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1 Categories, Functors and Natural Transformations

1.1 Categories
Definition 1.1 (Category) A category C consists of
e a collection of objects ob(C),
e for each pair of objects X,Y a collection C(X,Y") of arrows/maps/morphisms,

e for each triple of objects X,Y,Z a composition mapping oxyz : C(Y,Z) x C(X,Y) — C(X, Z)
and

e for each object X an identity idx in C(X, X);

satisfying the axioms

hoxzw (goxvz f) = (hovzw g) oxyw f foxxyidx = f =idy oxyy f

for any f in C(X,Y), gin C(Y,Z) and h in C(Z,W) where X,Y, Z, W are in ob(C).

Notation 1.2 Given a category C, we write X € C to mean that X is an object in ob(C). In general
we use capital letters from the beggining or end of the alphabet for objects: A, B,... ,X,Y, Z. Given
an arrow f in C(X,Y") we say that X is the domain of f and Y is the codomain of f. This is emphasised

in the diagrammatic notation for categories where f in C(X,Y") is pictured as X L>Y; in the same
spirit we sometimes write f : X — Y. In general we use small letters for arrows: f,g,h,... ,u,v,....
For f in C(X,Y) and g in C(Y, Z) we write f o g for the composition omitting the subscripts; in some
cases when the composition is clear we just write g f instead of g o f:

X%\Z;g%z-
gf

Since composition is associative we sometimes omit parenthesis, for example we write ho go f to mean
either ho (go f) or (hog)o f. We use arr(C) for {5y C(X,Y), the collection of all arrows in C.

Definition 1.3 (Locally Small Category) A category C is locally small iff for each pair X,Y € C
the collection C(X,Y) is a set.

The category Set of (small) sets as objects and total functions between sets as arrows is a locally
small category where composition is defined as composition of functions and identities correspond to
the the identity functions.

Definition 1.4 (Small Category) A locally small category is small iff the collection of objects is a
set.

Simple examples of small categories are 0 and 1, the empty category and the singleton category
respectively. Another example of small category is given by any partial-order set where the objects
are the elements and the arrows are given by the partial-order relation; the identities correspond to
reflexivity and composition to transitivity.

Exercise 1.5 Show that any set can be interpreted as a small category. In general categories of this
kind are called discrete categories, but not all discrete categories are small.



Notation 1.6 Henceforth, we use A, 5, C ... to denote locally small categoriesand I, J, C ... to small
categories. Given a locally small category C we call the collection C(X,Y) the hom-set for X, Y € C.

Definition 1.7 (Isomorphism) An isomorphism (or just iso) is a pair of arrows

such that go f =idx and fog =idy.

Proposition 1.8 Given one arrow of an iso pair, the other arrow is uniquely determined.

Proof: Assume (f,g) and (f,g") are iso pairs, where f : X — Y, then (¢' o f)og =idx o g = g and
g o(fog) =g oidy = g¢'. From associativity of the composition (¢’ o f) o g = ¢’ o (f o g) and then
9=9"

O

Notation 1.9 This proposition allows us to denote an iso pair by just one of the arrows. If f: X —» YV

f
is an arrow of an iso pair, we say that f is an isomorphism (or f is an iso), and we write X =2 Y or
f:X=Y.

Definition 1.10 (Mono) The arrow f : X — Y in the category C is mono (or monic) iff for any pair
of arrows g, h

we have that fog= foh implies g = h.

Exercise 1.11 Show that the composition of monos gives a mono. Show that if the composition go f
is mono then f is mono. What are the monos in Set?

Definition 1.12 (Epi) The arrow f : X — Y in the category C is epi iff for any pair of arrows g, h
Z and for all g,h € C(Y, Z)

f L}
X—)YhZ

we have that go f = h o f implies g = h.

Exercise 1.13 Show that the composition of epis gives an epi. Show that if the composition go f is
epi then g is epi. What are the epis in Set?
1.2 Functors
Definition 1.14 (Functor) Let A and B be categories. A functor F' : A — B consists of

e a mapping Fpy : ob(A) — ob(B) and

e for each pair X,Y € A a mapping Fxy : A(X,Y) — B(FO(X),FO(Y));
satisfying the axioms

Fxz(go f)=Fyz(g9)o Fxv(f)  Fxx(idx)=idp,(x)

for any f € C(X,Y) and g € C(Y, Z).
Notation 1.15 For a functor F' : A — B we usually write just F' for Fy and Fxy. Sometimes we

write F' X instead of F(X) for X € A and similarly with arrows in A. In general we use capital letters
from the middle of the alphabet for functors, e.g., F,G, H, K.



Definition 1.16 (Full Functor) A functor F : A — B is full iff for each pair X,V € A the mapping
F: AX,Y)— B(FX,FY) is surjective.

Definition 1.17 (Faithful Functor) A functor F': A — B is faithful iff for each pair X,Y € A the
mapping F : A(X,Y) - B(F X, FY) is injective.

For a functor F which is both full and faithful (fully faithful) the mappings F : A(X,Y) —
B(F X,FY) are all bijections.

Proposition 1.18 Functors preserve iso: if (f, g) is an iso pair in the category A, and F : 4 — B is
a functor, then (F' f, F'g) is an iso pair in B.

f Ff
Proof: Let X ~ Y be iso in A. We are to show that ' X — FY isisoin B. This follows from

(Ff)o(Fg)=F(fog)
= Fidy as (f,g) is an iso pair,

=idpy .
Analogously, we can conclude (F'g) o (F' f) = idp x.-
a

Proposition 1.19 If F' : 4 — B is a full and faithful functor, then F' reflects isomorphisms: if
FX=2FY then X Y.

Proof: Assume F' X =2 F'Y. Then there exists a pair of arrows f, g

—
Fng FY

in B such that fog =idrpy and go f =idr x. By fullness there exists f' : X - Y and ¢ : Y = X in
A such that F' f' = f and F ¢’ = g. We show that f’ and ¢’ are mutual inverses and so an iso pair:

F(f'log)=FfoFyg
=foy
=idry
= F(idy).
By faithfulness we have f’ o ¢’ = idy. Similarly, we can conclude ¢’ o f' =idx.

O

Definition 1.20 (Composition of Functors) Given the functors F' : 4 — B and G : B — C their
composition G o F': A — C is defined as

o (GOF)O =G00F0 and
[ (GOF)XY :GFO(X)FO(Y) OFXY for X,Y S .A

Exercise 1.21 Check that this definition gives rise to a functor.

It is easy to see that the composition of functors is associative. Moreover, for any category A we
can define the identity functorid4 : A — A to be the functor which it is the identity on both object and
arrow parts. These observations allow us to define categories of categories where arrows are functors.
In particular, we define the category Cat of small categories and CAT of locally small categories.

From the observation that functors are arrows in a category of categories we can specialised the
general definitions of iso, epi and mono to functors. For example, if a functor F' is defined as both a
bijection on objects and arrows we can define a functor G to be the inverse of F', and thus F' is an
isomorphism.



Exercise 1.22 Why a full and faithful functor is not necessary an isomorphism?
Definition 1.23 (Subcategory) A subcategory A of a category B, written as .4 C B, is a collection
of objects and arrows in B such that:

e for each arrow f in A, we have that the domain and codomain of f are in A,

e for each object A in A, we have the arrow id4 in A, and

e for each pair of composable arrows f: A — B and g : B — C in A, we have the composition
gof:A—Cin A

Clearly, the definition above ensures that a subcategory is itself category. The mapping which sends
objects and arrows in A to themselves in B defines the inclusion functor. This functor is faithful and
if it is full we say that A is a full subcategory of B.

1.3 Natural Transformations

Definition 1.24 (Natural Transformation) Given the functors F,G : A — B, a natural transfor-
mation o : F = G consists of a collection of arrows {(a¢ : FC — G C)cea in B, such that for any
arrow h: X — Y in arr(A) the diagram

FX 2,ax

[ro o

FY Ty> GY
commutes, i.e., ay o F'h = G hoax. The diagram above is the naturality square associated with h.

Notation 1.25 A natural transformation « : F' = G for functors F,G : A — B is a family of arrows in
B indexed by objects in A. Each arrow of such a family is a component of the natural transformation,
and we use subscripts to denote them, e.g., ac : FC — G C. We use angle brackets to denote the
family of arrows as in the definition {(a¢ : FC — G C)ceca. Naturality squares are often depicted
with the arrow which they are associated with on one side, recall that the arrow and the naturality
square may be from different categories.

Definition 1.26 (Composition of Natural Transformations) The composition of natural trans-
formations is defined componentwise: given two natural transformations a: F = G and f: G = H

F
/ol
A——B

N

H
their composition 8 o a at component A € Ais (Boa)a = Ba0aa.

Exercise 1.27 Check that the componentwise composition of two natural transformations is a natural
transformation.

This composition is often called wvertical composition to distinguish it from the horizontal com-
position of natural transformations — see exercise 1.29 below. Given the functors F' : A — B and
K :C — D and a natural transformation o« : G = H

G
TR
A58 ﬂa c—X.p
A
H

we define the composition o F': Go F' = H o F componentwise as (a F')4 = ap(4) for A € A. Similarly
the composition K a : K o G = K o H at component B € B is defined by (K a)p = K(ag).



Exercise 1.28 Check that the composition of natural transformations with functors defined above
are natural transformations.

Exercise 1.29 Given the natural transformations a and

F H
A/ﬁa\,tlg/ﬂ?c’
\@/ \1}/

we can define the horizontal composition B xa : H o F' = K o G — how? Hint: The composition of
natural transformations with functors is a degenerated case of the composition x where the functor
stands for the identity natural transformation, i.e., a natural transformation which has identities at
each component.

1.4 Functor Categories

Natural transformations between functors can be (vertically) composed and it is easy to check that
this composition is associative. Moreover, given a functor F' : A — B we can define the identity
idr : ' = F to be the natural transformation with identity at all components: (idr)~ = idp(). That
actually defines a category of functors and natural transformations.

Definition 1.30 (Functor Category) Given the categories A and B, the functor category [A, B] is
the category where the objects are the functors from A to B and the arrows are the natural transfor-
mations between them.

As natural transformations are arrows in a functor category we can specialised the notions of iso,
mono and epi to them. For example, a natural transformation o : F = G is an iso, called natural
isomorphism, if there is a natural transformation 8 : G = F such that S oa = idp and a0 f = idg.

Proposition 1.31 A natural transformation is an isomorphism of functors iff it is an iso at each
component.

Exercise 1.32 Prove the proposition above.

Notation 1.33 The category of functors with domain .4 and codomain B is noted by [A4, B]; some
authors use B4. In general we use Greek letters to denote natural transformations. We depict natural
transformations as double arrows only when we want to stress we are dealing with natural transfor-
mations.

Exercise 1.34 The category [A, B] need not be locally small even though .4 and B are locally small.
However, when A is small [A, B] is locally small — why?

Exercise 1.35 Let C be a category, a functor F': A — B induces a functor F* : [B,C] — [A, C] where
the action over objects is defined by precomposition with F. What is the action on arrows of F*?7

2 Constructions on Categories

2.1 Opposite Category and Contravariance

Definition 2.1 (Opposite Category) Let C be a category, we define the opposite category C°P as:
e ob(C°?) = ob(C), and
e C°°(C,D) = C(D,C) for each pair C, D € C°".



In words, C°P is the category with the same collection of objects as C where the arrows are reversed.
Clearly, the identities in C°P correspond to the identities in C. Some authors prefer to write f°P for the
arrow f in the opposite category, however, in general there is no reason to make such a distinction. The
composition of arrows in C°P can be expressed in terms of the arrows in C by reading the composition
in the reverse order

CP: XLV 157 O XelVZ.

gof fog

A contravariant functor F': C — D is essentially a functor which reverses the arrows

A F(A)
lf — F(f)T
B F(B).

In contrast, the functors as defined in section 1.2 are called covariant. It is more convenient to identify
a contravariant functor F' : C — D with a covariant functor F : C°® — D.

Remark 2.2 There is no difference between F' : C°» — D and F : C — D° — they are the same
collection of functions. Likewise, there is no difference between F : C — D and F : C°P — D°P.

Exercise 2.3 Show the opposite construction gives rise to a functor (—)°° : CAT — CAT acting on
objects and arrows

C CcoP
|
D Der .

2.2 Product of Categories

Definition 2.4 (Product of Categories) Given the categories C and D, we define the product cat-
egory C x D as:

e ob(C x D) = ob(C) x ob(D),
e CxD((C,D),(C",D") =C(C,C") x D(D, D') for each ((C,D),(C",D")) € C x D, and
e composition and identities are defined componentwise.

A functor whose domain is a product of categories is called a bifunctor..
In general a mapping M on objetcs and arrows in C x D to objects and arrows in £ determines
mappings M (C, —) from D to £ for each C' € C defined as follows

D M(C,D)
Jg lM(Ca)—M(idcﬂ)
D' M(C,D") .

Similarly M defines mappings M (—, D) for every D € D. Notice that M is not necessarily a bifunctor,
and from the following proposition we cannot in general conclude that M is a bifunctor even when
M(C,—) and M(—, D) are.
Proposition 2.5 Suppose F' is a mapping on objects and arrows in C x D such that

e F(C,D) € & for any C € C and D € D, and

e F(f,g) € E(F(C,D),F(C',D")) if f €C(C,C") and g € D(D,D").
F is a bifunctor from C x D to & iff

1. F(C,—-) is a functor from D to & for all C € C,



2. F(—, D) is a functor from C to & for all D € D, and
3. F(f,9) =F(C",g) 0 F(f,D) = F(f,D') o F(C,g), i.e., the diagram

F(c, ) ZE2 per, p)

F(f,
mel (£.9) Jnam

F(Ov Dl) W)F(OlaDl)

commmutes for all f: C — C"inC and g: D — D' in D.

Proof:

“Only-if 7. if F is a functor then F(C,—) and F(—, D) are functors, and F' must satisfy 3 since
(f,9) = (f.idp) o (idc, g) = (idcr, ) o (f,idp).

“If: we need to prove F satisfies the functor laws. It is easy to show F(id(¢,p)) = idp(c,p) by using
the fact that F(C, —) is a functor (or equivalently that F'(—, D) is a functor). It remains to prove F

. ! I g 9’
preserves composition; assume C——C'——C" and D——D'——D"  then

F((f',g')o(f,9) =F(f'of,g og)
:F(C”,g’og)oF(f’of,D)

= (F(C",¢) o F(C",9)) o (F(f',D) o F(f,D))

by comp. in C x D,
by 3,

by 1 and 2,

by associativity,

F(C",g') o (F(C",g) o F(f', D)) o F(f, D)
F(C",g) o (F(f',D') o F(C',g)) o F(£.D)  by3,
F(f',g) o F(f,9)

by associativity and twice 3.
O

The next example considers a mapping satisfying conditions 1 and 2 but not 3.

Example 2.6 Let 4 and B be one-object categories

QL0
A: e B: e
Y5

Let F be a mapping from A x A to B which sends (e, ®) to the only object in B and acts on arrows
as follows

F(f,f) =g

F(id, f) =id = F(e, f)

F(id,id) = id = F(e,id) = F(id, o)
F(f,id) =id = F(f, )

One can check F'(e,—) and F(—,e) are functors from A to B, but F' does not satisfy condition 3 of
Proposition 2.5

F(f,f)=g
F(id, f) o F(f,id) = idoid = id .

Hence,
F((id, f) o (f,id)) = F(f,f) = g # F(id, f) o F(f.id) .

Therefore, F' is not a functor.



2.3 Natural Transformations between Bifunctors

Given the bifunctors F,G : C x D — &, consider the natural transformation «

From the definition of natural transformation « is a family of arrows in £ indexed by objects in C x D
such that given an arrow (f,g) in C x D the square

(C, D) F(C,D) == G(C, D)
(f?g)l F(fyg)l lG(f’g)
(Clle) F(Clle) WG(ClaD,)

commutes. This definition induces two natural transformations by fixing one of the arguments:

® ac_: F(C,-) = G(C,—) where (ac,~), = ac,p, and

e a_p:F(-,D)= G(—,D) where (a_p)- = ac,n-
Proposition 2.7 Given the bifunctors F,G : C x D — &, a family of maps (ac,p : F(C,D) —
G(C,D))c,pyecxp in € is a natural transformation iff

1. ac,— = {ac,p) pep is a natural transformation from F(C, —) to G(C, ) for any C € C, and

2. a_,p = (ac,p)¢ee is a natural transformation from F(—, D) to G(—, D) for any D € D.

Proof:
“Only-if ”: left as exercise.
“If . Tt follows from exhibing the arrow

(¢, D) L% (", D)

as the composition
(fidp) . ., (des9) |, ~y s
Consider the associated squares:

(e—,p)e=ac,p

(€, D) F(C,D) G(c, D)

l(f’idD) lF(f,idD)=F(va) lG(f,idD)=G(f,D)
(D) F(c',p) et qen, p)

l(idc’ 79) lF(idC’ 79):F(Ol7g) lG(idC’ ,g):G(C’I,g)
(D) F, D)ol g py

From 2 we have the commutativity of the upper square and from 1 of the lower square. Hence the
outermost square commutes

acr,pr o F(f,9) = (acr,—) p, o F((idcr, 9) o (f,idp))
= (acr,—)po F(ider,g) o F(f,idp) as F is functor,

= G(ider,g) o G(f,idp) o (a— D)~ by commutativity of the squares,
=G((idcr,9) o (f,idp)) o (a—,p) . as G is functor,
=G(f,9)eacp .

Therefore we can conclude « is a natural transformation from F to G.



Thus, naturality may be checked in each argument separately when dealing with bifunctors.
Exercise 2.8 Prove the “Only-if” part in the proof of Proposition 2.7.

Remark 2.9 (Functoriality and Naturality) Suppose E(X) is an expression with a an argument
X such that given an object A € A, E(A) stands for an object in the category C; and given an arrow
f € arr(A), E(f) stands for an arrow in C. We say that E(X) is functorial in X if this assignment is
a functor from A to C. One example of functorial expressions are hom-sets.

Traditionally, arguments in expressions are denoted by means of place-holders like for example
C(—,+). This notation might lead to some confusion specially in distinguishing the scope where
each argument is defined. To save this potential source of confution we sometimes use A-notation
to indicate arguments in expressions. Thus, assuming E(X) is functorial in X of type A then the
expression AX. E(X) denotes a functor from A to C.

We say that the expressions Ey(X) and E»(X) both functorial in X are naturally isomorphic in X
or equivantly that there is an isomorphism natural in X, iff there is a natural isomorphism between
AX.Ei(X) and M\X. E>(X).

Exercise 2.10 Prove that a bifunctor F' : AxB — C defines a unique curryied functor AX. \Y. F(X,Y) :
A — [B,C]. Similarly, show how a natural transformation a : F = G for functors F,G : A x B — C
uniquely defines a natural transformation from AX. AY. F(X,Y) to AX.AY.G(X,Y).

2.4 Examples

Evaluation Functor: Define the evaluation functor eval : [C,D] x C — D for categories C and D as
follows

(F,C) — F(C)
l(a,g) — JF’(g)oac—acroF(g)
(F',C") — F'(C")

where o : F' = F' and g : C — C'. The arrow g induces the natural square which justifies the action
of eval on the arrow («, g)

C FC—5 pio
LT
ol FC'—% Fror

We use Proposition 2.7 to show ewval is a bifunctor:
1. eval(F,—) :C — D whichsends g: C' — C'to F g: FC — F (' is a functor since F is a functor;

2. eval(—,C) : [C,D] — D which sends a : F = F' to ac : FC — F'(C is a functor since the
identity natural transformation has identities in each component and the composition of natural
transformations is defined componentwise; and

3. finally we want
eval(a, g) = eval(F', g) o eval(a, C) = eval(a, C") o eval (F, g)
from the definition of eval this is
eval(a,g) = F'goac =ac o Fyg

and this follows from the naturality square above.



Hom-functor: Recall that the hom-set C(C, D) is defined to be the set of arrows with domain C
and codomian D in the locally small category C. Here we show how hom-sets extend to bifunctors.

A hom-functor for a category C is a functor C(—,—) : C°® x C — Set which acts on objects and
arrows by sending (f,g) : (C,D) — (C',D’) to

C(f.9)=gof
_—

C(C,D) c(C',D")

g

where C(f,g) is a function mapping any arrow C—"3D to the arrow C ! c—"5p D'.
Informally, to obtain an arrow from C’ to D' out of an arrow from C to D, we need both a way to go
from D to D' and a way to go from C' to C.

Exercise 2.11 Check that the definition of the hom-functor above is actually a bifunctor.

From Proposition 2.5 we have a functor C(—, D) : C°? — Set which acts on objects and arrows

C C(C,D)
lf TC(,D)=0f
Vol c(C’,D) .

Notice that the arrow f drawn above is in the category C not C°P; that explains why the direction of
the arrow is reversed after applying C(—, D). In the same manner we can define a functor C(C,—) :
C — Set.

Yoneda Functor: Given the category of functors and natural transformations [C°P, Set], we define
the Yoneda functor Y : C — [C°P, Set] which takes an object C' € C to the functor C(—, C) and acts on
arrows as follows

C y C= C(_a C)
lg lygz(“]o)f:ec
D YD=cC(- D).

Exercise 2.12 Check that ) defines a functor from C to [C°P, Set].

Dually, we define the contravariant version of the Yoneda functor Y° : C°? — [C, Set] which acts
on objects and arrows

o Yoo =c(C,-)
lg T)"’ 9=(—0°9) pec
D Yy°D=C(D,-).

Constant Functor: Given Y € D, we write AY : C — D for the constantly Y functor which acts
over objects and arrows as follows:

C AY(C)=Y
lf lA Y (f)=idy
c AY(CY =Y

This may be extended to the functor A— : D — [C,D] which sends g : D — D' to Ag : AD = AD'
where Ag is just the arrow g at all components.

Exercise 2.13 Check that A— is a functor from D to [C, D).
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3 Yoneda Lemma and Universal Properties

3.1 Yoneda Lemma

Proposition 3.1 LetF : C°® — Set be a functor, we have that each element z € F(C) for some C € C
induces a natural transformation z : Y C = C(—,C) = F whose component at an arbitrary D € C is

#p = F(-)(x) . (1)

Proof: We need to prove that for an arbitrary arrow g : E — D in C the diagram

¢(D,C) 2 F(D)

log lF(g)

C(E,C) 22— F(E)
commutes. For any f € C(D,C) we have

F(fog)(z) = F(g)(F(f)(x))

since F' is a functor. This gives the commutativity required. Recall F' is a contravariant functor and
so reverses the order of composition in C.

O

Proposition 3.2 Let F : C°° — Set be a functor; given a natural transformation « : C(—,C) = F

we have a = ac(id¢).

Proof: Given an arbitrary f € C(D,C), we need to check that ap(f) = F(f)(ac(id¢)). This equality
is obtained by chasing the identity idc around the naturality square determined by f.

O

Theorem 3.3 (Yoneda Lemma) The mappping 6¢ r which takes a in [C°P, Set](V C, F) to ac(id¢) €
F(C) is an isomorphism

fc,r
™

[C%P, Set](Y O, F) = F(C)

natural in C € C and F € [C°P, Set)].
Remark 3.4 Notice that the naturality condition in the statement of the Yoneda lemma requires
functorial expressions. The right hand side corresponds to the application of the evaluation func-

tor eval : C°P x [C°P,Set] — Set. The right hand side is a more complex expression that involves
composition of functors:

i C°? Set](—,
0o x [C°P, Set] —2X [0, Set]*P x [C°, Set] GG (SR

Proof: We show that (V) defined by (1) is the inverse of f¢ . From Proposition 3.2 we already have
that 8o r(a) = ac(ide) = a. Let  be an element in F'(C)

Oc.r(z) = Zc(ide) by definition of 6¢ F,
= F(id¢o)(z) by definition of (7),
= idp(c)(z) as F'is a functor,

=T .

Thus we complete the prove that f¢ r is an isomorphism of sets.
It remains to prove naturality in C' € C and F' € [C°P, Set]. By Proposition 2.7, this is equivalent
to proving naturality in C' and F separately.

11



Naturality in C: Given an arrow f: C' = D in C, we need to prove

[C%°, Set] (Y C, F) =5 F(C)
TO()’ f F(f)
(c*?, Set] (V) D, F) 2% F(D)
commutes. Given 3 € [C°P,Set]()Y D, F), we have
Ocr(Bo(Vf)=(Bo(Vf))(ide) by definition of f¢. F,
= (Bc o (Vf)o)(ide) as composition is componentwise,
= (Bo o (f o—))(ide) by definition of ),
= Be(f)
= F(f)(Bp(idp))

which gives the commutativity of the diagram above.

Naturality in F: Given a € [C°P,Set](Y C,F) and v : F = G. Since the composition of natural
transformations is defined componentwise we have

(voa)s(ide) = ve(ac(ide)) ,

which proves the commutativity of the diagram

F [0, Set](V C, F) —=5 F(C)
ﬂ; €%, Set](Y C, @) 2% G(C) .

O

The Yoneda lemma is stated for an arbitrary set-valued functor F'. One special case arises when
F is itself a hom-functor, say C(—, D). In this setting the Yoneda lemma tells us that there exists an
isomorphism between the morphisms in C(C, D) and the natural transformations in [C°P, Set](YC, Y D).
As one might expect this isomorphism corresponds to the Yoneda functor acting on arrows.

Corollary 3.5 The Yoneda functor Y : C — [C°P,Set] is full and faithful, i.e., given C,D € C the
Yoneda functor defines a bijection between (Y D) C' = C(C, D) and [C°P, Set](YC,YD).

Proof: Given f € C(C, D) we show f =Y f. Given an object E in C, from the definition of (7) in (1)

we have

fe=C=D)(f)=fo—=Vf)p.

Proposition 3.6 Given C,D € C, we have that C =2 D iff Y C 2 Y D in [C°P, Set].

Proof: Left as exercise.

Exercise 3.7 Prove Proposition 3.6 and state its dual.

Exercise 3.8 State the Yoneda Lemma for the Yoneda contravariant functor case.
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3.2 Representability

Definition 3.9 (Representation) A representation for a functor F' : C°® — Set consists of an object
C € C and a natural isomorphism

IR=

yC=C(-,C)=F.

We also say that F is representable.

Remark 3.10 We have a dual definition; a functor G : C — Set is representable iff there exist an

B
object D € C and a natural isomorphism Y°D =(C(D,—) 2 G

Definition 3.11 (Universal Element) Given a functor F : C°? — Set, a pair (C,e) where C € C
and e € F(C) is a universal element of F iff for any C' € C and e’ € F(C") there exists a unique
f:C"— C in C such that ¢ = F(f)(e).

Theorem 3.12 There exists a universal element for a functor F' : C°® — Set iff F' is representable.

Proof:

“Only-if 7: Let (C,e) be a universal element for F. From Proposition 3.1 we have that e induces a
natural transformation € : Y C = F whose component at C' € C is écr = F(—)(e). As e is a universal
element we have that €cs is a bijection and then by Proposition 1.31 we conclude that € is a natural
isomorphism.

¢
>~

“f”: Suppose Y C = F, then from for any e’ € F(C") for some C' € C there exists a unique arrow

f € C(C",C) such that ac/(f) = €. From Proposition 3.2 we have that e = ag—(Td/c)C,(f) =
F(f)(ac(ide)) and then (ac(ide),C) is a universal element.

O

Definition 3.13 (Universal Properties) An object C € C satisfies a universal property when C' and
some specified natural isomorphism form a pair which represents a (contravariant) set-valued functor,
say F' : C°P — Set.

In this setting we may understand an element in F'(D), for any D € C, as uniquely determined by
the universal element and an arrow f € C(C, D). The arrow f sometimes is called mediating arrow
and it is drawn in diagrams with a dotted line.

Proposition 3.14 Representations are unique up to isomorphisms: if (4,a) and (B, ) are both
representations of a functor F' : C°° — Set then A = B in C.

Proof: A direct consequence of Proposition 3.6.

Therefore two objects satisfying the same universal properties are isomorphic.

Theorem 3.15 (Parametrised Representability) Let F': A x B°? — Set be a bifunctor such that
for every A € A there exists a representation (B(A),#4) for the functor F(A,—) : B°® — Set. Then
there is a unique extension of the mapping A — B(A) to a functor B(—) : A — B such that

B(—,B(4))
is natural in A € A.
Proof: By currying F we have the functor AX.\Y. F(X,Y) : A — [B°P,Set] — see Exercise 2.10.
Then, given f: A — A’ we can construct the commuting square

=TS
Y(B(4)) —— F(4,-)
(04" ) " oF(f,~)op" lF(f’):(F(f’B»BEB

u'gAl

Y(B(A) —— F(4', ) .
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Since Y is full and faithful, there must exist a unique arrow, say B(f), from B(A) to B(A') in B such
that Y(B(f)) = (84 )~ o F(f, =) 08*. We need to check that this extension to B(—) indeed satisfies
the definition of functor:

e Given the arrows A—f>A’ Lﬁl” in A, we have

) (
)L o F(f', =)o F(f,—) 08" as AX.\Y. F(X,Y) is a functor,
) (

") o B(f)) as ) is a functor;

therefore Y(B(f' o f)) = Y(B(f) o B(f')), and as Y is faithful we have B(f' o f) = B(f') o B(f)

as required.

e Given the identity id4 in for A € A we have

V(B(id4)) = (04) " o F(ids, —) 0 84

=(6"1o idp(a,—) © 64 as AX. \Y. F(X,Y) is a functor,
= idy(s(4))
= V(idg(a)) as ) is a functor;

therefore Y(B(ida)) = Y(idp(a)), and as Y is faithful we have B(id4) = idg(4) as required.
g

The composition of the functor B(—) and Y gives rise to a functor which is isomorphic to the
curryied version of F where the natural isomorphism is given by 6 = (84) 4c 4

AX.AY. F(X,Y) 113, Set]

Nl

B(—) yOB(*)

B°P .

Exercise 3.16 State the dual version of parametrised representability theorem, i.e., where representa-
bles are of the form Y°(B(A)).

Exercise 3.17 Let n € w and let Prod : Set — Set be the functor which sends the set X to
X™ and acts on arrows accordingly, i.e., it sends f : X — Y to f* : X™ — Y™ In this setting,

fM(z1,... ,xn) = (fz1,..., fz,). Suppose 8 : Prod = Prod is a natural isomorphism. Show that
there is a permutation 7 on the sequence 1,... ,n such that
HX(xla"' 7xn) = (xﬂ(l)a"' 7x7r('n)) :

Hint: Use the contravariant Yoneda embedding V° : Set°® — [Set, Set] noting that X" = Set (7, X),
where @7 = {1,... ,n}.

4 Limits and Colimits

4.1 Definition of Limit

We take limits over functors whose domains are small categories (I, J, K ... ) and codomains are locally
small categories (C, D ... ). In this setting these functors are sometimes called (small) diagrams, e.g.,
for F: 1 — C we say F' is an [-indexed diagram in C.

14



Definition 4.1 (Limit Abstractly) A limit for a diagram F' : I — C is a representation for the
functor [I,C](A—, F): C° — Set:

0
C(_aL) = []I,C](A—,F) .
Notice that the functor [I,C](A—, F): C°® — Set in the definition above is obtained as the compo-

sition
[H7C](_7F)

oo 27 [1, CJep Set.

9
Take X € C in the definition above, then we have C(X,lim 1F) =
f+ X — lim(F is mapped to a natural transformation 6x(f) = v : A
u: I — Jin I we have the associated naturality square in C

[I,C](AX, F), i.e., an arrow
X = F. Given an arrow

I AX(T)=X — 5 F(I)
lu lAX(u):idX lF(u) (2)
J AX(J)=X — S F(J) .

This diagram can be drawn as

I . F(D)
oo
J F(J);

from the commutativity of (2) we have that this triangle commutes, i.e., v = F(u) o yr. A natural
transformation of this kind is called a cone.

Definition 4.2 (Cone) Let F : T — C be a diagram. A cone o from X € C to F (or a cone for the
[-indexed diagram F in C with vertex X)) is a collection of arrows {(ay : X — F(I))er in C such that
for any arrow u : I — J in [ the diagram

commutes.

Therefore, the functor [[,C](A—, F) takes an object X € C°! to the set of cones from X to F.
Given an arrow f : X' — X in C and a cone v = (y5 : X — F(I))e1, we can extend 7 to a cone
¥ =(foyr:X"— F(I))ier =0 A f. This explains how [I,C](A—, F') acts on arrows.

IR

From the definition above a limit for a diagram F' : I — C is given by a representation C(—, L)
[I,C](A—, F). From the proof of Theorem 3.12, we have that (8 (idz), L) is a universal element of
[I,C](A—, F'). Then given a cone v € [I,C](AX, F) there exists a unique f: X — L such that

v = ([L,CI(A f, F))(#r(idL))
= (HL(IdL)) o Af
=((0(idr)) ;o firer

Then each component v; : X — F(I) is the composition of arrows

f L (GL(idL),),

F(I) .
This straightforwardly gives a more concrete definition of limit in terms of cones where 6y, (id) is a
limiting cone.

IRecall ob(C%) = ob(C).

X




Proposition 4.3 (Limit Concretely) Given a diagram F : I — C, a limit for F' determines and is
determined by a cone Kk = (kr : L — F(I))rer from some L € C to F such that for any other cone
v={yr: X — F(I))ser there exists a unique arrow f : X — L such that for every I € I the diagram

X —5% F(I)

|
f|%
4
L

commutes. The cone « is called limiting cone.

0
Proof: Given a representation C(—, L) = [I,C](A—, F) from Theorem 3.12 we have that (61 (idz,), L)
is a universal element. To prove the converse we just need to show (k, L) is a universal element of

[I,C](A—, F'), and then by Theorem 3.12 we have the representation C(—, L) = [I,Cl(A—, F).
a

Remark 4.4 In general, we use the word “limit” to denote the object part of the representation in
the definition. Thus, the object L in the definition of limit is often written as limF or limy F'. For
a given diagram, however, there might exist more than one limit. As a corollary of Proposition 3.14
we have that limits are unique up to isomorphism. In other words, a specific limit for a given diagram
F : T — C involves a choice among all possible limits of F'. In the abstract definition this choice is
made explicit through the representation for the functor [I,C](A—, F): C°® — Set.

Definition 4.5 (Complete Category) A category C is complete iff the limits for all diagrams exist
in C.

Proposition 4.6 Two results on limiting cones:

f
(i) Suppose k is a limiting cone from X to F, and Y = X. Then ko A f is a limiting cone from Y
to F.

X is a limiting cone from X to F and that &Y is a limiting cone from Y to F. Then

(ii) Suppose £
f
there is an isomorphism Y £ X such that k¥ = x* o A f.

Proof: Left as an exercise.

Exercise 4.7 Prove the proposition above (use the concrete understanding of limiting cone).

4.2 Examples of Limits

Definition 4.8 (Terminal Object) An object 1¢ in a category C is called a terminal object (final,
one) iff there is exactly one arrow from every A € C to 1¢.

A limit for a diagram F' : T — C where I is the empty category is a terminal object in C. Notice
that this limit might not exist. Any A € C is the vertex for an empty cone to F', then there must be a
unique arrow from A to Lir_nHF =1c.

Exercise 4.9 What is the terminal object in Set?

Definition 4.10 (Product) A product of two objects A and B in the category C is an object A x B
in C together with two projections m; : A X B — A and w3 : A x B — B, such that for any pair of
arrows f : C — A and g : C — B there is a unique (mediating) arrow (f,g) : C — A x B making the
diagram

c

f : g
(f.9) |
KB

A+ AxB2 3B
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commute, i.e., f =m o{(f,g) and g =m0 (f,g).

Let T = {1,2} be the discrete category with two objects. A limit for a diagram F : T — C is the
product F'(1) x F(2) in C where the limiting cone gives the projections m; and .
One can extend the definition of binary product to general products:

Definition 4.11 Assume I is a discrete category. Given a diagram F : T — C a product of F' consists
of an object [],.; F/(I) in C, and a collection of projections 7y : [[ ;o F(I) — F(I) for each I € T, such
that given any X € C together with a collection of arrows (fr : X — F(I))er there is a unique arrow
(fr)rer: X = [1;ep F(I) such that for each I € I the diagram

x—" R

|
(fI)IE'\:/ /

[Ire F(D)
commutes, i.e., fr = 77 o (fr)rer.

Definition 4.12 (Pullback) A pullback of a pair of arrows f : A — C and ¢ : B — C in a category
C is an object P € C, sometimes written A x¢ B, together with a pair of arrows ¢’ : P — A and
f': P — B such that

1. fog' =go f', ie., the diagram
L}B
g

P
lgl

f
A—1sc

commutes, and

2. for any X € C together with arrows h : X —- A and i : X — B for which foh = goi, i.e., the

diagram
A B
|
f

A——C

commutes, then there exists a unique arrow k : X — P such that h = ¢’ ok and i = f' ok, i.e.,

the two triangles in
X -
N 2
N
N
N
P——B
h f
lgl g
f
A—C

commute.

Exercise 4.13 Let I be the category represented by the following graph
C-

Ceiy

Show that a limit for a diagram F' : T — C is a pullback in C.
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I
9
an arrow m : E — A such that fom = g om and with the universal property that for any arrow
h: X — A such that f o h = go h there is a unique arrow k : X — E making mo k = h, i.e., the

triangle in the diagram

Definition 4.14 (Equaliser) An equaliser of a pair of parallel arrows A B in a category C is

f
E-—2+A4" 7B
g

/I\
k|
| h
X
commutes.

Exercise 4.15 Let I be the category represented by the following graph
—
=19
Show that a limit for a diagram F' : T — C is an equaliser in C. Hint: The equaliser corresponds to
one of the arrows in the limiting cone.
4.3 Limits in Set

Consider a diagram F': I — Set; from the definition of limit for any « : I — J the induced triangle
e i

x}

F(J)

commutes, where & = (k7)ser is a limiting cone. Then for any z € lim1F we have that (F(u)oxr)(z) =

ky(z).
We define our choice of limitis in Set to be

lm  F = {zrrer |zr e F(I) &V u: T — Jzy = (F(u)ar}

and the limiting cone k = (k1) 1e1 by letting x5 be the projection on the I’th component. Clearly, any
other cone v = (y7 : X — F(I))rer factors uniquely through our choice of limit in Set by the mapping
zeX — (’}/[(Z))[e]].

Products in Set: Consider the diagram F whose domain is a discrete category with two objects
{1,2} and codomain is Set. As we have seen before the limit of F is the product F'(1) x F(2) in Set.
Using the definition of limits in Set above we obtain

lim 1 93 F = {(21,22) | 21 € F(1) Azz € F(2)}

which is the usual definition of product of sets.

Pullbacks in Set: Let us assume F' is a diagram in Set whose limit gives a pullback for the arrows
A
I
g
B——C
(the identities arrows are not drawn). From the definition of limits in Set, the pullback P is

P ={{a,c,b) |lae ANbE BAceCA f(a)=cAg(b) =c}
={{a,b) |a€ ANb€E BA f(a) = g(b)}.

Exercise 4.16 What are equalisers in Set?

Exercise 4.17 The set [I,C](A X, F) is itself (isomorphic to) a limit, of which diagram?
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4.4 Limits as Products and Equalisers

Assume a category C with all products. Given a small diagram F' : T — C, then a cone 7 uniquely
defines a mediating arrow (yr)rer : X — [[; F/(I) such that for every I € I the diagram

commutes. This is just a consequence of the definition of product.

We can also define in C the product [[,.;, seape(r) '(J): the product of F(J)’s such that there is
an arrow u : I — J € arr(I). The projections of this product are indexed by the arrows in I.

We have two mediating arrows from [[;.; F(I) to [] I F(J):

u:I—J€Earr

L. (T7)u:1—Jearr(n) such that for an arbitrary u : I — J the diagram

(T3 )u:T— Jeare(r)

[rer £(2)

Hu:IﬁJEarr(H) F(J)
commutes; and
2. (F(u) o Tr)u:1—secare(r) such that for an arbitrary u : I — .J the diagram

i) —2 R

e E
(F(u)

om >u: — arr(l
HIGH F([) [t o) Hu:I—>JEarr(H) F(J)

commutes.

Theorem 4.18 A category C has all small limits iff C has all products and equalisers.

Proof:

“Only-if ”: Obvious since products and equalisers are limits.

“If”: Given a diagram F' : T — C, a cone y from X to F' equalises the mediating arrows (m.s) .7 seare(r)
and (F(u) o Tr)y:1—Jearr(r)- On the other hand, any arrow equalising these arrows determines a cone
on F. So a limit of F is an equaliser for (m7)y.1 searr(ry and (F(u) © 7r)y:1— seare(1) -

O

4.5 Definition of Colimit

Definition 4.19 (Colimit Abstractly) A colimit for a diagram F' : I — D is a representation for
[I, D](F,A—): D — Set:

)
D(07 _) = []IaD](Fv A_) -
The object C is often written as liﬂHF or colimyF.

The component at X of the natural isomorphism 6 in the definition above takes arrows in D(C, X)
to cones from F to X (or a cocone for the I-indexed diagram F' in D with vertex X). A cone § from
F to X is a collection of arrows {8y : F(I) — X)rer such that for any w: I — J in I the diagram

commutes.



Proposition 4.20 (Colimit Concretely) Given a diagram F' : I — D, a colimit for F' determines
and is determined by a cone k = (k1 : F(I) = C)e1 from F to some C € D such that given any other
cone B = (Br : F(I) — C)rer there exists a unique arrow g : C — X such that for every I € T the
diagram

commutes.

Proof: Left as exercise.

Exercise 4.21 Prove the proposition above by using the dual of Theorem 3.12.

All the remarks we made for limits are applied to colimits in the dual version.

Definition 4.22 (Cocomplete Category) A category D is cocomplete iff the colimits for all dia-
grams exist in D.

4.6 Examples of Colimits

Definition 4.23 (Initial Object) An object Op in a category D is called an initial object (zero) iff
there is exactly one arrow from 0p to every A € D.

A colimit for a diagram F : I — D where I is the empty category is an initial object in D. Notice
that this colimit might not exist. Any A € D is the vertex for an empty cone from F', then there must
be a unique arrow from liﬂ]IF =0p to A.

Definition 4.24 (Coproduct) A coproduct of two objects A and B in the category D is an object
A+ B in D together with two injections 1y : A - A+ B and 15 : B — A+ B, such that for any pair of
arrows f: A — C and g : B — C there is exactly one arrow [f,g] : A+ B — C such that the diagram

A—— A+B+B
|
[£.9],
! L g
C

commutes, i.e., f =[f,g] ot and g = [f,g] o t2.

Let I = {1,2} be the discrete category with two objects. A colimit for a diagram F : T — D is a
coproduct F'(1) + F(2) in D where the limiting cone defines the injections ¢; and 2.
We can extend this to general coproducts:

Definition 4.25 Assume [ is a discrete category. Given a diagram F : 1 — D a colimit for F' is called
a coproduct and consists of an object ) ;; F/(I) and a cone (c7 : F'(I) = Y7o F((I)) rer such that for
any other cone (fy : F(I) = X)jej there exists a unique arrow [fr]rer such that for each I € T the
diagram

F(I) == Y1 F(I)

|
I | [f1lre:
4

X

commutes.

Definition 4.26 (Pushout) A pushout of a pair of arrows f : C — A and g : C — B is an object P
together with a pair of arrows f' : B — P and ¢’ : A — P such that
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1. ffog=g'of, i.e., the diagram

P(f—,B
Tg, T‘g
f
A+———C

commutes, and

2. for any object X together with arrows h: A — X and i : B — X for which ho f =iog, i.e., the

diagram
X
A

B
Tg
c

commutes, then there exists a unique arrow k : P — X such that h=kog andi =ko f', i.e.,
the two triangles in

}h

X
S 7
\k
N
AN
P+—B
h f
Tg, Tg
f
A«——C

commute.

Exercise 4.27 Let I be a category defined by the graph
C:

T

(Cov—o-o :

Show that colimit for a diagram F' : 1 — D is a pushout in D.

N
g
D is an arrow m : B — E such that m o f = m o g with the universal property that for any arrow
h: B — X such that ho f = ho g there is a unique arrow k : E — X making kom = h, i.e., the

triangle in the diagram

Definition 4.28 (Coequaliser) A coequaliser of a pair of parallel arrows A B in a category

— m
A . B—)lE
\Hc
Ny

X .

commutes.

Exercise 4.29 Let I be the category defined by the graph

Clo1e5) .

Show that a colimit for a diagram F': I — D is a coequaliser in D.
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4.7 Colimits in Set

Consider a diagram F' : T — Set, from the definition of colimits we have that for any v : I — .J the
triangle

FI)
Jm)\ ling  F
F() 5

commutes, where (k1) rer is a colimiting cone. Then for any x € F(I) we have k1(z) = (k;j o F(u))(x).

We define our choice of colimits in Set to be lim 1/" = ) ;; F'(I)/ ~, where the relation ~ represents
the constraints imposed by the arrows in I. We define the relation ~ as the least equivalence relation
on [, F(I) X ;o F(I) such that

(I,z) ~ (Jyy) & Ju:I— Jearr(l) (Flu)r =y . (3)

For (I,z) € l);c; F(I) we let [(I,z)]~ denote the equivalence class of ~ containing (I, z). The colim-
iting cone is given by the collection of injection arrows sy : z — [(I, z)]~.

Exercise 4.30 Show this choice indeed gives a colimit in Set.

Exercise 4.31 What are coproducts, pushouts and coequalisers in Set?

4.8 Limits with Parameters

A special case of parametrised representability arises when considering limits of diagrams as represen-
tations:

Proposition 4.32 (Parametrised Limits) Let F' : I x A — C be a functor such that for ev-
ery A € A the functor (small diagram in C) F(—,A) : I — C has as limit the representation
A

0
C(=,limF(—,A) = [I,C](A—,F(—,A)). Then the mapping A ~— limF(—, A) extends uniquely
to a functor AW. lim (F'(—, W) : A — C such that

04) x

(
C(X,limiF(—,4)) =" [I,C](AX,F(—,A)) (4)
natural in A € A and X € C.

Proof: This proposition is just a corollary of Theorem 3.15 (Parametrised Representability) applied
to the functor AA, X.[I,C](AX,F(—,A)): A x C°® — Set.

O

Given the functor F' : I x A — C in the proposition, an arrow f : A — B in A has associated the

naturality square
~pA

C(X, lim 1 F(—, A)) — [I,C](A X, F(—, A))

A
Jf ll(in F(—,g)o— lF(—,g)o—
G

o

C(X,lm F(=, B) —% [L,CJ(A X, F(~, B))

for an arbitrary X € C. Taking X = l(iLnHF(—,A) and chasing the identity id@:F(,,A) around the
diagram we have

913&-1:(7,;;) (lmF(—,g)) = F(—,g) o 014&1-F(7’A)(id£iLn-F(—,A))a

i.e,, im 1F'(—, g) is the mediating arrow associated with the cone F(—,g) o 0@:F(_7A)(idl<inip(,,14)).

—

Exercise 4.33 Verify that F(—, g) o Gf?mfF(_ A)(idlim,p(,,A)) is a cone from lim 1F'(—, 4) to F'(—, B).
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An important special case of Proposition 4.32 arises by taking A = [I,C] and F to be the evaluation
functor eval : T x [I,C] — C where C has all limits for I-indexed diagrams. Hence, from the definition
of the evaluation functor, for every G € [I,C] there is a representation

C(—,l'&nmval(—, G)) 2 [L,C)(A—, eval(—,G)).

Notice that eval(—,G) = G. Then from parametrised limits we have a functor AW. lim reval(—, W) =
Jim — : [I,C] — C, the limit functor, such that

C(X, lim:F) = [I,CJ(A X, F)

natural in X € C and F € [I,C]. From the observation above, given a natural transformationa : F = G
the arrow l(iLnHa is just the mediating arrow associated with the cone resulting from the composition
of the limiting cone for @HF with a.

Exercise 4.34 State the dual of the Proposition 4.32 for colimits and conclude that if C has all limits
for I-indexed diagrams there is a colimit functor lim;— : [I,C] = C.

Remark 4.35 The definition of the limit functor gives in reality a family of functors. A specific limit
functor depends on the choice for the limit of each diagram F' € [[,C]. The limit functors, however,
are isomorphic and then we can talk about “the limit functor” with respect to some particular choice.

Exercise 4.36 Check that the definition of lim ;— satisfies the axioms in the definition of functor. In
principle that is not necessary since parametrised representability ensures that the extension of the
mapping F mﬂF is a functor!

Remark 4.37 In general there are categories where limits for some diagrams are missing. We can
still define the limit functor, however, by restricting to the subcategory of diagrams for which all limits
exists Thus, given a category A for which not necessarily all limits of type T exist, we define the full
subcategory Diag[l, A] C [I, A] of diagrams with limits in .A. Notice that if 4 is not the empty category
then Diag[l, A] contains at least the constant diagrams since their limits always exist in .A.

5 Ends

5.1 Dinaturality

We have considered bifunctors and natural transformations between them in § 2.2. We now study
a special kind of bifunctors with mixed-variant domain, e.g. C°? x C, and dinatural transformations
between them. The main motivation for dinatural transformations here is to present ends and dually
coends as representations for suitable functors.

Definition 5.1 (Dinatural Transformation) Let F,G : C°® x C — D be functors. A dinatural

transformation o : F-5G consists of a family (ay : F(U,U) = G(U,U))uec of arrows in D such that
for every arrow f : V — U in C the diagram

FU,U) —— G(U,U)

F(idv/ ww

FU,V) G(V,U)

F(V,V) ————G(V,V)

commutes.
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Recall that F(idy, f) = F(U, f) where F(U,—) : C — Set is the functor obtained by fixing the
object U in the first argument of F' (see § 2.2). Henceforth we use the more compact F (U, f) instead
of F(idy, f). Similarly, we use F/(f,V) instead of F(f,idy).

Every ordinary natural transformation gives rise to a dinatural transformation: Let n

(@x{ilz:ﬁg

G

be a natural transformation then the family of arrows (nu : F(U,U) - G(U,U))vec is a dinatural
transformation. Given the arrow f:V — U we construct the diagram

F(U,U) Y G(U,U)

Tﬂyﬂ (1) iﬁ>/ \*ﬁf
F(U,V) Y s G(U,V) (3) G(V,U)
P(Y) ® ;;N\ /4£;
F(V,V) — , G(V, V)

where

U, ),

(1) is the naturality square associated with (idy, f) : (U, V) — (U, U
— (V,V), and
v

U, V)
(2) is the naturality square associated with (f,idy) : (U, V)

(3) commutes since G is a bifunctor and then G(f, f) = G(V, f) o G(f,V) = G(f,U) o G(U, f) (see
§ 2.2).

Therefore,
G(fa U) °Nu,u ° F(U7 f) = G(f7 U) o G(Ua f) ° Nu,v (1) CommUtesa

=GV, f)oG(f,V)onuyv (3) commutes,
=GV, f)onvvo F(f,V) (2) commutes.

Thus (nu,v)vec is a dinatural transformation.
In general dinatural transformations do not compose. But dinatural transformations obtained from
natural transformations compose with arbitrary dinatural transformations.

Exercise 5.2 Given «: F' = F, 8 : F3G and v : G = G' (assume functors of the right type), show
that

1. Bofavv)v;
2. (yw,v)v o B and
3. (v e folavu)u

are dinatural transformations, where the composition is defined componentwise. Hint: For 1 consider
the diagram

FI(U,U) oy s F(U,U) fu , G(U,U)

Fy Fy w‘) G(f,U)
F'(U,V) e F(U,V) F(V,U) G(V,U)
F(£V) ;R¥\ /46; )
F'(V,V) — FOV,V) g GV, V).



The composition of dinatural transformations with natural transformations is functorial, i.e., we
have a functor
Dinat(—, +) :[C°P x C,D]°P x [C°P x C,D] — Set

where — and + are place-holders used to stress the mixed-variance of the functor. Dinat(—, -I-) acts
on functors and natural transformations as follows:

F €. Dinat(F,G)
WH Hﬂﬂ lDinat (7]7<p) =gpo—on
H K Dinat(H, K) .

5.2 Special Cases of Dinatural Transformations

In the next examples we consider functors F,G : C°® x C — D and dinatural transformations from F
to G.

One-side Constant: Assume F' = A X is a constant functor for some X € D and consider a

dinatural transformation v : A X5G. Then given f: V — U in C the diagram

au

X—2 L GU,U)

W)
G(V,U)
A

X— GV, V)

ay

X
i&
commutes. This diagram can be drawn as

(U,0)

w)
G(V, U

Vv, V)

G
/
X )
X
G(
Such an « is called an eztra natural transformation, a super natural transformation, or a wedge from
X to G.

Likewise, if G is a constant functor we can consider the dinatural transformation § : F-3A X for
some X € D. Then we have for any f : V — U that the diagram

F(U,
F(U,f)

U)
\)
FU,V) X
) /

F(V,V)
commutes. This is a wedge from F' to X.

As an example of the first case consider the set-valued functors: A {e} and C(—, +) . The collection
a whose component at U is the function @ — idy is a dinatural transformation from A {e} to C(—, +).



For any f : V — U in C we construct the diagram

C(V,V).

By chasing e in the diagram it is easy to check that the diagram commutes.

An example of the second case is given by the family of arrows (ev? : Set(B, A) x B — A)peset
for A € Set where the component ev? is defined by (g,b) — g(b). Given an arrow f: D — C in Set
we construct the diagram

Set(C, A) x C
Set(C,A)x ev®

¥

Set(C,A) x D

—ofxD ev
Set(D,A) x D .

/
\

By chasing (k,z) € Set(C, A) x D in the diagram above

evCoSet(C,A)x f

(k, )t k(f(x)), and

evPo(—ofx D)

(, )t r(ko f)(x) = k(f(2))-

Therefore (ev?) peset is a dinatural transformation from (Set(—, 4) x +) to A A.

“Dummy” in One Argument: A functor F : C° x C — D is dummy in its first argument if there
exists a functor Fy : C — D such that F' is the composition
F,
CP xC—s0——=D
where 73 : C°P xC — C is the projection to the second argument. Analogously, a functor G : C°°?xC — D
is dummy in its second argument if there exists a functor Gg : C°® — D such that G is the composition
G
COP X C L COD —0> D

where 71 : C°P x C — C°P is the projection to the first argument.
Suppose F,G : C°? x C — D are both dummy in the first argument and « : F5G is a dinatural
transformation. Then for any f:V — U in C the diagram

F(U,U) = Fy(U) ————— G(U,U) = Go(U)

F(U,f)=Fo(f) hU):GO(U)
F(U,V) = Fy(V) G(V,U) = Go(U)
thFo(V) G(v’f)=0ﬁ
\ /

F(V,V) = Fy(V) — G(V,V) =Go(V)

commutes. Hence the diagram
Fy(U) = Go(U)

Fo(f)T TGo(f)

Fy(V) —5 Go(V)
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commutes and « defines a natural transformation from Fy to Gg.

If F' is dummy in its second argument and G is dummy in its first argument, a dinatural trans-
formation a : F3G is a family (ay : Fo(U) = Go(U))vec of arrows in D where Fy : C°® — D and
Go : C = D are functors such that given f: V — U in C the diagram

Fo(U) = Go(U)

Fo(f)T lGO(f)

Fo(V) —— Go(V)

commutes. The case where F' is dummy in its first argument and G is dummy in its second argument
is similar.

5.3 Definition of End

We take ends over functors whose domains are products of the form I°P x I, where I is a small category.
Definition 5.3 (End Abstractly) An end for a functor F : I°® x I — D is a representation for
Dinat (A—,F) : D°? — Set
4
D(—,end F) = Dinat (A—, F).
The set Dinat(AX, F) for X € D is the set of wedges from X to F. We can recover a more

concrete characterisation of ends as we have done with limits. Given a wedge v € Dinat (AX , F) by
Theorem 3.12 there exists a unique arrow h : X — end F' such that

v = Dinat (Ah, F) (8cpa p(idend 7))
= (Bend F(idenar)) o Ah
= ((fena r(idenar)) ;o h)rer .
In other words, the universal or ending wedge Oeng r(ideng #) is uniquely extended by the arrow h

resulting in the wedge v. Given f : V — U the situation is illustrated in the following commutative
diagram where & = 0cpq p(idena F)

FU,U)
g F(f.0)
kU
DZ- -t SendF F(V,U)

m A’)
EF(V,V).

Proposition 5.4 (End Concretely) An end for a functor determines and is determined by a uni-
versal wedge.

Proof: By using Theorem 3.12 following the same reasoning done with limits.

O

Notation 5.5 In general we write [, F/(I,I) for the object end F' € D, where F' : I° x T — D; the
properties of ends shall justify this notation.

Limits are Ends: Let Fy : I — D be a functor with limit the representation D(—,@HFO) é
[I, D](Ar—, Fp). The functor Fy induces a functor F' : I°°? X I — D dummy in its first argument. The
natural transformations from Aj X to Fy are the dinatural transformations from Apeyy X to F — see
§ 5.2. Thus we have

=

X

D(X,lim1Fo) = [L,D)(Ar X, Fy) = Dinat (Apey X, F)
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natural in X, i.e., (@HFO,G) is a representation for Dinat (A]:[opx]:[_, F) and consequently I'LHHFO
J; F(IL,1).

Notation 5.6 This justifies writing [; Fo(I) for lim 1 Fp.

IR=

Ends are Limits: Let F':I°° x T — D be a functor with end the representation D(—, [; F/(I,T))
Dinat (A—,F) . We construct a category I¥ and a functor d® : I8 — I° x I such that fI F(I,I) =
Liénﬂg(F o d%). The category I8 is built from the objects and arrows in the category I as follows:

e ob(I%) = ob(I)Uarr(I); and
e arr(I?) is the collection of identities and for every f : V — U in I the arrows

U

V.

The only possible composition in I? is with identities.
Now, we define the functor d® : I8 — I° x T acting on objects and arrows
U \ (U,0) (£,0)
§
/ f ! (V’ U)

v v,vy. 7

Observe (left as an exercise) that the cones in [I¥, D](Ars X, Fod?®) are exactly the wedges in Dinat (Ajey X, F):
0
D(—, [; F(I,1)) = Dinat (Apeex1—, F) = [I%, D](Aps—, F o d®) .
Therefore [; F(I,1) is a limit for F o d.
Exercise 5.7 Show that [I%, D](A;s—, F o d¥) = Dinat (Apex1—, F).

As a consequence of these two results we can deduce that if D has all limits then D has all ends;
we also have a choice for ends in Set given by the choice for limits and a parametricity result.

5.4 Ends in Set

Let F :1°° x T — Set be a functor. A choice for the end of F' is given by

Jr F(I, 1) =lim 5(F o d’)
— {(zaacts | 24 € (Fod")(A) &¥f:V - U € are(D) (F(£,U) (z0) = 27 & F(V, f)(av) = 27)}
= {(ev)ver |zv € FU,U) &Vf:V 5 U € arr(l) : F(f,U)(zv) = F(V, f)(zv)} (5)

where the projections form the ending wedge.

5.5 Ends with Parameters

Proposition 5.8 (Parametrise Ends) Let F' : I°® x I x B — D be a functor such that for every
B € B the end [, F(I,I,B) of the functor F(—,+,B) : I° x T — D exists in D. Then the function
B+ [, F(I, I, B) extends uniquely to a functor from B to D such that

D(D,f,- F(I,I,B)) = Dinat(A D,F(—,+,B))
natural in D € D and B € B.

Proof: The proof follows from parametrised representability (Theorem 3.15) applied to the functor
AB, D.Dinat(AD, F(—, +, B)).

O

Exercise 5.9 Define the “end functor” end — : [I°P x I,C] — C where C has all ends of type I.
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6 Limits and Ends

6.1 Some Useful Isomorphisms

Curry and Uncurry: Letting F': A x B — C, the isomorphism curry : [A x B,C] 22 [A, [B,C]] with
inverse uncurry (see exercise 2.10) gives an isomorphism

urry

[AxB,Cl(F,G) = [A[B,C](\M.AB. F(A, B), \A. \B.G(A, B)) (6)

which sends a natural transformation a : F' = G to ((a4,B)BeB) 4c 4- Its inverse, uncurry, acts by
sending 3 to ((B4)) 4 peaxp The isomorphism is natural in F' and G.

Exercise 6.1 Swap?

Limits and Ends as Representations: Assume D has all limits, as a consequence of parametrised
representability for limits there is an isomorphism

D(X, [. F(I)) v [I, D](A X, F)

natural in X € D and F € [[,D] — see § 4.8. Moreover, from Theorem 3.12 the isomorphism is defined
by

feD(X, [, F() —=2 ko Af € [I,D(AX,F) (7)

where k = 0f1 F(I),F(ide F(I)) is the limiting cone of F'.
The case for ends goes similarly. As D has all limits then it has all ends, then from parametrised
representability for ends there is an isomorphism

ox,G
o~

D(X, [,G(I,I)) = Dinat(A X,G)

natural in X € D and G € [I°? x I, D], where ox ¢ is defined by
feD(X, [,G(I,1)) —=% s yo0Af € Dinat(AX,G) (8)
where v = ofl G(I, 1), G(ide G, I)) is the universal wedge of G.
Dinaturality Formula: Letting F,G :1°° x [ = D, then
Dinat(F,G) = [, D(F(I,1),G(I, 1)) (9)
provided we make the specific choice for ends of set-valued functors as given by (5). The right hand
side of this formula is the end taken over the functor A=, IT. D(F(I'*,I7),G(I~,I")). The two sides

of (9) are the same (left as an exercise) functorially in F' and G (by virtue of the identity isomorphism).

Exercise 6.2 Prove the dinaturality formula by using our explicit choice for ends in Set.

Naturality Formula: We can specialise the dinaturality formula to an end characterisation of nat-
ural transformations. Letting F, G : I — D, then

Nat(F,G) = [I, D|(F,G) = [, D(F(I),G(I)) (10)

where the end of the right hand side is taken over the functor A\I—, I'™. F'(I,IT). Again with respect
to the specific choice for ends in Set the two sides are the same functorially in F' and G.
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6.2 Limits in Functor Categories

Let F : I x J — D be a functor; if for each J € J the functor F(—,.J) : I — D has a limit in D then
by parametrised limits (Theorem 4.32) there is a functor AJ. [, F(I,J) : J — D. This limit functor is
in fact isomorphic to the limit || 1 AJ.F(I,J). In other words, limits in functor categories are obtained
pointwise provided the pointwise limits exist.

Proposition 6.3 Assume a functor F' : I x J — D is such that for each object J € J there is a
limiting cone s’ for F(—,J). Then <(n{>J€J>IeH is a limiting cone for AI.AJ. F(I,J) with vertex
AJ. [, F(I,J). Assuming every functor F' in [I x J,D | has a limit [, F'(I,.J) for all object .J € I, the
isomorphism

[FALE(ILJ) =N [,F(I,J),
determined by universality, is natural in F.

Proof: We show [J,D](Y,\J. [; F(I,J)) = [L,[J,D]](ArY,\.\J. F(I,J)) natural in Y € [I,D]. This
natural isomorphism is obtained as the composition of the following natural isomorphisms:

[3,D)(Y,\J. [, F(1,J)) = [,D(Y(J), [, F(I,J)) by naturality formula (10),
= [, DI(AL.Y(J), M. F(1,J)) by representation of limits,
=[I,[L,D]J(AJ AL A(Y (J)),A\J.XI.F(I,J)) by naturality formula (10),
=~ I x J,D)(N, LY (J), X, J.F(I,.J)) by uncurrying and swapping,
=~ (1L [J, D]| (AL AJ. (Y J),A[LXJ. F(I, J)) by currying.

As each isomorphism is natural in Y € [J, D] we obtain the required representation. A natural trans-
formation ¢ € [J, D](Y,\J. [, F(I,J)) is sent to ((k7 o @J)JGJ])IGH as shown below:

@ = (p1)ses — (k7 0 Apy)ses — (K] 0 pr)rserxa— (K] 0 wr)ien) o -

In particular the identity idU [,F(I,J) is sent to <(n{>J€J>IeH which by Theorem 3.12 is a limiting
I; ,

cone for \I. \J. F(I,J). As each isomorphism is natural in F' as well, by parametrised representability,
we have

[P AL F(I,J) 2\, [, F(I,.J)

natural in F'.

6.3 Fubini Theorem

Proposition 6.4 Let F': I x J — D be a functor and assume fI F(I,J) exists for any object J in J,
then

Sy UL = [ F(LL)
meaning if one limit exists so does the other. If D is complete the isomorphism is natural in F'.

Proof: By parametrised representability and since [; F(I,.J) exists for any .J € J we have the functor
AJ. [, F(I,J). By representation of limits

D(—, [, [;F(I,J)) = [I,D](A=,\J. [, F(I,J])) and
D(—,f(w) F(I,7)) = [IxJ,D|(A—, I, J.F(I,J)) .

We prove that the right hand sides are isomorphic:

[1,DI(AV,\J. [, F(I,7)) = [,D(V, [, F(I,J)) by naturality formula (10),
= fJ [T, D] (/\I. V.M. F(I, J)) by representation for limits,
=~ [J,[I, D]J(AJAL VAL AL F(I, ) by naturality formula (10),
>[I x J,D)(\, J.V,\, J.F(I,J)) by uncurring and swapping.
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Notice that each isomorphism is natural in V' € D and F € [I x J, D] (provided we assume D is
complete).

O

Corollary 6.5 (Fubini for Limits) Let F : I x J — D be a functor such that
e [, F(I,J) exists for all object .J in J; and
° fJ (I,J) exists for all object I in I,

then
fJfIF(I,J) EfIfJF(I J)

meaning if one side exists so does the other. Assuming D is complete the isomorphism is natural in F'.

Proof: Apply the Proposition 6.4 twice.

As ends are limits we also have a Fubini theorem for ends:

Corollary 6.6 (Fubini for Ends) Given F : I°° x I x J°P x J — D such that
o [[F(I,1I,J7,J%) exists for all J=,J* € J; and
o [, F(I=,T*+,J,J) exists for all I=,T+ €1,

then
[ [P0, 0) = [, [, F(I,1,J,J)

meaning if one side exists so does the other. Moreover this isomorphism is natural in F if D is complete.

6.4 Preservation of Limits

Deﬁnition 6.7 (Preservation of Limits) Let F': I — C be a diagram with limiting cone k = (kg :
J; F( F(I))rer, a functor G : C — D preserves the limit of F'iff Gk = (G(kr) : G([, F(I)) =
(F(I)))IE]I is a limiting cone in D.

Proposition 6.8 The hom-functor C(C, —) : C — Set preserves all limits.

Proof: Suppose F : I — C is a diagram with limiting cone k = (k1) se1, as a consequence of our choice
of limits in Set (a special case of naturality formula (10)):

C(C, [, F(I)) = [I,CI(AC,F) = [,C(
That does not ensure that C(C, —) & is limiting. Let us examine the diagram for sy

C(C,kr)=K10—

C(C, [; F(I)) C(C, F(I))

= /

JiC(C,F(I)),
given f € C(C, [; F(I)), we have from the representation for limits (7)

mwrof

f

krof .

Thus mr08 = ko — = C(C, k1), and by Proposition 4.6 (4) we conclude (C(C, k1)}rer is a limiting cone
in Set.

O

31



Clearly, if F' and G are isomorphic functors then F' preserves I-indexed limits iff G does. Hence
from Proposition 6.8, we conclude that representable functors preserve limits.

Proposition 6.9 Given a diagram F' € [I,(] and a functor G : C — D such that the limits of F' and
G o F exists, then G preserves the limit of F' iff the mediating arrow defined by universality of limit is
an isomorphism.

Proof: Left as exercise.

Exercise 6.10 Prove the result above by using Proposition 4.6

To prove preservation of limits by closely following the definition might be tedious. In general it is
easier to prove that a functor preserves limiting objects, however, this in general gives a necessary but
not sufficient condition.

Exercise 6.11 Show an example of a functor G : C — D such that for some diagram F' : I — C there
is an isomorphism G([; F(I)) = [,(G o F)(I) but G does not preserve the limit of F, i.e., G sends a
limiting cone in C to a non-limiting cone in D.

Fortunately, naturality comes to the rescue:

Theorem 6.12 Assume categories C and D with limits for all I-indexed diagrams. The functor G :
C — D preserves limits of I-indexed diagrams iff

lim (G o F) = G(lim{F)
natural in F', i.e., the square of categories and functors

lim i—

[L,C]——

commutes up to isomorphism.

Proof:

“Only-if 7. If G preserves limits then by Proposition 6.9 the mediating arrow from G(@ 1F) to @ 1(Go
F) for a given diagram F' is an isomorphism. It is easy to verify that those mediating arrows are the
components of a natural transformation.

“If”: Assume 6 : lim (G o F) = G olim natural in F" € [I,C]. Take £ to be the limiting cone defined
by the limit of an arbitrary diagram F : I — C. The cone k is an arrow in the category [I,C]; this
defines the naturality square in the diagram

o Y im  F o~
G(lim 1F) ——=— lim (G o Alim ) — =" G(lim 1(A lim 1F)) — = G(lim ; F)
\f\ - \yLn-(Gn) G(limx) -
h ke >0

lim (G o F) G(lim . F).

Regardless the choice for limits we clearly have G(lim (A lim (F)) = G(lim ;F') where the isomorphism
is given by the mediating arrow. Thus, by uniqueness of the mediating arrows the right hand side
triangle in the diagram above commutes and G(lim k) is an isomorphism. By a similar argument
the left hand side triangle commutes as well, where f is the mediating arrow defined by the universal
property of limit. By commutative of the square the arrow lim 1(G k) is an isomorphism which in turn

implies that f is an isomorphism. Therefore, by Proposition 6.9 we conclude G preserves the limit of
F.
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We can generalise the result of Theorem 6.12 to consider the case where not all limits exist. We
take instead of [I,C] the category Diag[l,C] C [I,C] of diagrams whose limits exist in C as defined in
Remark 4.37:

Corollary 6.13 A functor G : C — D preserves those [-indexed limits which exist in C iff
(i) whenever F': I — C has a limit in C then G o F' : I — D has a limit in D; and
(it) limy (G o F) = G(lim F) natural in F', where F' € Diagl[I,C].

Proof: Clearly the constant diagrams are objects in Diag[l, D] since their limit exist. Then the proof
of Theorem 6.12 works within the subcategory Diag[L, D].

O

Proposition 6.14 The Yoneda embedding ) : C — [C°P, Set] preserves limits.
Proof: As a consequence of Propositions 6.8 and 6.3 there is an isomorphism

O [ FID)(©C) = ([; YE(I)(C)

natural in C' € C and F' € Diag[l,C]. As [C°P,Set] is complete the functor } o F' has limit for all F,
then from Corollary 6.13 we can conclude that ) preserves limits.

O

Proposition 6.15 The bifunctor eval : [J,D] x J — D induces a functor eval(—,J) : [J,D] — D for
every J € J. Suppose F : I — [J,D] is a functor such that AI.(F I).J has a limit for all J € J; then
eval(—, J) preserves the limit of F.

Proof: Again we use Proposition 6.3 to conclude that there is an isomorphism
(fy F(D)J = [; (F(I)J)

natural in F and J. By definition eval([, F(I),J) = ([, F(I))(J) and [, eval(F(I),J) = [, (F(I)J).
Thus, from Corollary 6.13 we have eval(—, J) preserves the limit of F.

O

7 Coends

7.1 Definition of Coend

Definition 7.1 (Coend Abstractly) A coendfor F : I°°xI — D is arepresentation for Dinat (F, A—
) : D — Set

4
D( " F(1,1),-) = Dinat(F,A - ) .
An element of the set Dinat (F, AX) is a wedge from F' to X. By using the dual form of The-

orem 3.12 we can recover a concrete definition for coends in terms of couniversal wedges. Thus
given a wedge o € Dinat(F,AX) there exists a unique arrow h : fI F(I,I) — X such that

a =Aho 0fz F(LI) (idfz F(LI)) where 0f1 F(LI) (idfz F(I,I)) is the couniversal wedge. Therefore,

given an arrow f : V — U in [ we have that in the diagram

F(U,U)
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(1) and (2) commutes, where k = 0fz F(LT) (idfz F(I I)).
By means of the dinaturality 9 formula we can define coends in terms of ends, given a functor
F:I1°°xT—>D

D( [ F(I,1),V) = Dinat (F,AV) = [, D(F(I,I),V) (11)

natural in V' (and also natural in F' if D is a complete category).
The relation between colimits and coends allows to extend our choice for colimits of set-valued
functors to coends in Set. Thus, given a functor F' : I°° x T — Set

T
[ FUI) =W F(I,T)] ~ (12)
where the relation ~ is the least equivalence relation on #;; F'(I,T) % f;o; F(I,I) such that
U,z) ~(V,y)ifAf: V - U €arr(l)3z€ F(U,V).(x = F(U, f)z) & (y = F(f,V)z) .

The universal wedge is given by the collection of injection arrows = — [(U, z)]~.
The results for ends have a dual version for coends: parametricity coends, Fubini Theorem and
pointwise coends in functor categories.

7.2 Density Formula

Given an object X in the functor category [C°P, Set], by Yoneda Lemma (Theorem 3.3) and naturality
formula 10

X(U) 2 [C®,Set] (YU, X) = I Set(YU)V,X(V)). (13)

Notation 7.2 Henceforth we shall denote hom-sets in Set with square brackets, for instance [A, B]
instead of Set(A, B). Rewriting (13) to X(U) = [,,[C(V,U), X(V)].

We now present a coend formula for X. The density formula expresses X (U) in terms of the coend
XU 2 [V oU,w) x X(W)

natural in U € and X € [C°?,Set]. Notice that the right hand side is a coend for the functor
AW, WH.CU,Wt) x X(W~) :CP x C — Set where U € C.

Notation 7.3 In a category C with all small coproducts, for S € Set and A € C, the copower S - A is
the coproduct ) ¢ A.

Let us rewrite the density formula using copowers:
X =AU [V X(W) x C(U, W)
= fW AU. X (W) x C(U,W) as coends are computed pointwise,
=~ (W X (W) - (\U.C(U, W) (14)
= xw)-yw
where (14) is justified by

Y AUCU,W) =AU Y CU,V) = A.X(W) x CU,W) .
sEX (W) seEX (W)
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Proof of the density formula: Let Y € [C°P,Set]
[C°P, Set]( fW X(W)- YW, Y) = [ f X(W)-YW)U,Y (U)] by naturality formula (10),
~ fU[f X(W) x C(U,W),Y (U)] as coends are computed pointwise,

= [ Jw[X(W) x CU, W), Y (U)] by (11),
= [ Jw[X(W),[CU,W),Y(U)] by currying,
= [ Ju[X(W),[CU,W),Y(U)]] by Fubini,
= [ XW), [,[CU,W),Y(U)]] by dinaturality formula,
= [ [ X(W),Y (W) by Yoneda Lemma,
= [C°P, Set](X,Y) by dinaturality formula,

natural in Y. By Proposition 3.6 we have X & f X(W)-YW.

7.3 Recasting the Density Formula

The density formula can be rewritten in two ways. Both make use of a construction called the category
of elements of a set-valued functor.

Definition 7.4 Let G : A — Set be a functor. Define its category of elements els(G) (sometimes [G
though this clashes with our use for ends and coends) to be the category consisting of

e ob(els(G)) = 4,4 G(4); and

e arrows h: (4,2) — (A4',2') where h: A — A’ is an arrow in A such that G h(z) = 2'.

Often we will take the category of elements defined by a contravariant functor G : C°® — Set, in
this case h: (C,z) = (C',2') is an arrow of els(G) if h: C' — C is an arrow in C and (G h)(z) = 2'.
Note that a product of sets X (W) x C(U, W) can be written as a coproduct in two ways

Z cw,w) = [*¥W o, w) (15)
zeX (W
or
> oxw) = I xw) (16)
fec(u,w)

where we treat the sets X (W) and C(W,U) as discrete categories (i.e. all maps are identities) when
using the “integral” notation (here representing colimits).
From the density formula, we have

=~ (W xw)xcw,w) =" [ cw,wy .

By using els(X) we can replace the “double integral” by a “single integral”
fW fiEeX(W) (C(U,W) o f(W,$)EelS(X) (C(U’ W) ) (17)

Notice that while the left hand side is a coend for the functor AW =, W . fxex(wi) C(U,WT) the
right hand side is a colimit for the functor (W, z) — C(U, W) from els(X) to Set.

Exercise 7.5 Considering our particular choice for coends and colimits in Set prove that the isomor-
phism (17) holds and conclude that it is natural in U.

Hence, X (U) = f(W’z)eels(X) C(U,W), so
X = . [T oy wy = (TR N o, w | (18)
exhibiting X as a colimit of representables. Similarly, by considering (16)

X f ffEC(UW) X(W) f(Wf)Eels(C(U ) X(W)

Exercise 7.6 Show this isomorphism by considering the concrete construction of coends and colimits
in Set.
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8 Adjunctions

8.1 Definition of Adjunctions

F
Definition 8.1 (Adjunction) Let (C D be functors where C and D are categories. An ad-
G

junction in which F' is the left adjoint and G is the right adjoint consists of an isomorphism

DEX),Y) & ¢(x,6(v))

natural in X € C and Y € D. When such a natural isomorphism exists we write F' 4 G.

By dual form of parametrised representability (Theorem 3.15), it is sufficient to specify an adjunc-
tion via a representation for the functor C(X, G(—))
0X
DFIX],-) = C(X,6(-))
where F[X] € D for each X € C. Therefore, the mapping which sends X to F[X] extends to a functor
F : C — D such that .
0
D(F(X),Y) = C(X,G(Y))
natural in X € C and Y € D, i.e., F' is the left adjoint of G.

From the dual form of Theorem 3.12, the representation for C(X, G(—)) defines a universal element
nx = 0§[X](idF[X]), i.e., for any f € C(X,G(Y)) where Y € D there exists a unique f € D(F[X],Y)
such that

f=(CX,G(=))(nx)
(G(f) o =) (nx)

=G(f)onx
Then the diagram
X 2 G(FX)) FIX]
[ [
\ 1 G(f) \'7
+ 1
G(Y) Y

commutes. The collection of universal elements (nx)xec is called the unit of the adjunction. Thus we
obtain the freeness condition sufficient to establish an adjunction.

Definition 8.2 (Freeness Condition) Let G : D — C be a functor. Say a pair (F[X],nx), where
F[X] is an object of D and nx : X — G(F[X]) is a map in C, is free over X with respect to G iff
for any map f : X - G(Y) in C with Y € D, there is a unique map f : F[X] — Y in D such that

f=G(f)ons.

Suppose G : D — C is a functor, a necessary and sufficient condition for there to be a functor
F :C — D such that F' 4 G is that for each object X € C there is an object F[X] € D and an arrow
nx : X — G(F[X]) in C such that (F[X],nx) is free over X. The family (nx)xec is called the unit of
the adjunction.

Exercise 8.3 Show that the action of the induced functor F' over an arrow f : C — C’ in C is the
unique arrow determined by the freeness condition of e for the arrow e o f. Then conclude that
the collection (nx)xec is a natural transformation from ide to G o F.

Dually, suppose F' : C — D is a functor, a necessary and sufficient condition for there to be a
functor G : D — C such that F' 4 G is that for each object Y € D there is an object G[Y] € C and
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an arrow ey : F(G[Y]) = Y in D such that (G[Y],ey) is co-free over Y with respect to F, i.e. the
diagram

G[Y] Y« F(G[Y))
0 +*
19 ) | F(9)
|
¥ F(X)

commutes. The family of arrows (ey)yep is called the co-unit of the adjunction.

8.2 The Naturality Laws for Adjunctions

F
—

PR
€

Given an adjunction F' 4 G for functors C D we denote the natural isomorphism

D(F(X),Y)=C(X,GY))

by (—) in both directions. Traditionally this correspondence is represented by

x—aw)

x—25a(v) Fx)—Loy

Given that both the isomorphism and its inverse are written as (=) we must have ? =fandg=yg.
Given an arrow h we called the arrow h the transpose of h. Using this notation, we investigate the
consequences of naturality.

Naturality in X: For h: X' — X in C the square

>
S
g
s
s
1%
]
-~
[
=

R

X' D(F(X'),Y) = DX,G(Y))
commutes, i.e., given f € D(F(X),Y)

f

Eh L P(X) Y

F(X")

X x ).

Reading from top to bottom (}) fo F h = f o h, and reading from bottom to top (1) goh =gGo F h.

Naturality in Y: For k:Y — Y’ in D the square

k<
]
e
s
=
R
PR
i
Q
=

~
S
=
s
~
R
S,
ks
Q
=

X—seyw)-Eary .

Reading from top to bottom (|) ko f = G k o f, and reading from bottom to top (1)Gkog=Fkog.
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8.3 The Triangle Identities

F
—

—
Gq

Assume the functors C D.

Proposition 8.4 Given an adjunction F' 4 G with unit n and counit ¢ the diagrams of functors and
natural transformations

nG Fn
G——GFG F——FGF
. J/GE . lEF
idg idp
G F

commute. They are called the triangle identities.

Proof: Recall from exercise 8.3 (and its dual) that the unit and counit of an adjunction are natural
transformations. We prove only the left hand identity above, the other follows analogously. Given
Y € D, we have

nG(v) Gley)

G(Y) G(F(GY)) G(Y)
FG )% (G (v ) — sy,

and by definition &y = idg(y). Then G(ey) o ngy) = ida(v), i-e., G(ey) o na(v) = idg(v)-
(|

Theorem 8.5 (Adjunction) A pair of natural transformations (n :idc = G o Fie : F oG = idp)
satisfying the triangular identities define an adjunction as follows:

e Given an arrow f : X — G(Y) in C the transpose f is ey o F(f), and
e given an arrow g : F(X) — Y in D the transpose g is nx o G(f).

Proof: We need to check these functions give a natural bijection. Naturality is inherited from natu-
rality of ) and ¢, e.g., given an arrow h: X' — X in C and g € D(F(X),Y)

goh=G(g)onxoh by def. of (<),
= G(g9) o G(F(h)) onx: by naturality of 7,
=G(go F(h)) onx:

=go F(h).

Now, we check the functions are mutually inverse. Given f: X — G(Y) in C

f=G(ey o F(f) onx by def. of (—),
= Gley) o G(F(f)) omx
=G(ey)onawyyo f by naturality of 7,
=f by triangle identity.

Similarly given an arrow g : F'(X) — Y we can prove g = g.

Corollary 8.6 An adjunction F' - G is completely determined by its unit and counit.

Proof: Since the unit and counit are natural transformations satisfying the triangle identities and the
definition of the transpose in the theorem above corresponds to the freeness conditions.

O
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8.4 Limits and Adjunctions

F
C.
G

limits which exist in D, and F' preserves all colimits which exist in C.

Theorem 8.7 Suppose the functors D form an adjunction F' 4 G. Then G preserves all

Proof: Assume D : 1 — D is a diagram whose limit exists in D. Composing isomorphisms
C(U,G(f; D(I))) = D(F( fI (I)) by the adjunction,
= [,D ( (I)) by Proposition 6.8,

= [;¢(U,G(D(I)))

(1))

”C(Uff D(1))

by the adjunction,

by representation of limits,

by Proposition 3.6 we have

G([; D)) = [, G(D(I))
natural in U € C and D € Diag[l, D] (see Remark 4.37). It follows that the limit for G o D exists for
any D € Diag[l,D] and thus from Corollory 6.13 we can conclude that G preserves limits. Dually F
preserves colimits.

O
Exercise 8.8 Complete the proof by showing that left adjoints preserve colimits.

Exercise 8.9 Show m : A — B is monic in a category D iff

id
—A>A

A
dAl m
AT>B

is a pullback. Deduce right adjoints preserve monics. Why do left adjoints preserve epis?

8.5 Representation Functors

Assume a functor F' : C — D where D has all small colimits (i.e. D is cocomplete). We can obtain an
adjunction
o
TN
[C°P,Set] T D
~_ A
Fl

The functor F is got by extending F' along the Yoneda embedding ) (an example of a left Kan
extension):
Cc —2 [C, Set]

|
| F

<
D.

Define F} = AX. [© X(C) - F(C) and F* = \Y.AC.D(F(C),Y). To show F, 4 F*:

F

D(F(X),Y (f X(C)-F(C),Y) by definition,
= fO F((0),Y) by representation for coends,
= Joe D(Xsex(c) F(C),Y) by definition of copower,
= Jo Ieex 0) D(F(C),Y) (19)
= fc[X (F(C),Y)]
= [LIX(O),(F*(Y))(C)] by definition of F*,
= [(C°'°,Set] (X, F*(Y)) by naturality formula,



where all the isomorphisms are natural in X € [C°P, Set] and Y € D.
Note that treating the set X (C) as a discrete category we have

S FE) = [*MUFE) and Texie) F(O) = foexie F(O),
zeX(C)

so step (19) is a special case of the representation for colimits.
In particular, presheaf categories D = [D°P, Set] have all colimits (they are obtained pointwise from
colimits in Set). So given F' : C — D we obtain

(o)
_|
=)

F

Note that F' might arise from a functor F : C — D by composition with Yoneda:
F.c2n—Y, D.

8.6 Adjoints and Initial Objects

8.7 The Initial Object Lemma

8.8 The General Adjoint Functor Theorem
8.9 Well-powered categories

8.10 Generators and Cogenerators

8.11 The Special Adjoint Functor Theorem

8.12 Cartesian-closed Categories

Definition 8.10 (Cartesian Closed Categories) A cartesian-closed category (ccc) is a category
C with

e all finite products specifically given (so there is a terminal object 1¢ and binary products A x B
for all A,B € C); and

e a representation for the functor C(— x B, C):

for all B,C €C.

Notation 8.11 The object [B,C] € C is called the ezponential of B and C' and sometimes is written
as CB.

By parameterised representability (Theorem 3.15) for a ccc C there is a unique way to extend the
mapping (B, C) — [B,C] to an ezponentiation functor [—, +] from C°? x C to C such that

C(A,[B,C]) =2C(A x B,C)
natural in A, B,C. Notice that from this isomorphism we have — x B 4 [B,—]. In fact, provided C
has specified finite products an adjunction with — x B - [B, —] for all B € C, conversely determines a
cartesian closed structure on C.

Exercise 8.12 What are the unit and counit of — x B - [B, —]?

Proposition 8.13 Presheaf categories are cartesian-closed.
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Proof: The category C= [C°P, Set] has products, computed pointwise, like all limits:
(X xYV)(U)=2X(U)xY(U)

natural in U € C. We can make an educated guess at the form of the exponentiation [Y, Z], for
Y, Z € C. It should satisfy:

Y, Z|(U) = C(YU,[Y, Z]) by the Yoneda Lemma (Theorem 3.3)

C
@(y UxY,Z) by the adjunction property.

12

So we define [Y, Z] = AU. C(YU x Y, Z) and check that C(X, Y, Z]) = C(X x Y, Z) natural in X:

C(X,[Y, Z]) = [LIX(0),]Y, Z|(U)] by naturality formula,
= [y[X(©), CYU xY, Z)] by definition of [Y, Z],
= [y [X(O), [, [( Y(V),Z(V)]] by naturality formula,
= [, [, [X(U ) V), Z(V by representation for ends,

),[C Y(V), Z(V)]]
= [, [y [X(U) x (C V U) Y (V),Z(V)]] by currying and uncurrying,
= [ [y [XU) x C(V,U),[Y(V), Z(V)] by Fubini (Corollary 6.6),

= [ [fU (U) x C(V,U),[Y(V), Z(V)]] by representation of coends,

= [, [X(V),[Y(V), Z(V)]] by density formula,

= [y [X(V) xY/(V), Z(V)] by uncurring,

=] fv[(X x Y)(V), Z(V)] product is got pointwise (Proposition 6.3,
= @(X xY,Z) by naturality formula,

all natural in X € C.
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coend of, 33
constant, 10
contravariant, 6
covariant, 6
diagram, 14
end of, 27
faithful, 3
full, 3
fully faithful, 3
preservation of limits, 31
representable, 13
representation, 13
with dummy arguments, 26
Yoneda, 10
functor category, 5
functorial, 9

hom-functor, 10
hom-set, 2

initial object, 20
isomorphism, 2
natural, 9

lambda notation, 9
limit
[; F(I), 28
abstract definition, 15
co, 19
concrete definition, 16
Fubini, 30
pointwise, 30
set, 18
with parameters, 22
functor, 23

map, 1
mediating arrow, 13
morphism, 1

epi, 2

iso-, 2

natural isomorphism, 5
natural transformation, 4

di, 23

extra, 25

horizontal composition, 5

super, 25

vertical composition, 4
naturality formula, 29

object, 1
terminal, 16

parametrised representability, 13



product, 16
co, 20
product of categories, 6
pullback, 17
pushout, 20

Set
ends in, 28

subcategory, 4
full, 4

universal element, 13
wedge, 25
ending, 27

universal, 27

Yoneda lemma, 11
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