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Abstract. We study languages (i.e. sets) of planar directed acyclic

graphs (pdags). These pdags are constructed by parallel composition
and serial composition of letters and pdags on a doubly ranked
alphabet. Our purpose 1s to introduce an algorithmic process

(generalization of Kamimura and Slutzki's parallel automata) for
accepting pdag languages and a specification of these languages by
means of well-suited rational expressions. So our main result is a
Kleene-like theorem proving the equivalence between rationality and
automaton-definability.

1. Introduction

Directed Acyclic Graphs (dags) are for instance used for
unification algorithms (Martelli & Montanari, 1982), to nmodel
parallelism (Degano & Montanari, 1985; Grabowsky, 1981; Ochmanski,
1985%; Winkowski, 1979), relational data bases, program schemes or to
study the complexity of computations (Claus, Ehrig and Rozenberg,
1979; Ehrig, Pfender and Schneider, 1983). Planar dags (pdags)
specially model derivations of phrase-structure grammars (Kamimura &
Slutzki, 1981). Graph languages have been studied from a categorical
point of view (Ehrig, 1979) and Courcelle (1987) have recently studied
a notion of recognizability for graph languages.

Our purpose is to introduce an algorithmic process (automata) for
accepting pdag languages and a specification of these languages by
means of well-suited rational expressions. So our main result is a
Kleene-like theorem proving the equivalence between rationality and
automaton-definability. For a class of non-planar but very particular
dags, such a result is obtained by Ochmanski (1985).

From the automaton point of view, our approach is closely related
to Kamimura & Slutzki's work (1981, 1982) but we generalize their
pdags. Let us point out that our automaton definability is only
algorithmic, it can't be studied as recognizability in the algebraic
sense {Courcelle, 1988) because we consider as initial or final
controls non bounded sequences of states.

Concerning rationality, we consider the closure of an alphabet of
vertices (or nodes) under serial composition (denoted ".'"), parallel
asynchronous composition (denoted &) and their iterations. With these
two basic operations, magmoid (Arnold & Dauchet, 1978, 1979} becomes
our implicit framework.

Two important facts night be pointed out. The first one concerns
the class of graphs, the second one the nature of Kleene's theorem.

1) our class is between the dags accepted by Kamimura & Slutzki's
automata and the general class of graph studied from an algebraic
point of view by Courcelle. The class defined by Kamimura & Slutzki is
too narrow to lead to a "rational definition”: it is not closed under
parallel composition. Kamimura & Slutzki only study single rooted
pdags when our pdags have a non-bounded number of roots and are
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generally non connected. Thus new problems arise about determinisnm,
rational control of roots, connected sub-pdags. On the other hand, the
general point of view of Courcelle and Ehrig does not permit an
practical definition of automaton.
2) our Kleene~like theorem is not an extension of general results
4 la Eilenberg. It is, as for Ochmanski, a somewhat difficult and
technical result, which establishes the adequation between the
specification and the algorithmic points of view. The proof of this
theorem underlines the importance of connectivity (we wuse the
decomposition of pdags in connected components).

2. pdags and pdag automata - Definitions

We will assume that the reader is familiar with the rudiments of tree
language theory (Engelfriet, 1975; Thatcher, 1973) and dag automaton &
la Ramimura & Slutzki (1981, 1982). We consider labelled, directed,
acyclic, ordered and planar graphs that we call pdags. Our labels are
symbols from a finite doubly ranked alphabet Z=U23; 4 We suppose
i>1 and j21. A symbol o € T; i,j has head-rank i and tail- fgnk

i 1

we alsoc denote it: o
T T 4 outputs

i inputs

We connect pdags in series by means of a binary operator denocted .7
{(or omitted) and we connect pdags in parallel by means of a binary
operator denoted "e". We introduce a special pdag denoted "e" ¢ I that
allows to define neutral elements for serial composition. Formally,
pdag algebra is defined inductively as follows:

2.1. Definition. Let = be a finite doubly ranked alphabet and a new
symbol e of head-rank and tail-rank 1.

The set DP(Z) of pdags over ¥ and its subsets DP(Z) 3 .3 of pdags of
head~rank i and tail-rank j, are defined inductively as follows:
(%! e € DP(Z)l’l, if a ¢ Zi,j then a ¢ DP(Z)in,
(ii) Let 4 € DP(Z)i,j and d' e DP(Z)i.’j.
(ded') € DP(Z)k 1 with k=i+i' and 1=j+j!',
(d.d') is defined if j=i' and (d4.4') € DP(Z)l .
(iii) DP(%) is the union of all the DP(E)l 3 for 1,] 2z 1.

Two expressions are equivalent if and only if they are equivalent with
respect to the congruence relation generated by these axioms:

{i) associativity of & and

{1ii) e is a neutral element.

We note for p>0, ep = ed...eBe, p times,

then for all § € DP(Z) ; ep- §=§ and §. eq-s

(iii) If d.d4' and f.f! are defined then (d.d')8(f.f')=(def).(d'ef').

2.2, Proposition. Two expressions d and f are eguivalent if and only
if they denote the same pdag.

Example. Let ¥ be such that 14 = {2}, Z45 = {b} and 221 = {c}. The

expression b. (a®e).(edb).(c®a).c is equivalent to b. (ab) . (cBa).c. And
they are equivalent to:
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Remark. We identify an expression
/// \\\ with its class, i.e. with the pdag
a\\\ b that this class represents.
>

Basic operators extended to sets. Let A, B be two sets of pdags then:
A*B ={5.6‘46 € A and 8§'e¢ B}y ABB ={(é046'/8 € A and 6'¢ B}
A=A . A U (e /P eN}; A® = (6,06,6...86,/ 6; € A, n>0)

A (finite) top~down pdag automaton M is a system <Z,Q,T,B,R> where:

.£ is a finite doubly ranked alphabet.

.Q is a finite set of states. For every state ¢,
tail-rank{qg)=head-rank(qg)=1

.T and B are two recognizable word languages over Q in the usual

sense, with © identified to the word concatenation. T is called the

top control and B is the bottom control.

.R is a finite set of rules of the form:

‘ (P16P,8...8py) -0 = 0.(d109,0...08qy)
with o ¢ zm,n' Pire+Pprdy---9, € Q-

Remark aboug notation. Qe denotes the set of words over @, usualy
denoted by Q. So, a word abc... is denoted by a8bkeéc...

Elementary move. We define the binary relation R~ between pdags over
£ U Q as follows: § jR- 6' if and only if §' is obtained from § by
replacing, in 6, exactly one occurrence of the left-hand side of a
rule of R by its right-hand side. |R™— denotes the reflexive and
transitive closure of [R- .

Pdag language accepted by a top-down automaton. A pdag § is accepted
by M iff, for some ¢;0...68q, € T and q'40...6q', € B:

(418 ..08dy) . § FR*— 6.(q'10...08q",)

L(M) denotes the pdag language accepted by M. We obtain a bottom-up
automaton by reversing the direction of the elementary move and
exchanging the role played by B and T. A pdag language P is said to be
automaton-definable if and only if P = L(M) for pdag automaton M. The
family of automaton-definable languages is denoted by AD (Automaton-
Definable).

2.3. Example
a b e . b a
il :
Let = be { . b } and & be L 1. I
Y b b .. . b
T T T
Then the "set of walls" W = {§' ¢ DP(Z)/ §'= 6.6...6 } is accepted by

the automaton M = <Z,Q,B,T,R> where

Q = { gy, Qg,9y,9p,9pi dge); B =T =qp © (a1 © 93)% @ gp
R d7,-a — a.dy1i (9;1909,) -b — b.(qgy04q;)
dg-a — a.ggei (918qR:) -b b= b.(4y0aR) 5 (4;84,) -bF—b. (9,6q;)
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For instance we have the accepting computation:

LEh %2 F1 % fr L. f1 e Lo
a b b al * EJ b b Eg * a b b a
[ T 71 o

R oap 9 9 R R

b b b b b b b b b

T T T T T T T T s S B A R
dr, 99 95 97 95 dp

3. PROPERTIES OF_ PDAG AUTOMATA

3.0. Preliminaries.

i-Let A = <Z,K,Kqy,Kp,pu> be a finite word automaton. K denotes the set
of states of A, K, and Xp denote the subsets of initial and final
states, respectively. p denotes the set of transitions, they are of
the form k.x —> x.k' also denoted (k,x,k') with x ¢ £, k and k' € K.

For every k and k! K, let us define
Py, x+ ={ me (KXIxK) [ m=(k,%q,Kq) - (Kq, %5, Ko) oo (Kpoq X K') }s
2-Let X be a product of sets : %, x I, x .... %X I..
Let us denote by 7y; the morphism from =¥ to Xi* defined by
R4 (xl,xz,....,xn) €z ﬂzi((xl,xz,....,xn)) = Xy

3.1. Discussion about top and bottom control. Kamimura & Slutzki's
pdags have a single root. So, the top-control does not arise and
bottom control is not introduced either. We study unconnected pdags
and then we introduce controls B and T to check the relationships
between connected components.

3.1.1%. Definition. A pdag automaton is said to be without bottom
control 1ff its bottom control B is the set of all the words over
Qre Q. Qf is said to be the set of final states of the automaton. A
corresponding definition can easily be stated for top control.

The following proposition states that top control and bottom control
have the same power as top or bottom control.

3.1.2. Proposition. For every pdag automaton M, we can construct a
pdag automaton M' without bottom control (or top contrel) that accepts
the same pdag language.

Proof. We give a construction that suppresses bottom control for a
top-down automaton.

Let M be the pdag automaton <Z,Q,T,B,R>. We construct a pdag automaton
Mi=<%,Q',T',B',R'> without bottom control as follows:

Let A = <Q,K,Ky,Kp, 4> be a finite word automaton which accepts B in
the usual sense. Then we define
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. Q' =K xQxK., .B'=yu®
- T'= (me Py | keKg k'e Kp and mg(m) € T }
. R'= { m.al-a.m' | 7 o(m) - al-a. Mp(m') € R

with m and m‘ € Py 11 for some k,k'}
¥

it is obvious that L(M)< L(M'}.
Finally, let us sketch the proof that L(M')«L(M):
let 6§ be a pdag of L(M').
Then there exists my €T and me € u such that:
my.8 P—R‘ — &.mg

So my and mg belong to the same Pk k' Woreover K belongs to K,

and k' to Ky, therefore WQ(mf) belongs to B.
Finally mg(my).6 ~R*- . To(mg) and & € L(M). 1

3.2. Connectivity on pdags. In the study of rationality, we shall find
out the importance of considering the pdag connected components. Top-
down automaton C presented below enables us to solve some problems
dealing with connectivity.

pefinitions. We shall say that an edge of § is a right-hand edge
{respectively a left-hand edge) if and only if this edge is the
rightmost input (respectively leftmost) of a connected subgraph 8" of
§ such that 6§ = 6 .(e, & §" 8 ep) where e, denotes the absence of e.

Automaton ¢. C = < Z,H,T,B, P > where

He (1lcr4),T=H , B4,

Pco is the union, for all letters x of Z, of the rules of the
following forms:

i) (1ec®.x — x.(1ec®er+ #6106

ii) ® xb— x(P+Pore(1ecer+ #°ege P
iii) (Pory.x — x.(c®ere(1ec®er+ $9

iv ) (#+16cer).x — x.(4+10c®e1r)®

Properties of automaton C. The properties that result from the
behaviour of automaton C can be introduced by the following accepting
computation:

1 c ¢ ¢
1 ] I ] ! i
l 11| 1| ]
T 1 T
1 r 1 r 1
1 ] 1 1
[ I L |
1 r
# # # # # #

We observe that the rules have been elaborated so that:
state r (resp. 1) "walks along" right-hand (resp. left-hand)} edges;
state # "walks along" right-hand and left-hand edges;
. state ¢ "walks along” the ones that are neither right-hand nor
left~hand edges.

The following properties are easy to verify
Property 1 : L{C) = DP(Z);
Considering the top control 1 © c® @ r + 4, we obtain:
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Property 2 : The subset of DP{Z) connected pdags denoted CO(EZ} is
automaton~definable.

If we vrestrict automaton-definability to connected graphs, the
following proposition states that we can consider automata without
controls.

Proposition 3.2.1. For any automaton-definable pdag language G, there
is a pdag automaton M = <E,Q,QI8,QF9,R> where QI and QF are subsets of
Q, which accepts among the connected pdags the ones belonging to G.

Construction. According to proposition 3.1.2., there exists an
automaton M,=<%, Ql,Tl,QFls,Rl> where QF, is a subset of Qq such that
L(M;)= G.

Let us consider a word automaton A = <Q.,V,V;, Ve, u> which recognizes
(word) language T;. We denote by uj transitions of g beginning by an
element of V;, phg transitions ending by an element of Vg, and uje
intersection of p; and pke.

Then, the searched automaton is the following:

M =< 2,0,01°,0F%, R > where

-Q =VxQ, xVxH

= QI = p; x {1} U pge X {T} U pje x (#} U i % {C)

- QF V x QF x Vx {(#)

- A rule w.§ | 8.w!' belongs to R if and only if

.its projection on Q, belongs to R;:

.its projection on H belongs to P,,’

.the projections of w and w' on V x Q, % V belongs to the same P

[

vi,vi-

Proof. For 6 accepted by M, there exists Wy belonging to 01® and we to

QF9 such that w;.é PR*~ §.we . If we suppose é connected, then:
. m(Wy) is aword of 1 8 c® @ r + #,
. ”VlexV(wi) and ”Vlexv(Wf) belong to a same Pv,v'
So an(wi) is a word of T,, and therefore § is a connected pdag of G [ ]

4. Rationality on pdags

We attempt, as in the case of word or tree languages to describe
the automaton~definable pdag languages by "“rational expressions". Such
a project requires the introduction of new concepts: many-sorted
letters and an asynchronous parallel composition operator.

Definitions% A many-sorted doubly ranked alphabet (£,8) is a finite
subset of S xExS, where I is a finite set of labels, and 8 a finite
set of sorts. A triplet (s,a,s') belonging to (Z,S) will be noted

s s
a ; 8 is called the coarity and s' the arity of a
s'! s!

with such a many-sorted alphabet (Z,S), we construct by serial and
parallel composition a set of graphs that are still planar, acyclic,
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ordered, directed but whose nodes and edges are labelled. Arity and
coarity definitions are extended in a canonical way to this new class
of graphs denoted DP(X,8). We also extend the algebraic frame, in such
manner that:

~ the serial composition operator respects arity and coarity;

- we introduce a new set of symbols {e,, s € S}, arity and coarity of

e, are s; for w = s,8,...5, in 8%, we denote by e, the parallel
composition of eg4 , eg5... €5y

- for every pdag §, the arity of which is w, §.e, = é§, and for every
pdag §, the coarity of which is w , e, .6 = 6.

Example. The pdag of fig. 1 can be written:
s s s s, 8 5.8 s.8
1 0 170 170 1%0
a . .la @ a }.[b e b ].b
S18¢° ®1%g 5150 51 S0 53

Notation. Henceforth, we shall denote by 7 the subset (ew/w € S+).

4.1. Rational expressions on (%,8). The set of rational expressions on
(£,8), denoted by Exp(Z,8), is recursively defined by:

if x €(%,8) then x ¢ Exp(Z,S)

if exp,exp' € Exp(Z,S) then

(exp + exp'), (exp . exp'), (exp & exp'), exp*, exp& € Exp(Z,S)

So, with the (2,8) letters, we construct a set of well-formed
expressions. In order to give a 'meaning® to these expressions, we
must interpret them.

We call & the mapping that associates the set

({EOGE')U (E®6T)U{(T 06 E'
to a pair of subsets E,E' of DP(Z,S).And & superscript the one that
associates ( EU T )@ to a subset E of DP(Z,8) .

Operator & simulates an asynchronous parallel composition for it
doesn't reguire simultaneocus presence of elements belonging to the
concerned subsets.

The interpretation of pdag rational expressions. To each rational
expression 1is associated a subset of DP(Z,S8) by the following
interpretation function I : Exp(Z,S) > 2DP(%,8) recursively
defined by:

. if % € (=,8) then I(x) = {x}

. 1f exp, exp' € Exp(Z,S) then

I{expt+texp') = I(exp)UI(exp'); I(exp.exp') = I(exp).I(exp');

I(exp*) = [I(exp)]* ; I(exp&exp') = I(exp) & I(exp'):

I(exp¥) = [I(exp)1®
Notation. For any subset E of D(Z,S), and any expressions exp, exp' of
Exp(Z,8), we write exp = E if I(exp) = E and exp = exp' |if
I(exp) = I(exp'). We shall use a particular morphism ¢ from DP(Z,S8) to

DP(x) that erases edge's sorts.

4.2. Rational pdag-languages. A rational language of pdags is given by
a triplet (T,exp,B) where T, B are rational word languages of S, and
exp 1s a rational expression of Exp(Z,S). A pdag ¢§ belongs to
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(T,exp,B) if and only if there exists a pdag §' of I(exp) the coarity
and arity of which belong respectively to T and B such that &(§')= §.

Example. The rational language:

18& 7% & 7%

s s s, | SaS S8 SAS

1 0 1 [¢1a §

Sqg +| & © . a ° + a § . b + b b 1Sy
S6Sy sgS Sslj Sq 84 84

represents the set of pdags that have the figure 2 pattern.

The set of rational pdag-languades on T will be dencted by Rat(Z} or
more simply Rat if there is no ambiguity.

4.3. A Kleene like theorem in pdags. In the string case, it is well
known that any recognizable language is rational and conversely. We
are going to show that our definitions 1leads to a comparable result
in pdags. First, we present lemmas and definitions to prove theorem
4.3.7.

Lemma 4.3.1. If exp € Exp(Z,S8) and § € I(exp) then:
§ =6, 06,86 ...0 S => (69} & {85} &...& {6,} «I(exp)
Corollary. Each &; belongs tc I{exp).

Definitions. We denote by CO({Z,S) the subset of DP(E,S8) of connected
pdags. Given exp belonging to Exp(Z,S), we call:

C(exp) = I(exp) n CO(Z,S)

c; (exp) { § e CO(2,5) /3 §'¢ DP(%,S) : &§ 8 §' ¢ I(exp) }

Cr(exp) { 6§ ¢ CO(=,8) / 3 6'¢ DP(Z,8) : 6'8 § € I(exp) }

Colexp) = { & € CO(Z,8) / 3 6*,6" ¢ DP(Z,8) : 6'8 6§ © 6" ¢ I(exp) }

il

Lemma 4.3.2. For exp rational expression, we denote by fi{exp) the set:

Clexp) U (Cy(exp) @ 7 ) U (7 © Cp.(exp)) U (7 @ C.l{exp) © 7 )

then, for every rational expression exp: exp* = n(exp)* .

Lemma 4.3.3. We can also establish that:

cr(exp:) = {( 71 © Cc(exp) @ r)U (7180 cr(exp) ) )* n Co(x,s)
cl(exp Y= ({( 710 Cc(exp) ® 7 ) U ( Ci(exp) © 7 ) )* n CO(Z,s)
c.(exp*) = (71 @ C (exp) © 7 )* a cO(Z,s)

Definition 4.3.4. We shall say that a subset E of DP(X,8) is (£,8)-
automaton-definable if and only if there exists a pdag automaton
M = <Z,0xS8,T,B,R> such that:

1 . L(M) = @(E) Tg (W)
2 . for every rule w.a |~ a.w' of R, a belongs to (%,S8).
Tg(w')
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Lemma 4.3.5. For every E & CO({Z%,S5):
E is (Z,8)~automaton-definable =——> (E&)* is {3,8)-automaton~-definable

Proof.

Step 1: Let M; = <%,Q,,T;,Bq,Ry> be an automaton that verifies points

1, 2 of definition 4.3.4 for E. We apply successively to this

automaton the transformations seen 1in 3.1 (suppression of bottom

control) and in 3.5 (supression of top control). Then we obtain an

automaton M, = <E,Q2,QIG,QF9,R2> that verifies points 1, 2 of

definition 4.3.4 for set E°.

Step 2: Let us consider a finite substitution s that transforms an

initial state (in QI) into a final state (in QF) without altering its

projection on S.

So automaton M = <Z,Q,(QT U QF)@,QF@,R> where
R={w.a [—a.s(w') /w.a |l aw €Ry}

verifies the points 1,2 of definition 4.3.4 for (E&}*.

As a matter of fact:

- M verifies point 2 : ocbvious.

- s((e5* ) < LM : obvious.

- On the other hand , we give only an intuitive argument and leave
out formal details. Given a pdag § (£ 7) accepted by M, then there
exists w; (¢ QIe) and wg (€ QFG) such that w;.$ f—R*~ §.wg. Here ve
admit necessarily a substring v; of w; is such that my(vy) € (1 © c® o
r + #). Let us consider pdag §; accepted from v, until final states or
initial states resulting from substitution s. It is easy to check that
5, belongs to &(E). So é can be written as the serial composition of a
pdag of @(E& ) and a pdag é' of L(M). We can repeat this splitting on
§' and so we conclude that & belongs to &((E¥)*). |

After this sequence of lemmas, we can state the main lemma:

Lemma 4.3.6. For every exp belonging to Exp(Z,S), I(exp), C(exp),
Cp(exp), Cp(exp) and C.(exp) are (=,8)-automaton-definable.

Proof. By induction on the construction of rational expressions,

Kleene-like theorem 4.3.7. For any doubly ranked alphabet £, the class
RAT of rational languages 1is exactly the class AD of automaton-
definable sets.

Proof.

- The automaton's states can be simulated by sorts in a many sorted
alphabet and so AD < RAT.

- Conversely: given a rational language (A,exp,Z), we Know that I(exp)
is (=,8)-automaton-definable by lemma 4.3.6.

et M = <%,Q,T,B,R> be an automaton which verifies points 1,2 of the
definition 4.3.4 for I(exp). Then, if we restrict its top and bottom
controls in the following way:

T become T'= { we T/ mg(w) € A} and
B become B'= { w € B / ws(w) € Z )
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then this new automaton will accept all the pdags of (A,exp,%) and
only these ones.}
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