =

U

I2I

F (I)= �, where the relation� represents

the 
onstraints imposed by the arrows in I. We de�ne the relation � as the least equivalen
e relation

on

U

I2I

F (I)�

U

I2I

F (I) su
h that

(I; x) � (J; y), 9 u : I ! J 2 arr(I) (F (u))x = y : (3)

For (I; x) 2

U

I2I

F (I) we let [(I; x)℄

�

denote the equivalen
e 
lass of � 
ontaining (I; x). The 
olim-

iting 
one is given by the 
olle
tion of inje
tion arrows �

I

: x 7! [(I; x)℄

�

.

Exer
ise 4.30 Show this 
hoi
e indeed gives a 
olimit in Set.

Exer
ise 4.31 What are 
oprodu
ts, pushouts and 
oequalisers in Set?

4.8 Limits with Parameters

A spe
ial 
ase of parametrised representability arises when 
onsidering limits of diagrams as represen-

tations:

Proposition 4.32 (Parametrised Limits) Let F : I� A ! C be a fun
tor su
h that for ev-

ery A 2 A the fun
tor (small diagram in C) F (�; A) : I ! C has as limit the representation

C(�; lim

 �

I

F (�; A)

�

A

�

=

[I; C℄(��; F (�; A)). Then the mapping A 7! lim

 �

I

F (�; A) extends uniquely

to a fun
tor �W: lim

 �

I

F (�;W ) : A ! C su
h that

C

�

X; lim

 �

I

F (�; A)

�

(�

A

)

X

�

=

[I; C℄

�

�X;F (�; A)

�

(4)

natural in A 2 A and X 2 C.

Proof: This proposition is just a 
orollary of Theorem 3.15 (Parametrised Representability) applied

to the fun
tor �A;X: [I; C℄(�X;F (�; A)) : A� C

op

! Set.

�

Given the fun
tor F : I�A ! C in the proposition, an arrow f : A ! B in A has asso
iated the

naturality square

A

f

��

C

�

X; lim

 �

I

F (�; A)

�

�

=

�

A

X //

lim

 �

I

F (�;g)Æ�

��

[I; C℄

�

�X;F (�; A)

�

F (�;g)Æ�

��

G

C

�

X; lim

 �

I

F (�; B)

�

�

=

�

B

X //
[I; C℄

�

�X;F (�; B)

�

for an arbitrary X 2 C. Taking X = lim

 �

I

F (�; A) and 
hasing the identity id

lim

 �

I

F (�;A)

around the

diagram we have

�

B

lim

 �

I

F (�;A)

�

lim

 �

I

F (�; g)

�

= F (�; g) Æ �

A

lim

 �

I

F (�;A)

(id

lim

 �

I

F (�;A)

);

i.e., lim

 �

I

F (�; g) is the mediating arrow asso
iated with the 
one F (�; g) Æ �

A

lim

 �

I

F (�;A)

(id

lim

 �

I

F (�;A)

).

Exer
ise 4.33 Verify that F (�; g) Æ �

A

lim

 �

I

F (�;A)

(id

lim

 �

I

F (�;A)

) is a 
one from lim

 �

I

F (�; A) to F (�; B).
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An important spe
ial 
ase of Proposition 4.32 arises by taking A = [I; C℄ and F to be the evaluation

fun
tor eval : I� [I; C℄! C where C has all limits for I-indexed diagrams. Hen
e, from the de�nition

of the evaluation fun
tor, for every G 2 [I; C℄ there is a representation

C

�

�; lim

 �

I

eval (�; G)

�

�

=

[I; C℄

�

��; eval(�; G)

�

:

Noti
e that eval (�; G) = G. Then from parametrised limits we have a fun
tor �W: lim

 �

I

eval (�;W ) =

lim

 �

I

� : [I; C℄! C, the limit fun
tor, su
h that

C(X; lim

 �

I

F )

�

=

[I; C℄(�X;F )

natural inX 2 C and F 2 [I; C℄. From the observation above, given a natural transformation � : F ) G

the arrow lim

 �

I

� is just the mediating arrow asso
iated with the 
one resulting from the 
omposition

of the limiting 
one for lim

 �

I

F with �.

Exer
ise 4.34 State the dual of the Proposition 4.32 for 
olimits and 
on
lude that if C has all limits

for I-indexed diagrams there is a 
olimit fun
tor lim

�!

I

� : [I;C℄! C.

Remark 4.35 The de�nition of the limit fun
tor gives in reality a family of fun
tors. A spe
i�
 limit

fun
tor depends on the 
hoi
e for the limit of ea
h diagram F 2 [I; C℄. The limit fun
tors, however,

are isomorphi
 and then we 
an talk about \the limit fun
tor" with respe
t to some parti
ular 
hoi
e.

Exer
ise 4.36 Che
k that the de�nition of lim

 �

I

� satis�es the axioms in the de�nition of fun
tor. In

prin
iple that is not ne
essary sin
e parametrised representability ensures that the extension of the

mapping F 7! lim

 �

I

F is a fun
tor!

Remark 4.37 In general there are 
ategories where limits for some diagrams are missing. We 
an

still de�ne the limit fun
tor, however, by restri
ting to the sub
ategory of diagrams for whi
h all limits

exists Thus, given a 
ategory A for whi
h not ne
essarily all limits of type I exist, we de�ne the full

sub
ategory Diag [I;A℄� [I;A℄ of diagrams with limits in A. Noti
e that if A is not the empty 
ategory

then Diag [I;A℄ 
ontains at least the 
onstant diagrams sin
e their limits always exist in A.

5 Ends

5.1 Dinaturality

We have 
onsidered bifun
tors and natural transformations between them in x 2.2. We now study

a spe
ial kind of bifun
tors with mixed-variant domain, e.g. C

op

� C, and dinatural transformations

between them. The main motivation for dinatural transformations here is to present ends and dually


oends as representations for suitable fun
tors.

De�nition 5.1 (Dinatural Transformation) Let F;G : C

op

� C ! D be fun
tors. A dinatural

transformation � : F �!G 
onsists of a family h�

U

: F (U;U) ! G(U;U)i

U2C

of arrows in D su
h that

for every arrow f : V ! U in C the diagram

F (U;U)

�

U //
G(U;U)

G(f;id

U

)

%%K
KKKKKKK

KK

F (U; V )

F (id

U

;f)

99ssssssssss

F (f;id

V

)

%%K
KKKKKKKKK

G(V; U)

F (V; V )

�

V

//
G(V; V )

G(id

V

;f)

99ssssssssss


ommutes.
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Re
all that F (id

U

; f) = F (U; f) where F (U;�) : C ! Set is the fun
tor obtained by �xing the

obje
t U in the �rst argument of F (see x 2.2). Hen
eforth we use the more 
ompa
t F (U; f) instead

of F (id

U

; f). Similarly, we use F (f; V ) instead of F (f; id

V

).

Every ordinary natural transformation gives rise to a dinatural transformation: Let �

C

op

� C

F

''

G

77�

��
E

be a natural transformation then the family of arrows h�

U;U

: F (U;U) ! G(U;U)i

U2C

is a dinatural

transformation. Given the arrow f : V ! U we 
onstru
t the diagram

F (U;U)

�

U;U

//
G(U;U)

G(f;U)

%%K
KKKKKKK

KK

(3)

F (U; V )

F (U;f)

99ssssssssss

F (f;V )

%%K
KKKKKKKKK

�

U;V

//

(1)

(2)

G(U; V )

G(U;f)

99ssssssssss

G(f;V )

%%K
KKKKKKKKK

G(V; U)

F (V; V )

�

V;V

//
G(V; V )

G(V;f)

99ssssssssss

where

(1) is the naturality square asso
iated with (id

U

; f) : (U; V )! (U;U),

(2) is the naturality square asso
iated with (f; id

V

) : (U; V )! (V; V ), and

(3) 
ommutes sin
e G is a bifun
tor and then G(f; f) = G(V; f) ÆG(f; V ) = G(f; U) ÆG(U; f) (see

x 2.2).

Therefore,

G(f; U) Æ �

U;U

Æ F (U; f) = G(f; U) ÆG(U; f) Æ �

U;V

(1) 
ommutes,

= G(V; f) ÆG(f; V ) Æ �

U;V

(3) 
ommutes,

= G(V; f) Æ �

V;V

Æ F (f; V ) (2) 
ommutes.

Thus h�

U;U

i

U2C

is a dinatural transformation.

In general dinatural transformations do not 
ompose. But dinatural transformations obtained from

natural transformations 
ompose with arbitrary dinatural transformations.

Exer
ise 5.2 Given � : F

0

) F , � : F �!G and 
 : G) G

0

(assume fun
tors of the right type), show

that

1. � Æ h�

U;U

i

U

;

2. h


U;U

i

U

Æ �; and

3. h


U;U

i

U

Æ � Æ h�

U;U

i

U

are dinatural transformations, where the 
omposition is de�ned 
omponentwise. Hint: For 1 
onsider

the diagram

F

0

(U;U)

�

U;U

//
F (U;U)

F (f;U)

%%K
KKK

KKKKKK

�

U //
G(U;U)

G(f;U)

&&L
LLLLLLLLL

F

0

(U; V )

F

0

(U;f)

88rrrrrrrrrr

F

0

(f;V ) &&L
LLLLLLLLL

�

U;V

//
F (U; V )

F (U;f)

99ssssssssss

F (f;V )

%%K
KKKKKKKKK

F (V; U) G(V; U)

F

0

(V; V )

�

V;V

//
F (V; V )

F (V;f)

99ssssssssss

�

V

//
G(V; V ) :

G(V;f)

88rrrrrrrrrr
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The 
omposition of dinatural transformations with natural transformations is fun
torial, i.e., we

have a fun
tor

Dinat

�

�;+

�

: [C

op

� C;D℄

op

� [C

op

� C;D℄! Set

where � and + are pla
e-holders used to stress the mixed-varian
e of the fun
tor. Dinat

�

�;+

�

a
ts

on fun
tors and natural transformations as follows:

F G

'

��

Dinat

�

F;G

�

Dinat

�

�;'

�

='Æ�Æ�

��

H

�

KS

K

Dinat

�

H;K

�

:

5.2 Spe
ial Cases of Dinatural Transformations

In the next examples we 
onsider fun
tors F;G : C

op

� C ! D and dinatural transformations from F

to G.

One-side Constant: Assume F = �X is a 
onstant fun
tor for some X 2 D and 
onsider a

dinatural transformation � : �X �!G. Then given f : V ! U in C the diagram

X

�

U //
G(U;U)

G(f;U)

%%L
LLLLLLLLL

X

id

X

??��������

id

X

��
>>

>>
>>

>>
G(V; U)

X

�

V

//
G(V; V ):

G(V;f)

99rrrrrrrrrr


ommutes. This diagram 
an be drawn as

G(U;U)

G(f;U)

%%L
LLLLLLLLL

X

�

U

55jjjjjjjjjjjjjjjjjjj

�

V

))TTTTTTTTTTTTTTTTTT G(V; U)

G(V; V ):

G(V;f)

99rrrrrrrrrr

Su
h an � is 
alled an extra natural transformation, a super natural transformation, or a wedge from

X to G.

Likewise, if G is a 
onstant fun
tor we 
an 
onsider the dinatural transformation � : F �!�X for

some X 2 D. Then we have for any f : V ! U that the diagram

F (U;U)

�

U

))TTTTTTTTTTTTTTTTTT

F (U; V )

F (U;f)

99ssssssssss

F (f;V )

%%K
KKKKKKKKK

X

F (V; V )

�

V

55jjjjjjjjjjjjjjjjjj


ommutes. This is a wedge from F to X .

As an example of the �rst 
ase 
onsider the set-valued fun
tors: � f�g and C(�;+) . The 
olle
tion

� whose 
omponent at U is the fun
tion � 7! id

U

is a dinatural transformation from � f�g to C(�;+).
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For any f : V ! U in C we 
onstru
t the diagram

C(U;U)

�Æf

%%K
KKKKKKKKK

f�g

�

U

66nnnnnnnnnnnnnn

�

V

((PPPPPPPPPPPPPP C(V; U)

C(V; V ) :

fÆ�

99ssssssssss

By 
hasing � in the diagram it is easy to 
he
k that the diagram 
ommutes.

An example of the se
ond 
ase is given by the family of arrows hev

B

: Set(B;A) � B ! Ai

B2Set

for A 2 Set where the 
omponent ev

B

is de�ned by (g; b) 7! g(b). Given an arrow f : D ! C in Set

we 
onstru
t the diagram

Set(C;A) � C

ev

C

))RRRRRRRRRRRRRRRR

Set(C;A) �D

Set(C;A)�f

66lllllllllllll

�Æf�D

((RRRRRRRRRRRRR
A

Set(D;A)�D :

ev

D

55llllllllllllllll

By 
hasing (k; x) 2 Set(C;A) �D in the diagram above

(k; x)

� ev

C

ÆSet(C;A)�f

//
k(f(x)) , and

(k; x)

� ev

D

Æ(�Æf�D)

//
(k Æ f)(x) = k(f(x)) .

Therefore hev

B

i

B2Set

is a dinatural transformation from

�

Set(�; A)�+

�

to �A.

\Dummy" in One Argument: A fun
tor F : C

op

�C ! D is dummy in its �rst argument if there

exists a fun
tor F

0

: C ! D su
h that F is the 
omposition

C

op

� C

�

2 //
C

F

0 //
D

where �

2

: C

op

�C ! C is the proje
tion to the se
ond argument. Analogously, a fun
torG : C

op

�C ! D

is dummy in its se
ond argument if there exists a fun
tor G

0

: C

op

! D su
h that G is the 
omposition

C

op

� C

�

1 //
C

op

G

0 //
D

where �

1

: C

op

� C ! C

op

is the proje
tion to the �rst argument.

Suppose F;G : C

op

� C ! D are both dummy in the �rst argument and � : F �!G is a dinatural

transformation. Then for any f : V ! U in C the diagram

F (U;U) = F

0

(U)

�

U //
G(U;U) = G

0

(U)

G(f;U)=G

0

(U)

SSSSS

))SSSSS

F (U; V ) = F

0

(V )

F (U;f)=F

0

(f)kkkkk

55kkkkk

F (f;V )=F

0

(V )

SSSSS

))SSSSS

G(V; U) = G

0

(U)

F (V; V ) = F

0

(V )

�

V

//
G(V; V ) = G

0

(V )

G(V;f)=G

0

(f)kkkkk

55kkkkk


ommutes. Hen
e the diagram

F

0

(U)

�

U //
G

0

(U)

F

0

(V )

F

0

(f)

OO

�

V //
G

0

(V )

G

0

(f)

OO
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ommutes and � de�nes a natural transformation from F

0

to G

0

.

If F is dummy in its se
ond argument and G is dummy in its �rst argument, a dinatural trans-

formation � : F �!G is a family h�

U

: F

0

(U) ! G

0

(U)i

U2C

of arrows in D where F

0

: C

op

! D and

G

0

: C ! D are fun
tors su
h that given f : V ! U in C the diagram

F

0

(U)

�

U //
G

0

(U)

G

0

(f)

��

F

0

(V )

F

0

(f)

OO

�

V

//
G

0

(V )


ommutes. The 
ase where F is dummy in its �rst argument and G is dummy in its se
ond argument

is similar.

5.3 De�nition of End

We take ends over fun
tors whose domains are produ
ts of the form I

op

�I, where I is a small 
ategory.

De�nition 5.3 (End Abstra
tly) An end for a fun
tor F : I

op

� I ! D is a representation for

Dinat

�

��; F

�

: D

op

! Set

D(�; endF )

�

�

=

Dinat

�

��; F

�

:

The set Dinat

�

�X;F

�

for X 2 D is the set of wedges from X to F . We 
an re
over a more


on
rete 
hara
terisation of ends as we have done with limits. Given a wedge 
 2 Dinat

�

�X;F

�

by

Theorem 3.12 there exists a unique arrow h : X ! endF su
h that


 = Dinat

�

�h; F

��

�

end F

(id

endF

)

�

=

�

�

endF

(id

endF

)

�

Æ�h

= h

�

�

end F

(id

endF

)

�

I

Æ hi

I2I

:

In other words, the universal or ending wedge �

endF

(id

endF

) is uniquely extended by the arrow h

resulting in the wedge 
. Given f : V ! U the situation is illustrated in the following 
ommutative

diagram where � = �

end F

(id

endF

)

F (U;U)

F (f;U)

%%L
LLLLLLLLL

D

h //______




U
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V

,,

endF

�

U

99tttttttttt

�

V

%%J
JJJJJJJJJ

F (V; U)

F (V; V ):

F (V;f)

99rrrrrrrrrr

Proposition 5.4 (End Con
retely) An end for a fun
tor determines and is determined by a uni-

versal wedge.

Proof: By using Theorem 3.12 following the same reasoning done with limits.

�

Notation 5.5 In general we write

R

I

F (I; I) for the obje
t endF 2 D, where F : I

op

� I! D; the

properties of ends shall justify this notation.

Limits are Ends: Let F

0

: I ! D be a fun
tor with limit the representation D(�; lim

 �

I

F

0

)

�

�

=

[I;D℄(�

I

�; F

0

). The fun
tor F

0

indu
es a fun
tor F : I

op

� I! D dummy in its �rst argument. The

natural transformations from �

I

X to F

0

are the dinatural transformations from �

I

op

�I

X to F { see

x 5.2. Thus we have

D(X; lim

 �

I

F

0

)

�

X

�

=

[I;D℄(�

I

X;F

0

) = Dinat

�

�

I

op

�I

X;F

�
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natural in X , i.e., (lim

 �

I

F

0

; �) is a representation for Dinat

�

�

I

op

�I

�; F

�

and 
onsequently lim

 �

I

F

0

=

R

I

F (I; I).

Notation 5.6 This justi�es writing

R

I

F

0

(I) for lim

 �

I

F

0

.

Ends are Limits: Let F : I

op

� I! D be a fun
tor with end the representation D(�;

R

I

F (I; I))

�

�

=

Dinat

�

��; F

�

. We 
onstru
t a 
ategory I

x

and a fun
tor d

x

: I

x

! I

op

� I su
h that

R

I

F (I; I) =

lim

 �

I

x(F Æ d

x

). The 
ategory I

x

is built from the obje
ts and arrows in the 
ategory I as follows:

� ob(I

x

) = ob(I)[ arr(I); and

� arr(I

x

) is the 
olle
tion of identities and for every f : V ! U in I the arrows

U

**UUUUUUUUUUU

f

V:

44iiiiiiiiiii

The only possible 
omposition in I

x

is with identities.

Now, we de�ne the fun
tor d

x

: I

x

! I

op

� I a
ting on obje
ts and arrows

U

))SSSSSSSSSSS (U;U)

(f;U)

++WWWWWWWWWWW

f

� d

x

//
(V; U)

V

55kkkkkkkkkkk
(V; V ) :

(V;f)

33gggggggggg

Observe (left as an exer
ise) that the 
ones in [I

x

;D℄(�

I

xX;FÆd

x

) are exa
tly the wedges inDinat

�

�

I

op

�I

X;F

�

:

D(�;

R

I

F (I; I))

�

�

=

Dinat

�

�

I

op

�I

�; F

�

= [I

x

;D℄(�

I

x�; F Æ d

x

) :

Therefore

R

I

F (I; I) is a limit for F Æ d

x

.

Exer
ise 5.7 Show that [I

x

;D℄(�

I

x�; F Æ d

x

) = Dinat

�

�

I

op

�I

�; F

�

.

As a 
onsequen
e of these two results we 
an dedu
e that if D has all limits then D has all ends;

we also have a 
hoi
e for ends in Set given by the 
hoi
e for limits and a parametri
ity result.

5.4 Ends in Set

Let F : I

op

� I! Set be a fun
tor. A 
hoi
e for the end of F is given by

R

I

F (I; I) = lim

 �

I

x(F Æ d

x

)

=

�

hx

A

i

A2I

x j x

A

2 (F Æ d

x

)(A) & 8f : V ! U 2 arr(I)

�

F (f; U)(x

U

) = x

f

& F (V; f)(x

V

) = x

f

�	

=

�

hx

U

i

U2I

j x

U

2 F (U;U) & 8f : V ! U 2 arr(I) : F (f; U)(x

U

) = F (V; f)(x

V

)

	

(5)

where the proje
tions form the ending wedge.

5.5 Ends with Parameters

Proposition 5.8 (Parametrise Ends) Let F : I

op

� I� B ! D be a fun
tor su
h that for every

B 2 B the end

R

I

F (I; I; B) of the fun
tor F (�;+; B) : I

op

� I! D exists in D. Then the fun
tion

B 7!

R

I

F (I; I; B) extends uniquely to a fun
tor from B to D su
h that

D

�

D;

R

I

F (I; I; B)

�

�

=

Dinat

�

�D;F (�;+; B)

�

natural in D 2 D and B 2 B.

Proof: The proof follows from parametrised representability (Theorem 3.15) applied to the fun
tor

�B;D:Dinat

�

�D;F (�;+; B)

�

.

�

Exer
ise 5.9 De�ne the \end fun
tor" end� : [I

op

� I; C℄! C where C has all ends of type I.
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6 Limits and Ends

6.1 Some Useful Isomorphisms

Curry and Un
urry: Letting F : A�B ! C, the isomorphism 
urry : [A�B; C℄

�

=

[A; [B; C℄℄ with

inverse un
urry (see exer
ise 2.10) gives an isomorphism

[A�B; C℄(F;G)


urry

�

=

[A; [B; C℄℄(�A: �B: F (A;B); �A: �B:G(A;B)) (6)

whi
h sends a natural transformation � : F ) G to hh�

A;B

i

B2B

i

A2A

. Its inverse, un
urry, a
ts by

sending � to h(�

A

)

B

i

A;B2A�B

. The isomorphism is natural in F and G.

Exer
ise 6.1 Swap?

Limits and Ends as Representations: Assume D has all limits, as a 
onsequen
e of parametrised

representability for limits there is an isomorphism

D(X;

R

I

F (I))

�

X;F

�

=

[I;D℄(�X;F )

natural in X 2 D and F 2 [I;D℄ { see x 4.8. Moreover, from Theorem 3.12 the isomorphism is de�ned

by

f 2 D

�

X;

R

I

F (I)

� � �

X;F

//
� Æ�f 2 [I;D℄(�X;F ) (7)

where � = �

R

I

F (I); F

(id

R

I

F (I)

) is the limiting 
one of F .

The 
ase for ends goes similarly. As D has all limits then it has all ends, then from parametrised

representability for ends there is an isomorphism

D(X;

R

I

G(I; I))

�

X;G

�

=

Dinat

�

�X;G

�

natural in X 2 D and G 2 [I

op

� I;D℄, where �

X;G

is de�ned by

f 2 D

�

X;

R

I

G(I; I)

� � �

X;G

//

 Æ�f 2 Dinat

�

�X;G

�

(8)

where 
 = �

R

I

G(I; I); G

(id

R

I

G(I; I)

) is the universal wedge of G.

Dinaturality Formula: Letting F;G : I

op

� I! D, then

Dinat

�

F;G

�

=

R

I

D

�

F (I; I); G(I; I)

�

(9)

provided we make the spe
i�
 
hoi
e for ends of set-valued fun
tors as given by (5). The right hand

side of this formula is the end taken over the fun
tor �I

�

; I

+

:D

�

F (I

+

; I

�

); G(I

�

; I

+

)

�

. The two sides

of (9) are the same (left as an exer
ise) fun
torially in F and G (by virtue of the identity isomorphism).

Exer
ise 6.2 Prove the dinaturality formula by using our expli
it 
hoi
e for ends in Set.

Naturality Formula: We 
an spe
ialise the dinaturality formula to an end 
hara
terisation of nat-

ural transformations. Letting F;G : I! D, then

Nat

�

F;G

�

= [I;D℄(F;G) =

R

I

D

�

F (I); G(I)

�

(10)

where the end of the right hand side is taken over the fun
tor �I

�

; I

+

: F (I

�

; I

+

). Again with respe
t

to the spe
i�
 
hoi
e for ends in Set the two sides are the same fun
torially in F and G.
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6.2 Limits in Fun
tor Categories

Let F : I� J! D be a fun
tor; if for ea
h J 2 J the fun
tor F (�; J) : I! D has a limit in D then

by parametrised limits (Theorem 4.32) there is a fun
tor �J:

R

I

F (I; J) : J! D. This limit fun
tor is

in fa
t isomorphi
 to the limit

R

I

�J: F (I; J). In other words, limits in fun
tor 
ategories are obtained

pointwise provided the pointwise limits exist.

Proposition 6.3 Assume a fun
tor F : I� J ! D is su
h that for ea
h obje
t J 2 J there is a

limiting 
one �

J

for F (�; J). Then




h�

J

I

i

J2J

�

I2I

is a limiting 
one for �I: �J: F (I; J) with vertex

�J:

R

I

F (I; J). Assuming every fun
tor F in [I� J,D ℄ has a limit

R

I

F (I; J) for all obje
t J 2 J, the

isomorphism

R

I

�J: F (I; J)

�

=

�J:

R

I

F (I; J) ;

determined by universality, is natural in F .

Proof: We show [J;D℄

�

Y; �J:

R

I

F (I; J)

�

�

=

[I; [J;D℄℄

�

�

I

Y; �I: �J: F (I; J)

�

natural in Y 2 [I;D℄. This

natural isomorphism is obtained as the 
omposition of the following natural isomorphisms:

[J;D℄

�

Y; �J:

R

I

F (I; J)

�

=

R

J

D

�

Y (J);

R

I

F (I; J)

�

by naturality formula (10);

�

=

R

J

[I;D℄

�

�I: Y (J); �I: F (I; J)

�

by representation of limits,

= [J; [I;D℄℄

�

�J: �I:�(Y (J)); �J: �I: F (I; J)

�

by naturality formula (10),

�

=

[I� J;D℄

�

�I; J: Y (J); �I; J: F (I; J)

�

by un
urrying and swapping,

�

=

[I; [J;D℄℄

�

�I: �J: (Y J); �I: �J: F (I; J)

�

by 
urrying.

As ea
h isomorphism is natural in Y 2 [J;D℄ we obtain the required representation. A natural trans-

formation ' 2 [J;D℄

�

Y; �J:

R

I

F (I; J)

�

is sent to




h�

J

I

Æ '

J

i

J2J

�

I2I

as shown below:

' = h'

J

i

J2J

� //
h�

J

Æ�'

J

i

J2J

� //
h�

J

I

Æ '

J

i

I;J2I�J

� //



h�

J

I

Æ '

J

i

J2J

�

I2I

:

In parti
ular the identity id

�J:

R

I

F (I; J)

is sent to




h�

J

I

i

J2J

�

I2I

whi
h by Theorem 3.12 is a limiting


one for �I: �J: F (I; J). As ea
h isomorphism is natural in F as well, by parametrised representability,

we have

R

I

�J: F (I; J)

�

=

�J:

R

I

F (I; J)

natural in F .

�

6.3 Fubini Theorem

Proposition 6.4 Let F : I� J! D be a fun
tor and assume

R

I

F (I; J) exists for any obje
t J in J,

then

R

J

R

I

F (I; J)

�

=

R

(I;J)

F (I; J)

meaning if one limit exists so does the other. If D is 
omplete the isomorphism is natural in F .

Proof: By parametrised representability and sin
e

R

I

F (I; J) exists for any J 2 J we have the fun
tor

�J:

R

I

F (I; J). By representation of limits

D

�

�;

R

J

R

I

F (I; J)

�

�

=

[J;D℄

�

��; �J:

R

I

F (I; J)

�

and

D

�

�;

R

(I;J)

F (I; J)

�

�

=

[I� J;D℄

�

��; �I; J: F (I; J)

�

:

We prove that the right hand sides are isomorphi
:

[J;D℄

�

�V; �J:

R

I

F (I; J)

�

�

=

R

J

D

�

V;

R

I

F (I; J)

�

by naturality formula (10),

�

=

R

J

[I;D℄

�

�I: V; �I: F (I; J)

�

by representation for limits,

�

=

[J; [I;D℄℄

�

�J: �I: V; �J: �I: F (I; J)

�

by naturality formula (10),

�

=

[I� J;D℄

�

�I; J: V; �I; J: F (I; J)

�

by un
urring and swapping.
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Noti
e that ea
h isomorphism is natural in V 2 D and F 2 [I� J;D℄ (provided we assume D is


omplete).

�

Corollary 6.5 (Fubini for Limits) Let F : I� J! D be a fun
tor su
h that

�

R

I

F (I; J) exists for all obje
t J in J; and

�

R

J

F (I; J) exists for all obje
t I in I,

then

R

J

R

I

F (I; J)

�

=

R

I

R

J

F (I; J) ;

meaning if one side exists so does the other. Assuming D is 
omplete the isomorphism is natural in F .

Proof: Apply the Proposition 6.4 twi
e.

�

As ends are limits we also have a Fubini theorem for ends:

Corollary 6.6 (Fubini for Ends) Given F : I

op

� I� J

op

� J! D su
h that

�

R

I

F (I; I; J

�

; J

+

) exists for all J

�

,J

+

2 J; and

�

R

J

F (I

�

; I

+

; J; J) exists for all I

�

,I

+

2 I,

then

R

I

R

J

F (I; I; J; J)

�

=

R

J

R

I

F (I; I; J; J) ;

meaning if one side exists so does the other. Moreover this isomorphism is natural in F if D is 
omplete.

6.4 Preservation of Limits

De�nition 6.7 (Preservation of Limits) Let F : I! C be a diagram with limiting 
one � = h�

I

:

R

I

F (I) ! F (I)i

I2I

, a fun
tor G : C ! D preserves the limit of F i� G� = hG(�

I

) : G(

R

I

F (I)) !

G(F (I))i

I2I

is a limiting 
one in D.

Proposition 6.8 The hom-fun
tor C(C;�) : C ! Set preserves all limits.

Proof: Suppose F : I! C is a diagram with limiting 
one � = h�

I

i

I2I

, as a 
onsequen
e of our 
hoi
e

of limits in Set (a spe
ial 
ase of naturality formula (10)):

C(C;

R

I

F (I))

�

=

[I; C℄(�C;F ) =

R

I

C(C;F (I)):

That does not ensure that C(C;�)� is limiting. Let us examine the diagram for �

I

C(C;

R

I

F (I))

C(C;�

I

)=�

I

Æ�

//

�

=

�

��

C(C;F (I))

R

I

C(C;F (I)) ;

�

I

55kkkkkkkkkkkkkkk

given f 2 C(C;

R

I

F (I)), we have from the representation for limits (7)

f

� �

I

Æ�

//
�

I

Æ f :

Thus �

I

Æ � = �

I

Æ� = C(C; �

I

), and by Proposition 4.6(i) we 
on
lude hC(C; �

I

)i

I2I

is a limiting 
one

in Set.

�
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Clearly, if F and G are isomorphi
 fun
tors then F preserves I-indexed limits i� G does. Hen
e

from Proposition 6.8, we 
on
lude that representable fun
tors preserve limits.

Proposition 6.9 Given a diagram F 2 [I; C℄ and a fun
tor G : C ! D su
h that the limits of F and

G Æ F exists, then G preserves the limit of F i� the mediating arrow de�ned by universality of limit is

an isomorphism.

Proof: Left as exer
ise.

�

Exer
ise 6.10 Prove the result above by using Proposition 4.6

To prove preservation of limits by 
losely following the de�nition might be tedious. In general it is

easier to prove that a fun
tor preserves limiting obje
ts, however, this in general gives a ne
essary but

not suÆ
ient 
ondition.

Exer
ise 6.11 Show an example of a fun
tor G : C ! D su
h that for some diagram F : I! C there

is an isomorphism G(

R

I

F (I))

�

=

R

I

(G Æ F )(I) but G does not preserve the limit of F , i.e., G sends a

limiting 
one in C to a non-limiting 
one in D.

Fortunately, naturality 
omes to the res
ue:

Theorem 6.12 Assume 
ategories C and D with limits for all I-indexed diagrams. The fun
tor G :

C ! D preserves limits of I-indexed diagrams i�

lim

 �

D

I

(G Æ F )

�

=

G(lim

 �

C

I

F )

natural in F , i.e., the square of 
ategories and fun
tors

[I; C℄

lim

 �

I

�

//

GÆ�

��

C

G

��

[I;D℄

lim

 �

I

�

//
D


ommutes up to isomorphism.

Proof:

\Only-if": If G preserves limits then by Proposition 6.9 the mediating arrow fromG(lim

 �

I

F ) to lim

 �

I

(GÆ

F ) for a given diagram F is an isomorphism. It is easy to verify that those mediating arrows are the


omponents of a natural transformation.

\If": Assume �

F

: lim

 �

I

(G ÆF )

�

=

G Æ lim

 �

I

natural in F 2 [I; C℄. Take � to be the limiting 
one de�ned

by the limit of an arbitrary diagram F : I! C. The 
one � is an arrow in the 
ategory [I; C℄; this

de�nes the naturality square in the diagram

G(lim

 �

I

F )

�

= //

f

((Q
Q

Q
Q

Q
Q

Q
Q

Q
lim

 �

I

(G Æ� lim

 �

I

F )

lim

 �

I

(G�)

��

�

=

�

�lim

 �

I

F

//
G(lim

 �

I

(� lim

 �

I

F ))

G(lim

 �

I

�)

��

G(lim

 �

I

F )

//
�

=

id

vvmmmmmmmmmmmmmmmmmm

lim

 �

I

(G Æ F )

�

=

�

F //
G(lim

 �

I

F ):

Regardless the 
hoi
e for limits we 
learly have G(lim

 �

I

(� lim

 �

I

F ))

�

=

G(lim

 �

I

F ) where the isomorphism

is given by the mediating arrow. Thus, by uniqueness of the mediating arrows the right hand side

triangle in the diagram above 
ommutes and G(lim

 �

I

�) is an isomorphism. By a similar argument

the left hand side triangle 
ommutes as well, where f is the mediating arrow de�ned by the universal

property of limit. By 
ommutative of the square the arrow lim

 �

I

(G�) is an isomorphism whi
h in turn

implies that f is an isomorphism. Therefore, by Proposition 6.9 we 
on
lude G preserves the limit of

F .
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�

We 
an generalise the result of Theorem 6.12 to 
onsider the 
ase where not all limits exist. We

take instead of [I; C℄ the 
ategory Diag [I; C℄ � [I; C℄ of diagrams whose limits exist in C as de�ned in

Remark 4.37:

Corollary 6.13 A fun
tor G : C ! D preserves those I-indexed limits whi
h exist in C i�

(i) whenever F : I! C has a limit in C then G Æ F : I! D has a limit in D; and

(ii) lim

 �

I

(G Æ F )

�

=

G(lim

 �

I

F ) natural in F , where F 2 Diag [I; C℄.

Proof: Clearly the 
onstant diagrams are obje
ts in Diag [I;D℄ sin
e their limit exist. Then the proof

of Theorem 6.12 works within the sub
ategory Diag [I;D℄.

�

Proposition 6.14 The Yoneda embedding Y : C ! [C

op

;Set℄ preserves limits.

Proof: As a 
onsequen
e of Propositions 6.8 and 6.3 there is an isomorphism

(Y

R

I

F (I))(C)

�

=

(

R

I

Y F (I))(C)

natural in C 2 C and F 2 Diag [I;C℄. As [C

op

;Set℄ is 
omplete the fun
tor Y Æ F has limit for all F ,

then from Corollary 6.13 we 
an 
on
lude that Y preserves limits.

�

Proposition 6.15 The bifun
tor eval : [J;D℄� J! D indu
es a fun
tor eval(�; J) : [J;D℄! D for

every J 2 J. Suppose F : I! [J;D℄ is a fun
tor su
h that �I: (F I)J has a limit for all J 2 J; then

eval(�; J) preserves the limit of F .

Proof: Again we use Proposition 6.3 to 
on
lude that there is an isomorphism

�
R

I

F (I)

�

J

�

=

R

I

�

F (I)J

�

natural in F and J . By de�nition eval (

R

I

F (I); J) = (

R

I

F (I))(J) and

R

I

eval(F (I); J) =

R

I

�

F (I)J

�

.

Thus, from Corollary 6.13 we have eval (�; J) preserves the limit of F .

�

7 Coends

7.1 De�nition of Coend

De�nition 7.1 (Coend Abstra
tly) A 
oend for F : I

op

�I! D is a representation forDinat

�

F;��

�

: D ! Set

D

� R

I

F (I; I);�

�

�

�

=

Dinat

�

F;� �

�

:

An element of the set Dinat

�

F;�X

�

is a wedge from F to X . By using the dual form of The-

orem 3.12 we 
an re
over a 
on
rete de�nition for 
oends in terms of 
ouniversal wedges. Thus

given a wedge � 2 Dinat

�

F;�X

�

there exists a unique arrow h :

R

I

F (I; I) ! X su
h that

� = �h Æ �

R

I

F (I;I)

�

id

R

I

F (I;I)

�

where �

R

I

F (I;I)

�

id

R

I

F (I;I)

�

is the 
ouniversal wedge. Therefore,

given an arrow f : V ! U in Iwe have that in the diagram

F (U;U)

�

U

%%L
LLLLLLLLL

�

U

((

(1)

F (U; V )

F (U;f)

99tttttttttt

F (f;V )

%%J
JJJJJJJJJ

R

I

F (I; I)

h //______
X

F (V; V )

�

V

99rrrrrrrrrr �

V

66

(2)
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(1) and (2) 
ommutes, where � = �

R

I

F (I;I)

�

id

R

I

F (I;I)

�

.

By means of the dinaturality 9 formula we 
an de�ne 
oends in terms of ends, given a fun
tor

F : I

op

� I! D

D

� R

I

F (I; I); V

�

�

=

Dinat

�

F;�V

�

=

R

I

D(F (I; I); V ) (11)

natural in V (and also natural in F if D is a 
omplete 
ategory).

The relation between 
olimits and 
oends allows to extend our 
hoi
e for 
olimits of set-valued

fun
tors to 
oends in Set. Thus, given a fun
tor F : I

op

� I! Set

R

I

F (I; I) =

U

I2I

F (I; I)= � (12)

where the relation � is the least equivalen
e relation on

U

I2I

F (I; I)�

U

I2I

F (I; I) su
h that

(U; x) � (V; y) if 9f : V ! U 2 arr(I) 9z 2 F (U; V ) : (x = F (U; f)z)& (y = F (f; V )z) :

The universal wedge is given by the 
olle
tion of inje
tion arrows x 7! [(U; x)℄

�

.

The results for ends have a dual version for 
oends: parametri
ity 
oends, Fubini Theorem and

pointwise 
oends in fun
tor 
ategories.

7.2 Density Formula

Given an obje
t X in the fun
tor 
ategory [C

op

;Set℄, by Yoneda Lemma (Theorem 3.3) and naturality

formula 10

X(U)

�

=

[C

op

;Set℄

�

Y U;X

�

=

R

V

Set

�

(Y U)V;X(V )

�

: (13)

Notation 7.2 Hen
eforth we shall denote hom-sets in Set with square bra
kets, for instan
e [A;B℄

instead of Set(A;B). Rewriting (13) to X(U)

�

=

R

V

[C (V; U); X(V )℄.

We now present a 
oend formula for X . The density formula expresses X(U) in terms of the 
oend

X(U)

�

=

R

W

C (U;W ) �X(W )

natural in U 2 and X 2 [C

op

;Set℄. Noti
e that the right hand side is a 
oend for the fun
tor

�W

�

;W

+

: C (U;W

+

)�X(W

�

) : C

op

� C ! Set where U 2 C .

Notation 7.3 In a 
ategory C with all small 
oprodu
ts, for S 2 Set and A 2 C, the 
opower S �A is

the 
oprodu
t

P

s2S

A.

Let us rewrite the density formula using 
opowers:

X

�

=

�U:

R

W

X(W )� C (U;W )

�

=

R

W

�U:X(W )� C (U;W ) as 
oends are 
omputed pointwise,

�

=

R

W

X(W ) � (�U: C (U;W )) (14)

=

R

W

X(W ) � YW

where (14) is justi�ed by

X

s2X(W )

(�U: C (U;W ))

�

=

�U:

X

s2X(W )

C (U; V ) = �U:X(W )� C (U;W ) :
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Proof of the density formula: Let Y 2 [C

op

;Set℄

[C

op

;Set℄

�
R

W

X(W ) � YW;Y

�

=

R

U

[(

R

W

X(W ) � YW )U; Y (U)℄ by naturality formula (10),

�

=

R

U

[

R

W

X(W )� C (U;W ); Y (U)℄ as 
oends are 
omputed pointwise,

�

=

R

U

R

W

[X(W )� C (U;W ); Y (U)℄ by (11),

�

=

R

U

R

W

[X(W ); [C (U;W ); Y (U)℄℄ by 
urrying,

�

=

R

W

R

U

[X(W ); [C (U;W ); Y (U)℄℄ by Fubini,

�

=

R

W

[X(W );

R

U

[C (U;W ); Y (U)℄℄ by dinaturality formula,

�

=

R

W

[X(W ); Y (W )℄ by Yoneda Lemma,

= [C

op

;Set℄(X;Y ) by dinaturality formula,

natural in Y . By Proposition 3.6 we have X

�

=

R

W

X(W ) � YW .

7.3 Re
asting the Density Formula

The density formula 
an be rewritten in two ways. Both make use of a 
onstru
tion 
alled the 
ategory

of elements of a set-valued fun
tor.

De�nition 7.4 Let G : A ! Set be a fun
tor. De�ne its 
ategory of elements els(G) (sometimes

R

G

though this 
lashes with our use for ends and 
oends) to be the 
ategory 
onsisting of

� ob(els(G)) =

U

A2A

G(A); and

� arrows h : (A; z)! (A

0

; z

0

) where h : A! A

0

is an arrow in A su
h that Gh(z) = z

0

.

Often we will take the 
ategory of elements de�ned by a 
ontravariant fun
tor G : C

op

! Set, in

this 
ase h : (C; z)! (C

0

; z

0

) is an arrow of els(G) if h : C

0

! C is an arrow in C and (Gh)(z) = z

0

.

Note that a produ
t of sets X(W )� C (U;W ) 
an be written as a 
oprodu
t in two ways

X

x2X(W )

C (U;W ) =

R

x2X(W )

C (U;W ) (15)

or

X

f2C(U;W )

X(W ) =

R

f2C(U;W )

X(W ) (16)

where we treat the sets X(W ) and C (W;U) as dis
rete 
ategories (i.e. all maps are identities) when

using the \integral" notation (here representing 
olimits).

From the density formula, we have

X(U)

�

=

R

W

X(W )� C (U;W ) =

R

W

R

x2X(W )

C (U;W ) :

By using els(X) we 
an repla
e the \double integral" by a \single integral"

R

W

R

x2X(W )

C (U;W )

�

=

R

(W;x)2els(X)

C (U;W ) : (17)

Noti
e that while the left hand side is a 
oend for the fun
tor �W

�

;W

+

:

R

x2X(W

�

)

C (U;W

+

) the

right hand side is a 
olimit for the fun
tor (W;x) 7! C (U;W ) from els(X) to Set.

Exer
ise 7.5 Considering our parti
ular 
hoi
e for 
oends and 
olimits in Set prove that the isomor-

phism (17) holds and 
on
lude that it is natural in U .

Hen
e, X(U)

�

=

R

(W;x)2els(X)

C (U;W ), so

X

�

=

�U:

R

(W;x)2els(X)

C (U;W )

�

=

R

(W;x)2els(X)

�U: C (U;W ) ; (18)

exhibiting X as a 
olimit of representables. Similarly, by 
onsidering (16)

X(U)

�

=

R

W

R

f2C(U;W )

X(W )

�

=

R

(W;f)2els(C(U;�))

X(W ):

Exer
ise 7.6 Show this isomorphism by 
onsidering the 
on
rete 
onstru
tion of 
oends and 
olimits

in Set.
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8 Adjun
tions

8.1 De�nition of Adjun
tions

De�nition 8.1 (Adjun
tion) Let

C

F //
D

G

oo be fun
tors where C and D are 
ategories. An ad-

jun
tion in whi
h F is the left adjoint and G is the right adjoint 
onsists of an isomorphism

D(F (X); Y )

�

X;Y

�

=

C(X;G(Y ))

natural in X 2 C and Y 2 D. When su
h a natural isomorphism exists we write F a G.

By dual form of parametrised representability (Theorem 3.15), it is suÆ
ient to spe
ify an adjun
-

tion via a representation for the fun
tor C(X;G(�))

D(F [X ℄;�)

�

X

�

=

C(X;G(�))

where F [X ℄ 2 D for ea
h X 2 C. Therefore, the mapping whi
h sends X to F [X ℄ extends to a fun
tor

F : C ! D su
h that

D(F (X); Y )

�

X

Y

�

=

C(X;G(Y ))

natural in X 2 C and Y 2 D, i.e., F is the left adjoint of G.

From the dual form of Theorem 3.12, the representation for C(X;G(�)) de�nes a universal element

�

X

= �

X

F [X℄

(id

F [X℄

), i.e., for any f 2 C(X;G(Y )) where Y 2 D there exists a unique f 2 D(F [X ℄; Y )

su
h that

f =

�

C(X;G(�))(f)

�

(�

X

)

=

�

G(f) Æ �

�

(�

X

)

= G(f) Æ �

X

:

Then the diagram

X

�

X //

f

##G
GGGGGGGG G(F [X ℄)

G(f)

��
�

�

�
F [X ℄

f

��
�

�

�

G(Y )

Y


ommutes. The 
olle
tion of universal elements h�

X

i

X2C

is 
alled the unit of the adjun
tion. Thus we

obtain the freeness 
ondition suÆ
ient to establish an adjun
tion.

De�nition 8.2 (Freeness Condition) Let G : D ! C be a fun
tor. Say a pair (F [X ℄; �

X

), where

F [X ℄ is an obje
t of D and �

X

: X ! G(F [X ℄) is a map in C, is free over X with respe
t to G i�

for any map f : X ! G(Y ) in C with Y 2 D, there is a unique map f : F [X ℄ ! Y in D su
h that

f = G(f) Æ �

x

.

Suppose G : D ! C is a fun
tor, a ne
essary and suÆ
ient 
ondition for there to be a fun
tor

F : C ! D su
h that F a G is that for ea
h obje
t X 2 C there is an obje
t F [X ℄ 2 D and an arrow

�

X

: X ! G(F [X ℄) in C su
h that (F [X ℄; �

X

) is free over X . The family h�

X

i

X2C

is 
alled the unit of

the adjun
tion.

Exer
ise 8.3 Show that the a
tion of the indu
ed fun
tor F over an arrow f : C ! C

0

in C is the

unique arrow determined by the freeness 
ondition of �

C

for the arrow �

C

0

Æ f . Then 
on
lude that

the 
olle
tion h�

X

i

X2C

is a natural transformation from id

C

to G Æ F .

Dually, suppose F : C ! D is a fun
tor, a ne
essary and suÆ
ient 
ondition for there to be a

fun
tor G : D ! C su
h that F a G is that for ea
h obje
t Y 2 D there is an obje
t G[Y ℄ 2 C and
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an arrow "

Y

: F (G[Y ℄) ! Y in D su
h that (G[Y ℄; "

Y

) is 
o-free over Y with respe
t to F , i.e. the

diagram

G[Y ℄

Y

F (G[Y ℄)

"

Yoo

X

g

OO�

�

�

F (X)

g

ccGGGGGGGGG
F (g)

OO�

�

�


ommutes. The family of arrows h"

Y

i

Y 2D

is 
alled the 
o-unit of the adjun
tion.

8.2 The Naturality Laws for Adjun
tions

Given an adjun
tion F a G for fun
tors

C

F //
D

G

oo we denote the natural isomorphism

D(F (X); Y )

�

=

C(X;G(Y ))

by (�) in both dire
tions. Traditionally this 
orresponden
e is represented by

F (X)

g

//
Y

X

g

//
G(Y )

and

X

f

//
G(Y )

F (X)

f

//
Y

.

Given that both the isomorphism and its inverse are written as (�) we must have f = f and g = g.

Given an arrow h we 
alled the arrow h the transpose of h. Using this notation, we investigate the


onsequen
es of naturality.

Naturality in X: For h : X

0

! X in C the square

X

D(F (X); Y )

�ÆF h

��

�

=
C(X;G(Y ))

�Æh

��

X

0

h

OO

D(F (X

0

); Y )

�

=
D(X

0

; G(Y ))


ommutes, i.e., given f 2 D(F (X); Y )

F (X

0

)

F h //
F (X)

f

//
Y

X

0

h //
X

f

//
G(Y ) :

Reading from top to bottom (#) f Æ F h = f Æ h; and reading from bottom to top (") g Æ h = g Æ F h.

Naturality in Y : For k : Y ! Y

0

in D the square

Y

k

��

D(F (X); Y )

kÆ�

��

�

=
C(X;G(Y ))

GkÆ�

��

Y

0

D(F (X); Y

0

)

�

=
D(X;G(Y

0

))


ommutes, i.e., given f 2 D(F (X); Y )

F (X)

f

//
Y

k //
Y

0

X

f

//
G(Y )

Gk //
G(Y

0

) :

Reading from top to bottom (#) k Æ f = Gk Æ f , and reading from bottom to top (")Gk Æ g = k Æ g.
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8.3 The Triangle Identities

Assume the fun
tors

C

F //
D

G

oo .

Proposition 8.4 Given an adjun
tion F a G with unit � and 
ounit " the diagrams of fun
tors and

natural transformations

G

� G

//

id

G

##F
FF

FF
FF

FF
GF G

G"

��

G

F

F �

//

id

F

##F
FF

FF
FF

FF
F GF

" F

��

F


ommute. They are 
alled the triangle identities.

Proof: Re
all from exer
ise 8.3 (and its dual) that the unit and 
ounit of an adjun
tion are natural

transformations. We prove only the left hand identity above, the other follows analogously. Given

Y 2 D, we have

G(Y )

�

G(Y )

//
G(F (G(Y )))

G("

Y

)

//
G(Y )

F (G(Y ))

�

G(Y )

=id

G(Y )

//
F (G(Y ))

"

Y //
Y;

and by de�nition "

Y

= id

G(Y )

. Then G("

Y

) Æ �

G(Y )

= id

G(Y )

, i.e., G("

Y

) Æ �

G(Y )

= id

G(Y )

.

�

Theorem 8.5 (Adjun
tion) A pair of natural transformations (� : id

C

) G Æ F; " : F Æ G ) id

D

)

satisfying the triangular identities de�ne an adjun
tion as follows:

� Given an arrow f : X ! G(Y ) in C the transpose f is "

Y

Æ F (f), and

� given an arrow g : F (X)! Y in D the transpose g is �

X

ÆG(f).

Proof: We need to 
he
k these fun
tions give a natural bije
tion. Naturality is inherited from natu-

rality of � and ", e.g., given an arrow h : X

0

! X in C and g 2 D(F (X); Y )

g Æ h = G(g) Æ �

X

Æ h by def. of (�),

= G(g) ÆG(F (h)) Æ �

X

0

by naturality of �,

= G(g Æ F (h)) Æ �

X

0

= g Æ F (h):

Now, we 
he
k the fun
tions are mutually inverse. Given f : X ! G(Y ) in C

f = G("

Y

Æ F (f)) Æ �

X

by def. of (�);

= G("

Y

) ÆG(F (f)) Æ �

X

= G("

Y

) Æ �

G(Y )

Æ f by naturality of �,

= f by triangle identity:

Similarly given an arrow g : F (X)! Y we 
an prove g = g.

�

Corollary 8.6 An adjun
tion F a G is 
ompletely determined by its unit and 
ounit.

Proof: Sin
e the unit and 
ounit are natural transformations satisfying the triangle identities and the

de�nition of the transpose in the theorem above 
orresponds to the freeness 
onditions.

�
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8.4 Limits and Adjun
tions

Theorem 8.7 Suppose the fun
tors

C

F //
D

G

oo form an adjun
tion F a G. Then G preserves all

limits whi
h exist in D, and F preserves all 
olimits whi
h exist in C.

Proof: Assume D : I! D is a diagram whose limit exists in D. Composing isomorphisms

C

�

U;G(

R

I

D(I))

�

�

=

D

�

F (U);

R

I

D(I)

�

by the adjun
tion,

�

=

R

I

D

�

F (U); D(I)

�

by Proposition 6.8,

�

=

R

I

C

�

U;G(D(I))

�

by the adjun
tion,

�

=

C

�

U;

R

I

G(D(I))

�

by representation of limits,

by Proposition 3.6 we have

G(

R

I

D(I))

�

=

R

I

G(D(I))

natural in U 2 C and D 2 Diag [I;D℄ (see Remark 4.37). It follows that the limit for G ÆD exists for

any D 2 Diag [I;D℄ and thus from Corollory 6.13 we 
an 
on
lude that G preserves limits. Dually F

preserves 
olimits.

�

Exer
ise 8.8 Complete the proof by showing that left adjoints preserve 
olimits.

Exer
ise 8.9 Show m : A! B is moni
 in a 
ategory D i�

A

id

A //

id

A

��

A

m

��

A

m

//
B

is a pullba
k. Dedu
e right adjoints preserve moni
s. Why do left adjoints preserve epis?

8.5 Representation Fun
tors

Assume a fun
tor F : C ! D where D has all small 
olimits (i.e. D is 
o
omplete). We 
an obtain an

adjun
tion

[C

op

;Set℄

F

!

99 D

F

�

ww

>

The fun
tor F

!

is got by extending F along the Yoneda embedding Y (an example of a left Kan

extension):

C

Y

//

F

$$H
HHHHHHHHH [C

op

;Set℄

F

!

��
�

�

�

D:

De�ne F

!

= �X:

R

C

X(C) � F (C) and F

�

= �Y: �C:D(F (C); Y ). To show F

!

a F

�

:

D(F

!

(X); Y ) = D

�
R

C

X(C) � F (C); Y

�

by de�nition,

=

R

C

D(X(C) � F (C); Y ) by representation for 
oends,

=

R

C

D(

P

x2X(C)

F (C); Y ) by de�nition of 
opower,

�

=

R

C

Q

x2X(C)

D(F (C); Y ) (19)

�

=

R

C

[X(C);D(F (C); Y )℄

�

=

R

C

[X(C); (F

�

(Y ))(C)℄ by de�nition of F

�

;

�

=

[C

op

;Set℄(X;F

�

(Y )) by naturality formula,
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where all the isomorphisms are natural in X 2 [C

op

;Set℄ and Y 2 D.

Note that treating the set X(C) as a dis
rete 
ategory we have

X

x2X(C)

F (C) =

R

x2X(C)

F (C) and

Q

x2X(C)

F (C) =

R

x2X(C)

F (C);

so step (19) is a spe
ial 
ase of the representation for 
olimits.

In parti
ular, presheaf 
ategories

b

D = [D

op

;Set℄ have all 
olimits (they are obtained pointwise from


olimits in Set). So given F : C !

b

D we obtain

b

C

F

!

::
> b

D :

F

�

||

Note that F might arise from a fun
tor F

0

: C ! D by 
omposition with Yoneda:

F : C

F

0 //
D

Y

//
b

D :

8.6 Adjoints and Initial Obje
ts

8.7 The Initial Obje
t Lemma

8.8 The General Adjoint Fun
tor Theorem

8.9 Well-powered 
ategories

8.10 Generators and Cogenerators

8.11 The Spe
ial Adjoint Fun
tor Theorem

8.12 Cartesian-
losed Categories

De�nition 8.10 (Cartesian Closed Categories) A 
artesian-
losed 
ategory (


) is a 
ategory

C with

� all �nite produ
ts spe
i�
ally given (so there is a terminal obje
t 1

C

and binary produ
ts A�B

for all A;B 2 C); and

� a representation for the fun
tor C(��B;C):

C(�; [B;C℄)

�

�

=

C(��B;C)

for all B;C 2 C.

Notation 8.11 The obje
t [B;C℄ 2 C is 
alled the exponential of B and C and sometimes is written

as C

B

.

By parameterised representability (Theorem 3.15) for a 


 C there is a unique way to extend the

mapping (B;C) 7! [B;C℄ to an exponentiation fun
tor [�;+℄ from C

op

� C to C su
h that

C(A; [B;C℄)

�

=

C(A�B;C)

natural in A;B;C. Noti
e that from this isomorphism we have � � B a [B;�℄. In fa
t, provided C

has spe
i�ed �nite produ
ts an adjun
tion with ��B a [B;�℄ for all B 2 C, 
onversely determines a


artesian 
losed stru
ture on C.

Exer
ise 8.12 What are the unit and 
ounit of ��B a [B;�℄?

Proposition 8.13 Presheaf 
ategories are 
artesian-
losed.
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Proof: The 
ategory

b

C = [C

op

;Set℄ has produ
ts, 
omputed pointwise, like all limits:

(X � Y )(U)

�

=

X(U)� Y (U)

natural in U 2 C. We 
an make an edu
ated guess at the form of the exponentiation [Y; Z℄, for

Y; Z 2

b

C . It should satisfy:

[Y; Z℄(U)

�

=

b

C (Y U; [Y; Z℄) by the Yoneda Lemma (Theorem 3.3)

�

=

b

C (Y U � Y; Z) by the adjun
tion property.

So we de�ne [Y; Z℄ = �U:

b

C (Y U � Y; Z) and 
he
k that

b

C (X; [Y; Z℄)

�

=

b

C (X � Y; Z) natural in X :

b

C (X; [Y; Z℄)

�

=

R

U

[X(U); [Y; Z℄(U)℄ by naturality formula,

�

=

R

U

[X(U);

b

C (Y U � Y; Z)℄ by de�nition of [Y; Z℄;

�

=

R

U

�

X(U);

R

V

[C (V; U) � Y (V ); Z(V )℄

�

by naturality formula,

�

=

R

U

R

V

�

X(U); [C (V; U) � Y (V ); Z(V )℄

�

by representation for ends,

�

=

R

U

R

V

�

X(U)� C (V; U); [Y (V ); Z(V )℄

�

by 
urrying and un
urrying,

�

=

R

V

R

U

�

X(U)� C (V; U); [Y (V ); Z(V )℄

�

by Fubini (Corollary 6.6),

�

=

R

V

�
R

U

X(U)� C (V; U); [Y (V ); Z(V )℄

�

by representation of 
oends,

�

=

R

V

�

X(V ); [Y (V ); Z(V )℄

�

by density formula,

�

=

R

V

[X(V )� Y (V ); Z(V )℄ by un
urring,

�

=

R

V

[(X � Y )(V ); Z(V )℄ produ
t is got pointwise (Proposition 6.3,

�

=

b

C (X � Y; Z) by naturality formula,

all natural in X 2

b

C.

�
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