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Abstract. We extend the algorithm of Knuth, Morris and Pratt of pattern matching on strings to a class of
planar acyclic graphs and we analyse the relationship between this algorithm and deterministic finite
automaton of graphs.

Introduction

The problem of locating the occurrences of a pattern string or tree in a (presumably) larger text is of
interest in several areas of computer science of interpreters for non procedural programming languages,
code optimization in compilers, symbolic computation, context searching in structure editors. Pattern
matching on strings became very well known after the discovery of linear time algorithm, the Knuth
Morris and Pratt (KMP for short) algorithm [11], for this problem. Tree Pattern matching is analogous to
the problem of pattern matching in strings, and the KMP algorithm can be generalized with some
variations to bottom-up tree pattern matching. Hoffmann and O’Donnell work [8] about bottom-up tree
pattern matching has stimulated papers offering improvements ({5, 6]). The KMP algorithm can be seen as
computation of deterministic automaton. In fact, the preprocessed failure table enables to construct a
deterministic finite automaton for a regular expression of the form any*(xj +xp+ ... +Xp)any* in time
linearly proportional to the sum of the lengths of the x;’s where “any” stands for any symbol, Our goal is
to extend the KMP algorithm to pdag (planar directed ordered acyclic graphs) pattern matching where
patterns are particular pdags that we call r-dags (rooted pdags) and to analyse the relationship between this
algorithm and deterministic finite automaton of pdags.

This paper is organized as follows: in section 1, we define the algebraic frame in which we define our
pdags. In section 2, we propose an algorithm of pattern matching. In section 3, we analyse our algorithm
in term of deterministic pdags automaton.

1 - Preliminaries

We extend the notion of d-dags introduced by Kamimura and Slutzki (10].

1.1. Definitions of pdags. A doubly-ranked alphabet ¥. is a finite set of letters on which are defined two
mappings into N called head-rank and tail-rank. For n, m integer, we denote by: Ty, the set of letters of
tail-rank m; ,¥ the set of letters of head-rank n and ., = ;= M Iy, . We interpret a letter of 2, as a
labelled node of a graph that has n ordered inputs and m ordered outputs.

We define M(Z), the set of pdags over Z,as N nM ) o where the sets ,M(Z),, of pdags over £ with
mne
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n inputs and m outputs are recursively defined by:

(i).if a € pZ, thena € M(Z)p,.

(ii). if §; € piM(E)qi for i=1, 2 then the parallel composition of 8, and &, denoted by 3, 8 3,, belongs to
p1+p2M(E)ql+q2 .

(iii). if 8; € pM(Z)qg; for i=1, 2 and q1=p2 then the serial composition of 8, and &;, denoted by 5,.5,,
belongs to ;1 M(Z)qy. The drawing of figure 1 represents the result of this composition.

the ith output of §;
lﬁ connected t?
the ith input of 3,

Figure 1

And these operators satisfy the following axiomatic equalities:

(iv). A particular pdag of {M(Z); , denoted by € , is the unit element of the serial composition in the
following sense:

For any integer p, let & be €6 ¢0...6 € (p times), then for 3 € pM(E)q, ep.8=8.£q=8.

£ denotes the absence of .-

(v). The serial and parallel compositions are assosiative operators, and if a.a’ and b.b’ are defined then
(a.a”)B(b.b’)=(aBb).(a’ B D).

1.2. Example. For a € {Z; and b € 4%, , the pdag obtained by the serial composition of the parallel
composition of £, 2 and € with b is denoted by (¢ 8 a 6 €).b and can be represented by the graph of figure 2.

The direction of the arc is

E top-down .
|

The arcs without source or

[ b ] target specify head-rank or tail-
rank of the node

Figure 2

The underlying algebraic structure for M(Z) is the free magmoid generated by T. More details about this
structure can be found in Amold and Dauchet [1, 2], Schnorr [14], Hotz (9], Bossut and Warin [3]. Z*
denotes the free monoid generated by the alphabet £ and the operation 6. We said that § is a subgraph of
a pdag § if for some pdags 31, 3, 83, 34 we have 8= 81.( 5,0 8’0 85). 8. For 8" subgraph of a pdag 5, we
shall say that: &’ is a proper subgraph of § if 8’ is not equal to 8 and &’ is an initial subgraph of 3 if 5,
belongs to £*. We say that a arc is an input of a graph T if there is no predecessor

2 - Pattern Matching in Pdags

2.1. Definitions.A pdag d is a rooted pdag or simpler a r-dag, if d is £ , or there is a node r of d such that,
there exists a directed path from every node (except r) of d to the node r. The node r is called the roor of
the r-dag d. For a pdag g, and a node n of g, we define the r-dag of root n in g, as the r-dag of root n, sub-
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graph of g, that contains all the nodes of g for which there exist a path to n. See for example figure 3. For
ar-dag D, ar-dag d is a prefix of D, if d is € or if for some node n of D, d is the r-dag of root n in D. For a
r-dag D, we denote by Prefix(D) = { d/ d is prefix of D }. For a r-dag D of root n, ar-dag d is a suffix of D,
if d is € or if d is a subgraph of D and the root of d is n too. For a r-dag D, we denote by Suffix(D) = {d/d
is suffix of D }. If d is a suffix of D, we say thatd < D.

aprefix of h

l“

‘A asuffixof h
The graph h in shaded area indicates \\kn / \
I

the r-dag of root ng in g

Figure 3.

Proposition. The relation “<” (to be a suffix of) over the r-dag is a partial order.
2.2. Superposition.
For D a finite set of r-dags, we denote by Sup(D) the set {Sr-dag/Vde D,d<8} *

Propeosition. For a finite set D of r-dag, if Sup(D) is not empty then Sup(D) has a smallest member that we
call Superposition(D)

Example

dp: N 4 S ition(dy,dy):
' . a/\ uperposition(d;,d,):
~

/a\ \l\/i/
\f\\/ Pl \l/

| Figure 4.

The superposition of two r-dags d; and d; is a r-dag d which spanning tree is the first-order unification of
the spanning trees of dy and dj. So from the first-order unification algorithm in trees[12, 13], we can
deduce an algorithm to construct the superposition of two r-dags [4]. If d; and d,, subgraphs of some
pdag, are r-dags with the same root, then Superposition(d,, d;) exists always and is simply the union of
the edges and nodes of d; and dj.

2.3.The Top-down Pattern Matching Algorithm. For searching an occurrence of a r-dag d in a pdag T,
at the beginning , we associate with each input of T the empty r-dag &, then we go through the pdag T from -
top to bottom and each node transmits to its succesors, the 1-dag Superposition(prefix(d) N suffix(8))
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where 8 is defined as follows:

Let be a; the node which is directly linked to the i input of the node r and &’; the r-dag transmitted
to its sons by a;. The r-dags 8°; are not generally separated r-dags as they are in the case of trees.
Then § is the greatest suffix of the r-dag of root r in T such that

if 8°; #¢ , the r-dag of root a; in § is a suffix of §’; and

otherwise, in 8, the i® input of r has no predecessor.

In some cases, the r-dag linked to it input of the node rin § is a proper suffix of 8’;. This kind of situation
arises when too much information has been brought by a node, comparatively to those brought by the oth-
ers. Figure 5 illustrate how we determine the r-dag & for a node r

If the two r-dags 8, and §, are transmitted to the inputs of the node r of the pdag below
N/
then 5 is equal to
/' \ e \B/
j \ﬁ/ N
!
i)

node
Figure 5.

When d belongs to Suffix(8), an occurrence of d has been located. If Superposition(Prefix(d)MSuffix(3))
is empty, then r transmits € to its sons.

2.3.1. A developped example. Assume the alphabet X is {8} , where @ is a symbol of arity 2 and co-
arity 1 and B a symbol of arity 1 and co-arity 2. Consider a matching problem in which the pattern is

and the pdag in which we wish to locate the
occurrences of d:

\/\/ @“@

\f/ (

d=(£6 0 0¢c).(BOP)Binour

formalism. @ \ @

%
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For each node of T, we get in the following table, the pdag 0, the set Suffix(§) N Prefix(d) and the r-dag &’
that this node transmits to its sons.

node d Prefix(d)Suffix(5) &

1 a {a} o

2 o {oy o

3 (aBw).(£0B0g) {(aBe).(c6B), (e6cx).(BOE) } (081).(c0B0E)
4 (000).(e6POE).(£0010E) {a} o

5 (@00). (0P0e) {(e6cx).(BOE) } (e6a).(BOE)

6 (a8at). (e6p6E) {(00€).(c0PB)} (06g).(€0pB)

7 (e00:0¢).(BOB).B =4 )

So, we can write the pattern matching algorithm.

2.3.2. Algorithm. We assume that

For a node n of T, we call a.inputfi] the i input of n, and n.output[j] the j”’ output of n. We say
that (n.output[i], n’.input(j]) is an edge, if there is an edge betwen the i output of the node n and
the " input of the node n’.

We say that n.input[i] is an input of the graph T if there is no node n’ such that

(n’.output[jl, n.input[i]) is an edge of T,

The nodes of the pdag T can store the r-dags transmitted by its fathers. For a node n,we denote by
n.message[i] the near-tree transmitted to its it input. These memory areas are initialized with & .

For the pdag T, the list of its inputs is supplied.

We use a pushdown store (first-in- last-out list) of nodes. When a node n is entered at the top, we denote
this action by push(n), similary, when a node n is removed from the top, we denote this by pop(n).

So we define the procedure Trans(n:node) as follows:

Procedure Trans(n: node);
begin
From n.messageli], determine §
If d is a suffix of § then
location of an occurrence of d on node n
endif
& = Superposition(Prefix(d)nSuffix(3))
For each output of n begin
n message[j] § for (n.outputli]l, n’.inputlj]) edge of T
if n’ has receveid the messages sended by all of its fathers then
push(n’) endif
end for
end procedure Trans
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and then the main program:

Program Pattern_Matching ;
/* initialisation */
For each n.inputli] input of the pdag T
n.messageli] = ¢
if all of the inputs of n are also inputs of T then push(n) endif
end for
while the pushdown store of nodes is not empty do pop(n); Trans(n); end do
end program Pattern_Matching

2.3.3. Extension. We can extend the pattern matching algorithm for one pattern to a finite set of patterns.
In this case & is computed as follow:

Superposition ( \U_ Prefix (d,) N Suffix (8))
(d eD)

2.3.4. Optimization. We can only consider proper prefixes of the d;. We can also consider for a pdag &
which root is labelled by a letter x, the prefix of the d; ‘s whose roots are labeled by the same letter. We can
even preprocess for a finite set of patterns all the configurations < 8,8’> where & can be decomposed in the
r-dags &; linked to each input of its root, and the label x of its root, note that if we dislocate 8 in this way,
we must precise, for the roots of the §;’s of co-arity greater than one, which output is connected with the
root of &; so for a label x of co-arity n (n>0), we denote by x; (1 <i <n) the i th output of a node labeled by
x. These informations can be collected in a table as it can be done in the KMP algorithm (failure table) and
in bottom-up tree pattern matching. The rows of this table can be easily transposed into transitions of a
pdag automata because the set of the §;’s is finite and the set of labels is finite too.

3. Relation between pattern matching and pdag automaton

3.1. Pdag automaton. A top-down pdag automaton is a construct M=<X,Q,LLF,R> where

- Zis a doubly-ranked alphabet
- Q is a finite set of states
- Lis the initial control, F the final control, ] and F are recognizable languages of Q*
- R is a finite set of rules of the form a— f, & and B are respectively the left-hand side
and the right hand-side of the rule a— B.
More precisely, the rules are of the form
(P19 P20 ...8pp) .0 50.(q; 6 q2 0 ... 6 qp) with 0€Zy
and p1,p2, -, Pns 415 92, -+ dp € Q

The case bottom-up is analogous. An automaton M=<X,Q,LFR> is deterministic if two different rules
have different left-hand sides and if I does not contain two strings of the same length. Let us remark that
there exists a decision procedure to know if two strings of the same length belong to a recognizable string
language. A configuration of M is a pdag of the form d.<q>.d’ where d and d” are pdags over X and <q>
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denotes a parallel composition of states, each state being identified to a doubly-ranked letter of head-rank
and tail-rank equal to 1. A configuration is initial if it is of the form <q>.d with <q> € [; likewise a
configuration is final if it is of the form d.<q> where <g> € F (here <g> is identified to a string). We define
the relation -M—> between configurations of M as follows: C-M—C’ if C’ is obtained from C by
replacing the left-hand side of some rule of R by its right hand side. -M*— is the refiexive-transitive
closure of -M— . A pdag d is accepted by M is <g>.d -M*— d.<q"> for some <q> € I and <q’> € F.
L(M) denotes the language of pdags accepted by M. A language L is automaton-definable if there is some
automaton M such L = L{M).

Contrary to the case of string automata or bottom-up tree automata, we could not reduce the
undeterminism in the case of top-down (or bottom-up) pdags automata [3] and the closure under
complementation of the class of automaton-definable pdag languages remains opened. Nevertheless, for a
deterministic automaton-definable language L, we can construct the automaton that accepts the
complement of L by analogous technics as these ones used in the cases of strings or trees.

We denote by ADp the class of the deterministic automaton-definable language of M(Z). For a r-dag 3, we
denote by A(S) the set of pdags which admit § as subgraph. And we denote by A the class of locally
testable sets defined as the boolean closure of the sets A(8) for & r-dag of M(Z) i.e

V 8 r-dag of M(Z), A(S) € A

Vvoe Avnoe Avus e A

Vv € A, the complement of v belongs to A.
We are going to state that A is a class of deterministic automaton-definable languages. First of all, let us
remind that the top-down pattern matching algorithm suggest to us a method to construct a deterministic
automaton that accepts the pdags that admit the given patterns as subgraphs

Lemma 3.2. For any finite set D={d,d,,....d, } of r-dags, EKEJDA (8) € ADp

Proof.
Letbe L = {l;, 15, ..., 1, } a set of symbols associated one-to-one with the r-dags of D.
Letbe M <X, Q, I, F, R> where
- Q = {3 that could appear in the pattern matching algorithm for the set D of patterns } x
{well/jsn}
-I=(e8)*
-F={weQ*/n(w)ze} where 7 is a morphism from Q* into L* such that ©t((5,00))=0.
-R={ (5,,w,)e(52 w2)0...8(8,,wp). X = x. (3°,w)0...6(3’,w) such that:
.5’ is the r-dag resulting from the meeting of the §; ‘s on a node labeled by x in the pattern
matching algorithm
W=h(y1w2..wn,5)( 1112, --.In) where hy, 5+) is a morphism defined as follow:
Vi<isn hg gy(ly) =1 if u € L¥L* or d; is a suffix of &’
This automaton is deterministic, completly specxﬁed and such that SeL(M) if and only if at least one of
the r-dag of D is a subgraph of 8.

Theorem 3.3. A C ADp

Proof. Let be £ a member of A, then  can be expressed as a formula composed of constant terms A(dy),
A(dy),..., A(dy) and operators of complement, union and intersection;
let us denote by g2(A(dy), A(dy), ..., A(dy)) this formula.
Let be D={d, dy, ..., dy} and M=<Z, Q, I, F’, R> be the pdag automaton defined as the one of lemma 3.2
except the final control F” defined as follow:

F = {w €Q*/n(w) e o(L*];L*, L*l,L*, ..., L*I,L*) }
where 7 is a morphism from Q* into L* such that 7((5,w))=0.
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F’ is a recognizable string language. M is a deterministic, completly specified and as the second
component of the states keep traces of the met r-dags of D while the computation, we have obvioulsy
S8eL(M) if and only if 8€ 2(A(dy), A(dy), ..., Aldy)) ¢

We obtain as an obvious extension of the previous result that the class of locally threshold testable sets of
pdags, introduced by Thomas [15], is also included in the class of deterministic automaton-definable
languages. The languages of this class are defined as boolean combination of sentences of the form:

@30 “there are 2 n occurrences of 3 (r-dag) as a subgraph “.

Remark. This result could be used in study of pdags rewriting systems, for example, if the rules are of the
form § — o where 8 are r-dags then the set of irreducible pdags belongs to ADp,.

As for any pdag 8, A(8) is obviously automaton-definable, it may be asked whether the previous result can
be can be extended to a larger class of pdags than the class of r-dags. We will answer no this question and
exhibit a counter-example, that is to say a pdag & for which there is no deterministic top-down pdag
automaton M such that A(8) = L(M).

Proposition 3.4. For some pdag 3, A(8) €ADp,.
Proof. let Z be composed of a,u (€Z, ;) and s (€Z 3). The elements of M(Z) are trees. Let us consider the
pattern d=s.(aBeBu) and suppose that there is a deterministic pdag automaton M such that A(8) = L(M).
Letbe M=<Z, Q, qo, F, R>

and {q;.s > s.(g0k;0d;)eR}{g;.a—a §eR}) {d.a—a3eR}

{gi.u—éu.liie R},{dg.u—)u.ﬁie R}
Then, for any pdag 6 of the form exposed in the following figure

a/u
. \
a/u ; alu

a/u au

<qg> 8 -M*— §. <m> where m = m; k my with my € (34 + X up)* , k €X k;, my € (T4; + Ti; )* and
length(m) = length(my,).

So & belongs to A(3) if and only if there is an j such that the j'” letter of m; is 4; and the letter at position
length(my)-j+1 in my is u; . This kind of constraint can not be checked by a string automaton, so F can not
be recognizable.

The previous proposition also shows that even if we consider pdags automaton on trees likewise top-down
tree automaton with recognizable final control, there is rational forest that can not be accepted by
deterministic top-down pdag automaton. Nevertheless, we can state that deterministic pdag automaton
considered as tree automaton are more powerfull than deterministic top-down tree automaton.

Let us denote by Rec the set of rational forest, Recp the set of rational forests accepted by deterministic
top-down tree automaton and ADp the languages of trees accepted by deterministic top-down pdag
automaton, so we have :
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Proposition 3.5. Recp C ADp € Rec and Recp# ADp and ADp# Rec
Proof.
-Recp < ADp: obvious
-ADp C Rec is a consequence of a theorem about pdag automaton. This theorem says that , for any pdag
automaton, there is an equivalent final control-free pdag automaton (see Bossut, Dauchet, Warin [3] ) and
proposition 3.4 implies that ADp# Rec.
- RCCD¢ ADDI
Let T be the following tree automaton T = <2, Q, I, F, R> where
-Z =%, ={ab}-Q=4a1 , 0. q¢} - I = Qand F={q¢}
- R ={qg.a = a.(qg,q¢), 41-b — b.(q0.90)> 90-2 — a.(q1,4q1), q;.b = b.(q1.q1)
qo-a — a.(qs.q¢), q1-b — b.(qgpqp) }
The trees accepted by this automaton are such if a node has successors then it has two direct successors
that have the same label. This automaton is not deterministic and it is obvious that this forest F can not be
recognized by any deterministic top-down tree automaton, but there is a deterministic top-down pdag
automaton M such that L{M)=F. The states of this automaton carry informations about the covered path
and the met letters when the state is produced. These states are denoted :
q; : reached after going down from the root along right hand-side branches;
q; : reached after going down from the root along left hand-side branches;
qq - reached after going down from a node labeled by “a” (except the root) which is the left hand-
side son of its father along right hand-side branches;
qy : reached after going down from a node labeled by “a” (except the root) which is the right hand-
side son of its father along left hand-side branches;
qr: reachs after going down from a node labeled by “b” (except the root) which is the left hand-side
son of its father along right hand-side branches;
q) : reachs after going down from a node labeled by “b” (except the root) which is the right hand-
side son of its father along left hand-side branches.

So the automaton M is defined as follow:
T =<, Q, 1, F,R>where
-Q={4, 91, Gp q¢ 9 qp 933 - 1 = {q }and F = qi.(q  qy*+ qr 97 )*-qr
-R={qa —a. (q qp). 9.b = b. (g, g, qr-a —a.(qp. q0 g1-b > b. (q), qps
qra — a.(q), qp) qrb — b. (q}, 9p) q¢a — a.(qy, q0. q¢b — b. (q), q¢
qra — a. (qy, qp> qp-b —> b. (@, qp qy-a — a. (qy, ¢ qy.b — b. (q), qp)
qja —>a.(qy, 90, 4-b = b. (q5. qp }
This automaton is deterministic and completly specified.

Example of computation:

a

q
/ qr

a

o N /\
N N
q]/\‘l(

‘I)/\‘Ir
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Conclusion. We have shown that pattern matching technics applied in strings and trees can be extented to
a wider class of objects, especially to pdags when patterns are r-dags. In this particular case, we can estab-
lish a connection between the pattern matching algorithm and deterministic automaton that recognizes the
language of pdags that contain one of the considered patterns. This algorithm must be now implemented
and its time and space complexity evaluated. In first approximation, we can give an upper bound of its time
complexity:
let us denote by
patnode : the number of nodes of the pattern
patedge : the number of edges of the pattern
subnode : the number of nodes of the subject pdag
subedge : the number of edges of the subject pdag
The superposition, the comparison of two r-dags, the check to determine if a r-dag is a suffix of an
another is essentially a parallel exploration of the two r-dags and then these processing require
O(n+n’+e+e’) steps where n, n” denote the numbers of nodes of the two r-dags and e, e’ their numbers
of edges.
A r-dag of n nodes has exactly n prefixes.
The r-dag 0 is a subgraph of the subject pdag which is directly deduced from the §’;. The maximum
size of § is approximately the size of d.
Then the computation of prefix(d) M suffix(8) requires O(patnodex(patnode+patedge)) steps.
The set prefix(d) ~ suffix(3) contains at most patnode r-dags, then the computation of
Superposition(prefix(d)  suffix(3)) requires O(patnodex(patnode+patedge)) steps.

So, as the patttern matching algorithm is in fact an exploration of the subject pdag during which, for each
node, we compute Superposition(prefix(d)  suffix(8)), the matching requires at most
O(subedge+subnodexpatnodex(patnode+patedge)) steps. Following this work, efficient preprocessing
algorithm should be designed.

Another interesting question asks for effective procedures which decide if an automaton-definable set of
pdags is or not locally (threshold) testable. This work could be a starting point to study the relation
between first-order properties of pdags and other characterizations as Heuter [7] do it for finite trees.
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