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INTRODUCTION

Synthetic differential geometry (SDG) started by the consideration of an axiom
of jet representability. This axiom is stated in a ringed elementary topos (€,R).
Briefly, it says that there is an object in £, denoted Dr(n), which is the domain of
definition for the r-jets of functions in n variables R® - R. This axiom concerns
the infinitesimal aspects of differential geometry. The aim of this paper is to
consider a second axiom which establishes the capacity to pass from the
infinitesimal to the local. This is an axiom of germ representability. Briefly, it
says that there is an object in £, denoted 4(n), which is the domain of definition
for germs of functions in n variables R" -+ R.

No specific acquaintance with the theory of SDG is presupposed here and the
article is purely synthetic, in the sense that it is written in the internal
language of an elewentary topos. It has two parts. In the first we give an account
of the representability of jets in SDG. In the second (main) part we consider local
notions in a (ringed) topos and we treat the representability of germs in SDG. 1In
both parts we analyze the basic problem of integration of vector fields. There is
also an appendix of semantical content where Grothendieck topoi come into play and
where we analyze the validity of the theory in the models. Comments, references and
historical remarks are spread throughout the text.

This paper was planned while the second author was visiting Montréal as a guest
of the Centre Interuniversitaire en Etudes Catégoriques in the winter of 1985. A

preliminary version of it was presented by the first author at the session on

Toposes and Logic of the Special Year in Logic and Computer Science at the
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University of Maryland. Financial support, in each case, is gratefully acknowledged.
The second author also thanks A. Kock for valuable conversations and hospitality

during the final writing of the paper.

PART I. INFINITESIMAL CONCEPTS IN SDG

Jets in SDG
Fix a topos £, a ring R in &, called the lime, and a subobject D < R, 0 €D,
The object D is considered to be an infinitesimal neighbourhood of zero in the sense
that the map
a D
RxR »+ R, (a,b) » (d p a+db)
is invertible. Thus, if f:D + R, then there is a unique b € R such that

f(d) = f(0)+bd. We see then that D is so small that the graph of any function is

part of a straight line (of slope b), but large enough so that this line is unique.
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Here, f is defined in a part of R that contains D. Of course, b is said to be
the value of the derivative of f at 0, b = f'(0). Thus, the restriction of f to D
is completely characterized by the I-jet (at 0) of f, (£(0),f*(0)). Thus, the
assumption which says that the map « above is invertible can be interpreted as an
axiom of representability of I-jets.

It follows immediately from this assumption that also the map

D
R%R" 3 R", (p,q) » (d m ptdq)

is invertible. Thus, given a map f:D - Rn, there is a unique q € R" such that
f(d) = £(0)+dq. Thus, f is characterized by a vector v with principal part g

attached to the point p = £(0).
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If £ = (f),f,,....,f ), then q-= (fi(O),fé(O),...,f;(O)). Tk, @iven & euive T B
parametrized by a function f defined on the line (or in a part that contains D), the
restriction of f to D is completely characterized by the velocity vector of f (at
time 0). This vector is a tangent vector (to the curve) attached to the point p,
and lives in the tangent space of R" at p. Thus, the assumption which says that the
map « above is invertible means that the tangent bundle is representable by the
object D.

All this goes back to a lecture given by F.W. Lawvere at the University of
Chicago in 1967 (see [25]). The first successful utilization of such an object D of
infinitesimals was the construction of the Lie bracket by G. Wraith (actually of the
Lie algebra of a group [36]). It was shown therein how the synthetic arguing of the
19th century geometers can be carried over rigorously (this was later published in
(33]). Previously, Wraith had studied the line in algebraic geometry (in the
category of schemes), where the object D is determined by the ring structure and by
means of the description D = [[x € R| x2 = 0] (this is the spec of the ring of dual
numbers), and had shown how much differential calculus stems from it, [35].
Influenced by these ideas, A. Kock started the real development of SDG in his two
papers [19], [20]. There he states an axiom on a ring R from which all the calculus
of derivatives and Taylor series follow. This axiom explicitly states that the
isomorphism RXR = RD is given by the invertibility of the map a considered above,
and that D = [x € B| x° = 0J.

1. JET REPRESENTABILITY

Essentially, everything in this section is due to A.Kock and the standard
reference is [22]. The Kock-Lawvere axiom, at the base of SDG, is today stated as a
comprehensive axiom of representability for Weil bundles, which are a useful
generalization of the jet bundles. In order to understand this axiom we shall see
first how much we can get from the weaker versions, in particular from the one
introduced in the previous considerations. We assume, although it is not always
necessary, that the integers are invertible in R. Also, everytime we say ring we

mean F-algebra, and every time we say ring morphism we mean R-algebra morphism.
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let DcR be the object D = [x € R| x2 = 0]. Consider the ring of
polynomials R[x] (in €) divided by the ideal generated by xz. We denote this ring
by R[P]. It is the ring of dual numbers. Let e € R[D] correspond tc x € R[x];
then every element ¥ € R[D] is (in a unique way) of the form ¥P(e) = atbe with
a,b € R and az = 0.

1.1 Kock-Lawvere Axiom

The morphism of rings
R(D] S RY, ¥(e) m (dm P(d))
is invertible. (The reader should check how this is a morphism of rings).
Given f € RR and p € R, it follows that for all d € D, f(p+d) = f(p)+db for
some unique b € R, This defines a function, f' € RR, the derivative of f, which is

characterized by the equation

(1) f(ptd) = f(p)+d-f'(p), vd € D.

Immediate arithmetic calculations show (& la Fermat) that from (1) follows, for

f,g € RR and a € R that

(2) (f+g)' = f'+g', (af)' = af' and (fg)' = f'g+fg'.

This, in turn, implies that

(3) the derivative. of a polynomial coincides with the usual (formal) derivatives.
Suppose now that we know f only on the object D. Then f£'(0) is well

determined, but not so f'(t) for the others t € D. This requires the knowledge of

f(t+d), but t+d may not be in D. Thus, we cannot determine the value of the second

derivative f(z) of f at 0. However, (t+d)3 = 0, thus if we know f on the object

D2 = [x € R| x3 = 0], then f(z)(O) is well determined. More generally, let Dr <R

1

be the object Dr =[x € R| xr+ = 0], where r is any positive integer. Newton's

binomial law yields

(4) (t e Dr- and d € D) => (t+d) € Dr'

1

This shows that the derivative of a function defined on D can be defined on D 3

that is, we have that
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Dr Dr-l
(5) there is amap R~ - R w E i

let Uc R be such that Dr c U. From (5) it follows immediately that for all

f,g € RU,
(6) fl, = gl 2 f(0) = g(0) and £'| =g'l .
b =, D1 D1
Thus we conclude, for the iterated derivatives
%) tly =el, = 30 =P, visr
r r

Given T € RR and p € R, the Taylor polynomial of f at p of degree r, T;f, is

defined by the formula
- r 1
(8) T f(x) = X —
o i=0
(Notice that it will be enough to consider f defined on a part U c R such that p € U

— 8 (p) (- .
and p+Dr c ).

From (3) and (B) we easily derive that
(9) if ¥ is a polynomial of degree < r, T;P = P
Our task is now to show Taylor’s formula, namely, that the restriction of a function
f to the object p+Dr coincides with (and is completely determined by) T;f. That
is,

TAYLOR’S FORMULA. f(p+d) = T;f(erd): vd €D .

To prove this involves being able to reverse the implication in (7) above.
Notice that the list of derivatives in (7) classically determine the r-jet of f at
0. Hence, a stronger axiom is necessary.

Let us be more explicit. We have seen that to determine f'(0), it is necessary
to know T on the object D. On the other hand, if we have f(0) and f'(0), Axiom 1.1
says that we can recover f on D by the formula f(d) = Téf(d) = f(0)+f'(0)d. Thus,
the information contained in the list f(0), f'(0) is equivalent to the information
given by fID. We have seen also that to determine f(z)(O) it suffices to know the
value of f on D2' But this is not necessary. Actually, it was enough to know f on

the smaller object D+D < D.. On the other hand, if we have £(0), £'(0) and £(27(0),

o
it Poliows Prom sciom 1.0 ek 00 = Tgf(d) = £(0)+df (0)+d%£ 20 (0), for all d

€ D+D. Thus, the list of numbers f(0), f'(0) and f(z)(O) is equivalent to fID+D' It
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does not follow that Tgf = f in all of the larger object D,, neither that Tgf is

the only extension to D2 of a function defined on D+D. In le there is more
2

information. We next postulate by the force of an Axiom, that there is the same

sniformation on the list of munbers £0),89€0Y, ... 270(0) that in £, , for each r.

D )
r
In particular, that given a function defined on D+D+...+D r times, there will be a

unique extension to Dr‘
Consider the ring of polynomials R[x] divided by the ideal generated by xr+1.
We denote this ring H[Dr]‘ let e € H[Dr] correspond to x € R(x]. Then, every

element ¥ € R[Dr] is (in a unique way) of the form ¥(e) = ao+ale+...+arar, with

r+l r+l

a, € R and where the symbol e obeys the rule e = 0. In particular, R{Dr} = R

as an R-module. The restriction of a polynomial (considered as a function from R to

D

R) to Dr < R defines a ring morphism R[x] = R ¥ such that xr+1

=+ 0. This in turn
defines the ring morphism in the following axiom.

1.2 Kock-Lawvere Axiom

For each r 2 1, the ring morphism

D
M%Jﬂﬁﬂ Ple) m (dw P(d))

D
is invertible. This says that for any f € R ¥ there exists a unique polynomial ¥ of

degree < r such that f(d) = P(d) for all d e Br'

1.3 PROPOSITION

Given Uc R and f € RU. the Taylor’s formula

£(prd) = ToE(ped) = igo di-[ié W], vaen
holds for all p € U such that p+]Jr c U.

PROOF. By Axiom 1.2 there is a polynomial ¥ such that f(p+d) = P(d) for all
de Dr' Then, by (7) we have f(i)(p) = ?(i)(O), Vi £ r. This shows that
T;f{p+x) = Tg?(x}. But by (9), Tg? - ¢, This finishes the proof. Notice that only
the surjectivity for r > 1 in Axiom 1.2 is needed. O

The ring of formal power series R[x] and the object D_ of all the nilpotent

elements of R are associated to the calculus of the Taylor series of a function. We
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denote R[x] = R[D_]. From the equation er+1 =0 for e € R[Dr]’ it follows that
there is an (obvious) ring morphism H[Dm] -+ R[Dr]. Similarly we obtain morphisms
H[Dr] - R[DS] for s £ r. The ring R[D_] is the inverse limit of the diagram so

determined. On the other hand, by definition

DCD c = cD C--‘CD
2 r
D

and D_ is the union of this chain. Thus, R ® js the inverse limit of the diagram

-]

determined by the restriction morphisms. The following diagram commutes by virtue

of the definitions involved:

R[Dw] - R[Dr] -+ R[Ds] -+ R

la i a {a 4 id,

for all s < r.

The first vertical arrow on the left is independently defined since it is
always possible to evaluate a formal-power series at a nilpotent element. All the
other a’s are invertible (by Axiom 1.2). Thus

1.4 PROPOSITION

The ring morphism
o D
R[x] = R[DmJ IR, P(x)m (dw ¥(d))
DW
is invertible. This says that for any f € R there exists a unique formal power
series P(x) such that ¥(d) = f(d) for all deD_. O

1.5 PROPOSITION

Given Uc R and f € RU,

[ @ i 1 i
£(prd) = Torprd) = 2 d [t )], vaen,
& i=0 '
holds for all p € U such that p+D_ < U.

PROOF. Since any d € D is in Dr for some r, the statement follows directly
from Proposition 1.3. O

The partial derivatives for functicns of several variables can be defined using

only Axiom 1.1. Given a function f(x,y), the partial derivatives are characterized
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by the formulas

af
fx+d,y) = f(x,y) + d-a;(x,y) vd € D

ar
f(x,y+d) = f(x,y) + d-a;(x,y) vd € D.

This says that the partial derivative is the derivative of the function of one

variable determined by fixing the other.

af
Suppose that we know the function f on DxD, then we can compute 5;(0,d) for
2
a‘f
all d € D. Thus we can derive again and compute 5;'5;(0,0). Of course, we can also

af af
compute 5;(0,0) and 5;(0,0). To compute these last two numbers it is enough to know

f in the smaller object D(2) < DxD, D(2) = [(x,y) x2=y2=xy:0], since D(2) contains

the D-segment of the axes.

DxD D(2)

Suppose now that we want to compute the whole 2-jet of f, that is, the list of
ot  of o°t o°t a%s

six numbers f(0), 5;(0)’ 5;(0), 5;**5;(0), ;—5(0) and 5—5(0) (where we wrote 0
% y

in place of (0,0)) determined by all the derivatives of order < 2. C(learly, szD2

will be enough, but it will also contain the necessary information to compute many

more higher derivatives, for example ——5——— 5—(0). The reader can check that to

compute the 2-jet it is enough to know the value of f on the smaller object

D2(2) < DZXDZ’ D2(2) = [(%,y)]| xa:ygrxzy:y2x=0], as it can be seen in the picture,

where we have displayed DxD < D2(2) < sznz.
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The object D2xD2 also contains D,xD. This implies that we can compute the number

------- (0),etc. Tt will follow that the lists of the values at 0 of the nine
dx~ dy

derivatives (including f) with indices £ 2 completely determiies f in DZKDZ, and no
more. However, a new axiom (Axiom 1.1.1) is necessary in order to have the
analogous situation for the 2-jet (i.e., the list of six derivatives of order = Z)
of f at 0 and the object D2(2). This is not surprising, since to det&rmine the
2-jet of £ at 0 it is enough to know f in the object {U}XD2 U sz{O} U DxD, as the
reader can easily verify. This object, the cross of length D2 plus the square DxD,
is strictly contained in D2(2). We will show briefly now how all this is done in
general.

Consider two symbols X,Y and the R-algebra of polynomials R[X,Y] divided by the
ideal generated by Xk+1, YS+l (for k,s any integer 2 0). We denote this algebra by

R[DkxDs]‘ Then, just as in the case of one variable, an element ¥ & R[ﬂkxDS] is a

polynomial ¥(e,5) on the symbols €,5 which obey the rules ek+] =0, 65+1 = 0. Thus,
R[DkxDs] = R(k+l)(s+1) as an R-module. Clearly, there is a morphism of R-algebras:
8 P Ps
R(D,xD_] 5 R , Ple,8) b ({d,t) b P(d,t)).

That B is invertible follows by the commutativity of the following diagram
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a[Ds] Dk
R{DkxDS] =~ R[Dk][Ds] - R [Ds]
8 1=
DkXDS DS Dk ank Dk
R =~ (R7) * H£Ds]

The vertical arrow on the right is the identity map: elements in both objects

D
are expressions T, +f &+---4+f 5% with f. € R k.
071 s i
We have then
1.6 PROPOSITION
D kxD

The map B8 above is invertible. That is, for any f € R 5 there exists a

unique polynomial ¥ of the form ¥Y(x,y) = z ai.xly:L such that ¥Y(d,t) = f(d,t)
i<k, jss Y

VvieD, teD. O

k s

As before, we have to show now that this polynomial is the Taylor polynomial
defined in terms of the iterated partial derivatives. Fix an arbitrary order of
iteration. Utilizing this order, the Taylor polynomial is defined in the usual way.

Then, as before, it follows that

i+j
g vt
(a) to determine all the numbers ‘_I_“_T(O), Viz<k, j$s, it suffices that the
Gx~ gy
function f be defined on DkxDs. Moreover, given any two functions f,g,
ottr g
f| = gl 3 ——7———=(0) = -—7—-=(0), Vizk, j<s
DkxDs DkxDS ax* 6yJ ax’ dyJ

for any given order of iteration and that

(b) if ¥ is a polynomial, then it coincides with a sufficiently long Taylor
development.

Then, the same argument as the one in Proposition 1.3 shows

1.7 PROPOSITION

Given Uc RxR and f & R°, ‘the forsula

ks o5 1 o s
f(prd,qrt) = £(p,@) + 2 dbt) mm———(,0), () € DD,
i+j#0 gx~ ay

holds for all (p,q) € U such that (p,q)+DkxDs cU. O
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In particular, the implication in (a) can be reversed.

1.8 COROLLARY

Iterated derivatives are independenl of the order of iteration.

PROOF. The formula in 1.6 holds for any given order of iteration. Thus, the
assertion follows from 1.6. D

It is clear from the proofs presented here that all the respective statements
in the case of any number of variables hold. Also, the reader can easily check that
the proofs of 1.6 and 1.7 can be carried over in the case r+s = ®. Thus, let
e I R(D.]. Then

1.9  PROPOSITION

The ring morphism

Dl‘l
n @ = 3 3

R[D,)] =R , P(x) b (dm P(d))

where x = (xl,...,xn) and d = (dl,...,dn), is invertible. This says that for any

D
feR w, there exists a unique formal power series ¥Y(x) such that P(d) = f(d)

vienl. o

lLet us pass now to the problem of finite jets. The r—jet of f involves the
list of derivatives up to order r. To this 1list is associated the object
Dr(n) c Rn, where

Dr(n) = E§ = (xl,...,xn) [ Rnl the product of any r+l of the Xpseea Xy is 0].

For example, D1(2) = D(2) = [(x,y) € Hzl x2:y2=xy=0]. Clearly, Dr(n) c D? and
Dk(n)XDs(m) c Dk+s(n+m). To simplify, we write the above in the case of two
variables. Since DkxDS c Dr(2) for all k,s such that k+s £ r, it follows from (2)
above (here D0 means {0}), that

(¢) to determine the list of derivatives of f at 0 up to order r, it suffices
that f be defined on Dr(2). Moreover, given any two functions f,g,

SE 0 oi*ig

= gxi ayJ(O) = 5xi dyj(O), Vi+j < r.

T = g
D (2) D (2)

A new axiom will be necessary to reverse this implication.
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Consider the ring of polynomials R[xl,...,xn] divided by the ideal generated by
all products of r+l of the symbols KypeoosX . We denote this ring R[Dr(n)]. Let €
correspond to Xy Then every element ¥ € R[Dr(n)] is (in a unique way) a polynomial
expression ?(el,...,en) on the symbols €- These symbols obey the rule that says

that the product of r+l of them is 0. The restriction of a polynomial (considered

D {(n)
as a function from R" to R) to Dr(n) defines a ring morphism R[xl,...,xn] +RT

such that the product of any r+l1 of the xi's goes to 0. This in turn defines a ring

morphism

D _(n) _ _ B
R[D (n)] SRT , PE)wm (dm @),

where e = (el,...,en} and d = (dl,...,dn). The representability of r-jets concerns
the invertibility of this map. That this map is invertible cannot be demonstrated
from the Axiom 1.2. Thus, we strengthen the axiom as follows:

1.10 Kock-Lawvere Axiom

D_(n) * - -
For each r 2 0, n2 0, the ring morphism R[Dr(n)] St , Ple) p (dw ¥(d))

D _(n)
is invertible. This says that for any f € R e there is a unique polynomial ¥ of

(total) degree < r such that f(a) = ¢(d) for all d e Dr(n).

If f is a function in n variables and p € Hn, let T;f be the Taylor polynomial
at p of f of order r. Then, from proposition 1.7 and Axiom 1.10 follows (recall
also (c) above) the Proposition below.

1.11 PROPOSITION

Given Uc R” and f e RU, then
~ _.r - _
f(p+d) = Tpf(p+d), vd = (dl,... dn) € Dr(n)

holds for all p € U such that p+Dr(n) cU. O

In particular, the implication in (c) above can be reversed. We can see 1.2,
1.3 and 1.10, 1.1] in the fellowing way.
To simplify the notation we write only the case of 2 variables. The general

case is a straightforward generalization. (Recall DO = {0} and D2 g D)
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1.12 PROPOSITION

(1) D+D+---4D (r times) < D, and every function (D+D+...+D) + R has a unique
extension to Dr’ for all r 2 0. The values of f on D+D+...+D determine the list of
derivatives up to order r of f at O. The extension is then given by Taylor’s
formula.

(2) DkXDs c Dr(Z), for all k,s such that k+s £ r, and every function DkxDS + R
defined in all of the subobjects DkxDs (this means a family of functions which
coincide in the intersections) has a unique extension to a function Dr(2) -+ R. The
values of f on the DkxDs determine the list of derivatives up to order r at 0.
Then, the extension is given by Tayler’s formula. O

This establishes the representability of r-jets in SDG. Classically, to
determine the r-jet of a function f at a point p it is necessary to know the
function on an oper neighbourhood around p, in order to compute the derivatives.
Here, it is enough to know the function on the infinitesimal neighbourhood p+Dr(n).
Moreover, this list of derivatives up to order r of f at p, the r~Jjet of p,
completely determines the wvalues of f on this infinitesimal neighbourhood by

Taylor’s formula.

2. WEIL ALGEBRAS

We have considered so far the family of infinitesimal objects Dr(n). These
objects could be called Ehresmann infinitesimal objects, since it was he who
introduced the jet notion in differential geometry [15]. The product Dr(n)xDs(m) is
an infinitesimal object which is not anymore in the family. This means that an
iterated jet bundle is not a jet bundle in the sense of Ehresmann. To remedy this,
A. Weil in [34] introduced a class of algebras and developed a corresponding theory
of jets that generalizes the work of FEhresmann for the algebras R[Dr(n)]. Weil
algebras appear in SDG in [33)], and their systematic use started in [7], where Axiom
I in 2.3 is first found expressed in terms of the clasical theory of Weil bundles.
In its present form, it appears in [21]. A Weil algebra is essentially a

maltiplication table on a finite dimensional module. This is coded by a matrix with
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coefficients in the ground ring. The entries of this matrix are always rational in
the applications. To consider Weil algebras over O has many advantages. @ is a
field, is a constant sheaf and it is intrinsically defined in any topos.

2.1 DEFINITION [34]

A Weil algebra is an algebra W over O equipped with a morphism W T Q such

that
1) it is local with maximal ideal I = w 1(0);
2) it is a finite dimensional @Q-vector space;
3) I is a nilpotent ideal.
There is a unique integer O such that W = un+1. If A ERRR ] is a linear base,
¢ K
e.re, = X .., in a unique way. This matrix with rational coefficients ..
5 A | k=g IJ k i

completely determines the algebra W. It is clear that given any Q-algebra A in any
topos £, (actually it would suffice to assume £ to be a category with finite

limits), the matrix ??j also determines a A-algebra structure in AQ+1. We denote

this algebra A[W] = AQ+1. The equations above are a particular presentation for W.
More generally, given any presentation hi(xl,...,xn) € Q[xl,.‘.,xn] of W, then A[W]
is the A-algebra with presentation hi(xl,...,xn) € A[xl,...,xn}. Al[W] is
constructed from A following the same instructions utilized to construct W from 0.
It is well established that different presentations of the same W yield the same
A[W], and that this process is functorial.

We will prove next a very useful lemma. First, we consider an example: look

at the diagram

ale] 5 ole,8)

¥(8) = e+5, o(e) = &, a(6) = e.

An element of Q[e,56] is of the form £ = atbe+cé+des. Then, id(¢) = o(§) if and
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only if b = ¢. In this case, the element «+ = a+b6+%d82 is such that ¥(+) = ¢,
and is the unique such. This shows that the diagram above is an equalizer. We see

that also the diagram

v i
Al8] =+ A[e,6) Ale,8]
-
will be an equalizer for any Q-algebra A. This is so because there is a

construction to obtain the wunique element + such that ¥(v) = £, and this

construction can be performed in any Q-algebra. We have

2.2 1EMMA (Kock-Lavendhomme, [23])

If W Wi is any finite inverse 1limit of Weil algebras, then so is
A[W] - A[Wi].

PROOF. We should prove two cases. Equalizers and finite products. Consider

first an equalizer

f
W h H = s
g
If /I I
1)
qr+1 iy ﬂk+l o lJs+l .

The morphisms h,f,g are in particular linear maps between the vector spaces in the

L kernel(f-g). It follows that there is a linear map 0 as

bottom row. Thus, §
shown in the diagram, such that 0h = id and hf = ld[kernel(f—g)' This map 0 is a
matrix with rational coefficients encoding the information to construct an element
¥+ € W from an element § € H, and such that if f(¢) = g(¢), then h(+v) = ¢. This
construction is a (matrix)x(vector) multiplication and will vyield an element

v € A[W] from any £ € A[H] for any Q-algebra A, In the example considered above, it

1000
is the matrix 0100 . A product of Weil algebras is a fiber product over
000%

Q; this case is very easy and we leave it to the reader. O
We return now to the ring R. Recall that we had assumed R to be a Q-algebra in

order to develop the usual formulas in the calculus of Taylor polynomials. Given
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any Weil algebra W with presentation hi(xl""’xn)’ we denote by W R" the zero set
of the h.’s in R", i.e.
W o= C(xprevesx ) € R | h(xp,enn,x ) = 0 Vi]
Remark that this is actually a particular embedding of W in B" corresponding to
the presentation of W. The object W is sometimes denoted SpecR(w), and it is well
established that it defines a (contravariant) functor on W.

The restriction of a polynomial ¥ € R[xl,..l,xn] (considered as a function

from R° to A) to W defines a ring morphism R[xl,...,xn] -+ Rw such that hi b 0.
Thus, it factors through the quotient of R[xl,...,xn] by the ideal generated by the
hi’s, which is by definition the ring R[W] = Rn+1. This defined the morphism a in

the general form of the first basic axiom in SDG.

2.3 AXIOM I (Kock-Lawvere Axiom)
Given any Weil algebra W, the ring morphism
RIWD S R, ¢ n (p o P(D)
is invertible, where p € W and ¥ is any polynomial that represents § € R[W].

To understand the geometric object W as well as the fact that this axiom is an
axiom of (generalized) Jjet representability, the following considerations are
useful.

Given a Weil algebra W (W = On+l) with maximal ideal I, the least integer r
such that Ir+l = 0 1is called the order of W, and the dimension of the vector space
I/I2 is called the (geometric) dimension of W. Any set of elements €1y in I
such that their images form a base of I/I2 generate W, and any other presentation
needs at least n elements (the reader can verify this by hand, or remark that it
follows from Nakayama’s lemma). Thus, " is the space of smallest dimension in
which W can be embedded (this is the Krull dimension of W). Since every e, =0,

there is a quotient map from the ring of formal power series

Q[[xl,...,xn]] 3w, X, b e

1

Ir+1 =0 follows immediately that Ker(q) c s i , where J is

and from the equation
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the maximal ideal in ﬂ[fxl,...,xn]] generated by the xi’s' That is, F e tie

l""'xn' This is the ideal

presentation of R{Dr(n)]. That is, W< Dr(n). Given a function in n variables, we

ideal generated by all products of r+l of the symbols x

have seen that Dr(n) is associated to the list of all the derivatives of f up to

order r. The object W will be associated to some subset of this list. Indeed, let
% % “n
a; stand for a non-negative integer. Then the set of products {el €y .. € |

g tagte L ta < r} (where e? = 1) 1is a set of linear generators for W (since the

172

ei’s generate, and, of course, a polynomial is nothing but a linear combination of

monomials). We select a subset I'w of n-tuples (al,...,an) such that the set

{e?l e.;z n— e.:nl (al,...,an) € I‘w} is a linear base of W (this base contains 1

and all the ei’s). Given any £ € W, there is a umigue polynomial f(xl,...,xn) of

the form prescribed by I'w that represents x. Consider the list of 0+1 derivatives
S “n . ; .

6/6’x1 . --c'r‘xn with (al, ,an) € I'w. Axiom I says (via Taylor’s

formula) that the restriction of a function f in n variables to W, f|ﬁ' is

equivalent to the list of values at 0 of these 0+1 derivatives. The object W c R"

is an infinitesimal neighbourhood of 0, where there is (exactly) enough room to

compute this 0+41 derivatives at 0. The vanishing of these derivatives at 0 is
equivalent to the vanishing of the function in W. All the first derivatives
a ad

a;;,...,aTn are in the list (because the ei’s belong to the base), so W contains
Dl(n). Thus, we always have Dl (n) c Wc Dr(n). We remark that this part of the
r-jet 1is not associated to W, but to a presentation of W with special
characteristics; that is, to a special embedding of W in r™. An arbitrary
presentation of a Weil algebra W of (geometric) dimension n will in general
correspond to an embedding of W into a space of higher dimension. For example, let
W be
W= Qle,6] with e =0, e=6 = 0.
Then W > Rz is the diagonal of D>J<D. The vanishing of a function f(x,y) on W is
af af

equivalent to f(0) =0 and 5;(0} +5;(0) = 0. That is, in this case, W is
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associated to the (linear with constant coefficients) differential operator
a a
5% * 5 -

3.  INFINITESIMAL LINEARITY AND INTEGRATION OF VECTOR FIELDS

Having established (actually by the force of an axiom) that the objects Dr(n)
represent the r-jets of functions from R" to R, it is justified then to define the
r-jets to be maps from Dr(n) to R, and to say that the r-jet J°F at p € R" of a
function R" f R is its restriction to p+Dr(n). But this definition is clearly

available for any object M € €. In this way, we define the jet bundies of M to be

D _(n)
MY oM, ¢tw£(0),

and in particular, the tangent bundle to be
W oM, & £(0).

These bundles will not in general have the properties (that hold when M = Hm)
required to develop differential geometry in the usual manner. However, a large
part of the theory can be developed for objects much more general than Rm; these
are the infinitesimally linear cbjects. Before considering these general objects,
let us study the vector fields in R". We shall write M for R™. A vector field is a
section of the tangent bundle

M5MP, €(0)(0) = p, Vp € M.
This is equivalent to a map (that we write also §)
(1) wxD 3 M, ¢(p,0) = p, Vp € M.
It is easy to check that this map is a D-flow. By this we mean that the following
equation is satisfied:
(2) ¢(p,d+t) = £(&(p,d),t), vd,t € D [d+t e D.
Indeed, d+t € D iff (d,t) € D(2). So, for each p e M both sides in (2) are maps
D(2) » M. That is, they are l-jets in two variables. They will be equal provided
they have the same partial derivatives at 0. But this is clear since from (1) it
immediately follows that they coincide on the axes. (Actually, we have m—-tuples and

the argument is done in each coordinate.) The problem of integration of vector
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fields is the problem of extension of the corresponding infinitesimal flow on D.
Suppose we are at a point P=p,. The field tells us how to move during an
infinitesimal time d € D to reach the point Py = §(p0,d). But there, the field
also tells us how to move again for an infinitesimal time t € D. So we reach the

point Py = §(p1,t) = E(E(po,d),t) in the time d+t € D And so on,..

2

£(s(p,d),t) = §(p,d+t)

¢(p,d)

¢(p,0)

If there is an extension of £:MxD + M into a flow ¢ defined on MxD., -+ M, then the

2
flow equation tells us that by = ¢(p,d+t}. Actually, it is immediate to see that
such an extension exists and that it is unique. For each p € R" there is a map:

(3) d+t » £(¢(p,d),t), defined vd,t € D.

But this is the data of a 2-jet in one variable (we can actually compute the first

and second derivative at 0). Therefore it uniquely determines a map E(p,—):D2 -+ M
such that
(4) £(p,d+t) = ¢(¢(p,d),t), vd,t € D.

We have to check the flow equation for £. That is,
(5) §(p,d+t) = §(E(p,d),t), Vd,t € Dy| (d,t) € D,y(2)
(if  (d,t) € Dy(2), (a+rt)® = a®+3d%t+3at%+% = 0, thus ted e D,). As before, both

sides in (5) are maps D2(2) -+ M; that is, they are 2-jets in two variables. They

will be equal provided they have the same derivatives of order 2 at 0. From (4) we

62 &2
see that £(p,0) = p. It follows that they coincide on the axes. Thus 3 and 3
ax ay
a 4a
are equal at 0. But (4) also implies that they coincide on DxD. So —, — and
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5;5} are in turn equal at 0. And so we can go on. An induction can actually be
performed with all rigor. To do this the reader should utilize Proposition 1.12.
In this way a D-flow can be extended into a unique Dr—flow for each positive integer
r (actually, into a map on Dr that satisfies the flow equation on Dr(2)). Thus, it
follows that there is a unique extension into a flow on D, Recall that
D (2) = D XD_. We have

3.1 PROPOSITION

Given any vector field M 3 MD, the associated D-flow MxD 5 M has a unique

extension into a D _—flow MxD A M. That is,

i) ¥(p,d) = ¢(p,d), Vd € D

ii) P(p,t+d) = P(¥(p,t),d), vt,d € D, O

3.2 DEFINITION

A flow in an object M is a family of curves, one for each point p € M. The
curve f(p,—) is defined in some part of R that contains D and passes by p at time 0.
This means a map

uiM, Mxpcucuxr, £(p,0) = p.

In addition, the following equation should be satisfied:

(a) f(p,t+s) = f(f(p,t),s), for all p,t,s such that both sides in the

equality are defined.

It is an integral flow of a field M 3 MD

if the velocity vectors are the field
vectors. That is, if

(b) f(p,t+d) = &(f(p,t),d), V(p,t) € MXR such that (p,t+d) € U, vd € D.
In the case M = Hm, it follows from Axiom 1.1 that the field ¢ is of the form

() &(p,d) = prd-g(p) with M §R"

It follows then that to have an integral flow for ¢ means to have a solution (on U)

for the differential equation
df
(d) E(P:t) = g(f(p,t)), V(p,t) € Mle (p,t+d) € U vd € D
with initial value f(p,0) = p. This is so since by Axiom 1.1, in equation (b) we

df
have f(p,t+d) = f(p,t) + d'az(p.t), and §(f(p,t),d) = f(p,t)+d-g(f(p,t)). DO
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Thus, (almost) by definition, a vector field is already integrated into D, and
Proposition 3.1 says that it can always be integrated into D_ (when M = an). It

follows that in this case there is a solution for the differential equation (d) on

D
U = MxD_. Since a map MxD_ -+ M is equivalent to a map M- M w, and for M = B° we

D
have M ® 2 (R[[x]})m (Proposition 1.4), we see that for each p there is a (m-tuple

of) formal power series ?p(x) that satisfies the differential equation
?1') = g(Y’P) with initial value ‘PP(O) = p.

Thus, it is always possible to integrate a differential equatior (on M = Rn) by
formal power series. This is the meaning of proposition 3.1 expressed in classical
terms.

We pass now to the notion of infinitesimal linearity. Given an object M, the

D_(n)
r—jet bundle of M is defined to be M r

+ M. We have seen that in the case of
M= Rm, this definition 1is justified since a map Dr(n) -i:M is completely
determined by the list of derivatives up to order r of f at 0. Of course, for a
general object M there is no notion of derivative. But imagine for a moment that we
have a notion of derivatives for functions with values in M, and that partial

derivatives are defined by the method of fixing one variable and then taking

derivative with respect to the other. In this case, for example, the l-jet of a

af aft
function of two variables is the list of three values, f(0), 6—}‘(0) and 5;(0). To

determine these values it is enough to know the function f on the infinitesimal
axes, that is, in the cross DXD0 u DOXD. But the 1-jet should be a map D(2) - M.
This was decided to be the case for M = R by the force of an axiom (Axiom 1.10).
If this is the case for an object M, it establishes a property of M. This is the
property of infinitesimal Ilinearity. Now, how can we formulate this property

without the derivatives? The answer is clear; we simply say that every map from the

cross DXI.')0 u DOXD c D(2) has a unique extension into D(2). Consider the diagrams
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DxD
0 — Dxp, MP(2) M 0
1 i 4 5 1 1
DD
DD < D(2) M o M

where in the right hand side, the maps are the restriction maps. Then, obviocusly,
infinitesimal linearity means that this diagram is a pull-back. The diagram on the
left hand side corresponds via the functor SpecR (that is, W -+ W) to the following

diagram of Weil algebras

Qle,8] - 0O[a,8] 52 =0, 52 =0, e6=20
i i «a=0, £2=0
Qla,u] - @ nz =0, u=0

which is easily seen to be a pull-back diagram. In this way, the property of
infinitesimal linearity is conveniently stated in categorical terms by saying that
the combined action of the functors SpecH = f:j, and exponentiation with M, M(_),
carries this last pull-back diagram of Weil algebras into a pull-back diagram in €.
Similarly, for the general case of Dr(2), M will be ipfinitesimally linear if r-jets
of functions of two variables with values in M behave as if they were the list of
derivatives up to order r at (0. From Proposition 1.13(2) the reader can easily see
how to formulate this. Furthermore, it is straightforward to figure out then the
corresponding inverse limit diagram of Weil algebras. One more case has to be
considered. This corresponds to the fact that higher derivatives are defined by
iteration. For example, the first case in 1.12(1) says that if M is infinitesimally
linear then every map D+D -+ M should have a unique extension into D2. This can
also be stated in terms of finite inverse limits of Weil algebras. Indeed, the
equalizer considered in the remarks previous to lemma 2.2 furnishes the solution.
To this equalizer it corresponds, via the functor Specy = (=), the diagram in ¢
id

DxD ; DxD i D
-+

27 a(d,t) = (t,d).
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In turn, taking the exponential with M yields

D
M 2 5 MDXD = MDXD

where the arrows are the restriction maps. To say that this is an equalizer diagram
in € means:
(a) for every map DxD I M such that 7(t,d) = 7(d,t) for all (t,d) € DxD,
there exists a unique map D2 i M such that ¢(t+d) = 7(t,d).
From (a) it is immediate to see that every map D+D -+ M has a unique extension into

D2‘ The general case D+D+:--+D = Dr is treated in a similar way. The diagram

R
gle] % Qleg,-ve ] T Blep,.oe ], with
N
gt - o, ef -0, Vi,

where r(g) = c—.l+ez+---+er and the arows in the right correspond to the ré

permutations between the e’s is a collective equalizer, This is easily seen.
Clearly the elements on this equalizer are the symmetric (polynomial) expressions in
the ei’s‘ Since all e? = 0, it is immediately seen that such an expression is a

linear combination. of the elementary symmetric polynomials 01+095 305

ol(el,...,er) = £1+62+...+er. The reader can check that in this case one also has

r+l _

a? = k'o k £r and o 0. Thus, P(8) = cl(el,...,er), and the claim follows

k’
exactly in the same way than as for the case r = 2. Then, any object M such that
the

functor M?:S sends this equalizer into an equalizer in € will have the property
that functions D+D+-::+D + M (r-times D) have a unique extension into Dr' Thus we
define

3.3 DEFINITION

An object M is infinitesimally linear if for every finite inverse limit of Weil

=W,
algebras W -+ Wi, the diagram MW +M "' is a finite inverse limit in €.
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The previous considerations imply that by virtue of the same proof as the one
we indicated in the case M = Rm, we have

3.4 PROPOSITION

Vector fields on an infinitesimally linear object can be integrated inteo D_,
in the sense of proposition 3.1. O
We also have

3.5 PROPOSITION

The line R is infinitesimally linear.

PROOF. By lemma 2.2 and axiom I (2.3). O

The notion in definition 3.3 was first proposed in [1]. (See also [23].) It
provides a unified way of expressing the various notions of infinitesimal linearity
type considered in the literature (for example in [33], [24], [22]). The algebraic
geometers of the Grothendieck school were already aware of the need for properties
of this type. See for example [29], page 26, where the property needed to show that
addition of tangent vectors is possible is explicitly stated, and addition is
obtained as in SDG (compare [24]). G. Wraith in [36] discovered a second property
of this type, that was essential, and sufficient, to construct the Lie bracket of
vector fields ([33) or [22]). The general notion in definition 3.3 was used in
[23], [28] (where infinitesimal linearity is called microlinearity) to show that the
synthetic proof of the Ambrose—Palais—Singer theorem on connections and sprays given
in [6] was actually valid for any infinitesimally linear object. In questions where
only nilpotent infinitesimals (and not local notions) enter into the concepts
manipulated, the application of the synthetic method waives the necessity to utilize
local results (for example the integration of a vector field), although that is the
classical way of proceeding. This is amply illustrated in the references given
above. The right assumption seems to be that of infinitesimal linearity. This, in
the models, will render a theorem (proved synthetically) true for larger class of
objects. We have seen that the class of objects in ¢ which are infinitesimally
linear contains the line R, and it is immediate to prove that it is closed under

finite limits and exponentiation by arbitrary objects (all limits in the case of
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Grothendieck topoi). Finally, this class will also be closed under descent along
etale maps, provided that the notion of etale utilized is the one determined by the
objects W (for Weil algebras W).

This brings into consideration the second axiom of SDG. The infinitesimal
objects W should be small or "tiny" in the following sense.

3.6 AXIOM II

For every Weil algebra W, the functor (—)W:E + £, Mp MW, has a right adjoint
(ﬁ)W:C + £, Mp Mﬁ- (This is equivalent to the fact that exponentiation with W
preserves epimorphic families (or colimits) in the case of Grothendieck topoi.)

We shall not elaborate on this axiom. Its importance is related to the notion
of etale map determined by the objects W. This axiom was introduced in [24] for the
objects D(n). For all Weil algebras it appears in [7]. F.W. Lawvere stressed its

importance and advocated that, for example, differential forms MD -+ R should be

studied in terms of the corresponding quantities M - HD.

PART II. LOCAL CONCEPTS IN SDG

Germs in SDG

In order to incorporate into the synthetic method the capacity teo treat
problems that involve local notions, it is necessary to consider topological
structures on the line R, and, more generally, on the objects of a topos. Once a
topological structure is incorporated, there is no problem to define the notion of
germ of a fupnction and to construct objects of germs. The synthetic method then
postulates that for maps R - R, germs are representable, in a similar way that, as
we have seen it in the first part of this paper, it postulates that for maps R" 4 R
Jjets are representable.

The work in algebraic geometry (models of SDG constructed using the theory of
rings) and in the models of SDG constructed using the theory of Cw—rings, shows that
the appropriate notion of open subobject is the one determined by the ring structure
of R. Namely, there is a basic open that is taken to be the object R* of

invertibles of R, H* €~ R, and all other opens are constructed out R* by
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pulling-back and forming unions. This is the Zariski process of building up a
topology. In the models constructed using the theory of Cmfrings, the line R, in
addition, has a (strict) order relation.. This means that another topology is
available. Namely, the interval or Euclidean topology. Here the basic opens are
the intervals (a—e,ate) € R, for a € R, e € R, ¢ > 0, and in Rn, just the products
of these intervals. Then, all other opens are constructed forming unions. Still
another way of considering local notions is available. 1In all topoi there is an
intrinsic topological structure on each cbject. This structure is attached to the
logic of the topos [16]. This was (independently) discovered by J.Penen [31]
precisely while he was investigating local notions in the models of SDG. He then
proved that (in all the models from algebraic geometry and all the well adapted
models in the sense of [7],(21]) all three topological structures agree on a large
class of objects [31],[32]. This class always includes the line R and all its
(finite) products r". This result implies that there is a clear choice (all
possible alternatives coincide) for the notion of open neighbourhood to be utilized
in the axiom of germ representability for maps R" - R. lLet l;(Rn) c Rn, 0 e g(R") be
the intersection of all open neighbourhoods of 0 in r". It turns out that
D,(n) < l;(Rn) (so I%(Rn) is larger than every infinitesimal neighbourhood determined by
a Weil algebra W) and that I;(Rn) is equal to the double negation of 0 in the
(intuitionistic) logic of the topes,ie, to 4(n) = [x € R"| -~(x=0)] = =={0}. By
its very definition, A(n) is an infinitesimal object that is smaller than all open
neighbourhoods and it is the largest such. It was known [22] that in the models of
algebraic geometry d(n) = Dm(n), which means that there, all infinitesimals are
nilpotent. With the introduction of models constructed with Cm—rings it was
realized that there should be larger infinitesimals determined by flat functions
[7]. This was actually the case in the model ¢ (for germ—determined) constructed in
(9], cf. [8]. (cf. also [10],[22],[26] and [32), where $ = D = Dubuc topos). It
was soon discovered [30] that in this model an (external) arrow 4d4(n) + R in the
topos was exactly the same thing that the germ at 0 of a smooth function R” 4 R.

There, [30], the (infinitesimal) inverse function theorem was formulated and proven
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to hold in the model. Based on these results, maps from 4A(n) to R were considered
to be germs (at 0) of maps B" 4 B" in [6], where the pre-image theorem for regular
values was derived synthetically. The (internal) axiom of germ representability,
which furnishes the key of the passage from the infinitesimal to the local (axiom
III in 3.1), was first stated (and shown to hold in the model 4) by the second

author in a lecture given at McGill University in 1982, in a form which was directly
relevant to the problem of local integration of vector fields in SDG. The axiom was
expressed in terms of the existence of sufficiently many infinitesimals in 4(n).
Explicitly, it was stated that if two functions f,g agree on 4(n), then the object
where they agree, [x € Rnl f(x) = g(x)] is a peighbourhood (in the local sense) of
0, and that any function defined on 4(n) can be extended to R" (see [12]). The
property of the representability of germs which this axiom actually expresses, was
emphasized by the first author in a lecture given at Aarhus University in 1983,
along with its analogy with the basic axiom of SDG - mamely, with the Kock-Lawvere
axiom, if the latter is viewed as an axiom of representability of jets. Since then,
the axiom has been used in [32] in connexion with the (local) inverse function

theorem.

1.  TOPOLOGICAL STRUCTURES IN A TOPOS

Essentially, everything (except definition 1.12 which is new) in this section
is due to J. Penon and the standard reference is [32]. Given a topos € and an
object X in €, the basic understanding when considering the topological structure
determined on X by the logic of ¢ is that given any two points x,y in X, to assert
the negation of the equality x=y, -(x=y), means that x and y are well separated.
Thus, given a point p € X, the points well separated from p are the points x € -{p},
and the points which are not well separated (i.e., which are very, or
infinitesimally, close to p) from p are the points x € ~-~{p}. Since
~={p} U ={p} = X is false in general, there is still some space left in X. This

space is a "no man’s land" since
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it has no explicit description in the topos (remark that ---{p} = -{p}). A
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neighbourhood of p is a part H € X such that it contains --{p} and also this "no
man's land". This is expressed by the formula -{p} U H = X, that is, every point x
in X is either well separated from p, or it is in H. We have

1.1 DEFINITION

Given an object X in £, a part U < X is an intrinsic or Penon open if it is a
neighbourhood (in the above sense) of each of its points. That is, if it satisfies
(L Vxel O{x}uu =%
From (1) follows immediately the (strictly weaker) condition:
(2) Vxeu O{x} =) .

We remind the reader that we work in a completely internal sense. Thus (1)
above is an abbreviation for the formula

vk e X [(xeU=>VyeX (~(y=x) Vyell].

When we say a part U c X, this actually stands for U e RX , where 2 is the
subobject classifier of the topos.

Recall that a Jocale is a partially ordered object L admitting arbitrary
suprema, hence finite infima, and for which the distributive law

HN U G, = U HNG.
. . i
iel i€l
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holds (cf. [17]). The subobject classifier 2 is a locale; thus, for each X in ¢,
the object of parts of X, ﬂx, is a locale, The suprema and infima in ﬂx are the
(internal) union and intersection of parts of X. A sublocale S of a locale L is a
part S © L such that:

i) the maximal element of L is in S;

ii) 8 is closed under finite infima;

iii) S is closed under arbitrary suprema.
It follows that there is an inferior operator L & L (or coclosure), where for
He L, 0H e S, 0H ¢ H, is the largest element of S smaller than H. Notice that iii)
implies that ¢ € S. The subobject classifier 2 is the ipnitial locale and thus it
has no proper sublocales,

A subinf-lattice B of a locale L is a part B € L such that:

i) The maximal element of L is in B;

ii) B is closed under finite infima.
Clearly the part of L consisting of all suprema of parts of B is a locale; we
say that it is generated by B.

It is very easy to prove the following.

1.2 PROPOSITION

For every object X in €, the subobject P(X) c ﬂx of Penon opens, P(X) =

[U € RXI Vp €U -{p} UU=X], is a sub-locale of Qx‘ Furthermore, given any

Y if UeP(Y), then £ ! e P(X). O

X ke Y, and Uc @

It follows that Pl = 2, -so every part of 1 is Penon open.

1.3 DEFINITION

A topological structure on an object X is an object S(X) in ¢ which is a
sublocale of @Y, S(X) c 2. A base is an object B(X) in € which is a
subinf-lattice of RX, B(X) < RX. Clearly any base B(X) in X generates a topological
structure S{X) such that

UesS(X) < V¥xelU 3VeB(X) (xeVcl.

In this case, we say that B(X) is a base of S(X). As usual, the parts U c X, such

that U € S(X), are called open parts of X, or S-opens when necessary.
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An object X in £ together with a topological structure S(X) is exactly the same
thing as a space in the sense of [|7] such that it has sufficiently many points.

We shall now compare a topological structure S(X) with the intrinsic
topological structure P(X) on X. In practice topoi very often have a genesis; by
this we mean that they have been constructed as the topos of sheaves on a particular
given site. For objects X in the sites, if the coverings of X were in S(X), then
this will be remembered by the logic of the topos, and the intrinsic opens will all
be in S(X). Concretely, for any topos £ we have

1.4 DEFINITION-PROPOSITION

A topological structure S(X) in an object X is said to satisfy the covering
principle if the following condition holds

VH,G € 2°

(HUG = X - QHURG = X),
where 0 is the interior operator corresponding to S(X).

If this is the case, then P(X) € S(X). That is, every Penon open is an S—open.

PROOF. Let U be Penon open and let x € U. Then ={x} UU = X, thus
~{x} U QU = X. This implies x € QU. Thus U = QU, which shows that U is S-open. O

Given an object X in €, the intrinsic topological structure in X will not in
general satisfy the covering principle. When it does, this has remarkable
consequences which imply existence conditions always hard to get in intuitionistic
mathematics.

1.5 DEFINITION

Let S(X) be a topological structure in an object X, and let H,G be two parts of
X, HC G. We say that G is a S-neighbourhood of H if any of the two following
equivalent conditions is satisfied.
(1) i) VvxeH 3U e 5(X) (x € Uc@G);

ii) 3V e S(X) (Hc U c G).

We say that H is well contaimed in G if =-HUG = X, that is, if the following

condition is satisfied:

(2) vk € X (-(x€H) Vxe€G)
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1.6 PROPOSITION

With the notation as in definition 1.5, we have
(a) If S(X) ¢ P(X),and H = {p}, then (1) = (2).
b) If S(X) satisfies the covering principle, then (2) » (1). That is, if H
is well contained in G, then G is a S-neighborhood of H.
(e) In particular, it follows that if the intrinsic topology P(X) satisfies
the covering principle and if p € X,then the following two conditions are
equivalent:
i) -{puéG = X
ii) U e P(X) (peUcaq).
PROOF. (a) is very easy, and for (b) do as in 1.4. O
Consider now any two objects X,Y in £. Let, for each x € X, I{x c ¥y Gx c Y be
parts of Y such that Hx c Gx' Let H< XxXY, G< XxY be H = [(x,¥)| ¥ € Hx] and
G=[(x,v)] v € Gx]. Clearly, H c @. It is immediate +to see that
“H = [(x,y)]| v € wa]. In turn, from this it follows (also immediately) the
following equivalence:

VkeX ("R UG =)

.

“-HUG = XxY

This simple observation implies that proposition 1.6 has the following remarkable
consequence.

1.7 LEMMA

Let X,Y in € be such that the intrinsic topology P(XxY) satisfies the covering
principle, p€ ¥, H = X x {p}. Then, if X x {p} €c G < X x Y, G is a P-neighbourhood
of X x {p} in XxY if and only if for each x € X, Gx is a P-neighbourhood of p
in Y. O

1.8 THE MONAD OF A POINT

Given a topological structure S(X) on X and a point x € X, we denote by SX(X)

the intersection of all open neighbourhoods of x in X
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s, (0 = [yex Vien® (UeSXAxel) »ye U]
In a classical topological space (in Sets) this monad will reduce to the point {x}
as soon as some minimal separation conditions hold for S(X). Here, such a condition
only implies that SX(X) is infinitesimal. That is, that every pecint in sx(x) is not
well separated from x.

1.9 DEFINITION-PROPOSITION

A topological structure S{(X) in an object X satisfies the separation condition
T1 if for every point x in X, -{x} is S-open. If this is the case, then for all x
in X, SX(X) c ~~{x}.

PROOF. Let 1y € SX(X) and suppose that y € -{x}. Then x € -{y}, and by
assumption ~{y} € 8(X). Thus y € -{y}. This contradiction shows that y € ~-{x}. O

We say that a topological structure S(X) is subintrinsic if every S-open is

Penon open. that is, if S(X) < P(X).

1.10 PROPOSITION

Given any subintrinsic 'I‘1 topological structure S(X) on an object X, then for
all x in X,
Px(X) = SX(X) = ~={x}.
Notice that this applies to P(X) when P(X) is Tl'
PROOF . sx(x) c -~{x} PX(X) < SX(X).
The first inclusion holds by 1.9 since 8(X) is Tl’ the second hoelds by 1.1(2), and
the third since S(X) < P{(X). O

1.11 GERMS AND GERM REPRESENTABILITY

Given any two objects X,Y in ¢ equipped with topological structures S(X), 8(Y),
¢

an infinitesimal germ (for lack of a better name) at x € X is a map SX(X) 3 Y
which factors SX(X) 3 S;[] (Y). Let Jg(X,Y) be the object whose elements are pairs
X

(x,£) where x € X and £ is an infinitesimal germ at x. Clearly there are source and
target maps
B,y 3X,  (6,8) mx

By 3y, (x4 e Ex).
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A continuous function from X to Y is defined as usual. Thus, we have the

object of continuous maps C(X,Y) < XY, i.e.

feC(X,Y) &> VW e 5(Y) (£ v e s(x)) .
Given Ue 8(X) and ULY, we say that f is continuous if WV € S(Y),
(t71v e (X)) (notice that £ 1(V) c U).

We now define germs as expected. A germ from X to Y is an equivalence class
[%,f,U] of triples (x,f,U) where x € X, U€ S(X), x €U and U £ Y continuous.
The equivalence relation is, (x,f,U) ~ (x',f',U") if x=x' and 3W e S(X),
xeW ¢ UnU' such that f]w = f’Iw. We use the notation flX to denote the germ
of f at x. As before, we call x the source and f(x) the target (or value) of flx.
We denote Cg(X,Y) the object of germs from X to Y. There are well defined source

and target maps

+Q

By S X, £l b x
BT - W £l b £(x).
We put o L(x) = cE(x,v), ) = Cg(X,Y)y and cf’y(x,v) = cE(x,1) n Cg(X,Y)y.
It is immediate to show that the restriction to Sx(x) of a continuous map
U i Y, x € U, factors U i Sf(x)(Y)' This shows that there is a restriction map
that we denote ,j:flx 3 jgf

3

. . 5 (X)
g g g J X
B,y 4 JBovm cp LX) 3 5.

L

XxY (on the fibers)

Germ representability concerns the invertibility of this map.

We remark that the above definitions of Jg(X,Y) and Cg(X,Y) are (internal)
descriptions for a construction in the topos £. Given x € X, U € §(X), =x € U, an
arrow SX(X) ﬁ Y or 4] E Y is a wvariable f € Partial(X,Y), where
Partial(X,Y) € ¢ is the object of partial maps from X to Y. In Lhis way, all three

variables, x, U and f have a well defined type. Thus, the above descriptions yield

objects Jg(X,Y) and Cg(X,Y) in £.
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Given a topological structure S(X) in X, the covering principle (1.4) is a
useful criterion utilized to show that the intrinsic opens are in S(X). On the
other hand, we do not know vet any meaningful general criteria that could be used teo
show that S(X) is subintrinsic. However, in practice, S(X) is often generated by a
base B(X) c P(X), therefore it is automatically subintrinsic.

We now pass to consider the concept of a topological structure in the whale
topos €.

1.12 DEFINITION

A topological structure S in a topes £ is the data consisting of a topological

X

structure S(X) for every object X in €, such that for every X,Y in ¢, f €Y and

Ueaq,

if U e S(Y) then F

U e S(X);
that is, such that every map is continuous (in an internal sense)}.

A base B is defined similarly, except that the condition reads

if Ue B(Y) then f U e S(X),

where S(X) is the topological structure generated in X by B(X).

Clearly, the topological structure S(X) generated by B(X) for each X in ¢
defines a topological structure $ in the topos £. This just means that, as usual,
it is enough to test continuity on a base.

A base B is said to be classifiable if it is of the form B(X) = Bx for some

B € R, necessarily B = B(1). That is, there is a subinf-lattice B of @ that
classifies (internally) the parts of X which are in B(X).

1.13 REMARK

Let X,Z be any two objects in €, and U an open part of XxZ, U € S(XxZ) < ﬂXxZ.
Consider for each z € Z the map X =+ XxZ, X (x,2). It feollows that
Uz =[x € X| (x,z) € U] is an open part of X. That is, UZ € S(X) for each z € Z.
This shows that under the identification RXXZ = (HX)Z, there is an inclusion of
subobjects S(XxXZ) < S(X)Z. This inclusion is always strict except in the case
s(X) = 25, Indeed, if S(xxz) = S(X)%, then for X = 1 we have 5(2) = s(1)°. But

S8(1) = 2 since it is a sub-l!ocale of f. (For a base, however, the equality
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B(XxZ) = B(X)z is possible, and means that the base B is classifiable.) 1In terms of
families this means that an S-open part U ¢ XxZ determines always a Z-indexed family

of S-open parts in X, UZ € S(X); but that the contrary is false unless S(X) = ﬂX.

i

N s e s v s e e

———

This is clearly understood since it is what the topological intuition acquired in
the classical school tells us about space. The intrinsic topology has, however,
good properties which are remarkable and surprising to the classical intuition. One
of them has already been established in 1.7, and it says that if P(XxZ) satisfies
the covering principle, then a family (indexed by Z) of P-neighbourhoods in X is a
P-neighbourhood in XxZ. Another is the feollewing (with no assumptions).

1.14 PROPOSITION

XxY

Under the identification R = (ﬂx)Y = (RY)X,

there is an equality of
subobjects P(XxY) = P(X)'AP(Y)X. That is, if a part U c XXY is such that for all
y€Y and for all x € X the families Uy = [x| (x,y) € U € X and Ux =
[¥v| (x,¥) € U] ¢ Y are Penon opens of X, respectively of Y, then U is a Penon open
of XxY (the other implication has been proved in Remark 1.13).

PROOF. By assumption we have, for any p € X (fixed), q € Y (fixed)

(a) (p,y) eU=>vVzeY (z#yV (p,z) €l)

(b) (%,9) e U =pVweX (w# xV (w,q) € U).
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We have to prove:

(c) (x,¥) € U= V(w,x) € XxXY ((w,z) # (x,y) V (w,z) € U).

Let (x,y) € U Given (w,z), fix y = q in (b). Then w# x V (w,y) € U. If
w # x then (w,z) # (x,y) and we are done. If (w,y) € U, fix w = p in (a). Then
z#F¥yV (w,z) €U, If z #y, as before, we are done. In the other -case,
(w,2) € U, This finishes the proof of (¢). O

We finish this section on general topology with the censideration of separation
conditions in a topos equipped with a topological structure S. Given X in £, the
Haussdorf condition involves pairs of points; that is, the object XxX. In
practice,it has been well established that the correct separation condition is
formulated utilizing the topological structure S(XxX) in XxX rather than the
(coarser) product structure (of obvious definition) of S(X) with S$(X). Thus

1.15 DEFINITION

Given a topological structure 8 in ¢, an object X is S—separated (satisfies the

condition T2) if the negation of the diagonal, -4, ¢ XxX, is an open part of S(XxX).

X

For the intrinsic topology we have the following characterization,

1.16 PROPOSITION

Let X,Y be any two objects in € such that P(X) and P(Y) are Tl (ef. 1.9). Then
the following conditions are equivalent:

(a) P(XxY) is separated (i.e. is TZ)

(b)) Oouy) # (phya) > (x#pVy#q)
for all x,p in X and y,q in Y.

PROOF. (a) = (b). It is clear that T, = T,, so P(XxY) is T Thus:

2 1 -
(x,¥) # (pP,a) => V(w,z) € Xx¥, (w,z) # (x,¥) V (w,z) # (p,q).
It suffices then to take (w,z) = (x,q) to deduce (b).
(b) = (a). By Proposition 1.14 applied to (XxY)x{XxY) it suffices to show
that for all (p,q) € XxY¥, -{(p,aq)} € P(¥xY). It is clear that (b) is actually an

equivalence. Thus we have,

-{{py@)} = LO4,y) | Gay) # (py)] = LOGy) | x # pI U L(x,¥)] v # 4.
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But these two points are P-open since P(X) and P(Y) are T1 (and the projections are
continuous). O
From the case Y = 1, or directly from 1.14 it follows
1.17 COROLLARY
Given any X in €, for the intrinsic topological structure, X is separated (Tz)
if and only if it is Tlg that is, if and only if the following holds
x#y > Vz (z#xVz#y) O

1.18 SOME FINAL REMARKS

When working with objects in a topos naturally equipped with a topological
structure (for example, schemes, manifolds, analytic spaces, algebraic spaces,
ete.), this structure will not have, a priori, desirable properties such as the ones
described in 1.7 and 1.14. If only because of this fact, it is important to show
that on these objects the natural topclogical structure agrees with the intrinsic
one.

We have used the word "topological structure" instead of the much cenvenient
"topology" since the latter is already in use for a different concept. A
topological structure S in € is not a topology J in € in the sense currently
understood in Topos theory. The first, S, is a sublocale of Hx for each X in €.
That is, it corresponds to a coclosure or interior operator in ﬂx (for each X). The
second, J, is a quotient locale of ﬂx for each X in €. That is, it corresponds to a
closure operator in RX (for each X). A topology J is always of the form
J(XY) = Jx (necessarily J = J(1) < 2). A topological structure (# R) can never be of
the form S(X) = SX. In this case, & = S(1) ¢ 2 is a sublocale of f2, thus 8 = f2.
Therefore, while closed parts with respect to J are classified by J ¢, it can
never exist an open part classifier for $ in this internal sense.

An external characterization of the concept of topological structure S in a
topos ¢ may be useful. We state it as an exercise since it is not necessary.
However, to work out this exercise should be instructive to any reader who wants to

develop a feeling for the logic of topoi (cf. [32], Chapter 0, or [2]).
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1.19 EXERCISE
A topological structure S in a topos € is a functor £°P § t together with a
(monic) natural transformation S>*-Q(_) such that S(X)>—--QX is a sublocale for

Xedi o (ﬂx) , there is an

each X in €, and such that under the identification 2
inclusion of subobjects S(XxZ) ¢ S(X)z‘ The exercise consists in showing that this
is equivalent to definition 1.12. O
2. TOPOLOGICAL STRUCTURES IN A RINGED TOPOS

Let £ be a topos equipped with a ring object R such that 1 # 0. We do not
assume here that R satisfies Axiom I (2.3 part I). Let R* € R be the object of

invertible elements of R.

2.1 THE ZARISKI TOPOLOGICAL STRUCTURE

First we define the affine opens. Given any X in £, Aff(X) c ﬂx is defined by

the formula,

X

for Ueg', Ueaff(X) & 3f e R

= £ g%

From the fact that the product of any twe elements in a ring is invertible if and
only if each factor is, it follows that Aff(X) is closed under finite intersections.
On the other hand, it is immediate to check that given any f € YX and U € Aff(Y),
1

f U € Aff(X). Thus Aff is a base in €. The Zariski topological structure in ¢,

denoted Zar, is the structure generated by this base (cf. 1.3, 1.12). Thus, by
definition, given U € Hx, we have
Ue Zar(X) <> Vx e U 3f € R' (x € £ 1R* c 1)
There is another way in which the object of invertibles, R* c R determines a

topological structure in €, Consider the image in R of the characteristic function

of R*, denoted ﬂ*, i.e.

¥ ol
ke
Y i I true
2
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i 2 g . *
H* + 1 1s epic since 1 € E&; this guarantees that true € 2 . From the

formula Xy € H*<ﬁ> X € R* Ay e R*, true in R, it follows that ﬂ* is a
subinf-lattice of . Then define a classifiable base B (ef. 1.12) by the equation

X

B(X) = 2%¥". We shall denote Zar, the topological structure generated by this base.

2

It is clear that Aff ¢ B, so Zar < Zarz. This inclusion is strict. For example,
. true % . * X

the subobject 1 "3 f° obviously belongs to B(22 ) and thus to Zarz(ﬂ ). However,

there is no reason why it should be in Aff(ﬂ*) or Zar(ﬂ*). By definition Aff is

generated from the subobject R* < R by (internal) pullbacks, while B is generated

1 Y59 0¥y and (internal)

from R* c R by descent (which generates the subobject
pullbacks. However, we shall see (1.5, 1.10 Appendix) that for the object R" in the
models, it is the case that ZarZ(Hn) = Zar(R™).

There is a very natural algebraic property on the ring R that is essentially
equivalent to the separation (TZ) of the Zariski topological structure on R. Since
1# 0, it follows that H* c ~{0}. A ring R is said to be a field of fractions (cf.
[22]) if every nonzero element is invertible (and 1 # 0). Thus,

R is a field of fractions <> R = ~{0).
But this means that R is Tl—Zariski, (by translation) and also T2 since
s = (x-y) 110},

We shall denote 4d(n) ¢ Rn, A(n) = --{0), where 0 indicates the origin of R”. Tt
is an easy exercise in intuitionistic logic to show that 4(n) = An, where 4 € R is
A= A(1) (use that ~(pVq) = -p A ~q). Since 1 # 0, clearly any nilpotent element
in R is in -R", that is, D, c 4. Thus, D] c 4™

2.2 PROPOSITION

If R is a field of fractions, then for all positive integers r,n,
Dr(n) < D (n) €d(n). O

The Tz—condition for the intrinsic topology, if R is alrecady a field of
fractions, turns out to be equivalent to the algebraic properly of being a local

ring. Recall that R is a local ring if 1 # 0 and

(a) x—yeﬂ*z\,»xeR*VyeR*.
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On the other hand, by 1.17, P(R) is separated (T2) if
(b) Xx#EyYy > Vz (2z# xVx#y).
Then, since we assume H* = -{0}, the equivalence between (a) and (b) is immediate.

In this case we have:

2.3 PROPOSITION

If R is a local ring and a field of fractions, then the Zariski topology is
subintrinsic, i.e. Zar(X) < P(X) for all objects X in €.

PROOF. Use (b) with y # 0 and the fact that -{0} = R*. o

There is a stronger algebraic property, introduced in [30], which turns out to
be equivalent to the intrinsic separation of the spaces r". This property is
essential in ordef to have a meaningful calculus of determinants and Jacobian
matrices (cf. [18] and [32]), and it is a simple natural strengthening of the notion
of field of fractions (x # 0 2> x € R*). A ring R is a field in the sense of Kock
if for each positive integer n, the following holds for (xl,...,xn) € Rn,

(a) (xl,...,xn) 0 > x, € ¥ For sosm 4.

Now, by 1.16 (which obviously holds for any finite number of factors) and
translation, we see that P(Hn) is separated (T2) if and only if

(b) (xl,...,xn) 0 > x5 # 0 for some i.
Then, since H* = ={0} (case n=1), the equivalence between (a) and (b) is immediate.
1t also follows that R is Zariski separated (T2). Indeed, since (a) is clearly an

equivalence, we have for 0 € Rn,
n *
-{0} = U E(xl,...,x )| %, e R 1,
5 S

thus,a Zariski open since a union of Zariski opens. This shows, by translation,

that R" is Zariski T , and also T, since -4 = (m,-n )_I~{0}, where m.,n, are the
1 2 g 172 1’72

two projections R°xR™ -+ R". We have then:

2.4 PROPOSITION

If R is a field in the sense of Kock, or, equivalently, if P(Rn) is separated
(T2) for each positive integer n, then so is the case for Zar(Rn). Furthermore,
Zar(X) < P(X) for all X in £, and

Dy(n) < Py R") = Zar (R") - d(n).

0
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PROOF. By 2.2, 2.3, the previous remarks, and 1.10. O

It remains now to analyze whether every Penon open is a Zariski open. That is,
whether P € Zar in the topos, or, at least, P(Rn) C Zar(Rn). There is no synthetic
reason why this should be the case. It is actually related to the role the Zariski
opens played in the genesis of the topos ¢. Thus, in the abstract theory we can
only postulate:

2.5 POSTULATE A

For each positive integer n,

(a) the intrinsic topological structure P(Rn) is separated (T2)

(b) the Zariski topological structure Zar(Rn) satisfies the covering

principle.
[Recall that (a) is equivalent to the algebraic fact that the line R is a field in
the sense of Kock.]

It follows that P(Rn) 2 Zar(Rn), thus both topologies are separated (Tz) and
satisfy the covering principle. This makes results such as the one in 1.17
available, either for P or Zar in R°.

This part of the theory suffices to cover the algebraic models. In the models
constructed using Cm‘rings, the line R has another topological structure, the
classical euclidean topology determined by the open intervals. The local notion
associated to open intervals has to be considered if we want the theory to be well
adapted to the classical work in differential geometry.

The Euclidean Topological Structure

We assume that the ring R has a relation "<" such that
RI) x>0Ay>0 = xy>0Ax+ty >0 (compatible with the ring structure)
(assume also 1 > 0)
R2) -(x > %) (strict)
R3) y<x = Vz (z<xVz>y) (local)
It follows easily that "<" is a transitive relation, thus a strict order in R. If

a,b are in R, the open interval (a,b) is (a,b) = [x € R| a<x<b]. Given €,6 in R,
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the following holds,
(1) e>0A6>0 + 3y >0 (r e Av<8B).
PROOF. Since e < 2e, it follows that &6 < 2¢ or e < & In the first case
set v = &/2 and in the second set v = ¢/2. (We took this argument from [32].) DO
Given x = (xl,...,xn) eR" and e > 0, let B(x,e) be the product of the

intervals (xi—e,xi+e), x € B(x,e) € R°,

n
B(x,e¢) = N [y e Rnl YT € (-e,e)].
i=1

Then, the Euclidean topological structure on R” is defined by
Ue B(R") <> vxeU 3e >0 (B(x,e) < U).
It is clear that to show that E(Rn) c ﬂHn is a sublocale it only remains to see that
it is closed under finite infima. But this follows immediately from (1) above.
EXERCISE
Show that any interval (a,b) belongs to E(R).
2.6 DEFINITION
Given any cbject X in ¢ which is a subobject X < Rn, the Euclidean topology
E(X) is defined to be the "subspace" topology. Namely, for U € ﬂx,
UeE(X) & VxeU 3e >0 (XNB(x,e) < U).
It is clear how to show that this topological structure in E{X) has (internally) the
universal property of the subspace topology. (The subspace topology can be defined
in any part of Rn; however, in this paper we consider only topological structures in

objects of the topos, cf. definition 1.3.)

2.7 PROPOSITION

The topological structure E(Rn) is the n-times product of the topological
structure E(R), meaning that it has internally the corresponding universal
property. It follows that given X € B®, Y ¢ R°, then E(XxY) is the product of E(X)
with E(Y).

PROOF . First, it is clear by the definition that the projections are
continuous. Second, given any Z in ¢ together with a topological structure S(Z),
the projections induce a map in ¢

Continuous(Z,Rn) -+ Continuous(Z,R)n‘
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It is straightforward to see that this map is invertible, as well as to check the
statement about X and Y. O

2.8 COROLLARY

Given any objects X,Y, X c Rn, Yc Hm, then under the identifivation
ﬂXXY = (HX)Y’ there is an inclusion of subobjects E(XxY) c E(X)Y.

PROOF. Do as in remark 1.13. O

2.9 PROPOSITION

The euclidean topology is subintrinsic. That is, given any X in £, X C Rn,
E(X) < P{X).

PROOF. It is enough to show that givem any x € R and e € R, € > 0, the
interval (x-e,x+e) is Penon open. In fact, any interval (a,b), a,b € R is Penon
open. Let x € (a,b) and =z € R. From R3) we have (z>aVz<x) and
(z> xVb>z). Then using R2) it follows immediately that z # x V z € (a,b). O

It is now the turn to impose the separation condition in the euclidean
topology. Because of the compatibility of the order with the ring structure, it

suffices to establish that it is T, at the origin

1
(1) x#0 > x>0V x<O0.
This says that -{0} = (—,0)U(0,+=). Thus P(R) is ‘I'l (by translation) and also TE'

This is a classical argument. Let (x,y) € -4 Then from (1) it follows that x > ¥

e
X+y

or x < y. Suppose x > y. Then z = 5 is such that x <z {y. Thus

(x,y) € (—=,z)x(z,+) and also (-®,z)x(z,+®) < -4,. To have the separation of the

space E(Hn} it is necessary to strengthen (1) above into the corresponding statement

for each positive integer n.

R4) (xl,...,xn) 0 > (xi >0V x5 < 0) for some i.
The reader can check, arguing as above, that R4) implies that E(Rn) is separated

(T In turn, this implies that the euclidean topology is also separated in any

2
Xe¢, Xc R”. We have:

2.10 PROPOSITION

If R has a relation "<" such that R1, R2, R3 and R4 above hold, then E(R") is

separated (T,) for each positive integer n, E(RDJ ¢ P(Hn) (thus P(R") is also
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separated) and
n _ n =
PU(R ) o= EO(R ) = d(mn).
PROOF. By 2.9, the previous remarks, and 1.10. O
It remains now to analyze whether every Penon open of R” is an euclidean open.
As for the Zariski topology there is no synthetic reason why this should be the

case. Thus, we can only postulate

2.11 POSTULATE WAl

(a) The ring R has a relation "¢" which satisfies R1l), R2), R3) amd R4).

(b) The euclidean topological structure E(Rn) satisfies the covering
principle. [Remark that R1, R2, R3 and R4 mean that "{" is compatible with the ring
structure, strict, local and separated, respectively. We may include also (b) for
all subobjects of Rn.]

It follows that P{Hn) = E(Rn), thus both topologies are separated (Tz} and
satisfy the covering principle. Notice that this implies that every function
o R is (internally) continuous in the euclidean topological structure (since
this is the case for the intrinsic structure).

Finally, if R is a field of fractions (i.e. R* = -{0}), it follows that R4) is
equivalent to the fact that R is a field in the sense of Kock. Also, in this case
there is a complete identification Zar(Rn) = E(E") = p(RM).

From the fact that x # 0 means invertibility (that is r* - ={0}) it follows

casily that "<" is total on RY, that is, x € R'&>x > 0V x < 0. Also,

2.12 PROPOSITION

The conditions R1, R2, R3 and R4 are equivalent to the following conditions
R1) Compatible with the ring structure.

R2) (0 < 0).

R3) Vz (z < 1V z>0).

R4) (xl,...,xn) #0 > (xi >0V x5 < 0) for some i. O
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2.13 FINAL REMARK

It is straightforward to check that Propositions 2.4 and 2.10 hold for any X in
€, Xc R" and x e X. In this case, replace 4(n) by --{x}, and remark also that
-={x} = (x+d(n))nX.

3. GERM REPRESENTABILITY AND INTEGRATION OF VECTOR FIELDS

Let ¢ be a topos and R a ring object (1 # 0) in ¢. Assume that the intrimsic
topology P(Rn) is separated (T2). In this case (see 1.10), PO(Rn) = ~~{0) = 4(n).
Recall (1.8) that PO(Rn) is the intrinsic monad of the origin in Hn, and that 4(n) is
Jjust a notation for --{0}. Recall alsc (1.11) that Cg(Rn,R) denotes the object (in
this case a ring) of germs at 0 of real valued functions in n-variables, and that
Jg(Rn,R) i RA(n) is the respective object of infinitesimal germs - both now
considered with respect to the intrinsic topological structure.

3.1 AXIOM ITI

For each positive integer n, the restriction map

(a) cE(R",R) 4 pa(m)
is invertible. This axiom is divided in two parts, the injectivity and the
surjectivity of 18 Given f,g e Partial(Rn,H), U = Domain{f)nDomain(g),

0 e UeP(RY,

IIII: fiA(n) = gld(n) > aV(OeVeP(Rn) and f|V = g[v) or, equivalently,
vx[~(x20) o f(x) = g(x)] a vx[(x#0) v f(x) = g(x)]
and
IIIZ: vl € RA(n) g € Partial(Rn,R)[OeDomain(g)eP(Rn) and (gld(n) = f)] which

could; by abuse of notation, be written:

ve e R4 (30(0cUeP(R") and 3¢ < RV, = DI
In the presence of Postulate A (2.5), III1 and III2 also hold for the Zariski
topological structure, and under Postulate WAl1(2.11), they also hold for the
euclidean topology. Thus, the existential quantifiers actually mean 3e € R,e > 0 etc.

Actually, a stronger form of Axiom III will sometimes be needed. This concerns

germs defined around some "closed submanifold" rather than around a point of R™.
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Given X,Y equipped with topological structures S{X), S(Y), germs from X to Y
around parts F of X, F e ﬂx, are defined exactly in the same way as in 1.11, where
F={x}, xeX. For each F e ﬂX, we have an object C%(X,Y} whose elements are
equivalence classes of pairs (f,U), where F c U e S(X), and U f Y continuocus. The
equivalence relation is (f,U) ~ (f*,U") if 3W e S(X), F < W< UnU' such that
f[w = f']w. More precisely, and without abuse of notation, a representative for a
germ around F is an element f e Partial(X,Y) such that F < Domain(f) € S5(X), and f
continuous.

The stronger form of AXIOM III is the following:

For any two positive integers k,n, the restriction map

2 (R*xR™, R
R x{0}

n & "
is invertible. We have: under the assumption that P(R) satisfies the covering

5 k
(b) c y 3 RR xd(n)

principle for each n, the injectivity of the map j in (a) implies the injectiv-
ity of the map j in the stronger form (b).
In fact, let f,¢ ¢ Partial(RMR",R), U = Domain{f)nDomain(g),

ka{O] cUe P(kaRn), be such that f| = g| K 5 Let G be the object
Rxa(n)  R'xd(n)

G = r(p,x)eU|f(p,x) = &(p,x)1. By III,, for each p e B there exists Hp e P(R"),

1?
0 e Hp, such that HP < Gp = Ex](p,x)eG]. Then, by lemma 1.7 there exists W e
P(R*E), R¥x{0} ¢ W< G. this proves the claim.

However, for the surjectivity we cannot argue as above. We thank M. Makkai who
pointed out to us that such an argument, used in an earlier version of this paper in
Proposition 3.5, required an unlawful use of choice.

In practice, the validity of III either in (a) or (b) is often guaranteed by

91
the fact that the restriction map from global functions, RHkXRn - HRRXA(H), is an
epimorphism. This is notably the case in all well adapted models in the sense of [7].

Generally speaking, in the algebraic models, III1 holds and 1112 fails (cf.
[32]). We see this synthetically as follows. In the algebraic models, maps " LR

are polynomials in n variables and maps U -+ R, where U is an affine Zariski open,
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are rational functions (with denominator any polynomial h such that U = h—l(R*)).
On the other hand, 4d(n) = Dm(n), so by Proposition 1.9% (Part I) maps 4(n) + R are
formal power series in n variables. Remark now that affine Zariski opens are a base
for the Zariski topology, so that in Axiom III we can consider all the Zariski open
neighbourhoods of 0 to be affine. Thus, III1 says that any two rational functions
with same Taylor series are equal, which heolds. But III2 says that any formal power
series is the Taylor development of a rational function, which fails.

In the models constructed with Cm*rings we can survey the situation
(informally) as follows.

In these models, maps R 4 R are essentially "smooth maps" in n variables, and
the open neighbourhoods in Axiom III are euclidean opens. In the smaller models,
maps from A(n) to R actually extend to the whole space; so III2 holds; but d(n) is
too small to render the validity of IIIl. For example, in the Cahier Topos [7], and
in the topos ¥ defined by universally closed ideals (for the Frechet topology) of

Cm(Rn), d(n) = D_(n} again. So III, says that any two smooth functions which have

1
the same derivatives at 0 agree in an euclidean neighbourhood of 0 - which fails due
to the existence of flat functions. In the model 4 [9] defined by germ determined
ideals of Cm(mn), III2 holds as before, and this time there are enough
infinitesimals in d(n} to make III1 also true. In larger models, for example in the
topos Z [27] defined by all ideals of Cw(mn), the object 4(n) is not representable,
and the situation of axiom III is not clear to us at the moment.

We shall now illustrate the use of axiom III in the problem of local
integration of vector fields. We have seen (3.1, part I) that given a vector field
on Hn, there exists a unique integral flow defined in anDw. However, there is no
synthetic reason why we should be able to go beyond. Thus, in the abstract theory,

we have to postulate

3.2 POSTULATE WAZ

The restriction map
Flow(R"x4,R™) =+ Flow(R"xD,R")

is invertible (where Flow indicates the object of flows).
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D
n

This means (see 3.1, 3.2 part I) that given a vector field R® & R

there
exists a unique flow R™x4 + R such that fx,t+d) = ¢(f(x,t),d) for all t € 4,
d € D.

On account of 3.2 (d)(part I) we can write this postulate in the following

equivalent form.

3.3 POSTULATE WA2 (ALTERNATIVE FORMULATION)

The map

df
Flow(Ea4,B") + B® , fh 3t

is invertible.

This means that given a function "’ g Rn, the differential equation

df
&E(x,t) = g(f(x,t)) with initial values f(x,0) = x, has a unique solution f(x,t)

defined for all x € R® and t € 4.

We now make precise what we mean by a local integral flow of a vector field in

3.4 DEFINITION

D
Given a vector field B 5 r? , a local integral flow of ¢ is an integral flow

G E r" {cf. 3.2 part I) such that G < R'XR is a P-neighbourhood {cf. 1.5) of
E{0}. Assume now the validity of Postulate WAL (2.11). Then P =E in RO&.
Thus G is an euclidean neighbourhood. This means the following (use 2.7): for all
p € Rn, there exists U € E{Rn) with p € U, and there exists ¢ € R, ¢ > 0, such that
U X (-,e) € G and f(x,s+t) = f(f(x,s),t) for all x €U, s € (~¢,e), t € (—e,e)
(take e sufficiently small so that the points (x,s+t) and (f(x,s),t) belong to G).
Thus, f(x,t) is a solution of the differential equation associated to (3.2 part I)
defined on Ux(—e,e) (for each p € Rn).

We see how Axiom III furnishes the way to pass from the infinitesimal to the

local in the following proposition.
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3.5 PROPOSITION

Given a Tlow RnxA i Rn, there exists (uniquely) a local flow that extends f.

The uniqueness means that any two such extensions agree in a neighbourhood of Rnx{O}.
Proof. Axiom III directly says that there are extensions G % R, Rnx{O} c G c Ran,
and that any two such extensions agree in a neighbourhood of Rnx{O}. It remains to
check the flow equation. Let H = [(x,s,t)!(x,s+t) € G and (g{x,s),t) € Gi. Clearly

o and H € P(Rnxﬁz). Let gl and g2 defined on H be,

Rnx{O} < H < R™xR
gl(x,s,t) = g(x,s+t), and gz{x,s,t) = g(g(x,s),t). Since f is a flow and g extends
f, gl and g2 agree on Rnx4(2). Then, again by axiom III, they also agree in an open
W e P(Ranz), Rnx{OJ < W< H Since addition is an open map for the euclidean

topology E (trivial verification) and P = E, it follows that g satisfy the flow

equation in a P-neighbourhood {possible smaller than G) of an{O}. o

A consequence of this proposition is that maps x4 o Rn, (or their egquivalent

4 r"

forms R" o R" , 49 R ) express in a simple way all the data involved in a local
flow; i.e., 4-infinitesimal flows are already local flows. A solution of a
differential equation for all x € R” and all t € 4 is already a local solution (of
course, all this holds only in the presence of axiom III). This should lead to
considerable simplifications in any concept, construction or calculation that
involves local solutions of differential equations.

The passage from the local to the glcobal involves the notion of compactness, and
it can be proved by purely synthetic arguments without need of any further
postulates, except for the archimedeaness of the relation '<" in R.

We say that "<¢" is archimedian if it satisfies

R5) vxe€eR 3dnemN (x € (-n,n)),

(where N is the natural number of object in ¢).
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We recall now briefly the notion of compactness in a topos introduced and
developed in [14].

3.6 DEFINITION

An cobject K in & is compact if:

(1) voeof Viep [gunt

H = Kévncu H = true],
where m is the unique map K % 1. Notice that H< 1 and n‘lH = KxH. From (1) it
immediately follows
(2) Given any X in £, G < Kx{ and H c X,

G U -(KxH) = KxX = VGU-H =X,

where m is the projection KxX - X.
For example, if H is a point x € X, this says that if the axis Kx{x} is well
contained in G (in particular, if G is a P-neighbourhood of Kx{x}), then VﬂG is a
P-neighbourhood of x. This means that there is an open U, x € U € P(X) such that

ﬂ~1U c G: a characteristic property of ccmpactness.

K G KxX

[

It is shown in [14] that this definition means essentially that the projections

U

K<K + X are closed maps. It is also shown that in all the algebraic models, if K

is a scheme, then K is compact if and only if it is complete in the classical sense.
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In the well adapted models, if K is a manifold, then K is compact if and only if it
is compact in the classical sense. More generally, if K is a Cm*scheme (including
all representable ocbjects), then K is compact if and only if the set of global
sections I (K) (furnished with its natural euclidean topology induced by the
classical topology on m“) is a compact space in the usual sense.

3.7 DEFINITION

A vector field RxD £ Rn, respectively a flow Rxd E Rn, is of compact
support if there is a compact K and a part Hc R" such that K< Rn, KUH-= Rn
and for every x € H, £(x,d) = x, Vd € D, respectively f(x,t) = x, Vt € 4. This
means that the function g:R" =+ R", ¢(x,d) = x+g(x)d which defines the differential
equation associated to ¢ is zero on H. Thus outside K, since clearly -K < H.

3.8 PROPOSITION

If R satisfies R5) (i.e., is Archimedian) then every flow R'xd 2 ' of
compact support has a unique global extension R"xR H r".

PROQF. Take any local extension G g Rn‘ Rnx{O} c G < R™sR given by 3.5. We
can assume that g(x,t) = x for all (x,t) € GNIxR. Indeed, by assumption g(x,t) = x
for all x € H, t € 4. Then arguing as in 3.5 the claim fellows {(for a possibly
smaller G). Now, let F bhe F = GN(KxR), Kx{0} € F < KxR. F is a P- (or E)
neighbourhocod of Kx{0} (cf. 2.6). Take e € R, ¢ > 0, Kx{-e,e) € F (such an e is
given by 3.6 since P = E). The maps Kx(-e,e) g gt and Hx(-e,e) % Rn, 0{x,t) = x
are compatible in the intersection, This defines a flow HDX(—e,e) g r" that

n

extends R"x4 i R, A classical argument now shows that g has a unique global

n

extension. Let gt:Rn + R denote the map g(—,t). These maps are defined for all

t € (-e,e). Let now t be any t € R. Take integers n,k such that x € (-n,n) and

/e € (-k,k). Let h' b Uk, ik, t/nk

be h that is, the map g composed
with itself nk times. It readily follows (see exercise below) that this definition
is independent of n,k and that it defines the unique global flow extending h. Any
two extensions of f coincide on some (maybe smaller) e—interval. It is clear then

(by construction} that h is unique with respect to f. O
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EXERCISE. Show that any map (-e,e) ﬁ M inte a monoid M such that ¥(0) = e
{(neutral element) and, for any t,s,t+s € (-e,e), ¥{t+s) = ?(t)¥(s), has a unique
extension into a morphism of monoids R -+ M (R archimedean).

We finish with this. There 1is, however, one more axiom that has to be
considered (although it is not utilized in this paper}. The Axiom I {of jet
representability) has a companion axiom which establishes the "tinyness" (or
infinitesimal character) of the representing objects Dr(n). This is Axiom ITI. In
the same way we state a companion axiom for the Axiom TIII (of germ
representability).

3.9 AXIOM IV

A(n)

A(n):e -+ £, X b X , has a right adjoint, {—)A(n):f - £,

The functor (-)
X xd(n)' (This is equivalent to the fact that exponentiation with 4{n) preserves
epimorphic families (or colimits) in the case of Grothendieck topoi.)

In conclusion, we can say that SDG has an infinitesimal aspect, and a local

aspect.

Infinitesimal Aspect

AXTOM I, AXIOM TII. Jet representability and tinyness of the representing

cbjects.

It applies to all models. The notion of infinitesimal lipearity establishes
the right level of genmerality for the objects to work with.

Local Aspect.

POSTULATE A.

It is divided in two parts,

a) The line R is a field in the sense of Kock. This means that the Zariski
topological structure is subintrinsic and that the space R is separated.

b) There are enough Zariski opens in R" (covering principle). In particular,
the Zariski and the intrinsic topological structures coincide in R".

It is oriented to the algebraic models, but it applies to all the models.
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POSTULATE WA1L.

It is divided in two parts,

a) The line R has an order relation which is: Rl) compatible with the ring
structure; R2) strict; R3) local; R4) separated. In particular, this means that
the euclidean topological structure is subintrinsic and separated (in R” and all its
subobjects). We may additionally require, R5) archimedian.

b) There are enough euclidean opens in r" (covering principle}. In particular,
the euclidean and the intrinsic topological structures coincide in r".

It applies to all models constructed using Cm—rings; when R5) is required, only

to the well adapted models ([7],[21]).

POSTULATE WAZ2

d-integration of vector fields in R

It applies to all well adapted models constructed using Cm*rings. The validity
of this postulate in the larger models, (27], is not clear to us at the moment.
This postulate is not meaningful unless Axiom III holds (for example, if 4 = D_ it

is empty of content).

AXIOM IIT, AXIOM IV

Germ representability and tinyness of the representing objects.

It applies to the study of classical differential geometry and manifolds. The
only known model is the topos 4, [9] (the validity of the larger models [27] is
unclear to us at the moment). The general objects for which Axiom III holds seem to
be very close to the classical notion of manifold. In [32] it is shown that an
internally defined {(of finite presentation) 4d(n)-manifold is necessarily a manifold
in the classical sense (this is mot surprising).

Axiom III, Postulate W2 and the results about integration of wvector fields
(3.5, 3.8) can be generalized by the classical local metheds to any 4{n)-manifold.

but probably only to these objects; this remains to be investigated.
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APPENDIX. SURVEY OF THE MODELS

All models are constructed following a similar pattern.

Ll

There is a category € together with a class £ < € of maps such that

i) isomorphisms are in ¥

ii) closed under pull-back (and composition).

In addition, there is a Grothendieck (pre) topology in € such that

a) all maps in every covering family are in ¥.

The model is the topos £ of sheaves over ¢ (cf. [11], [32]).

Axiom I has been extensively analyzed in the models. Its wvalidity in the
algebraic models was recognized by Lawvere before the existence of SDG. We will not
consider it here. Axioms III and IV hold essentially because by construction, in
all the models, the objects Dr(n), W in general and 4(n) do not admit any proper
covers. We pass now to analyze the content of Part II.

The class £ < ¢ determines a topological structure in the topos ¢. This
structure, inherited from the construction of the topos, plays an important role.

1.2 THE SPECTRAL TOPOLOGICAL STRUCTURE

Consider for every C in ¢ the class of subobjects, denoted EC, defined by,

f
U>»Cef if there exists a family C $ ¢ in ¢ such that each fﬁ factors

C a
¢ » U>C and the family Ca + U 1is epimorphic in €.
That is, U >+ C is an (external) union of subobjects Ua s~ C of the form
U = Image(fa) for fa € X,
Tt is straightforward to check that the following holds,

1) Given any map D + C in ¢, and a pull-back diagram

UeX > WE Fa.
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2) Given any covering family Ca -+ C, and pull back diagrams

C + C
a
Vawqe.‘fca: UGSﬂC.
Consider now a subobject B < 2. For every C in ¢ it determines a class of
subob jects Sc as follows,
(%) U >~ Ceg,
C 4+ 1
A Y
N
v 1
B

where the map C -+ 2 1is the characteristic function of U. The correspondence (%)
establishes an equivalence between classes of subobjects such that 1) and 2) above
and subocbjects B ¢ f2.
PROOF. Clearly, given B c 2, 1) and 2) above are satisfied. For the other
implication, define a function on the objects of ¢,
€ o Sets, ¢ W g
This defines a pre-sheaf by 1), which is a sheaf by 2). Thus it determines an
object B in ¢, which by constructien is a subobject B of 2 and satisfies the
correspondence (%). O

The class of subobjects £, defined above contains the maximal subobject

C
C %g C e $C and is closed under intersections, thus the corresponding object, that
we denote BS in this case, is a subinf-lattice of Q. The spectral topological

structure in the topos ¢ is the topological structure generated by the classifiable
base BS. Thus, by definition we have (ef. [32])
Ue Spec(X) <> Vx e U 3IVeB (xeve u)
1.3

For every C 1in ¥, Spec(C) satisfies the covering principle (ef. [32]).



Local Concepts and Germ Representability 149

PROOF. Let H,G € 2° be such that HU G = C. We have D 5 0%, D 8o for

some D in €. The corresponding subobjects H >~ CxD, G »~ CxD are such that
ﬁ:
HU G = CxD. This means that there is a cover EG 3 CxD  such that for each a

either Eq -+ H or Ea -+ G. The unions {of the respective) Image(fd) furnish two

subobjects U,V in $CXD such that Uc H, V< G and UUV = CxD. Then CxD H BS thus

D H Bg. This means that U € Bg. Similarly V e BZ. But Bg c Spec(C). Thus

U,V € Spec(C), UcH, VcG and UUV = C (clearly). R
Let us denote by ¢ £ Sets the gleobal sections functor. Then, by definition,

io = F(Bz) is a locale in Sets. It follows easily (using the fact that the objects

of ¢ generate €) that for any X in ¢, F(Bz) is also a locale in Sets; but not a

I(X)

sublocale of 2 unless I' preserves unions.

1.4 THE ZARISKI TOPOLOGY

In all the models, R €, 1 # 0, and H* c R e ¢, (it is always trivial to see

R
this). Thus the characteristic function ¥ of R* factors through BS. It follows

that @¥ B, (cf. 2.1 part II). Therefore for each X in ¢, Aff(x) C ﬂi c Bz. Thus,

Zar(X) < Zarz(x) < Spec(X).

The external affine opens of X € £ are the subobjects U >+ C of the form
U= f—lR* for some map X -+ R in £. They form a subinflattice of F(ﬂx). The set
of external Zariski opens of X, denoted ExZar(X) consists of all the (external)

unions in ¢ of affine opens. It is a locale in Sets, but not a sublocale of Qr(x)

X
s!

ExZar(X) < F(Bz).

unless I' preserves unions. Since Aff(X) ¢ B TF{(Aff(X)) < r(B:). It follows
For an arbitrary X in € this will always be a proper inclusion. But not so for
objects in €. 1In the Zariski topos and in all models consiructed using Cw—rings,
the class Lo is the «class of (external) affine opens. Thus
r(%) = £, c Exzar(C). Therefore, we have
ExZar(C) = r(B’) = £, for all C € ¥.
1.5

If Re ¢ and the class £ c ¢ is the class of (external) affine opens, then

Zar(C) = Zarz(C) = Spec(C) for all C € ¥.
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PROOQF. It only remains to see Spec(C) c Zar(C). It will be enough to show
BZ c Zar(C). Lel U e Bg, then D H Bz for some D in €. By definition the
corresponding subobject U =~ CxD € xch = ExZar(CxD). But clearly we have

ExZar(CxD) < I'(Zar(CxD)). Since we also have Zar(CxD) c Zar(C)D (ef. part II) it
follows that 1 H Zar(C)D. Thus D H Zar(C). This shows that U e Zar(C). O

1.6
For every C in €, Zar(C) satisfies the covering principle (by 1.3 and 1.5). O

Now it is necessary to assume further properties in the sets €.

1.7

We assume that the Grothendieck (pre) topology in 1.1 in addition to (a) also

satisfies
b) If Ca -+ C covers, then rca -+ I'C 1is a surjective family of sets
c) If Ca -+ C are in ¥, and FCa -+ I'C  is a surjective family of sets, then

Ca -+ C covers.

These assumptions are satisfied by definition in all the algebraic models and
in all the well adapted models. 1.5 and 1.6 were proven under the assumption that
for all € in ¢, the maps in ¥ were Zariski affine open subobjects. With (a) and (b)
we can weaken considerably this assumption so as to include the other algebraic
models: Topos Etale, Topos Flat. Assume,

d) Every affine open U >» C is in £, and every D £ C in £ is such that

Im{r(f)} < r(¢) is a union of sets of the form r(U) with U affine open.

It is well known in algebraic geometry that flat (in particular etale)
morphisms are open maps. In particular Im(I'(f)) is a Zariski open of F(C). Thus
(d) is satisfied.

1.8 (Penon)

If D ﬁ C is in ¥, then Im(f) ¢ C¢ is a union in ¢ of affine opens.

PROOF. By (d) there exist affine opens Ua ~ C such that, I (Im(f)) is the

union of F(Ua}. Consider the diagrams
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W U rw)y - r{)
Yy Y Y roN
£
D 3 C . r(p) = Im(r(f)) ~ C
where the square in the left is a pull-back by definition. Since fedg,

Wa -+ Ua € £, but F(W&) -+ F(Ua) is surjective (since the right square is also a
pull-back) thus by (c) it follows that Wq -+ Uu covers. On the other hand,

F(Wa) + I'(D) is also surjective. By the same reason then wa + D covers

Wa - Ua
AN

D —> Im(f) -+ C

The arrow Ua -+ Im(f) exists because Wa - Ua covers, and since Wa -+ D covers it

follows that Ua + Im(f) is an epimorphic family in £. This proves the claim. O

=

1.9
ExZar(C) = F(Bg) = fc for all C € €.

PROOQF. Since every affine open is in ic, clearly ExZar(C) c $C. The other
inclusion follows immediately from 1.8. 0O

1.10

If Rc ¢ and the site ¢ satisfies 1.1(a) and 1.7(b){c){d}, then

Zar(C) = Zarz(C) = 8pec(C) for all C e ¢.

PROOF. Same proof as 1.5. O

1.11

For every C in €, Zar(C) satisfies the covering principle (by 1.3 and 1.10).

Tt is well known (cf [22] for example) that a simple argument in sheaf

semantics shows (in all the models) that =-{0} = R*. So, we will assume this.
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We say that the site ¢ has finite affine covers when every affine open U = C
is in ¥, and finitely many Ua -+ C covers if F(Uq) -+ I'(C) is a surjective family
of sets.

1.12

If -{0} = R* and ¢ has finite affine covers, then R is a field in the sense

of Kock.

n’ wilf(*{O}) -+ Ir(-{0}) 1is a surjective family

=]
i

PROOF. Clearly, given 0 € R

) TEaL01)  alsE 1w
1

of subsets of F(Hn) (ni = projections). Thus n
surjective. It follows that given any C £ -{0}, the family f ngl(R*) -+ C covers.
This shows that ﬂ;l(R*) -+ ={0} is epimorphic in €. O

1.13

Postulate A holds in all the models. Furthermore it holds for all
representables C. Also Zarz(c) = Zar{C).

PROOF. By 1.6, 1.11 and 1.12.

We now pass to consider the Euclidean Topology. This topology concerns
primarily the models constructed with Cm—rings, which were considered originally as
a way to relate SDG with classical differential geometry and manifolds. The use of
Cwﬂrings was already suggested by Lawvere in his 1967 lectures in Categorical
Dynamics [25]. Let ® be the category of open sets in the euclidean spaces r" {all
non negative integers) and smooth maps. There should be an embedding of ® into the
model %R -+ £ which takes R into the line R. The essential characteristic of a
Cm-manifold (actually by definition) is that it is a topological space which locally
is an open set of euclidean space. Also, the implicit function theorem means that
manifolds can also be seen as topological spaces which are locally cut out of

euclidean space by finite sets of smooth independent equations. The leading idea in

the introduction of the concept of well adapted model in (7] was that this fact

should remain true in the model. This actually forces two conditions on the
embedding R -+ £:
(1) Preservation of transversal pull-backs

(2) Preservation of all open covers.
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The first such model was constructed in [7] by means of somehow primitive
techniques. The fundamental theorem for the construction of models using Cw—rings
says that the functor
Manifolds - (C -rings)°P, M b C (M)

preserves transversal pull-backs. A basic corollary of this is that given any open
set UcR" and smooth map R" £ R such that U = f—lm*, the ring Cm(U) is the
Cm—localization Cw(mn) {fﬁl}. This theorem and its corollary were first proved in
[9]. They mean that the well developed techniques utilized in algebraic geometry
can be used to construct models with Cm—rings satisfying condition (1) above. 1In
[9] it was also introduced the notion of ideal of local character (that is, the
ideals of definition for germ determined Cm—rings) and shown that in the category
(germ determined Cm—rings)OP the open cover topology is subcanonical {cf. [10]
also). This provides the (well adapted) models satisfying also condition (2)
above. These techniques were subsequently utilized in [26], [27], where it is
proved that the finite open cover topology is subcanonical in the category of all
Cw~rings (of finite type). This provides models satisfying condition (2) only for

finite covers, which permits the existence of invertible infinitesimals.

1.14 The Euclidean Topology

Given a site € as in 1.1, we assume that there is an embedding
i
3%, R~ R
.3 ’
which preserves transversal pull-backs, and that R = -{0}. We have seen in the
==]
comments above that this is satisfied by all the models constructed using C -rings.
We recall that finite products and inverse images of open subsets are particular
cases of transversal pull-backs. Thus they are preserved by the embedding.

The ring R has a relation "<" which we shall denote R< < RxR. By definition,

R, = iR

y o where m< is the open set R, ¢ RXR defined by the usual order relalion

1.15

n

Given any a,b € R, a<b, i(a,b) = (a,b)., It follows that if x € R and

e €R, e > 0, then iB{(x,e) = B(x,e).
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PROOF. Consider the diagrams
(_msb) e IR< ("mjb) =% R(
) P ¥ !
R (id4b) RxIR R (idkb) RxR
They are both pull-backs, and the left square 1is transversal. Thus

i(-»,b) = (-=,b). Similarly i(a,+») = (a,+®).

i(a,b) = (a,b). The rest is straightforward. O

-
iR = R*.

*

R » RXR
4 4 product
i 3

We assume now that in ¢ we have finite open covers.
is open, then iU c R" e ¢, and that if finitely many Ud
an cover iU in €.

1.17

By intersection it follows that

This follows similarly utilizing the transversal pull-back,

This means that if U c R"

cover U C Rn, then the

H< satisfies R1}, R2), R3) and R4), and if ¢ has all open covers, then it also

satisfies RB). (Cf. 2.12 Part II)

PROOF. R1) Compatibility with the ring structure.

It is clear.

R2) -(0 < 0). Suppose 1 (QAO) R<. Then 1 (QAO) m<, which is not the case.
R3) R = (-=,1)U(0,+c). Since R = (—~,1)U(0,+=). TUse 1.15.
R4) ﬂgl[(-w,O)U(U,+m)] >+ ={0} ¢ R" is an epimorphic family in €.

in 1.12 to show that m (E') s ~{0}

(=0,0)U(D,+=) = R*, we have (-,0)U(0,+») = R' in €

clearly finishes the proof.

is an epimorphic

{use 1.15 and 1.16).

We argue as
family in €. Since

This
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R5) (-n,n) ~ R all n € N is an epimorphic family in ¢. This is clear. Use
1.15. o

In order to prove the covering principle we make the following assumptions on
the site.

1.18

(a) Every Cin t is a subobjecl C >= Y for some non negative integer n, and
every member of the class ¥ is a subobject V = C of the form V = CNiU for some
open subset U < R™.

(b) If Vu ~ C covers, Vd £ Cﬂan, then T(C) N Ua > [(C) 1is a union of
subsets of R".

(c) If Uﬁ < U 1is a union of (open) subsets in Rn, then an = il iz a
covering family in €.

Conditions (a) and (b) hold by definition in all the models, and (c) in all the
well adapted models.

1.19

r(8) = 2, < I(E(C)) for all C <t

Recall that the equality in the left is true by definition, and that E(C) denotes
the euclidean topological structure on C.

PROOF. Let V » C be in zc. It follows from (a) that V is a union in € (cf.
1.2) of subobjects Va ~ C in ¥, which are of the form ¢ N an for some open
U, € R". From (b) it follows in turn that I'(V) is a union in R” or the subsets
recy n Uq. Now, each UOl is a union of basic opens of the form B(x,e) (in Rn).
Then, from {c) it follows that V is the union in ¢ of the corresponding C N B(x,e).
The claim follows then by 2,6 in part II and 1.15. O

1.20

Under the assumptions (a), (b), (c¢) in 1.18,

Spec(C) c E(C) for all € in €.

PROOF. We do as in 1.5. It will be enough to show Bg c E(C). Tet Ue Bg,
then D E BC for some D in <. By definition the corresponding subobject

S
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)D. It follows

U > CxD € ZC ¢ I'(E{CxD)). By 2.8 part II we have E(CxD) < E(C

xD
that 1 3 E()?. Thus D Y E(C). This shows U e E(C). O

1.21

For every C in ¢, E(C) satisfies the covering principle (by 1.3 and 1.20). O

From 1.17 and 1.21 we have

j

Postulate WAl holds in all the well adapted models. Furthermore, it holds for
all representables C. O

This probably holds also in the larger models. In [27] it is shown that
E(R) = P(R) in the smooth Zariski model Z. The proof can probably be adapted to
show that for all representable objects C € €, the equation E(C) = P(C) «can be
proved utilizing only finite open covers. Then by 1.11 and 1.13 E(C) = Zar(C) and
it satisfies the covering principle (we have not checked this).

Summarizing, we see (by 2.12 in Part II and 1.12) that there is a complete
identification between all the natural topological structures that can be defined on
the representable objects.

Zar(C) = Zarz{c) = EB{(C) = P{C) = Spec(C).
We recall that all these topological structures on the objects of a ringed topos
(except Zarz) were introduced by J. Penon who also proved this result in all the
algebraic cases (this is 1.12 here) and for the well adapted model % (cf. [32],
where 4% = D).

It remains to analyze Axiom III and Postulate WAZ. Their validity narrows the
class of models to the single model % [at present the only model known to satisfy
both; the situation in the larger models is unclear to us, and in the smaller models
Axiom IIT does not hold]. The proof of Axiom III and Postulate WAZ for % depends
heavily in the local character of the ideals of definition of the objects in the
site ¢. We send the reader to [13]. The proof of Axiom III can also be found in
[32] and [12]. Utilizing the (infinitary) algebraic theory of germ determined

Cm—rings introduced in [10] larger models which satisfy Axiom (11 and Postulate WAZ2

can be constructed. We quote from [9] where the model % was introduced: "The
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purpese of this note is twofold: first, to incorporate differential geometry into
the field of applicability of the techniques and tools of algebraic geometry;
second, to construct a model of SDG sufficiently general and with enough good
properties to suggest stronger axioms."

The first axiom concerns R-valued jets (domain of definition Dr(n)). The
second concerns R-valued germs (domain of definition 4(n)). A new necessary axiom
will (probably) concern R-valued function spaces (compact domain of definition). A
deeper study of the models is necessary. It has been initiated by 0. Brumoc in [3]

and [4], where vector fields and intrinsic opens on exponential objects are

analyzed.
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