
Toposes in Logic and Logic in Toposes Marta Bunge 

ABSTRACT. The purpose of this paper is to justify the claim that 
Topos theory and Logic (the latter interpreted in a wide enough 
sense to include Model theory and Set theory) may interact to the 
advantage of both fields. Once the necessity of utilizing toposes 
(other than the topos of Sets) becomes apparent, workers in Topos 
theory try to make this task as easy as possible by employing a 
variety of methods which, in the last instance, find their justifica- 
tion in metatheorems from Logic. Some concrete instances of this 
assertion will be given in the form of simple proofs that certain 
theorems of Algebra hold in any (Grothendieck) topos, in order to 
illustrate the various techniques that are used. In the other direc- 
tion, Topos theory can also be a useful tool in Logic. Examples of 
this are independence proofs in (classical as well as intuitionistic) 
Set theory, as well as transfer methods in the presence of a sheaf 
representation theorem, the latter applied, in particular, to model 
theoretic properties of certain theories. 

O. Introduction 

A topos may be viewed as a universe of  variable sets, as a 

generalized topological space, and as a semantical universe 

for higher order intuitionistic logic. It is, in fact, this many- 

sided nature of  a topos in which its strength lies. 

For example, even when using topos methods in Logic 

(including Set theory and Model theory as well as Proof 

theory), the geometric aspects can play a key r61e ( 'Toposes 

in Logic'). Dually, using Topos theory in branches o f  Mathe- 

matics, which, likw Classical Analysis, have traditionally 

been impermeable to Logic, it is often the internal logic of  

a topos that provides far reaching insights ( 'Logic in 
Toposes'). 

To present this double bill I shall discuss, guided by 

personal preferences, a variety of  applications o f  toposes 

which may serve to illustrate the two aspects mentioned in 

the title. 

In Section 2, the emphasis is on justifying the very use 
of  toposes, while Section 3 concentrates on various methods 
employed. Section 1 introduces the notion of  a topos to a 

reader already familiar with the basic ideas o f  Category 
theory. As there are excellent exposition o f  the subject 
(c.f. [26]), It seemed preferable to try to gain, instead, 
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quick access to some non-trivial applications. 

It is to be hoped, however, that anybody whose curiosity 

is aroused by reading these pages, will make the effort o f  

studying this beautiful, yet complex, subject, from the very 

beginning. The bibliography has been compiled, not just in 

order to be able to refer to the sources when necessary, but 

also to guide the reader in any further pursuit o f  the subject. 

Nevertheless, the already too long list of  references is far 
from complete - a price one has to pay for not wishing to 
sound too overwhelming. 

1. What are toposes? 

Before embarking on a precise definition, let us consider 

a specific, yet illuminating, example o f  a topos. For X a 

topological space, a sheaf (or ~tal~ space) on X is a pair 
(E, rr) where E is a topological space, and rr: E-~Xalocal 
homeomorphism (this means that for each x ~ X ,  every 

point in the fiber rr -1 {x} possesses an open neighborhood 

which is mapped, by rr, onto an open neighborhood of  x). 

A sheafrnorphism from E .g > X to E '  rr ~ X is given 

by a continuous map E ~ E '  which preserves the fibers, 

i.e. such that the diagram 

E f �9 E '  

X 

commutes. Denote by Sh(X) the resulting category. 
Asection of  E 7r > X above an open U C _ X i s a c o n -  

tinuous map s: U-~ E such that rr.s = id U. Taking sections 
defines a functor F on the opposite of  the category O(X) of  
open subsets and inclusions, into the category Sets, of  sets 

and functions. The rule which, to an open inclusion V C_ U 
assigns a function F ( U ) ~  F(V)  is restriction o f  a section on 

U to V; we use the notation s I >slv for this. Let (Us)  
be any open covering of  U, and let (sa)be a family o f  sec- 
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tions compatible in the intersections U~ n U~; there exists 
a unique section s EF(U)  such that slua = s~ for each a. 
Abstracting this property gives an alternative definition; 
any such functor F:  O(X) ~ ~ Sets, satisfying a coherence 
property given any open covering, is said to be a sheaf on X. 

Let F be a sheaf on X, as above. It may be viewed as a 
"variable set" (c.f. [24]) in the following sense: interpret 
the elements of F(U), for UEO(X), as "elements of F 
defined at stage U ' .  Thus, Sh(X), in an obvious sense a 
,generalized topological space, is a (potential) universe of  
variable sets. What makes the latter into more than just a 
fancy expression, is the amazing discovery of Lawvere and 
Tierney (c.f. [13], [31]) that all of higher order logic is 
interpretable in categories such as Sh(X), or in their general- 
izations (Grothendieck toposes). The abstraction of those 
basic features of such categories arising from Algebraic 
Geometry and Algebraic Topology, which allow us to view 
them as surrogates, albeit non-classical, and in a weaker 
sense, of Set theory, is what led to the notion of  a topos. 

As a generalized topoogical space, the category of Sets 
is trivial: a space with only one point. As a universe of 
variable sets, the objects in Sets, admit no genuine varia- 
tion, i.e., are constant, or fixed. Yet, it is by lifting set- 
theoretical constructions to an arbitrary topos that one 
works - in a first instance, in Topos theory. In so doing, 
one finds that for the most part, the non-classical aspects 
of a topos (its logic is intuitionistic), or the weaker Set 

theory that it embodies (no axiom of replacement, except 
in the form of bounded comprehension, and no axiom of 
Choice, in general), are no deterrent for the purposes 
toposes were conceived of in the first place: to deal more 
effectively with questions of  a local nature. From this point 
of view, the above "defects" are really virtues, as one is 
then able to give non-trivial definitions which are closer to 
the mathematical practice and which, from the classical 
point of view would have no content at all. But, in order 
to be able to become somewhat more precise, it is now 
necessary to pause and give a proper def'mition of what a 

topos is. 
A category E is said to have finite limits (cf. [26]) if 

there is a terminal object 1, and for each pair of morphisms 
A /" ) C JK- - - B ,  a p u l b a c k A (  p P q ~B exists. (If 
E is Sets, for example, 1 is any singleton, and P = { (a, b) E 
A xBIf(a) = g(b)}.) As usual, it follows that products 

A ~ p~ A xB t ~  B exist, as well asequalizersEk----*A 

of pairs of maps A ~ C. A category E with finite limits 

is said to be an (elementary) topos if power objects exist. 
To say that E haspower objects means that, for each object 

A there is an object P(A) and a relation E"4 from A to 
P(A) (i.e. a monomorphism C a ) ' A  xP(A)) which is 
generic in the sense that, given any relation R ) rA xB,  
there is a unique B r ~P(A) by means of which 

R )  ~ A xB i sob ta inedbypul lbackof~  A ) ) A xP(A) 
along id A x r :  A xB ~ A  xP(A). ( I fE  is Sets, P(A)is the 
power set of A and C A the relation of membership; the 
connection between R and r is simply that, for a E A, b ~ B, 
(a, b) ~ R if and only if a ~ r(b).) 

Thinking of the objects of an arbitrary topos E as 
variable sets, for an object A of E, a morphism B f ~ A 

of E is to be viewed as a generalized element of  A defined 
at stage B, denoted f e  B A. Elements 1 a )A are said 
to be global elements (or global "sections", a terminology 
which is drawn from the example of sheaves on a topolog- 
ical space); but objects in an arbitrary topos are not nor. 
mally determined by their global elements. Thus, any con- 
struction done in E must take all elements of the objects 
involved into account, and this is an essential aspect of 
toposes. 

The object ~2 =P(1) is equipped with a morphism 
t: 1 ~ I2 (for "true") together with which it becomes a 
subob]ect classifier (i.e., every suboject A' ,~ u ~ A has a 
unique "characteristic function" A ~ ~ ~2, in the sense 
that u is the pullback of t along r Another consequence 
o f  the power object axiom is the existence of finite colimits; 
this is best shown by observing that the power object 
functor P: E ~ -~E is tripleable (or monadic, c.f. [26], 
[17]), hence the conclusion follows simply from the as- 
sumption of finite limits in E. Using finite limits and 
colimits, and the universal property of ~2 with 1 r ~ I2, 

other structure maps can be defined, corresponding to 
logical connectives, i.e., f :  1 ~ I2 (for "false"), h, V, ~ :  
I 2 X ~ 2 ~ 2 ,  and 7:  i2-*~2, with these, ~2 becomes a 

Heyting algebra. In Sets, ~2 = 2 = { t, f}, while in SHOO, the 
global elements of ~2 correspond precisely to the open sub- 
sets of X, with this interpretation, conjunction corresponds 
to intersection, disjunction to union, negation to largest 
open set disjoint from a given open set, t is X itself, while f 
is the empty subset. 

It also follows from the axioms for a topos that 
exponentiation exists. This property which, together with 
finite limits and a subobject classifier, provides for an alter- 
native characterization of  the notion of a topos, says the 
following. Given any two objects A, B, there is an object 
B A , and a morphism evA, B: A xB"4 ~ B ,  with a universal 
property leading to the fact that, for each A, the functor 
( ) x A :  E ~ E  has a right adjoint, ( ),4: E ~ E .  Equiva- 
lently, for each object C, there is a bijection (natural in all 
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three variables) between morphisms C~B A and morphisms 
C xA  ~B.  The way to construct exponentials in a topos 
E is to mimic the set theoretical construction: a function 
from A to B is a relation from A to B which is everywhere 
defined and single-valued. In fact, it can be shown that in a 
topos E, any first order formula ~(xl . . . .  ,xn), with free 
variables of sorts A 1, ..., An (objects of E) admits an exten- 
sion in the form ofa subobject ~(xl . . . . .  x , )  I~(xl . . . .  , Xn)~ 
k >A1 XA2 x... XAn. Sheaf semantics isthelayingdown 
of those rules governing these interpretations, and it 
extends the semantics of Kripke for intuitionistic logic. 
Kripke models are, in fact, toposes. These logical consider- 
ations are well explained in various sources, such as [29], 
[17], [27], [8], [11], [12], among others. 

An important class of toposes which encompasses both 
the spatial toposes Sh(X) as well as Kripke models, are the 
Grothendieck toposes (c.f. [1], [15]), and were the starting 
point of the notion of a topos. They can be singled out by 
saying that they possess arbitrary sex-indexed colimits, as 
well as a set of generators. These extra features make them 
particularly useful to work with, e.g., they may be em- 
ployed as semantic universes from infinitary logic (c.f. 
[27]). But Grothendieck toposes do not really suffice for 
all of the topos theoretic applications envisaged, particular- 
ly for those of a logical nature (applications in Set theory, 
Model theory, or Proof theory). In order to obtain signifi- 
cant new examples of non-Grothendieck toposes, categor- 
ical methods of varying sophistication are employed 
(cotriples, fraction categories, glueing) and in these, some 
kind of consideration of morphisms oftoposes is unavoid- 
able. It seems to be the case that no genuine application of 
Toposes in Logic (or even elsewhere) can be made by ignor- 
ing that essential aspect of Topos theory which is the study 
of topos morphisms. But, what are these morphisms? 

Thinking of toposes as generalized spaces (even though 
they sometimes have no points!) the idea is to abstract 
properties of continuous mappings. A continuous g: X ~ Y 
lifts to the generalized spaces Sh(X) and Sh(I 0 in the form 
of a functor g*: Sh(Y)~ Sh(X): pulling back along g the 
~tal4 spaces. This functor is left exact (i.e., preserves finite 
limits) and has a right adjoint, g, .  Let us say then, that a 
geometric morphism E ~ F of arbitrary toposes is given by 
a functor g,: E ~ F which has a left exact left adjoint, g*. 
(The direction is intended to respect that of the original 
map g in the motivating example giving rise to this defini- 
tion.) 

On the other hand, the logical properties making an 
elementary topos E into a universe of sets dictates yet 
another choice for the notion of morphism. A logical 

morphism E ~ F of toposes is any functor which preserves 
the topos structure (e.g., finite limits and power objects, 
and therefore also I2, exponentiation, finite colimits; in 
fact, all interpretation of first order formulas with free 
variables whose sorts are interpreted as objects of the 
topos). 

Among examples of constructions involving logical 
morphisms are glueing (c.f. [32]), the ultrapower construc- 
tion (c.f. [31]), or the fre e topos (c.f. [22]). Geometric 
morphisms are central for the construction of the classify- 
ing topos of a (finitary) geometric theory (c.f. [17]), or in 
generalization of the notion of a Grothendieck topology 
made internal and relative to an arbitrary topos - the latter 
is related to a factorization of geometric morphisms arising 
from left exact cotriples (c.f. [32], [17]). These "topol- 
ogies" j on a topos E, giving rise to a new topos Sh/(E) over 
E, were originally conceived by Lawvere (c.f. [12] for an 
explicit demonstration) as modal operators of the kind 
"it is locally the case that . . ." .  In any topos E, ~-1: f2 ~ 
is one such topology, and ShT-l(E ) is a Boolean topos (i.e., 
a topos inwhich I2, rather than being just a Heyting algebra, 
is a Boolean algebra, hence logic becomes classical therein). 

Is it really necessary to work with toposes? Why cannot 
we be satisfied with the foundations supplied by Set the- 
ory? An attempt to answer this question is made in the 
next section by means of specific examples, also intended 
to illustrate the two aspects mentioned in the title. 

2. Why work with toposes? 

Everybody knows that the main bulk of Mathematics (fi la 
Bourbaki) can be based on a set-theoretical foundation as 
that provided by Zermelo-Fraenkel-G6del-Bernays Set 
theory. Why, then try to alter this ideal situation? There 
are several reasons, both from the conceptual as well as 
from the practical point of view, which, in my view,justify 
the claim that, at least sometimes, it is desirable to found a 
given portion of Mathematics on Topos theory. I shall 
proceed to mention specific examples from some recent 
developments which involve utilizing toposes in an essential 
way. 

2.1. Synthetic foundations of  Differential Geometry 

On account of the rigors of the arithmetization to which 
analysis was subjected in the 19th century, much of the 
original intuitive aspects of the subject were lost in the 
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process. On the other hand, in the theory of smooth 
manifolds (and differential calculus therein), the lack of 
good categorical properties (such as all finite limits, or 
exponentials) forced the artificial division between the 
finte and the infinite-dimensional cases. In order to solve 
both these problems at once, Lawvere [23] proposed to 

w ork  in a sufficiently rich category E (e.g. a topos) in 
which the real line would be just a non-trivial commutative 
ring and in which geometric constructions such as the 
tangent bundle of R (or of any other object M of E, 
thought of to be "a smooth manifold") became represent- 
able. More explicitly, using equalizers (or the interpretation 
of formulas), one can consider an object D = [Ix E R  Ix 2= 
0] ) ~ R and require that "every map from D to R be 
linear" - an assumption which is categorically expressible 
(cf. [21]) by saying that the morphism 

R XR ~ ~R D 

defined by exponential adjointness to correspond to the 
morphism 

R x R •  .... ~R 

which in terms of generalized elements a, b ER,  d E D  
(defined at the same stage) is given by the rule (a, b, d) I 
a + d. b, is an isomorphism. It follows (c.f. [21] ) that there 

are no rings 'of line type' in Sets; define a function 
f :  D ~ R  by using excluded middle, saying that g(0) = 0 
and g(d) = 1 for d 4= 0. Since D = (0) is impossible as 
this would contradict the axiom, we may assume (again, 

a classical argument) that 3do ED:  -q(do=0 ). By the 
axiom, it is the case that VdED: g(d) = g(O)+ d.b, for a 
unique b E R  (interpreted as the derivative g'(0)). Apply- 
ing this to do, one easily gets 1 =g(da) = 0 +do.b which, 
when squared, yields 1 = 0, a contradiction. 

Now, in E, every object M has a "tangent space", M ~ 
equipped with a 'base point' morphism rr: M ~ -+ M which, 
under suitable assumptions on M including a large class of 
objects, is fiberwise an R-module. For any morphism 
f: M ~ R ,  the formal derivative of f at a (generalized) 
element a E M  is definable as the composite (df)a = 

TaM) ~ MD fO Ro ~ R, where Ta M = 7r -x {a}, 

and where 7 is the composite R D a-I>R x R P~ > R 
(g [-----+ g' (0)). On these grounds, a great deal of  differen- 
tial calculus and fifferential geometry (vector fields, dif- 
ferential forms, connections) can be developed (c.f. [21]) 
and is largely the work of  Lawvere, Wraith, Kock and 
Reyes. Some synthetic aspects of the theory of smooth 
mappings, such as those which, like stability, are relevant 

in the classification of singularities, are studied in [5]. 
Models for the axiom of line type, and of several other 

axioms introduced along the way to advance the theory, 
exist (c.f. [21]) and some even contain the category M of 
smooth manifolds in a way that preserves the structure 
already available therein ("well adapted models for 
Synthetic Differential Geometries") and where the real 
numbers become the ring of line type. 

2.2. Constructivist mathematics and lntuitionistic Logic 
and Set theory 

There is, nowadays, an increasing tendency among mathe- 
maticians to work 'constructively'. This does not necessarily 
imply fully adopting Brower's principles, but it does mean 
that, whenever possible, one should not use arguments by 
contradiction (alternatively, be aware that, by so doing, it 
is not a certain statement ~0 one proves, but, instead only 

77~0), or use the axiom of choice. Intuitionism, and its 
codification by Heyting, partly responded to the construc- 
tivist program. Since the internal logic of a topos is intui- 
tionistic, and not all toposes satisfy the axiom of choice 
(those which do are actually Boolean!), such principles will 
not enter inadvertently into any proof by topos theoretic 
methods. The other side of the coin, is that, in order to 
guarantee that constructions corresponding to manipulating 
certain formulas, when applied to objects in a topos yield 
again objects in the topos, all one has to do is use only 
intuitionistically valid deductions (metatheorem). 

A by-product of the uses of intuitionistic (rather than 
classical) logic is that it forces mathematicians to be more 
discriminating in their choice of notions. For example, to 
say that a non-trivial commutative ring A is afield, classical- 
ly we may choose from any of the following statements 
(c.f. [laD: 

FI: VaEA[a=Ov aEU(A)] 
F2: V a E A h ( a = O ) ~ a E U ( A ) ]  
F3: VaEA[--I(aEU(A))~a=O], 

where "a E U(A)" means " 3 x  EA (a.x = 1)". But there are 
interesting "field-like' objects in a topos which (such as the 
Dedekind reals) satisfy F2, or F3, but not F1. In effect, F2 
corresponds to fields which arise as fields of fractions of 
integral domains, while F3 to those which are residue fields 
of local rings. For a prime ideal P, the field of fractions of 
the integral domainA/P equals the residue field of the local 
ring Ap, and either yields a field as in F1 (called 'geometric') 
on account of the formula expressing this property being 
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preserved by the inverse image part, g*, of any geometric 
morphism (g*, g,) of toposes). By working intuitionlsticaUy, 
these notations are kept separate and it is easier to point to 
what is one really using, which is not always the case when 
working classically. 

Another example, this time involving the axiom of 
choice rather than excluded middle, is the "construction" 
of the algebraic closure of a field. Even for geometric fields, 
algebraic closures need not exist in a topos (c.f. [19]) 
although for a Grothendieck topos E, a theorem of Barr 
(c.f. [17]) says that a topos F satisfying the axiom of 
choice, and a sur/ection F f ~ E (i.e., a geometric 
morphism in which f*  is faithful) always exist so that, by 
"moving" to F, we can find all the algebraic closures we 
wish - the problem being that, in general, in view of the 
poor preservation properties of f , ,  it is not possible to 
come back without losing much of what was gained. (Even 
so, this is a powerful method.) By contrast, the theory of 
ordered fields has a more constructive flavor, and much 
work on it is still undergoing, particularly in connection 
with Real Algebraic Geometry. One aspect of this is reflect- 
ed in the fact (proven in [3]) that in a Grothendieck topos 
E, the real closure of an ordered field always exists. 

Although we have concentrated on Algebra above, other 
branches of Mathematics, such as Topology (c.f. [14]), are, 
at present, the object of much interest for constructivist 
mathematics, and the connections with toposes are 
becoming stronger everyday. For example, a specific topos 
has been constructed by Joyal (c.f. [9], [30]) in which the 
unit interval (of the Dedekind reals), is non-compact. 
Hence, such a property of the real numbers cannot be 
established within intuitionistic set theory without Choice. 

by Reyes and myself [6]. In it, a regular ring R is explicitly 
viewed as having two components (X, K); a Boolean space 
X, the Stone space of the Boolean algebra B of idempotents 
of R, and a (geometric) field K in the topos Sh(X), having 
the property that R is isomorphic to the global sections of 
K. This same approach, based on a Boolean representation 
theory involving a theory To (regular rings) and a theory T 
(fields), where models of To are representable by models 
of T in a topos Sh(X) where X is a Boolean space, can be 
applied in order to obtain other model theoretic results, e.g. 
amalgamation, coflnality, or the existence of prime model 
extensions (c.f. [6], [3], [4]). Examples of such pairs 
(To, T) other than the pair (regular rings, fields) are given 
by (regular f-rings, ordered fields), (differential rings, dif- 
ferential fields), etc. 

The use of sheaf representations is, of course, not limit- 
ed to model-theoretic proeprties. In the case of regular rings 
it is of interest to use this approach in order to develop 
Algebraic and Real Algebraic Geometry over regular and 
regular f-rings, respectively, and work in this direction will 
be contained in the doctoral dissertation of my student 
W. MacCauU. The interest in regular rings stems from Func- 
tional Analysis, were the main examples of such rings (of 
continuous functions) arise. But in order to apply methods 
of sheaf representations, or "transfer" methods, it becomes 
necessary to first acquire knowledge of the subjects to be 
transferred in toposes of the sort involved in the represen- 
tation theory one uses, e.g., toposes of sheaves on a 
Boolean space. 

2.4. Independence proofs in Set theory 

2.3. She#representations and Model theory 

To take an example of a particular interest to logicians, let 
us mention that the study of the model theoretic properties 
of a theory To in a first order language can be largely 
simplified if one knows that the models of To are precisely 
the global sections of sheaves which are models of a theory 
T in the topos of sheaves, and if the model theoretic prop- 
erties of T are known. This ideas was first put to use by 
Macintyre [25], who deduced the model completeness of 
the theory To* of monically closed (yon Neumann) regular 
rings with no minimal idempotents, from the (positive) 
model completeness of the theory T* of algebraically 
closed fields. An entirely topos theoretic proof of 
Macintyre's theorem and related results has since been given 

One of the earliest applications oftoposes (c.f. [13], [31]) 
was to give a new proof of the independence of the con- 
tinuum hypothesis from the axioms of Set theory, proved 
originally by Cohen by the method of forcing. The Set 
theory on which the new proof is based is an E-free formu- 
lation based on Topos theory (hence, on Category theory). 
By a model of  Set theory one understands, in this context, 
a Boolean topos S, with a natural numbers object 6o, which 
satisfies the axiom of Choice (as pointed out earlier, this 
already implies Booleaness), and which is two-valued, mean- 
ing that ~ = 2 = {t, f ) .  This system of axioms has been 
shown (c.f. [17]) to be basically equivalent to a weak 
form (no Replacement, only bounded comprehension) of 
Zermelo-Fraenkel Set theory with Choice. 

The question of the continuum can be posed, categor- 
ically, as follows: is there a set X such that there are mono- 



18 M A R T A  B U N G E  

morphisms w)  >X) >2 t~ with c o S X ~ 2  ~? The 
continuum hypothesis (2 ~~ = bh ) says that there is no such 
X, and is consistent with the axioms of Set theory. Cohen 
showed that it is also consistent to assume its negation. The 
steps in the topos-theoretic proof of this fact are the follow- 
ing: (i) one begins by formulating the statement internally 
in the topos, in such a way that taking global sections the 
statement becomes precisely what one wants to prove 
(above, this means constructing internally the objects 
Epi(co,X) and Epi(X, 2 t~ and asserting that they are the 
initial object, 0); (ii) construct a partially ordered set P of 
forcing conditions (in this case its elements are all partial 
approximations to an uncountable object X with 6o ) ~ X 

2 t~ and collect this information together into a single 
variable set X in the topos Sets P of set-valued functors on P; 
0ii) prove that when passing to ShT-7(Sets P) the statement 
one wishes to establish (negation of the continuum hypoth- 
esis), true almost by construction for X in Sets I', remains 
true; (iv) pass from the Boolean topos Sh77(Setsl'), which 
is actually a Boolean-valued-model of Set theory in that it 
satisfies the axiom of choice, to a two-valued model S by 
applying an ultrafilter construction in the form of a logical 
functor which thus preserves the validity of the statement. 

Other independence proofs (c.f. [2], [30]) can be done 
topos theoretically by similar procedures. It is important 
to observe here that what Topos theory does for these 
proofs is to make explicit the topos needed in forcing 
proofs; rendering, at the same time, perhaps less mysterious 
the choice of forcing conditions in each case. 

In the next section we shall deal, in more detail, with 
some of the methods which, in addition to those already 
mentioned above, are employed by toposophers. The 
emphasis will be, as akeady in this section, either in the 
r61e of Logic in toposes, or in the applications of toposes to 
Logic. 

3. Topos theoretic methods in applications 

Let us now give a few sample applications of Topos theory 
to the Calculus of Variations, Proof Theory, Model theory, 
and Algebra, with emphasis on the methods employed, 
while continuing to try to illustrate the interaction between 
the geometric and the logical aspects of toposes. 

3.1. Embedding a category into a topos: Calculus o f  Varia- 

tions 

It was mentioned in Section 2.1 that well adapted models 
for Differential Geometry exist. Let M ' i > E be a full 
embedding of the category of smooth manifolds, with 
i(~0 = R, of line type. Preservation properties of i (trans- 
versal pullbacks and open coverings are preserved by 0 may 
be used to deduce several algebraic properties of R (c.f. 
[21]); e.g., R admits an order which is total when restrict- 
ed to the invertible elements, but is such that D __c [0, 0]; 
also, R is a local ring. For the applications to classical prob- 
lems (i.e., problems involving smooth manifolds), it is use- 
ful to consider a well adapted model (E, R) for which the 
global sections functor, P: E -~ Sets, takes the image ~t of a 
smooth manifold M under i, into (the underlying set of)M 
again. Since 17 preserves finite limits, at least all algebraic 
constructions are preserved. But more can be inferred in 
concrete instances. 

Consider now an example drawn from the classical 

calculus o f  variations (c.f. [i6], [7]) which is conceptually 
advantageous to deal with by embedding into a well adapt- 
ed model. 

For a smooth path c: [0,1] -~ ~(n, with c (0)=  p, 
c(1) = q, the energy (or action) integral is defined as 

1 n 
E ( c )  = I , 2 (ci (t)) dt, 

0 i=1 

where c = (cl . . . . .  Cn), and c~(t) indicates the first deriva- 
tive. Classically, it is shown that the "critical" paths (ad hoc 

definition, by analogy with the finite dimensional case) for 
the energy integral are precisely the geodesics, or paths of 
minimal length. Embedding M into E, with ~( becoming R, 
the object of paths is given by the extension of the formula 

Ap, q = l[c ~ R  hI~ 11 Ic(0) =p ^ c(1) = q]] . 

If E satisfies, furthermore, the axiom of integration (c.f. 
[21 ], it says that primitives exist and it allows for a develop- 
ment of integration on "manifolds", i.e., objects of E, 
including Stoke's theorem), it is possible to mimic the 
definition of the energy integral which then becomes a 
morphism 

E :  Ap, q - ~ R  

and therefore (c.f. Section 2.1), it has formally a derivative 
a r c ,  

(dE)c : Tc(hp,  q) -> R . 

Synthetically, and by contrast to the classical counterpart, 
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the treatment of morphisms between manifolds (whether 
"finite or infinite dimensional") is thus unified (c.f. [23]). 
In particular, the notion of "critical" path if just the usual 
notion in this context, i.e. c is critical for E provided 
(dE)c = O. 

By means of further axioms it is then possible to argue 
as in the classical treatment 0.e., by contradiction), and 
conclude that, for any c E At, , q, f fc  is critical fo rE  then c 
is almost a geodesic, i.e. VtE [0, 1]: -qq(c"(t) = 0). Having 
verified that one of the standard well adapted models satis- 
fies the additional axioms, it remains to argue that if c is 
a global element of Ap, q (equivalently, since the em- 
bedding is fully faithful), if c is the image of an actual path 
[0, 1 ] --> IR n , then c is almost a geodesic ff and only if c is 
a geodesic (i.e., VtE [0~ 1]: e"( t )  = 0). The latter is based 
on the remark that the object 

zx = ~x ~ R  17-~ (x = 0)~ 

has no global elements other than 0 E R.  
The object A, classically trivial, is to be thought of, syn- 

thetically, as the "monad of 0" (although it is quite differ- 
ent from the corresponding notion in Non-standard 
Analysis); it was considered by Penon [28] and can be seen 
to represent the important notion of  germ of a smooth 
mapping and, as such, it is exploited in [5]. Closely related 
to this is a notion (also due to Penon) of "open" which 
again, although geometrically close to our intuitions, is 
classically trivial and can only be considered on account of 
the (intuitionistic nature of the) logic of a topos. A sub- 
object UF---+M of an arbitrary object of E is said to be an 
open neighborhood of any one of its elements, say a E U, if 
the following holds: 

Vx ~ m h ( x  =a) v x ~ u] 

i.e., either x is "far away from a" (in which case we are not 
interested in it), or else it belongs to U. Equivalently, M is 
the union, in the topos, of the topos complement of the 

subobject {a)) ~ M a n d o f U ~  ~M. 

3.2. Glueing: realizability 

A formulation and proof of realizability using toposes has 
been given by Freyd (unpublished, c.f. also [22]). The 
method employed is known under the name of Artin- 
Wraith glueing (c.f. [32]). In this formulation, realizability 
says that, in the free topos, 1 is indecomposable and projec- 
tive. Take the rule (where zl-f is intuitionistic provability) 
which says 

~v~  
~or k~, 

where tp, ~k are sentences in a first order language. Trans- 
lating the meaning of this in terms of their extensions in a 

topos, the above says that 1 cannot be expressed as the 
union of two proper subobjects, i.e., 1 is indecomposable. 
Take now the rule: 

x 

there exists a CA such that /V ~0(a) 

where ~0(x) is a formula and x a free variable of sortA, for 
some A interpreted as an objects in a topos. The hypothesis 
says that the canonical map into 1 

~ x ~ A l ~ ( x ) ~ - *  1 

is epi, and the conclusion, that it splits (i.e., has a section, 

thus, 1 is projective (in effect, "support splits"). 
For an arbitrary category C with a terminal object 1, and 

where P = Hem(l ,  - ) :  C --> Sets is the global sections func- 

tot, the "comma category" C = (Sets, I') is the category 
whose objects are functions of the form 

s e , r ( o  

with S E Sets, C E C, and whose morphisms are com- 
mutative diagrams (a morphism from S ,, ~F(C) to 
S'  f '  > I '(C'),  that is) 

s 
S " S '  

r(o "r(c'). 

Such a construction produces a topos (~ out of any such C; 
moreover, the projection 

~.,,P~ ~C 

given by S f ~I'(C) I ">C; (s,c) I ~c, is alogical 
functor. 

Take C to be the free topos. This means that C is a topos 
(which can be shown to exist) having the property that for 
any topos E, there is a unique logical morphism C ~ E. In 
particular, the unique logical morphism C --" (~, when com- 
posed with C p2 ~ (~, must be the identity. It is easy to 
prove now that i = 1 ~ F(1) is (externally) indecomposable 
and projective in C. Given U, V subobjects of 1 in C, with 
U u V = 1, it follows that ~r, 17,are subobjects of i in (~, and 
that U u  1~=~ in C. Therefore, either U= i or I ?= i .  
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Applying P2, this yields that either U = 1 or V = 1. Hence, 
1 is indecomposable in C. A similar argument showsthat 1 is 

projective in C. 

3.3. Transfer methods: eofinality of  models 

In Section 2.3 we mentioned transfer methods in order to 
establish certain model theoretic results for theories of 
global sections of structures which are models of another 
theory in a topos of sheaves on a Boolean space. In order to 
do this in practice, it is often required to pass to a Boolean 
valued model of Set theory, where the usual theorems of 
Zermelo-Fraenkel Set theory with Choice (not involving 
the fact that there are exactly two truth values) are true. 
As mentioned in Section 2.2, one such method is to use a 
theorem of Barr; however, sometimes one needs the passage 
to be done via a morphism F f ~ E which has further 
properties than just being a surjection. Let us deal with a 

concrete property: the transfer of cofinality (c.f. [6]) in 
the context of a Boolean representation theory, as present- 
ed in Section 2.3. Assume that (To, T) is a pair in a Boolean 
representation theory, and that T* is a theory such that 
Mod T* ' ~ Mod T (assume T* is a quotient of T, i.e., has 
more axioms) has the property (cofinality) that every 
model of T admits an extension to a model of T* (this true 
for models in Sets)�9 Define T~ as the theory of global sec- 
tions of sheaves over Boolean spaces, which are models of 
T* in the corresponding topos where they live. Prove that 

Mod To p `  >Mod To is cofnal. (Taking the theories 
To = regular rings, T = fields; T* = algebraically closed 
fields, for example, T~ = monicaUy dosed regular rings, and 

the theorem would say that every regular ring can be 
embedded into one which is monically closed, i.e., for 
which monic polynomials with coefficient in the ring, have 
roots in the ring�9 Now, as mentioned in Section 2.2, there 
is a little problem here concerning the possible transfer of 
the corresponding theorem which would say: "every field 
can be embedded into an algebraically closed field" since 
it is not true in an arbitrary topos - in fact, it is not true in 
general, even if the topos is of the form Sh(X), X a Boolean 
space, basically because the axiom of Choice need not hold 
there�9 Still, the result about regular rings is known to be 
true. The key lies in an appropriate change of universe in 
order to establish this fact, as follows. 

Let M be a model of To, identified with the pair (X, K) 
where R = P(K), and K is a model of T in Sh(X). It is well 
known (c.f. [10]) that Sh(X)may also be viewed as Shfc(B ), 
where now B is regarded as a category using the preorder 

i g .  
Sh~(B*) ~ " Shfc(B*) .  " Shrc(B) 

Pl 

Sets 

relation with a Grothendieck topology whose basic cover- 

ings of b EB are those families { b i } i =  1 . . . . .  n for which 
b = V~= 1 b i. If B* is the Dedekind-McNeille completion, 
of B, we may still consider Shfc(B* ), but in this case it 
makes sense to consider also arbitrary coverings, hence the 
topos Sh**(B*). These three toposes are related by 
geometric morphisms with special properties, namely with 
a-q i, g*-qg, ,  i fiat (i.e., preserves first-order logic) 

and g* faithful�9 Moreover, Sh**(B*) = Sh77(Shfc(B*)), 
hence is a Boolean topos; in fact (c.f. [i0])i it is a Boolean: 
valued model of Set theory, and the direct image parts of 
the geometric morphisms above, commute with the global 

sections functors. Assume now that all theories involved are 
geometric, in the sense that their models be preserved by 
inverse image parts of arbitrary geometric morphisms (this 
notion of a geometric theory, as well as that of a coherent, 
or finitely geometric theory is studied in [27] - we shall 
come back to it later on). Of To furthermore, it is needed 
that its models be preserved by g,. Since the latter arises 
from the inclusion B C__ B*, this translates into the synthac- 
tical condition that To be axiomatizable in a language with 
very poor structure - this will be satisfed if. e.g. To is 

algebraic. Now, since KEMOdsnfe(B)(T), it follows by 
our assumptions (true in the examples, by the way) that 

ag*KE MOdsh**(B,)(T) and since the latter is a Boolean- 
valued model, there is an extensionag*K} - K '  to some 
K'EModsh~.(B,)(T* ). By exponential adjointness (c.f. 
Section 1), this corresponds to amorphismK) ~g, iK' ,  
which is an extension by yet a further assumption made on 
morphisms whose domains are models of T. Since i is flat, 

i K' E MOdShfc(B,)(T*); since g, preserves models of To, 
�9 ~ E g,(tK ) Modshfc(B)(To). To finish, we apply global sec- 

tions, which gives a monomorphism 

R = P(K) ~ r(g,. iK') = F, (iK') =R'; 

noticing that, by definition of T~, R'  is a model of T~. 
The r61e played by geometric morphisms is here essential, 
and this limits, to a certain extent, the type of  theories this 
argument applies to. But geometric theories have a particu- 
lar attractiveness, in view of the completeness theorem (of 
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G6del-Henkin-Tarski) applied to geometric fragments 
(c.f. [27], [20]) an application of which is given in the next 
section. 

3.4. Geometric logic: Hilbert's Nullstellensatz 

In [4] it is established by transfer, a nullstellensatz (or 
thoerem of zeroes) for various theories: regular rings, 
regular firings, and differential rings in zero characteristic. 
This is done by methods similar to those employed in Sec- 
tion 3.3. above. In particular, it is not necessary that the 

theorem in question be valid in the topos Sh(J 0 itself, 
which gives us more freedom with respect to its formula- 
tion. But another formulation of  Hilbert's nullstellensatz, 
equally well suitable for transfer, is valid in any Grothen- 

dieck topos. An argument, due to W. MacCaull, is given as 
an application of a metatheorem which is the logical 
counterpart of a theorem of Barr and Deligne (c.f. [17]) 
and which, in turn, is a consequence, for geometric 
infinitary logic, of the completeness theorem of G6del 
(c.f. [27], [20]). Let us outline this result and the above 
mentioned application of it in what follows. 

A geometric sequent e is the universal closure of a 
formula r  ~" ~(~) ,  with free variables 3~ = (xl . . . . .  Xn), 

where ~(~)  and ~ ( ~ )  are either t, f or are built up using 
only A, ] and (possibly infinitary) V. Ageometric theory, 

is a theory axiomatizable by means of geometric sequents. 

The metatheorem in question states that if T is a geometric 
theory in a countable fragment of ~ t o ,  and a is a geo- 
metric sequent such that T ~c a (i.e., a is classically deduc- 
ible from T), then for every Grothendieck topos E, any 

model of T in E satisfies tr. 
In view of this metatheorem, it will be enough to produce 

a geometric formulation of Hilbert's nullstellensatz, which 
can be done as follows. Let ~ b e  a language in a countable 
fragment of -~ooto, to which sorts K, K' are added. A 
theory T1 in this language is considered whose models are 
given by: a (geometric) field K, an algebraically closed 

(geometric) field K' ,  and an extension K ' -  >K'. Let f, 

f l  . . . . .  fm E K ~ ]  be polynomials over K. 
Consider the (geometric) sequents 

m 
a, (~'): (VF ~ (K')" [ A  ~(.V) = 0 =" f (y)  = 0]) 

/=1 

and 

oo m 

e2(~):  ( t ~  V 3 x l  . . .X m ~ g [ ) t ] ( f  r= ~ x]j~)) 
r=l  j= l  

where ~ are the parameters (i.e. the coefficients of the f, 

f l  . . . . .  fm). 
Hilbert's nullstellensatz is true classically, i.e., 

T, ~ a, (~)  ~ o2 (~); 

By the Deduction theorem, 

T, to (ol (~)} ~ as (~) 

and by the metatheorem (since T = T1 to {al (~)} is a 
geometric theory) 

T1 to (o, (~')}~.r o2(~) 

meaning that every model of T, to {01 (~)} in a Grothen- 
dieck topos is also a model of a 2 (~). Using now the Deduc- 
tion theorem again (as it is intuitionistically valid), we 
obtain 

T1 ~.r. ~ (~) ~ o2 (~) 

and by the rule of universal generalization, 

Tl ~.T V~(al (K)  =~ a2(~). 

This completes the proof. 
Our list of examples concludes here. It is to be hoped 

that, having exposed the readers to a variety of applica- 
tions, he or she will find at least one of  these worth pursuing. 
One conclusion that may, perhaps, be drawn from this dis- 
play, is the remark that toposophers are just amateur 
logicians who are interested in too many different subjects 
to be able to become experts in any one of them. But, who 
knows, this description (which certainly applies to the 
present writer), might gain us some sympathizers among the 

philosophers .... 
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