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The word  problem on a monoid a d m i t s  two n a t u r a l  g e n e r a l i z a t i o n s  : 

- t h e  f i r s t  one is  t h e  e x t e n s i o n  f r o m  monoids  to  ca t ego r i e s .  In t h i s  case  t h e  

w o r d s  become t h e  "pa ths"  and  t h e  equa l i ty  p rob lems  t ake  t he  f o r m  o f  d i a g r a m  

c o m m u t a t i o n  problems.  

- t h e  second  is  t h e  e x t e n s i o n  f r o m  monoids  to  un ive r sa l  a l geb ra s .  In t h i s  

case ,  t h e  w o r d s  become t h e  " te rms" ,  and t h e  r e w r i t i n g  s y s t e m s  s e t  t he  r u l e s  

f o r  t h e i r  equal i ty .  

Is i t  poss ib le  to u n i f y  t h e s e  two e x t e n s i ons  ? In t h i s  paper  we a n s w e r  a s  

fo l lows  : t h e  r e w r i t i n g  p rob lem f o r  t e r m s  is  no th ing  b u t  a 2 -d imens iona l  p a t h  

p rob lem in a 2 - c a t e g o r y .  Th i s  obse rva t ion  l eads  to  t h e  gene ra l  p rob lem f o r  

n - p a t h s  in an  n - c a t e g o r y ,  or  even in an  = - c a t ego ry .  A lot  o f  c o m p u t a t i o n s  made  

by c a t e g o r i c i a n s  a r e  I - ,  2 -  o r  3 -d imens iona l  compu ta t ions ,  and  in f a c t  

n - d i m e n s i o n a l  c o m p u t a t i o n s  t ake  place in an  (n+ l ) -ca tegory  (see §1.2). 

F u r t h e r m o r e ,  beyond t h e  un i ty  so given to  va r ious  word  problems,  t he  link wi th  

combina to r i a l  topology appea r s ,  w o r d  p rob lems  being in t h i s  s e t t i n g  r e f i n e m e n t  

o f  homotopy t h e o r y  (see §1.3). 

1. G e n e r a l  s e t t i n g  

We a r e  going to  def ine  t h e  n -d imens iona l  word  p rob lem (ne~),  and more  

genera l ly ,  a word  prob lem of  va r iab le  d imens ion  which  m e a n s  comput ing  in an  

= - c a t e g o r y  (such  a compu ta t i on  being o f t e n  a r educ t ion  to  a canonica l  f o r m ,  

b u t  m o r e  gene ra l l y  be ing  t h e  c o n s t r u c t i o n  o f  a "homotopy" be tween  two  

expres s ions ) .  

I.I.  w - C a t e g o r i e s .  

One will f ind  in [Bu2] m o r e  syn the t i ca l  de f in i t i ons  of  = - c a t e g o r i e s ,  bu t  

t h e  def in i t ion  p r e s e n t e d  below f i t s  p r e t t y  well  our  purpose .  F ina l ly  t h e  whole  

c o n s t r u c t i o n  a m o u n t s  to  t h e  j u x t a p o s i t i o n  o f  an  in f in i ty  o f  2 - c a t e g o r i e s .  

An =-graph G is t h e  d a t u m  o f  a d i a g r a m  of  s e t s  

a a a a a 

o I z e-------C ~+i 
( ' )  G <-------G < - ~ ' - - G  < G ... G < G 

0 1 2 n n + l  

s u c h  t h a t ,  f o r  every  n ~ ,  t h e  fo l lowing  equa t ions  hold : 

a a = bn+l, b a = b b n n+l an  n n+l n n+l" 
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The e l e m e n t s  of  G 
n 

0 - ,  1- and  2 - c e l l s  a r e  we l l -know~l  : 
f 

x x f >Y x ~ Y  
) 

g 
(n=O) ( n = l )  ( n = 2 )  

w h e r e  X,Y~G o, f , g ~ G  I, ~.EG 2. 

S y m b o l s  a r e  s o m e t i m e s  o m i t t e d ,  a s  f o r  i n s t a n c e  h e r e  : . ~ . ) 

a r e  n a m e d  n-ceLls, a n d  t h e  f o l l o w i n g  r e p r e s e n t a t i o n s  o f  

We a l s o  n e e d  h i g h e r  d i m e n s i o n a l  c e l l s ,  a n d  r e p r e s e n t i n g  t h e m  i s  p o s s i b l e  

( a l t h o u g h  d i f f i c u l t ) ,  a s  f o r  i n s t a n c e ,  f o r  a 3 - c e l l  : . ~ . ) 

In  f a c t ,  a s  w e  s h a l l  s ee ,  , i t  s e e m s  t h a t  t h e  m a i n  p a r t  o f  t h e  c a l c u l u s  a l w a y s  

w o r k s  in  Z - g r a p h s .  

A n-graph i s  an  w - g r a p h  G s u c h  t h a t  G = ~ f o r  e v e r y  p>n, a n d  s u c h  a n  
p 

n - g r a p h  w i l l  be  i d e n t i f i e d  w i t h  t h e  d i a g r a m  (~) t r u n c a t e d  a t  t h e  l e v e l  n. In  

p a r t i c u l a r  a O - g r a p h  i s  j u s t  a s e t ,  and  a l - g r a p h  i s  a n  ( o r i e n t e d )  g r a p h  in  

t h e  u s u a l  s ense .  

S t a r t i n g  f r o m  an  oo-graph G, we  d e f i n e ,  f o r  e v e r y  O-~i<j, a g r a p h  Gtj : 
a 

l j  
( 

G G 
i e-W---  j 

l j  

w i t h  : a l l  = a I al÷ 1 ... a 1, b U = b I bl÷ 1 ... b 1, 

and  we  de f i ne ,  f o r  e v e r y  O'~i<j<k, a 2 - g r a p h  GIj k : 

a a 
< i j . . . .  lk  

G G "  G ,  l+-S---  ~ Z - -  k 
I I  Ik 

In o r d e r  t o  o b t a i n  an  ~ - c a t e g o r y  on G, we  n e e d  o n l y  a c a t e g o r y  s t r u c t u r e  on 

e a c h  G in s u c h  a w a y  t h a t  t h e  2 - g r a p h s  G b e c o m e  2 - c a t e g o r i e s .  lj l~k 
a a 

o I 

I t  r e m a i n s  t o  d e f i n e  a 2 - c a t e g o r y  on a 2 - g r a p h  G <-------G ( G ; 
o ~ - 6 - - -  ' <- - -~-  z 

0 I 

e s s e n t i a l l y  s u c h  a c a t e g o r y  n e e d s  t h e  a d d i t i o n a l  d a t a  o f  t w o  "un i ty"  m a p s  : 
f 

X I > X i d ( X ) > x ,  a n d  X f >Y I > X 4"id(f )  >Y ) ' 

f 

a n d  o f  t h r e e  " c o m p o s i t i o n  l a w s "  : 

X f ~Y g )Z I ) X g ° f  )Z, 

f f '  f ' o f  
x - q - ~ Y - - q ~ Y  > x ~ z ,  

T h e s e  d a t a  m u s t  s a t i s f y  t he  n e u t r a l i t y  a n d  a s s o c i a t i v i t y  a x i o m s ,  a n d  t h e  

" G o d e m e n t  ru l e" .  
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We have  t h e  usua l  no t ions  o f  h o m o m o r p h i s m s  be tween  m - g r a p h s  o r  

co-categor ies  which  we def ine  a s  n a t u r a l  t r a n s f o r m a t i o n s  t h r o u g h  d i a g r a m s  and  

p ro j ec t i ve  l imi ts .  So we ge t  two ca tegor ies ,  namely  m-Cat  and  m - g r a p h ,  and  a 

f o r g e t f u l l  f u n c t o r ,  U m : m-Cat  ) m - G raph ,  and  f r o m  gene ra l  c a t e g o r y  

theo ry ,  t h i s  f u n c t o r  U m a d m i t s  a l e f t  a d j o i n t  []. The m-ca t ego ry  [G] is  n a m e d  

t h e  f r e e  m - c a t e g o r y  g e n e r a t e d  by t h e  m-g raph  G. 

We know a l so  t h r o u g h  g e n e r a l  a r g u m e n t s  t h a t  m - G r a p h  and  m-Ca t  a r e  comple te  and  

co-comple te .  

In the same way we get a functor U : n-Cat > n-Graph, with a left adjoint 
n 

[], Let I : n-Cat ) m-Cat be the functor which just adds units in higher 
n 

dimensions. Then we have a double commutative square 

I 
n - C a t  n ) m - C a t  

°ol T u°l I 
n-Graph ~ m-Graph 

1.2 .  C W - p r e s e n t a t i o n s ,  

The m - c a t e g o r i e s  can  be c o n s t r u c t e d  by ad jo in ing  success ive  ce l l s  a s  f o r  

the CW-complexes, these adjonctions being completed by symetric constructions 

of collapses. This pair adjonction/collapse is the analogous of the pair 

generator/relation in the description of algebraic structures. 

The formal n-cell, for every ne~, is the free m-category [e n] generated 

by the m-graph e and determined through the conditions 
n 

{i (en) p = if p=n , 
if n+l-<p 

with a ,b : 2 )2 for O-~p~n-1, and an,b n : 1 )2, given as the constant 
p p 

map on 0 and 1 respectively (we adopt the Von Neuman convention, namely that 

k={0,1 ..... k-l) for every ke~). 

We define the m-graph ae n, edge of e n, as being en truncated at dimension n-l, 

and two evident m-functors 

col adj n 
[en_l] ( n [aen ] )[en]. 

The  m - f u n c t o r  col . is t h e  " e l emen ta ry  col lapse",  and  t he  ~ - f u n c t o r  adJn is  t h e  
n 

"e l emen ta ry  adjonct ion" .  

An (n - l ) -d imens iona l  attaching map t o w a r d s  an  m-ca t ego ry  C is  an  

®- func to r  of  t h e  f o r m  ¢ : [Be ] )C. To such  a d a t a  we a s s o c i a t e  two  
n 

m - c a t e g o r i e s  C / ~  and  C[~], t h r o u g h  t h e  two  fo l lowing p u s h o u t s  : 
col adj 

[en_l] ¢ n [0en ] n )[en] 

C/~ < C ) C[q] 
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C/~ is named t h e  collapse {of dimension n-l) of C by ~, and C(~o] is named t h e  

adJonctton (of  d imens ion  n) o f  ~ to  C. 

Every " f in i te ly  p resen ted"®-ca tegory  D can  be desc r ibed  s t a r t i n g  f r o m  

C = e t h r o u g h  a f i n i t e  sequence  of  ope ra t i ons  o f  t h e s e  types ,  name ly  a_ 

sequenceof  p ad jonc t ions  o f  e l '  . . . .  @p' fo l lowed by q co l l apses  by ¢JI . . . .  '¢Jq" 

Such an  a n a l y s i s  o f  D will be denoted  t h r o u g h  : 

D = e[~l . . . . .  ~ p l / ( ~ 1  . . . . .  ~#q), 

and we name it  a CW-presentatton of D. 

In fact, technically, the collapse and the adjonction are essentially of 

the same nature {think of these operations in the case of CW-complexes, where 

they yield to the same homotopy type), and we have a canonical epimorphism 

,+t,,,, . . . . .  ,,,,,, ,,+, . . . . .  % 1  , ,  . . . . .  . . . . .  

But, tn practise, we proceed in a s l igh t ly  d i f f e r e n t  manne r ,  ad jo in ing  by 

"blocks", "dimensionwise" ,  and col laps ing  a t  t he  end, al l  t h e  co l l apses  be ing  

o f  d imens ion  n+l, w i th  n - - d i m ( D )  = suPlml+pdim(~1). In t h i s  way,  D a p p e a r s  

d i r ec t ly  as  an  n - c a t e g o r y .  Our p r o c e s s  i s  s u m m a r i z e d  as  fo l lows  : 

Z E E 

L / / a m  - 
, Zm (~ 1 Z +  
o ( 1 ~ 2 

b"  b m 
O 1 

where ,  f o r  each O~i<--n, t h e  p a r t i a l  d i a g r a m  

a m a m 

Z" ( o Z+ ¢ t E* 
0 ( 1 ( ,  2 

b ~, b m 
0 1 

..+ Z Z 
,n a n / n21 

... Z *  < E m 
n ( n + l  

b m 
n 

a m 

... Zm • | - I  Z.  
l - 1  ( l 

b* 
l - 1  

r e p r e s e n t s  the  under ly ing  i - g r a p h  Z ° to the  i - c a t e g o r y  prev ious ly  ob ta ined  ! 

t h r o u g h  t h e  in t roduc t ion  of j - c e l l s  f o r  O<j<i ( the r e c u r r e n c e  beg ins  w i t h  
a m 

X ° = Z*o and  Co = id(Zo)) via  t h e  g r a p h s  X~} J Xmj+1 which  r e p r e s e n t  t h e  

b m 
J 

"blocks" made  by the  union of the  j - d i m e n s i o n a l  a t t a c h i n g  maps .  

The e x a m p l e s  given in 1.3 sha l l  i l l u s t r a t e  t h i s  cons t ruc t ion .  

Before  concluding,  le t  us  in fo rmal ly  exp la in  t he  r e a s o n s  why t h e  co l l apses  a r e  

n -d imens iona l .  F i r s t ,  i t  i s  c lea r  t h a t  t h e y  canno t  be o f  h ighe r  d imens ion  ; 

n e x t ,  in t h e  c a s e  n -- i so  f a m i l i a r  to  c a t ego r i c i ans ,  add ing  inver t ib le  

m o r p h i s m s  in commuta t ive  d i a g r a m s  is  p r e f e r e d  to  equa l i z ing  o b j e c t s  in a 

ca tegory .  Of course ,  t h i s  is  no t  indispensable .  



98 

1.3. E x a m p l e s .  

The  complex i ty  o f  t h e  l a s t  c o n s t r u c t i o n  i n c r e a s e s  wi th  the  d imens ion  n. 

Case n = O. 

The O-dimensionai word problem can be identified with the so called "maze 
a 
o 

problem". Let Z Z be a graph. Does it exist a path from X to Y for 

0 

X,YeZ ° ? To t h i s  " s emi -Thue" -p rob l em is  a s s o c i a t e d  a T h u e - p r o b l e m  [which is  

the  ac tua l  m a z e  problem) : 'X = ~' ? (wi th  X I ~X the  canon ica l  s u r j e c t i o n  

E ° ) Zo/(Z I) f r o m  Z o to  t h e  quo t i en t  of  Z ° by t he  equiva lence  r e l a t i on  

g e n e r a t e d  by t h e  r e l a t i on  de f in ing  the  s e m i - T h u e  problem).  

Then,  in t h e  d i a g r a m  (**) f o r  n = 0, Z ° r e p r e s e n t s  a 0 - g r a p h  and  Z* o t h e  

O-ca t ego ry  g e n e r a t e d  by Z o. Of course ,  a s  t h e r e  a r e  ze ro  o p e r a t i o n s  (in an  

n - c a t e g o r y  t h e r e  a r e  n o p e r a t i o n s  on t h e  n -ce l l s ) ,  t h e s e  two  s t r u c t u r e s  can  be  

= Z*o and  to = id(Zo). One can  a lso  cons ide r  ~:o a s  ident i f ied  to  t h e  s e t s  : Z ° 
a 

o 

a se t  o f  ad jonc t ions  of  O-cel ls  to e. The g r a p h  Z ° = Z* ~ ~1 r e p r e s e n t s  

0 

t he  ad jonc t ion  o f  l - c e l l s  which  a r e  used  to desc r ibe  t he  col lapse  Zo/(Z1). 

Case n = I. 

We obtain the classical word problem in monoids (if Z o = 1) and more 

gene ra l l y  in t h e  ca t egor i e s .  

Z I i s  w h a t  i s  u sua l ly  named  t h e  a lphabe t ,  and  ao,bo : Z I . I a r e  too  
a 

o 

t r iv i a l  to  a p p e a r  in t h e  c a s e  o f  a monoid.  The d a t u m  Z ° = Z ° ( ~o 
o , -  W -  1 

0 

r e p r e s e n t s  t h e  under ly ing  g r a p h  to  t h e  f r e e  c a t e g o r y  g e n e r a t e d  by t he  g r a p h  
a 

o 

Z* ~ Z1, and ~ • Z ) Z* i s the  level-1 canonical  embedding  of  a g r a p h  
0 ~ 1 1 I 

0 

Z into the graph which is underlying the free category Z t that it generates. 
a 

1 

i ~ -  s -  
1 

Z z r e p r e s e n t s  a se t  of  d i a g r a m s  of  t he  f o r m  

f f 
2 p-1 '--[-- f f~ /~"  

gz gq- t 

i.e. the adjonction of a set of 2-cells ~eZ z. 

As before ,  t h i s  p rob lem en ta i l s  a s e m i - T h u e  problem,  and  t he  a s s o c i a t e d  Thue  

prob lem is the  c l a s s i ca l  word  problem. 

The e l e m e n t s  of  Z * r e p r e s e n t  2 -ce l l s  a d m i t t i n g  a unique decomposi t ion ,  which  z 
is  s chema t i ca l l y  g iven  t h r o u g h  
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). J,, ) 
). ) . 

In th i s  f igure ,  every l-celt  r e p r e s e n t s  in fac t  a pa th  (i.e. an e lement  of 

IE*), every 2-cell  an element of  I~, and the equal s ign (" ;")  within empty 
1 

s p a c e s  means commutat ivi ty  in the f ree  ca tegory  genera ted  by the g raph  

o ( I 

C a s e  n = 2. 

The cons t ruc t ion  goes on with the adjonct ion of  3-cel ls  E" < z < E a, I t ' s  

easy to imagine, but tedious to describe,  how the e lements  of  )~  are  built .  

Let us merely say that  the corresponding Thue problem is nothing but  a 

computat ion in 2-ca tegor ies ,  or the 2-calculus.  It has been recent ly  an objec t  

of research ,  especially by P.L. Curien [Cur] and Y. Lafont  [Laf], a f t e r  t h e  

works  of E.G. Rodeja and his school in Sant iago de Compostella.  Finally i t ' s  

also the r ewr i t i ng  problem for  t e rms  as we shall  show in p a r t  2 below. 

1.4. R e l a t i o n s h i p  w i t h  c o m b i n a t o r i a l  t o p o l o g y .  

The ®-graphs  - as geometrical  objec ts  of combinator ia l  topology - a re  too 

poor to give in teres t ing  models. On the other  hand the simplicial se ts ,  the 

cubic sets ,  and eventually o ther  objec ts  of this  na tu re  provide the classical  

space models. But all (®-graphs,  simplicial se ts ,  etc) can be in t e rp re ted  as  

CW-presenta t ions  of =-ca tegor ies .  For the = -g raphs  i t ' s  evident, but, even if 

the intuition broadly sugges ts  tha t  this is t rue  for  the simplicial and cubic 

sets ,  the concrete  real izat ion of this fact  seems to be a very complex 

problem. This is achieved for  simplicial se t s  in the work of S t r ee t  [Str]. 

To i l lus t ra te  th is  fact ,  we shall r e s t r a i n  ourselves  to e x t r a c t i n g  the  

h e r e a f t e r  p ic ture  f rom [Bu2] ; this p ic ture  shows  how "reading" a 

4-dimensional  cubic cel[ may be in te rpre ted  in a 4-ca tegory .  For the sake of 

simplicity we omit the 2-cells. In this f igure  they are  all f rom left  to r ight  

as shown h e r e a f t e r  and all fill the hexagons.  

But there  is an essent ia l  d i f ference  between the word problems and the  

combinator ia l  topological problems : here all the cells a re  or iented and t h e s e  

or ien ta t ions  are  essential ,  except in the col lapses where  they have a purely 

technical  func t ion  (Church=Rosser proper ty) .  
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/ \ 

G @ 
\ ¢ 

G i@ 
2. R e w r i t i n g  s y s t ems .  

The not ion of a l g e b r a i c  theory  was  def ined  by Lawve re  [Law] as  equ iva len t  

to  the  da tum of a ( s t r i c t )  c a r t e s i a n  c a t e g o r y  T in which every  o b j e c t  is a 

c a r t e s i a n  power  S n = SxSx. . .×S (ne~) of a unique o b j e c t  S of  T. In t h i s  second 

p a r t  we show how such a s t r u c t u r e  is  equ iva l en t  to  the  d a t u m  of  a 

spec i a l  2 - c a t e g o r y  (more  p r e c i s e l y  a spec ia l  2-monoid)  and how the  r e w r i t i n g  

s y s t e m s  of t e r m s  in a un ive r sa l  a l g e b r a  can be i n t e r p r e t e d  as  CW-pre sen t a t i ons  

of a 2 - c a t e g o r y .  So we a r e  in the c o n t e x t  of 2 - d i m e n s i o n a l  word  problems.  

2.1. 2 -monoids .  

Let  n be an e l emen t  of  ~. Let  us ca l l  n-monol .d an n - c a t e g o r y  C such t h a t  

C o = {*} (i.e. a s ing le  0 -ce l l ) .  A l -monoid  is of cour se  a monoid. 

A 2-monoid  can a lso  be i n t e r p r e t e d  as  a s ' tr~ct mono~dat c a t e g o r y ,  t h a t  is  

a 3 -up le  (C,I,®), whe re  C is  a c a t ego ry ,  I an o b j e c t  of  C, and  ® : CxC ) C 
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a functor verifying the neutrality and associativity relations : 

id(1)®f = f -- fold(1), (f®g)®h = f®(g®h) 

for every morphisms f,g,h of C (the non necessarily strict monoidal categories 

are those where equalities are replaced with coherent natural equivalences). 

The transformation which exhibits (C,I,®) as a 2-monoid is similar to a 

"suspension" in topology : one "augments" the dimension of the elements of C. 

First one adds a O-cell • then each object X of C becomes a I-cell X :o ~ • 

> Y of C becomes a 2-cell of the and, finely, every morphism f : X 

2-monoid 

X ) 

• ~ f • > 

Y 

An homomorphism F : (C,I,®) )(C',I',®') between two strict monoidal 

categories (identified to 2-categories) is a functor F : C )C" which 

commute~ with the operations : F(I} -- I' and F(f®g) = F(f)®'F(g) (so it is a 

strict monoidal functor). We write 2-Mon the category of 2-monoids and 

homomorphisms between them. It is of course a full sub-category of 2-Cat. 

An example of rnonoidal category is given with the cartesian categories 

(C,l,x), where I is a final object of C and × : C×C )C a cartesian product 

functor. Here we shall behave with these categories as if they were strict : 

in fact, we do nothing but follow the customs of algebrists and logicians (to 

make no difference between Sx(SxS), (SxS)xS and SxSxS). The only ca r t e s i an  

category which will really in te res t  us Csee F °p in 2.2) is ca r tes ian  s t r i c t .  

A f i r s t  s tep  towards  the "elimination" of the universal  p rope r ty  of the  

cates ian product  - fo r  the benefi t  of  an equational  sys tem - is given wi th  the  

fol lowing resu l t  : 

Proposition : The strict monoidal category (C,l,x) f.s cartesian if and only Lf 

there e x i s t s  two natural t rans fo rma t ions  c, c3, which,  f o r  every  XeC o, d e f i n e  

two m o r p h i s m s  
e(x) ~Cx) 

i< x )XxX 

sat~s~fy~ng the re la t ions  : 

(id(X)xc(X))o~(X) = id(X) =(c(X)×id(X))oS(X) 

(id(X)×c(Y))x(e{X)xid(Y))o~(XxY) = id(XxY) 

c(I) = id(1) 

where  X,Y are arbi trary ob j ec t s  ~n C. 

When they  e x i s t ,  these  data are unique up to i somorphism.  

2.2. A CW-presentation of F. 

Let Ens be the category of sets and F the full subcategory of Ens whose 

objects are the natural integers (F ° = N), where each integer n is the set 
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{0,I ..... n-l}. 

F is a cartesian category, but it's also a cocartesian one, so F °p is 

cartesian and it is this last structure which interests us : the products in 

F °p are given by the coproducts in F, and coincides with the usual addition in 

~. For p,p',q,q'e~, the canonical injections of the coproduct p( A p+p, A'¢p, 

are defined through A(i) = i for Osi<p-1, and through A'(i) = p+l for 

O<i-<p'-1. For u : p )q and u' : p' )q' in F, the coproduct u+u' is given 

with : 

(u+u')(j) = - ~u(j) 
if Osjsp-1 

tu'(j-1) if p<jsp+p'-1 

Dualizing, this structure is then transformed in a cartesian category 

(F°P,O,+) and one easily proves that it is strict. So we get an example of a 

2-monoid which will play an essential part in 2.3. 

T h e o r e m  : The 2-monoLd (F°P,O,+) Ls fLnLte ly  p r e s e n t e d  ( in  t he  s e n s e  o f  

CW-presentatLons). 

A CW-presentation of this 2-monoid can be explicited. But, as F is more 

f a m i l i a r  t h a n  F °p , w e  w i l l  g i v e  a p r e s e n t a t i o n  

(F,O,+), w h e r e  on ly  c o m p o s i t i o n  ("o") i s  d u a l i z e d .  

f o r  t h e  "dua l"  2 - m o n o i d  

- a d j o n c t i o n s  : 

- o n e  O-ce l l  w r i t t e n  : 

- o n e  1 - ce l l  w r i t t e n  : 1 : ~ ) * 
0 2 2 

- t h r e e  2 - c e l l s  w r i t t e n  : * ~ * * ~ *, " ~ " 
1 .... ) ' 1 2 ) 

w h e r e  t h e  i n t e g e r  n r e p r e s e n t s  t h e  "pa th"  : l + l + . . . + l  (n t i m e s ) .  

- c o l l a p s e s  : 

t h e s e  

w h i c h  

giving 

wrote n instead of id(n) for ne~) : 

(I) p.o(w+l) = I 

(2)  /4o(l+'r#) = 1 

(3} ~,o(~+I) = ~o(I+#,) 

(4) ' ro( l+w)  = ~+ I  

(5) z o ( ~ + l )  = I+~ 

(6) To(//+l) = (l+#*)o(T+l)o(l+T) 

(7) zo(l+/~) = (p .+ l )o ( l+z ' )o (T+ l )  

( 8 )  "ro'~ = 2 

(9)  (I+T)o(T+I)o(I+T) = (T+I)o(I+T)o(T+I) 

( i 0 )  p,o'~ = p. 

o n e s  a r e  w r i t t e n  h e r e a f t e r  by  m e a n s  o f  e q u a t i o n s ,  i n s t e a d  of  a r r o w s ,  

l e t s  t h e  c h o i c e  f o r  t h e i r  o r i e n t a t i o n s  ( f o r  t h e  p o s s i b i l i t y  o f  a c h o i c e  

a c a n o n i c a l  s y s t e m ,  s e e  [LAD. We d i d  n o t  a v o i d  r e d u n d a n c e  ( a n d  w e  
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The formula t ion  given in [Bu I] was  incomplete : the  re la t ion  (I0), which 

plays a subti le  role in th is  system,  was  missing, We a re  thankful  to  Y. 

Laf fon t  f o r  pointing th i s  out to  us. 

A graphic  schemat izat ion of  these  equali t ies  wi th  the  a lphabet  

" \  /* X i 
• • • 

'~ p. "c I 

is given th rough  

(I) j • (2) a ' 
, = I . . = I 

\ I *  . \ /  • 

(3) \ /  I I \ /  
° \  / °  = , \  / °  

(4) i (s) 
• o = i , _- i 

X X.  

• • J X .  c7} "l " \ / .  . ' X  
(e) " \  / I " X "  t " X "  

X , \ , ' "  [ X  ' \ , "  I 

• X , , X. 
cs) X = t ~ c9) ~ . X = X i 

X .  X t t X 

uo) " X \ /" = *\ /* 

2.3. The main theorem. 

An algebraic theory (with one sort} is presented by a system (Q,E) of 

operations and equations (or rewriting system}. This generates a strict 

cartesian category T = T(~,E} which has the following property : the datum of 

an (~,E)-algebra amounts to the datum of a strict cartesian functor 

F : T )Ens. In fact, if we take as canonical projections the products 

id(X)xc(Y) e(X)xid(Y) 
X¢ XxY >Y , 
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it suffices to consider F as a strict monoidal functor, because of the 

relations F(1) = I, F(fxg) = F{f}×F(g), and because of the unicity of 

F(c(X)) = c(F(X)}. 

T h e o r e m  : The 2-monoLd T = T(~ ,E)  ls fLn~tely presented, tn the sense 1.2. o f  

CW-presentatLons, ~S and only L~ the algebralc theory T Ln the sense oy 

Lawvere Is fLn~tely presented (~ and E f~n~te). 

In order to prove it, one first constructs, with the help of the ¢,6,T as 

defined in 2.2, and for every ne~4, two applications in F : 

c tS 
0 n )r~. ~ n n+n 

Besides, the universal property of F determInes a strict cartesian 

functor i T : F °p ;T providing the images in T of the former applications • 

c 6 
i( n sn n )s2n 

(In order to simplify, we have written Cn = iT(Cn)' 6n = iT(~n))" These 

morphisms provide candidates for two natural transformations c,6, through 

setting c{n) = c n, 6(n) = 6.n A priori (coming from F °P ) the relations in 

proposition 1.2 are satisfied, so we need only verify that they are actually 

transformations natural in T (and not only in F°P}. Precisely, for every 

: S p ;S q of T, the following diagrams must commute : 

6 
c S p P )S zp 

q S q )S zq 
q 

We show it is sufficient that this diagram commutes for the ~'s in t~. Thus, 

if ~ is finite, we then have a finite number of equations to add to E. 

Remark L In order to do computations in a T-algebra F : T °p tEns (and not 

only in the theory T) it suffices to make computations in the theory T F which 

is obtained through the adjonction of the elements of F (i.e. of F(S)) as 

constants, and throughthe relations they satisfy. At last, if F is finitely 

presented, it is sufficient to add the finite data of this presentation : T F 

will still be finitely presented (whenever T is). 

Remark 2. This result extends to the many- sorted algebraic theories. The part 

played by F will be played by F I, for I the set of sorts. 

This second part has been exposed in [Bu I] and the proofs are in [Bu 21. 
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