MATHEMATICS AS A NUMERICAL LANGUAGE

ERRETT BISHOP

The one point on which constructivists agree is their criticism of classical
mathematics. Brouwer's great contribution was to analyze intensively the
inadequacies of that system. After Brouwer and Kronecker, we all know a
reformation is needed, but disagree about what course it should take.
Intuitionism, as developed by Brouwer, stresses as basic our intuition of
the integers and our intuition of the real numbers; all of mathematics is to be
reduced to these two primitive constructs. In my book [1] I proposed,
in the spirit of Kronecker rather than Brouwer, that the integers are the
only irreducible mathematical construct. This is not an arbitrary restriction,
but follows from the basic constructivist goal - that mathematics concern
itself with the precise description of finitely performable abstract operations.
It is an empirical fact that all such operations reduce to operations with
the integers. There is no reason mathematics should not concern itself with
finitely performable abstract operations of other kinds, in the event that
such are ever discovered; our insistence on the primacy of the integers is
not absolute.

Thus by ‘constructive’ I shall mean a mathematics that describes or
predicts the results of certain finitely performable, albeit hypothetical,
computations within the set of integers. If a word is needed to delimit this
special variety of constructivism, 1 propose the term ‘predictive’. From
the predictive point of view, Brouwer’s intuitionism at first glance contains
elements that are extremely dubious; free choice sequences and allied
concepts admit no ready numerical interpretation. Moreover, the numerical
content of intuitionistic mathematics is diluted by over-reliance on
negativistic techniques. The role of negation in predictive mathematics is
philosophically secure, if only because there exist negative statements that
do have numerical content. Nevertheless, it is remarkable that a systematic
effort to avoid negation leads uniformly to better results.

Constructive mathematics is in its infancy. According to some, it is
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doomed to the role of scavenger. These people conceive of classical mathe-
matics as establishing the grand design and the imaginative insight, leaving
the constructivists to add whatever embellishments their credos demand.
Although totally wrong, this viewpoint hints at a truth: The most urgent
task of the constructivist is to give predictive embodiment to the ideas and
techniques of classical mathematics. Classical mathematics is not totally
divorced from reality. On the contrary, most of it has a strongly constructive
cast. Much of the constructivization of classical mathematics is therefore
routine; constructive versions of many standard results are readily at hand.
This makes it easy to miss the point, which is not to find a constructive version
of this or that, or even of every, classical result. The point is not even to
find elegant substitutes for whole classical theories. The point rather is
to use classical mathematics, at least initially, as a guide. Much will be of
little value to the constructivist, much will be constructive per se, and much
will raise fundamental questions which classically are trivial or perhaps do
not even make sense. The emphasis will be on the discovery of useful and
incisive numerical information. It is the incisiveness and scope of the
information, not the elegance of the format, that is relevant.

A given classical result may have no, one, or many constructive versions,
none necessarily superior to the rest, because different constructive theorems
can represent different numerical aspects of the same classical result, all
giving different estimates, useful for different ends. In many instances a
classical definition, which makes good constructive sense, no longer rep-
resents the correct point of view, and so must be replaced. Finding the
correct replacement is often a non-trivial challenge, involving considerations
which from the classical standpoint would be absurd. I believe that even-
tually the influence of constructive on classical mathematics will be greater
than the influence the other way. Very possibly classical mathematics will
cease to exist as an independent discipline. In the meantime, it behooves
constructivists to attach their mathematical and philosophical investigations
to mathematics as it exists. Contrary practice has led to numerous irrelevan-
cies and misplaced emphasis. Even a quick look shows that much of the
constructivist literature lacks the serious intent the subject demands.

In this short paper I want to indicate what to me are some of the important
questions of constructive mathematics today. First, I wish to discuss certain
mathematical problems, not because of any special interest or difficulty of
these particular problems, but as an indication of the sort of work that
needs to be done.
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The first example is taken from probability theory. (Modern probabilists
seem to have little or no interest in the computation or even the computa-
bility of the probabilities with which they deal. It is not surprising the
subject is blatantly idealistic.) The Birkhoff ergodic theorem asserts that if
T is a measure-preserving transformation on a finite measure space and f
is an integrable function, then the averages

£7(x) = % (FE)+(Tx)+ ... +f(T")

converge as n — co for almost all x. Constructively this result fails. For a
counterexample in the style of Brouwer, take T to be rotation of the unit
circle through an angle 2na, where « is a real number which, for all we know,
could be equal to 0, but could, on the other hand, be irrational. On the one
hand {f"} would converge a.e. to f, and on the other to the constant function
(2r)~'{f(0)d08. Thus a constructive proof of Birkhoff’s theorem is out of
the question. It is shown in [1] that the sequence {f"} in general satisfies
certain inequalities (of a type first introduced by Doob for the study of
martingales, and called wupcrossing inequalities), which classically imply
the sequence converges a.e. These inequalities, which from the classical
point of view constitute a considerable strengthening of Birkhoff’s theorem
and its principal modern generalizations, would seem to afford a satisfactory
constructive version of the ergodic theorem, but this is not so. In the case
of a completely general measure-preserving transformation, the upcrossing
inequalities are probably satisfactory. In other words, they afford a good
equal-hypothesis substitute for Birkhoff’s theorem. However, we would
also like a good equal-conclusion substitute for Birkhoff’s theorem - that is,
usable conditions on T that imply the constructive convergence of the
sequence {f"} almost everywhere. This is an important open problem.

The next example is taken from algebra. Recently I was asked whether
the Hilbert basis theorem - that a polynomial ring over a Noetherian
domain is Noetherian — is constructively valid. The answer is easily seen
to be ‘yes’. Unfortunately, not even the ring of integers is Noetherian from
the constructive point of view (and therefore the Hilbert basis theorem is
vacuous). For a counterexample in the style of Brouwer, let {n,} be a
sequence of integers, for which we are in doubt as to whether they are all
equal to 0. The ideal generated by the integers n, has no finite basis in the
constructive sense. The problem is to find a constructively usable reformula-
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tion of the definition of a Noetherian ring, which would include the integers
and give constructive substance to the Hilbert basis theorem.

Our third example, from topology, came as a surprise. Elementary
algebraic topology should be constructive, but the definition of the singular
cohomology groups gives trouble. A singular 1-simplex of the unit circle
S! is a continuous function w from the closed unit interval [0, 1] into S*.
Let Q2 denote the set of all such w. A singular 1-cochain ¢ (over the integers
Z) can be thought of as a function from Q to Z. We wish to define con-
structively a singular 1-cochain that generates the one-dimensional cohomo-
logy group of S'. Such a cochain will in particular be a non-constant
integer-valued function ¢ on Q. Now the set Q is arcwise connected, in the
sense that if w,; and w, are any points of £, there exists A: [0, 1] —» @ with
2(0) = w, and A(1) = w,. A result of Brouwer says that every integer-
valued function on [0, 1] is constant. A corollary is that every integer-valued
function on an arcwise connected set is constant. Thus a non-constant
integer-valued function ¢ on @ would counterexample Brouwer’s result.
Brouwer’s result has not been counterexampled. These considerations
indicate the difficulties involved in finding a satisfactory constructive version
of singular cohomology theory.

Each of the three problems just discussed requires the development of
new concepts appropriate to the constructive point of view. None of them
is likely to be given an acceptable solution by the application of a general
technique of constructivization. Incisive estimates and apt definitions are
not to be expected as consequences of general schemes that translate from
classical to constructive mathematics, although translation techniques may
have value in special instances, as we shall see later.

The most urgent foundational problem of constructive mathematics con-
cerns the numerical meaning of implication. Constructivists have custom-
arily accepted Brouwer’s definitions of the mathematical connectives and
quantifiers, implication in particular. According to Brouwer, P - Q means
that the existence of a proof of P necessarily entails the existence of a proof of
0, in other words, there is a method that converts a proof of P into a
proof of Q. In [1] I gave a variant of this definition, fitted to the predictive
point of view: P - Q means ‘... the validity of the computational facts
implicit in the statement P must insure the validity of the computational
facts implicit in the statement Q ...”. There is a discrepancy between
even this reformulated definition and the predictive goal, since, as defined,
P — Qs not a priori predictive of the results of certain finitely performable
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computations within the set of integers. Rather than prematurely attempt
to resolve this discrepancy, in [1] I decided to let the mathematics be the
test, and found that in actual practice there was little difficulty in giving
numerical interpretations to statements with implications or even nested
implications. Although the numerical meaning of implication is a priori
unclear, in each particular instance the meaning is clear. We are at liberty
to continue to treat the numerical meaning of implication as being provided
by the context, but hopefully there exists a philosophical explanation of the
empirical fact that intuitionistic implication in each instance admits a
numerical interpretation. Such an explanation requires a deeper analysis
of the content of a theorem of constructive mathematics. As a point of
departure for such an analysis, I examined a number of theorems and proofs
of [1], and came to the following conclusions.

A complete mathematical statement — that is, a theorem conjoined with
its proof and with all theorems, proofs, and definitions on which it depends,
either directly or indirectly - asserts that a given constructively defined
function f, from a given constructively defined set S to the integers, vanishes
identically. In other words, it asserts VxA(x), where A4 is the decidable
predicate f(x) = 0 and x ranges over S.

Most theorems, standing by themselves, are incomplete mathematical
statements. An incomplete mathematical statement concerns certain entities
whose constructions are not described in the statement itself. For instance,
the prime number theorem

lim M) logn _ |
n— o0 n
implicitly refers to a sequence {n;} of positive integers such that

n(n)logn _q
n

~1
<k,

whenever n > n,. The integers n, can be extracted from the proof of the
prime number theorem, presuming it is constructive (as it is). In general,
an incomplete mathematical statement asserts the existence of an element
y of a set T, such that when the rule for constructing y is given the statement
becomes complete. In other words an incomplete statement has the form
3yP(y), where P(y) is a complete statement with parameter y. According
to the above, the incomplete statement therefore has the form

IyVxA(x, y) (1
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where x runs over a set S, y runs over a set 7, and A(x, y) is a decidable
predicate for each x in Sand y in T.

An incomplete mathematical statement is a consequence of its completion.
Nevertheless, it contains additional information - the intent. If the prime
number theorem were written in the form

n(n) logn _1| < k") ’

Vnvk (n Zn -
n

and n, replaced by its explicit definition, we might fail to realize that the
primary intent was to construct any sequence {n,} making the statement
true. The use of incomplete statements aids the intuition and saves time.
Moreover, incomplete statements are structural components of implications.
An implication P — Q, where P and Q are incomplete statements, means
something quite different from P’ — Q’, where P’ is a completion of P and
Q' of Q.

Let us grant that mathematics is concerned with statements of the form
(1), and inquire how an implication P — Q, where P and Q are statements
of form (1), is to be interpreted as a statement of form (1). The interpretation
we shall develop is due to Gddel [2]. Let P be 3yV¥xA(x,y) and Q be
IvVYuB(u, v), so that P — Q is

IyVx A(x, y) — 3vVu B(u, v). (2)
Pure thought translates this into
Vy(Vx A(x, y) = 3vVu B(u, v)). 3)

For a given value of y, which we now fix, (3) asserts that in case the statement
A(x, y) is true for all x then v can be constructed to have certain properties.
The rule for constructing v will consist of a certain finitely describable
procedure, some stages of which perhaps assume the truth of VxA(x, y).
For example, at a certain stage we may need to know that a certain integer
d is non-zero, in order to be able to perform a division, and it may be
necessary to make use of the hypothesis VxA(x, y) to derive the needed
inequality d # 0. In fact, such an occurrence is no obstacle to giving a
universally valid definition of v. We simply take » to be some convenient
constant in case d = 0 (which constant does not matter). Such considera-
tions lead us to expect we can extend out original construction, and give a
universal construction for an element v of the set in question, with the
property that in case VxA(x, y) does hold, then v will have the value
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originally prescribed. In other words, we conjecture that if we can prove the

statement
¥x A(x, y) = 3wVuB(u, v), (4)

we can actually prove the seemingly stronger statement

Jv(Vx A(x, y) = YuB(u, v)), (5)
which in turn is equivalent to

JoVu(Vx A(x, y) = B(u, v)). 6)

Thus we conjecture that P — Q is actually equivalent to the seemingly
stronger statement

VydoVu(Vx A(x, y) = B(u, v)). (7
To go deeper, fix values of y, v and u, and consider the statement
Vx A(x, yy = B(u, v) (8)

which asserts that the particular decidable statement B(u, v) is a necessary
consequence of the totality of decidable statements A(x,y) for all x.
Experience indicates that a proof of a statement such as (8) actually deduces
the truth of B(u, v) from the truth of finitely many of the statements A(x, y).
Moreover, reflection indicates the difficulty of exhibiting an instance of a
proof of a statement such as (8) that actually uses infinitely many of the
statements A(x, y) to prove the statement B(u, v). Let us therefore conjecture
that if we can prove (8) we can actually construct elements x,, ..., x,
such that

A(xy s Y)A...AA(x,, y) > B(u, v). 9)

Now (9) is a finitary statement involving decidable propositions. Therefore
the rules of classical logic hold, so that there exists k with 1 < k< n
such that

A(x;, y) = B(u, v). (10)
Thus we conjecture that if we can prove (8) we can prove
Ix(A(x, y) = B(u, v)). (11)

Thus we conjecture that (7) is actually equivalent to the seemingly stronger

statement
Vy3vVudx(A(x, y) - B(u, v)). (12)
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Using the axiom of choice, we transform (12) into
IDIRVYVu(A(X(p, u), y) = B(u, i(»)))- (13)

This is our candidate for a numerical version of P — @, and these con-
siderations probably explain why intuitionistic implication in actual practice
admits of numerical interpretation. Godel in [2] proves for a particular
formal system, designed to accommodate large portions of constructive
mathematics, that any proof of (2) can be transformed into a proof of (13).
Whether or not we wish to commit ourselves to this or any other formal
system, Godel’s result strengthens our conjecture that (13) is the proper
numerical version of P — Q, and leads us to define a new type of implication,
which I shall call numerical implication (or Godel implication). With P and
Q as above, P — Q is defined to be the statement (13). Since it appears that
intuitionistic implication in practice amounts to numerical implication, it
would seem that for the philosophical unity of predictive mathematics we
should abandon intuitionistic implication and work with numerical
implication exclusively. Before we definitely accept such a change, we should
check in more detail that numerical implication is actually being used, and,
just as important, that our intuitions can adjust to the change. I believe
experience will prove that numerical implication is at least as natural and
casy to use as intuitionistic implication.

Another important foundational problem is to find a formal system that
will efficiently express existing predictive mathematics. I think we should
keep the formalism as primitive as possible, starting with a minimal system
and enlarging it only if the enlargement serves a genuine mathematical need.
In this way the formalism and the mathematics will hopefully interact to
the advantage of both. As a point of departure, we take a formal system
such as used by Gédel [2]. Another version is given in Spector [6], where
the relevant system is called X, . It is closely related to the system of Kleene
and Vesley [3], with the free-choice type axioms left out.

To give a quick sketch, our system X formalizes the theory of functions
of certain types. The types are defined inductively as follows. The primitive
type is [0], and a function of type [0] is an integer. If ¢, .. ., ¢, are types,
t=(t,...1t,)is a type, and a function of type ¢ is an n-tuple (f;, .. ., f),
where f; is of type t,. If ¢, and ¢, are types, ¢, — ¢, is a type, and a function
of type t, — ¢, is a function from the set of all functions of type ¢, into
the set of all functions of type t,. The types t; — (t, — t3) and (¢,,¢,) = t;
are considered to be the same, and the types ¢ — (¢f;,...,f,) and
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(t->ty,...,t > t,) are considered to be the same. The system Z contains
variables of the various types, for functions of the various types. Variables of
the various types are combined in meaningful ways to form terms. A
variable of type t is also a term of type ¢. If u is a term of type ¢, — ¢, and
b a term of type t,, then u(v) is a term of type ¢,. The constant 0 is a term
of type [0]. For each term u of type [0], the successor 1’ of u is a term of
type [0]. If u is a term of type ¢t and x,. .., x, are distinct variables of
arbitrary types t,,...,t,, then A(x,,...,x,)u is a term of type
(¢4, ... t,) = t, to be interpreted as the function whose value at (1}, .. ., f,)
is the result of replacing x, by f; in 1t (I € i < n). The primitive formulas
of X are of the form u = b, where u and b are terms of type [0]. By means
of the connectives A, v and —, and the quantifiers 3 and V, applied to
primitive formulas, arbitrary formulas are obtained. The statement ‘not A’
is defined to mean ‘4 — 0 = 1. The axioms and rules of inference include
the axioms and rules of the intuitionistic predicate calculus (rules and
axioms Al through A10 and Bl through B4 of [6]), axioms for equality
(axioms C1 through C4 of [6]), the induction rule (rule D of [6]), and the
axiom of choice for all types (an extension of axiom E of [6]). Also included
is an axiom expressing the meaning of the A-operator. For convenience
we might also include axioms for certain functions, as is done in [3].
Our first problem is to interpret sets in the system 2. To each set 4 we
associate a formula A4'(x, y) containing no quantifiers. (Then 4'(x, y) is
decidable for given values of the free variables x and y.) The set 4 is defined
by taking x € 4 to mean Yy A'(x, y). (Of course, x may stand for a finite
sequence (x,,..., X,) of variables of various types, and the same is true
of y. Note that it would be incorrect to define x € 4 by a formula of the
type 3z Yy A'(x, y, z); in such a situation, the value of z is necessary to com-
pletely determine an element of A; hence we should write (x, z) € 4 rather
than x € 4, and define it by the formula VyA4'(x, y, z).) Each set A4 has a
relation of equality, which means we must define x; =,x, by a formula

IzVy A" (x,, X3, ) 2)-

Of course =, must be shown to be an equivalence relation. The special
equality x, = x, defined as Vy(x,(y) = x,(»)) is called functional equality.
Whenever the equality relation on a set 4 is not defined, functional equality
will be meant. In general we require the equality relation on any set to be
weaker than functional equality. If 4’ and A"’ contain a variable u, in
addition to those described above, we have a family of sets indexed by the
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parameter u. This construction will only be used in the special case of a
family of subsets, as described below. If A and B are any sets, defined
respectively by formulas 4’, 4" and B’, B”, we define the set C = F(4, B)
of all functions from A4 to B as follows. Write the formula

Vx(xe A - f(x)e B)AVx Vx,(x, e AAX, €AAX, =4 X3 = f(X;) =pf(x3))

in the form 3uVv C’'(f, u, v). Take (f, u) € C to mean Yo C'(f, u, v). Similarly
take (f1, u;) =c(f2, u,) to mean

Vx(x € A > f,(x) =pf2(x)).

To define a subset B of a set A, according to [1], we must define an element
x of A, perform the construction of an additional function u, and check
that certain additional conditions are satisfied. Thus B will be determined
by a certain formula B’, and (x, ) € B will mean

x € AAVvB'(x, u, v).

We take (x,,u,) =p(x;,u,) to mean x; =, x, . In case B’ contains a
variable w in addition to x, ¥ and v, we obtain a family of subsets of A.
The union and the intersection of a family of subsets of 4 are defined in
obvious ways. In case B, and B, are subsets of A, the formula B, < B,
is defined in an obvious way, and B, = B, is by definition the formula
B, « B,AB, < B,. The statement B, < B,AB, c By - B, = B,, for
instance, is a formula in £ containing as subformulas the formulas A4’,
A", B{, B, and B;. (This particular statement is of course provable in X.)

There is no difficulty in extending the above ideas to complemented sets.
(A4 complemented set, relative to a family & of real-valued functions on a
set A4, is an ordered pair (B,, B,) of subsets of A4 such that for all x € B,
and y € B, there exists fin & with f(x) # f(»).) We first run into difficulty
with Borel sets. In [1] we consider a set 4, a family % of real-valued
functions on 4, and a family .# of complemented subsets of A relative to
F; we define a Borel set generated by .# to be a complemented subset
obtainable inductively from the two following techniques of construction:

(1). The elements of .# are Borel sets.

(2). A countable union (or countable intersection) of Borel sets already

constructed is a Borel set.

Properties valid for an arbitrary Borel set are often proved by induction,
corresponding to the inductive character of the definition just given. The
type of induction in question also occurs in Brouwer’s definition of the



A 11 MATHEMATICS AS A NUMERICAL LANGUAGE 63

constructive ordinals. These definitions seem not to be formalizable in X.
To extend the system X to subsume the theory of Borel sets, it would be
necessary to include the type of induction in question. W. A. Howard tells
me he has constructed such an extension. We shall consider this matter
no further, since there is another approach, which will be explained later.

It appears that the theory of the standard abstract structures — groups,
metric spaces, differentiable manifolds, and so forth, can be developed
within 2. For example, a metric space (X, p) can be realized in 2 by the
formulas X', X' determining the set X, by the element (p, v) of the set
F(Xx X, R°"), and by an element w that arises when the formula

xeXAyeXap(x,y)=0->x=xy

is translated to the form 3IwViP(w,t, p) = 0. We shall abbreviate
M= (X', X", p, v, w), and introduce the notation M e .#ETJ to represent
the fact that X' and X' are formulas defining a set X, that p is a metric
on X, that v and w are the moduli introduced above, and that a certain
formula Vy.#'(p, v, w, y), which contains X’ and X"’ as subformulas and
expresses the fact that p is a.metric on X and » and w are the moduli de-
scribed, is valid. As a formula of X, M € .# &7 stands for Vy.#'(p, v, w, y).
We might call 8T a large set (or a class), as distinguished from the sets
already defined (which we sometimes call small sets).

Although the metric spaces form a large set, rather than a small set,
the compact (metric) spaces can be regarded as a small set, as follows.
Let T be the set of totally bounded pseudo-metrics on the integers Z. For
each p in T, let Z, be the completion of Z with respect to p. The set of all
such completions is the set of all compact spaces.

In the same way, there is a small set of locally compact spaces.

A (small) category C is an analog of a small set. The set X of objects of
C is specified by a formula X", and the equality relation on X is taken to be
functional equality. Another formula Y’ defines the sets Hom (x, x;)
of morphisms, so that ze Hom (x,, x,) means Yy Y’(x, x,, z, ). A third
formula gives the equality relations on the sets Hom (x,, x,). There is a
function e which to each x in X assigns an element (the identity element)
e, of Hom (x, x). There is a function which to each z, € Hom (x,, x,)
and z, € Hom (x,, x;) assigns an element (their product) of Hom (x,, x,).
The usual axioms for a category must be satisfied.

Of course, all metric spaces, or all groups, or all vector spaces over R
cannot be regarded as a small category. However, if a suitable cardinality
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restriction — such as separability or countability - is imposed on the indivi-
dual objects, many classical categories can be considered as small categories
in our sense. Examples are the compact (metric) spaces, the locally compact
(metric) spaces, the countable metric spaces, the (separable) Banach spaces,
the countable groups, the locally compact (metric) groups, the (metric)
differentiable manifolds, and the countably generated vector spaces over R.
Functors are easily treated, and a suitable framework for homological
algebra is thereby provided. For example, one can formalize the definition
of the singular homology functor from the small category of locally
compact spaces to a certain small category of abelian groups, and
presumably derive in X the standard properties of singular homology.

Following the procedure we used for defining a large set, we can define
a large category. For example, to make .#&Z into a large category,
we must first define the set Hom (M, M,) of morphisms connecting given
objects M, € MET and M,e MET of MET . Again the membership
relation z € Hom (M,, M,) is defined by a formula Vy.#"'(M,, M,, y, z),
where our notation indicates that .#'' is a formula with variables p,, v,,
Wy, P2, Uz, Wy, ¥, Z containing X, X', X; and X5 as subformulas. Another
formula will give the equality relation on Hom (M, M,). Again the func-
tion e which assigns to each M € .# &7 an identity element of Hom (M, M)
and the function describing the product of morphisms must be given. The
structure of these functions needs further elucidation. They will not be fixed
functions of the system X, because their types will depend on the types of
their arguments, which are not fixed. Presumably their definitions will have
the same form independently of type.

Continuing along the above lines, we should have no difficulty in defining
functors between large categories. Whether the theory would be useful in
constructive mathematics is not clear. On the one hand, it is possible that
small categories are adequate for the applications, but it is also possible
that something more general than a large category might be needed, to
define which we would need to enlarge the system Z.

Consider a positive measure g on a compact space X, that is, a non-
negative linear functional f— [fdu on the space C(X) of all continuous
real-valued functions on X. We wish to define the measures of certain
subsets of X. It would be extremely awkward to attempt to formalize the
theory as given in [1] in the system X, because there is no set of Borel sets
and therefore no set of measurable sets in 2. Thus we must either extend ~
or take another approach. It turns out that a modification of the approach
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of [1] gives a theory that is not only formalizable in X but improves the
original version. The idea is to define a partial set S to be a triple (£, {f;}, M),
where fe C(X), 0 < f< 1, f;e C(X) and 0 < f; for each positive integer j,
and M is a positive integer, such that

(a). o(S) =lim ff;du exists,
Jo o

(b). fyr > min {f, 1—£},
(C). fi€fh<....

Then we define x € S to mean that there exists 6 > 0 with f(x) > f,,(x)+6
for all positive integers m, and x € ~ S to mean there exists § > 0 with
1 —f(x) > fu(x)+ for all m. Consider xe S and ye ~ S. Now either
Ju(x) = f(x) or fy(x) = 1—f(x), by (b). Since the former inequality
contradicts x € S, we have in fact fy,(x) > 1 —f(x). Hence 1 —f(x) < f(x).
Similarly f(y) < 1—f(y). Hence x # y. Write S’ = {x:xe ~ S} and
S = {x: xe ~ S}. The ordered pair

a(S) = (S, S")

is a complemented set in the sense of [1], which means that if x € S’ and
yeS’” then x # y. The complement of S is defined to be the triple
~ S = (1-f, {f;}, M). Cleatly a(~ S) = ((~ S),(~ S)") = (5", ")
which by definition (see [1]) is —(S’, $”') = —a(S).

Now if T = (g, {g;}, N) is a second partial set, we define S < T to mean
that for each positive integer m there exists a positive integer y = y(m)
such that | f—g| < f,—g,,. Clearly, S < T if and only if ~ § < ~ T. Also
S < U whenever S < Tand T < U, and x € T whenever xe Sand S < T.
Hence S < Timplies that «(S) < a(T), in the sense that x € a(S) — x € «(T)
and x e —a(S) - xe —a(T).

For the partial set S considered above, write j S = [fdu. For the partial
sets S and T given above, S < T implies

[s- 7] =|fron- [os

The union Sv T of the partial sets S and T is
SvT = (max {f, g}, {f;+9;}7=1, M+ N).

< f:f—gldu <

< f (fy—gmdu < ff,du < ofS).
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It is easily seen that Sv T is a partial set, with o(SvT) = o(S)+a(T).
Similarly, SA T is defined to be

(min {f, g}, {f;+9;}7=1, M+N).
It is a partial set. We have
~(SvT)= ~SA~T and ~(SAT)= ~Sv~T.
IfS, < S, and T, < T,, then

S;v8, <TyvT, and S, AS, < T\ AT,.
Also
aSvT) < aS)u a(T) and a(SAT) < S) + a(T).

A measurable set S= {S(n)}.~, is a sequence S(1) < S2) < ... of
partial sets, with

S(n) = (f(n, ), {f(n,)}i=1, M(n)),
such that lim,_, , o(S(n)) = 0. The limit

u(S) = im | f(n, )dp,

called the measure of S, exists. If T is another measurable set, we define
(SvT)n) = S(n)vT(n) and (SAT)(n) = S(n)AT(n) for each n. Also
(~ S)(n) = ~ S(n). It follows that SvT, SAT and ~ S are measurable
sets, and the usual algebraic laws are valid.

For each measurable set S, we take x € S to mean x € S(n) for some n,
and xe ~ S to mean x€ ~ S(n) for all n. Correspondingly we write
«S) = Uiz, o(S(n)). Then a(~ S) = —aS).

If the measure u(S') of the measurable set S is positive, then [f(n, *)du >
> w(S,) for some n, and a construction similar to that of [1] gives a point
x € S(n). Hence x € S, so that a(S) is non-void.

If {S(*, k)}x%, is a sequence of measurable sets, such that

C = lim u(S(-, 1) v...vS(, k))
exists, a somewhat complicated definition basically similar to that given
in [1], leads to a measurable set S = V%, S(-, k) having the following
properties:

(1) us)=C¢
(2). a(S) < Uiz 1 o«S(-, k).
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An operation A is defined similarly. The theory of chapter 6 of [1] can be
developed in this framework.

To formalize in X the notion of an abstract measure space, definition 1
of chapter 7 of [1] must be rewritten as follows. A measure space is a family
M = {A,};er of complemented subsets of a set X relative to a certain
family % of real-valued functions on X, a map u: T — R°*, and an addi-
tional structure as follows: The void set @ is an element 4,, of .#, and
u(to) = 0. If s and ¢ are in 7, there exists an element sv ¢ of T such that
Agvy < A, U A,. Similarly, there exist operations A and ~ on T, corre-
sponding to the set-theoretic operations n and —. The usual algebraic
axioms are assumed, such as ~ (svt) = ~ sA ~ t. Certain measure-
theoretic axioms, such as u(sv t)+pu(sAt) = u(s)+ u(t), are also assumed.
Finally, there exist operations V and A. If, for example, {#,} is a sequence
such that C = limy, ,p(t, v...v ) exists, then V {z,} is an element of
T with measure C. Certain axioms for VV and A are assumed. If T is the
family of measurable sets of a compact space relative to a measure yu, and
the set-theoretic function u: 7 — R°* and the associated operations are
defined as indicated above, the result is a measure space in the sense just
described.

Considerations such as the above indicate that essentially all of the
material of [1], appropriately modified, can be comfortably formalized in X.

Much effort has been expanded in developing formal systems to accom-
modate Brouwer’s theory of free choice sequences and related constructs.
I am of the opinion that this is not the appropriate approach to Brouwer’s
ideas. Presuming we are satisfied with 2 as a vehicle for predictive mathe-
matics, I think we should realize the non-predictive portions of intuitionistic
mathematics as part of the metatheory of X, rather than trying to incorporate
them in some modification of X. (Aspects of Brouwer’s approach to free
choice sequences lead me to think he might have been sympathetic to this
point of view.) Now the metatheory of Z is based on the work of Gédel [2],
who shows that every function proved in X to exist can be constructed
(simply by unwinding the existence proof) by means of certain canonical
operations. Kreisel [5] has shown that every function f, of the type mapping
sequences of integers into integers, constructed by means of Gédel’s
canonical operations, is continuous, in the sense that if @, is any sequence
of positive integers there exists a positive integer N such that if » and o’
are any sequences of integers with |w| < w, and w(n) = w'(n) for all
n < N then f(w) = f(w’). This can be regarded as the central result of
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Brouwer’s theory of spreads. Thus we can develop Brouwer’s ideas as a
metatheory. In particular, Brouwer’s result that every f: R — R is continuous
emerges as a meta-theorem, which states that if we construct within X a
function f: R — R having a certain property, then we can construct a con-
tinuous f having the same property. In fact more is true, the canonical
function which is constructed by unwinding the formalized proof of the
existence of fis continuous. After these results have been proved as meta-
theorems, it becomes constructively meaningful to build a new formal
system to incorporate the metatheory. This is not attractive at present, since
the theory of spreads has found no significant mathematical applications.

In [1} I remarked that the constructive theory of Banach algebras, given
in chapter 11, was forced and unnatural, and that some metatheory was
indicated, to smooth the transition from the constructive to the classical
proofs. Although it is too early to speak with assurance, it appears that for
the particular application I had in mind the metatheory in question is
provided by the numerical (or G&del) interpretation of implication. The
principle result of chapter 11 of [1] involves the notion of a partial ideal P
of a Banach algebra 9, determined by elements x,,...,x, of % and a
totally bounded subset 4 of 9, and defined as

P=Px,...,.x,A)
= {x,;y;+ ... +x, i y;€A for 1 < i< n}.
If x,, ..., x, generate an ideal I of ¥, then the distance of I to the identity

eis 1, so that for each A the distance of P to eis at most 1. Thus the statement
S(xy,. .., x,), that x,, ... x, generate an ideal, can be written

VAVa dist (P(x,, . . ., x,; A), €) > a,

where A ranges over the totally bounded subsets of % and « over the positive
constants < 1. Now we want to constructivize the result I', that if
Xy, ...Xx, generate an ideal I, then for each x in A there exists a complex
number z such that x,, ..., x,, x—ze generate an ideal; in other words,
the statement S(x,,..., x,)— 3zS(x,,...,x,,x—ze). A simple and
trivial modification of the classical proof of I' gives a constructive proof
of the weaker statement I’

S(xy, ... x,) > VBVB3Iz dist (P(x,, . . ., X,, Xx—ze; B), e) > B,
where B ranges over the same set as 4 and § the same set as «. The numerical

meaning of I'" is
VBYf3z343'Q,
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where Q is the statement
dist (P(xy, . . ., X,; A), ) > a — dist (P(x,, . . ., x,, x—ze; B), ) > B.

This is just the constructive substitute for I' which was proved in [1] by
extremely tedious considerations.

Certain other results in the theory of Banach algebras, not treated in [1],
cannot be constructivized so simply. For example, an unpublished result
Q of the author, first published in [7], states that if y is a differentiable arc
in complex n-space C", then every continuous function f: y — C can be
uniformly approximated on y by polynomials in the coordinates z,, .. ., z,
of C". Stolzenberg informs me he has constructivized the classical proof,
in case y is analytic, by no means a simple task. To try to get a cheap con-
structivization, note that for each k the distance di(f, y) of f to the poly-
nomials of degree k, with coefficients bounded in absolute value by k, is
computable. (The proof is left to the reader.) Thus our statement Q has
the form

VfVyVYm3k3j(j > madi(f,y) < m™'),

where f ranges over the set of functions from y to C, y over the differ-
entiable arcs in C", and dJ(f, y) is the jth rational approximation to the real
number d,(f, 7). Actually this is an abbreviation of

VFYYYm(Yy A(f, 7, y) - 3k3j(j > mAdi(f,y) < m™Y)),
or
VfYyYm3k3Ey(A(f, v, ¥) > (J > mAadi(f,7) < m™Y)),

where now the variables f, y, m, k, j and y range over all functions of certain
types, and Vy A(f, y, y) is the statement that f and y actually belong to the
above-mentioned sets. Thus our approximation statement  is an Y3-
theorem, which means it can be written in the form Vu3vP(u, v), where P
is decidable. Now it is an empirical observation that ¥3-theorems of classical
mathematics tend to be constructively valid, so we suspect there is a meta-
theorem to that effect. For instance, we might try to prove the metatheorem
M that every Y3-theorem provable in the system X’ obtained by adjoining
the axiom of the excluded middle to X is constructively valid. (Presuming
the classical proof of the above theorem Q can be formalized within X',
such a metatheorem M would imply that Q is constructively valid.) Now
Spector [6] has proved such a metatheorem M. Unfortunately, his proof
involves an inductive procedure whose meaning is unclear, and so the
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question is still open. At least for certain special theories, such a meta-
theorem could be extremely useful.

The system X, with the predictive interpretation of implication, can
certainly be presented as a programming language like fortran and algol.
As stated before, each theorem T of X has the form 3xVy A(x, y), where x
is constructed in the proof of . We should be able to write a compiler for
the language X, so that whenever a proof of such a theorem 7 is read into
our computer, the computer will compile a program to compute the con-
structed quantity x. What do we mean by a program to compute a given
function x of a given type? Without loss of generality, we consider only
functions x whose values are finite sequences of integers of a given length
n. Our question can be answered by induction. Presumably we know what it
means to program the computer to compute a given integer. If x is an
n-tuple (x,, ..., x,) of functions, to program the computer to compute x
we program it to compute each of the functions x,, .. ., x,. Finally, if x is
of type t — [0], a program to compute x is a program to compute x(u)
for an arbitrary argument u of x. Since x(u) is determined by the values of u,
the only information the program will need about u is the values of u at
certain of its arguments y,, ..., y,, where of course y; may be a function
of u(y,), ..., u(y;-1), and k itself may be determined in the course of the
computations. Thus the program for computing x will contain as sub-
programs the programs for computing y,,..., 7. The computation of
u(x) will request the values u(y,),..., #(y,) at certain junctures, which
will be supplied by the program for computing u we supply the machine
when we request x(«) in conjunction with the programs for computing the
y; (which are part of the program for computing x). Thus by induction we
see what it means to program the computation of a given function x.
Of course, the program may call on other programs, or subroutines, rep-
resenting proofs of theorems referred to in the proof of the given theorem.
Definitions may be called as well. Types of functionals will presumably be
established by type declarations, as in algol.

As an example, consider the theorem of Koksma [4] that the set 4 of all
6 > 1, for which the powers {6"}%., are equidistributed modulo 1, is a full
subset of the set of real numbers > 1, which means its complement has
measure 0. Jonathan Tennenbaum has asked whether it is possible to ex-
plicitly exhibit an element 6 of A, in the sense we can compute an arbitrary
term of the decimal expansion of 6. The answer hinges on whether Koksma’s
proof is constructive. It is, except at one point, and that point is easily
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constructivized. The upshot is that the answer to Tennenbaum’s question
is ‘yes’. Thus, having realized X as a programming language, we could feed
the formalized constructivized version of Koksma’s theorem into the com-
puter, then feed in a positive integer n, and request the machine to output
the nth term of the decimal expansion of the fixed # constructed in the
proof. We might have to wait a long time.

It would be interesting to take X as the point of departure for a reasonable
programming language, and to write a compiler.

ADDED IN PROOF. The author wishes to thank G. Kreisel, J. Myhill, and
G. Stolzenberg for correcting inaccuracies in the original draft. Myhill
notes that in view of such definitions as that of (f, #) € C, it would be more
comfortable to extend X by adding as axioms the formulas which specify
the numerical interpretation of implication. On further research, I have
not been able to find in [5] or elsewhere in Kreisel’s work the quoted result,
that every f mapping sequence of integers into integers is continuous.
Kreisel proves a somewhat weaker result, a form of pointwise continuity.
However, the quoted result is valid. The numerical interpretation of state-
ment (2), as given above, is valid only when each of the variables x, y, u, v
ranges over a basic set — a set for which no computations are necessary to
check that an element belongs to the set. In X, all variables range over basic
sets; in informal mathematics, all statements can presumably be phrased
in terms of variables ranging over basic sets.
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