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Asstract. If Cis a category with pullbacks then there is a bicategory wighsiame objects
asC, spans as morphisms, and maps of spans as 2-morphismsyasishBenabou. Fong
has developed a theory of “decorated” cospans, which apaogsnC equipped with extra
structure. This extra structure arises from a symmetriaaxoidal functor-: C — D;
we use this functor to “decorate” each cospan with adex C with an element of(N).
Using a result of Shulman, we show that wh@rhas finite colimits, decorated cospans
are morphisms in a symmetric monoidal bicategory. We ilatst our construction with
examples from electrical engineering and the theory of éba&meaction networks.

1. INTRODUCTION

Networks are becoming increasingly important in appliedh@matics and engineer-
ing, and developing a general theory of networks will reguiew ideas connecting these
subjects to category theory. We think of a network with sonpmitsX and outputsy as
a cosparX —» N « Y in some categorZ, and compose these cospans using pushouts.
Typically, however, the apel is equipped with some extra structure, so we also need a
way to compose the extra structures. This was recently dpedlby FongT], who gave a
general recipe for constructing ‘decorated cospan caegj@nd functors between these.
Baez, Fong and Pollard have used decorated cospans to mevesults about electrical
circuits and Markov processe3, [3, 13].

However, besides asking whether two networks are equahkessense to ask if they
are isomorphic. Thus, cospans are not merely morphisms ategary, but morphisms
in a bicategory—indeed, this example appeared already maB&u’s original paper on
bicategoriesq]. In fact, if C is a category with finite colimits, Stay has proved there is a
symmetric monoidal bicategory whose morphisms are cospan$16]. For applications
to network theory, we need to generalize this result to dgedrcospans. Stay’s result,
which allowsC to be a 2-category, used Houng's work on tricategorie9], but for
our purposes an easier approach is to use Shulman’s teehfioigconstructing symmetric
monoidal bicategorieslp]. This involves first constructing a symmetric monoidal e
double category. It is worth comparing Lerman and Spivaldsknon network theory, in
which they construct a monoidal pseudo double categoryistimg of vector spaces, linear
maps and linear relation& ]].

If F: C — Dis a functor, then we can decorate the apex of a cosp&nvhich is an
objectN € C with an element of(N) € D given by a morphisnf: I — F(N) wherel
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is the unit object for the tensor productlh As a specific example, & = FinSetand
D = Setand letF: Finset — Setbe the functor that assigns to each finite Nehe set
F(N) of all ways of assigning ‘weights’ given by non-negativalraumbers to edges of
a graph whose vertex sethé To see what this would look like, I be an arbitrary 3
element set. Then one possible assignment of weighted ¢altesould be:

0.2

0.8 2.0

In applications to electrical circuits, one could use a\lwgdd graph of this type to represent
an electrical circuit made of resistors where the weighggasistances. Here, our weights
are elements of the skt= (0, ). The above diagram is an instance of a ‘weighted graph’,
and is one possible example of an elemerf ().

From this graph, we can select subsets of nodlesndY to be the inputs and outputs,
respectively, which then yield maps— N andY — N. These together with the specified
element ofF(N) above gives us a ‘decorated cospan’ which is a cogpanN « YinC
together with a mags: 1 — F(N), where the mays specifies the decoration on the finite
setN by selecting an element out B{N). In our example of weighted graphs, a decorated
cospan might look like:

s: 1 - F(N)

In the application to electrical circuits, the mays— N andY — N specify the inputs
and outputs of the circuit, respectively, and are not reggltio be injective maps. In Section
5, we present an example where not all of the maps are injectiddfe can then compose
these electrical circuits by identifying the inputs of onighvthe outputs of another. We
refer the curious reader to Fong

2. OVERVIEW

Throughout this paper, whenever we €2iis a category with finite colimits, we mean a
categoryC with finite colimits and with chosen pushouts and coprodtartgvery pair of
objects inC. Fong’s main result on decorated cospafisq the following theorem:

Theorem 2.1. Let (C, +) be a category with finite colimits and 1€D, ®) be a symmet-
ric monoidal category. Let FC — D be a symmetric lax monoidal functor. Then
FCospanC) is a symmetric monoidal category, where FCos|@3ri§ the category whose
objects are that of and whose morphisms are given by isomorphism classes aférated
cospans, where an F-decorated cospan is a pair
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F(N)

N
SN
N S
X Y I
and the composite of this F-decorated cospan with

N’ F(N)
SN ]
) s
Y z I
is given by
N +v N’ F(N +y N’)

2N ]
) s’
X 4

I
where § is the composite

I——>I®I——>F(N)®F(N) F(N+N)—(_N”_)>F(N+YN)
Here,¢n N IS the natural transformation of the lax monoidal functordgyn : N + N —
N +vy N’ is the natural morphism from the coproduct to the pushoud, ve maps J and
Jn are the map dn restricted to N and N respectively.

Fong’s result is actually slightly more general than thishat he only required, ®)
to be braided monoidal. But actually, without loss of geligtave may assume that
(D, ®) = (Set x) due to the existence of thggobal sections functor which is the braided
lax monoidal functoG: D — Setdefined byd — hom(, d), wherel is the unit object for
the tensor product ofY, ®).

In this paper, we will not take isomorphism classes, and Baoung’s result can be viewed
as a decategorification of the result in this paper. Our gotd prove the following theo-
rem:

Theorem 2.2. Let (C, +) be a category with finite colimits and 1€D, ®) be a symmet-
ric monoidal category. Let FC — D be a symmetric lax monoidal functor. Then
FCospaifC) is a symmetric monoidal bicategory, where FCogqi@Jns the category whose
objects are that o€, whose morphisms are given by F-decorated cospans and vhose
morphisms are given by globular maps of F-decorated cospahsre a globular map of
F-decorated cospans is a pair of commuting diagrams of theviing form.

F(N)

/\/
\/\

F(N)

F(h)

Proof. Let C be a category with finite colimits and & be a symmetric monoidal cat-
egory. Note thaC then becomes symmetric monoidal with the coproduct as thsote
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and the initial object, which we denote as 0, for the unit. Eef(C, +,0) — (D, ®, 1) be

a symmetric lax monoidal functor. By Propositidrl, Theoren¥.2 and the definition of
‘fibrant’, we have that Cospa@j is a fibrant symmetric monoidal double category. Denote
by BD the delooping of the symmetric monoidal categbrinto a one-object bicategory.
The one object bicategoBD can then be viewed as a symmetric monoidal pseudo double
category as proven in Propositidt8and Propositiod.4 In Propositiord.5, we construct

a symmetric lax monoidal double functbf: CospanC) — BD such thaf’ acts ag- on
vertical 1-morphisms and horizontal 1-cells, which are pihisms and cospans @, re-
spectively. Viewing the trivial categoryas a symmetric monoidal double category, define
a symmetric oplax monoidal double functer 1 — BD whereE picks out the unit object

of BD. We then construct in Theore8the pseudo comma double categdeyk’), and
show that it is the symmetric monoidal double categor{ afecorated cospans @. We
show this symmetric monoidal double category is fibrant iop@sition4.9, and applying
the following result of Shulmanlff] yields FCospanC) as the ‘horizontal bicategory’ of
(E/F), denoted a$i(E/F). This completes the proof of the theorem. O

Theorem 2.3(Shulman) LetD be a fibrant symmetric monoidal double category. Then
H(D) is a symmetric monoidal bicategory, wher€l} is the horizontal bicategory db.

This then gives a symmetric monoidal bicategory whose ¢bge objects of, whose
morphisms are decorated cospans, and whose 2-morphisrpaiesef commuting dia-
grams as above. In what follows we denote a double categdyasing font as such, and
regular categories as well as bicategorieBas

3. DEFINITIONS AND BACKGROUND

Pseudo double categories, also known as weak double cegeduave been studied by
Fiore in [6] and Pare and Grandis i8][ Before formally defining them, it is helpful to
have the following picture in mind. A pseudo double cateduag 2-morphisms shaped
like:

A-Y.B

| o

C_,h_) D

We call A, B,C and D objects orO-cells f andg vertical 1-morphisms, M and N
horizontal 1-cellsanda a 2-morphism. Note that a vertical 1-morphism is a morphism
between 0-cells and a 2-morphism is a morphism betweendragek 1-cells. We will
denote both kinds of morphisms and horizontal 1-cells asglesiarrow, namely—=’,
unless in a diagram, in which case they will be denoted aseabov

We follow the notation of Shulmarip] with the following definitions.

Definition 3.1. A pseudo double categoryD, or double categoryfor short, consists of a
category of object®y and a category of arrowid; with the following functors

U:Dg— D1
S, T: D1 =2 Dg
©: D1 xp, D1 — D; (where the pullback is taken ovBg L Do i Dj)
such that
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S(Ua) = A=T(Un)
S(MoN) = SN
T(MoN)=TM

equipped with natural isomorphisms

a: MoN)oP 5> Mo(NoP)
1:UgoM S5 M
p:MoUp—- M

such thatS(a), S(1), S(p), T(a), T(2) and T(p) are all identities and that the coherence
axioms of a monoidal category are satisfied. Following th@atimn of Shulman, objects
of Dg are called0-cellsand morphisms oDy are calledvertical 1-morphisms. Objects

of D; are calledhorizontal 1-cells and morphisms oD; are called2-morphisms The
morphisms ofDg, which are vertical 1-morphisms, will be denotéd A — C and we
denote a 1-celM with S(M) = A, T(M) = Bby M: A-» B. Then a 2-morphisra: M —

N of D; with S(a) = f, T(a) = g would look like:

A —'Y'—>
fl la
C -

vy}

%
«

O

The key diference between a ‘strict’ double category and a pseudo daalégory is
that in a pseudo double category, horizontal compositi@s$®ciative and unital only up
to natural isomorphism. Equivalently, as a double categarybe viewed as a category
internal toCat, we can view a pseudo double category as a category ‘weakbrrial to
Cat. We will sometimes omit the word pseudo and simply say doaategory.

Definition 3.2. A 2-morphism wherd andgare identities is calledglobular 2-morphism.

Definition 3.3. LetD be a pseudo double category. Thenltloeizontal bicategory of D,
which we denote aBl(D), is the bicategory consisting of objectsIof 1-morphisms that
are horizontal 1-cells db and 2-morphisms that are globular 2-morphisms.

Definition 3.4. A monoidal double categoryis a double category equipped the following
structure.

(i) Do andD; are both monoidal categories.

(ii) If 1 is the monoidal unit oDy, thenU, is the monoidal unit oD;.

(iif) The functorsS and T are strict monoidal, i.eS(M ® N) = SM @ SNand
T(M ® N) = TM ® TN andS andT also preserve the associativity and unit
constraints.

(iv) We have globular isomorphisms

¥ (M1 ® Np) © (M2 ® Np) — (M1 0 M) ® (N1 © Ny)

and

u: Uags N (UA ® UB)
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such that the following diagrams commute:

((M1.® N1) @ (M2 @ N2)) © (M3 ® Na) =2 (M1 © M) @ (N1 © Np)) © (M3 @ Na)

a X

(M1® N1) @ (M2 ® N2) © (M3 ® Ng)) (M1 M) © M3) ® (N1 © N2) © Na)

l®ll la@a

(Ml ® Nl) o ((Mz O} Mg) ® (N2 o Ng)) — (Ml o (M2 o Mg)) ® (Nl O} (N2 O} Ng))

1ou

(M®N)oUcgp —— (M ® N)© (Uc ® Up)

pl J

MeN«— (MoUc)® (NoUp)

uel

Upes ©(M ® N) — (Ua ® Ug) ©(M ® N)
| i
M&N+— 2 UpoM)® (UsoN)

(v) The following diagrams commute, expressing that theaasivity isomorphism
for ® is a transformation of double categories.

(M1 ® Np) ® P1) © (M2 ® Np) ® P2) == (M1 ® (N1 ® P1)) © (M2 ® (N2 ® Py))

X X

(M1 ® N1) © (M2 ® Np)) ® (P10 Py) (M1oM2) ® (N1 ® P1) © (N2 ® P2))

x®ll ll@x

(M10 M2) ® (N1 © N2)) ® (P1© P2) —— (M10 M2) ® (N1 © N2) ® (P1© P2))

Ua
Uasgiesc ———— Unag(Bsc)
Uags ® Uc Ua ® Uggc

x®ll Jl@x

(Ua ® Ug) ® Uc —— Ua ® (Ug ® Ug)

(vi) The following diagrams commute, expressing that th& isomorphisms fo
are transformations of double categories.

(MeU)o(NeU) —— (MoN)e (U, oU)

ot l ll@l

MoN+———  (MoN)&U,
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Uagl —u> Ua® U,

N

Ua

U oMol &N —— (U oU)e(MoeN)

z@zl lp@l

MoN+—— U &(MoN)

Uiga —u> U ® Ua

N

Ua
Similarly, a braided monoidal double category is a monotttaible category with the
following additional structure.

(vii) Do andD; are braided monoidal categories.
(viii) The functorsS andT are strict braided monoidal (i.e. they preserve the brgg)in
(ix) The following diagrams commute, expressing that treding is a transformation
of double categories.

(M10 Mz) ® (N1© Nz) —— (N1 © Np) ® (M1 © My)

(M1 ® Np) © (M2 ® N2) —— (N1 ® M1) © (N2 ® Mp)

Ua® Ug —— Upgs -

UB®UAﬁUB®A

Finally, a symmetric monoidal double category is a braideel such that
(x) Do andD; are in fact symmetric monoidal.

Definition 3.5. Let D be a double category antk A — B a vertical 1-morphism. A
companionof f is a horizontal 1-celf : A-+ Btogether with 2-morphisms

f Ua
—
fl U H and H U lf
—
iiB f
such that the following equations hold.
Ua
Ua Ua f f
H I lf — — — —
sy T E N R RN RN L
f
I R
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A conjoint of f, denotedf: B+ A, is a companion of in the double categorip™°P
obtained by reversing the horizontal 1-cells, but not th#iea 1-morphisms, oD.

Definition 3.6. We say that a double categoryfisrant if every vertical 1-morphism has
both a companion and a conjoint.

Definition 3.7. Let A andB be pseudo double categories. l& double functor is a
functorF: A — B that takes items of to items ofB of the corresponding type, respecting
vertical composition in the strict sense and the horizoocwahposition up to an assigned
comparisonp.

Thus, every objedAis equipped with a special globular 2-morphiga 1r;a — F(1a)

(the identity comparison), and every horizontal compogiti; © N, is equipped with a
special globular 2-morphisg(N;, N2): F(N1) © F(N2) — F(N; © Ny) (the composition
comparison), in a coherent way. This means that the follgwliagrams commute.

(i) For a horizontal composit@, x a,

F(N2) F(N1) F(N2) F(N1)

F(A) —— F(B) —— F(C) F(A) —— F(B) —+ F(C) .
| ro | oo | | e |

FX) wig FB) g FC) = F(A) ————F(C)
ll #(N3,Ng) J/l l F(Bxa) J/

FA) —emg— F©) FA) —amo— F©)

(i) For a horizontal 1-ceIN: A — B, the following diagrams are commutative (un-
der horizontal composition).

A
F(N)© 1ra) — 5 F(N) 1re © F(N) — 5 F(N)
10 ¢a Fp PO 1 Fa
(N, 1) ¢(1,N)
F(N)o F(1a) =% F(N o 1a) F(1s) @ F(N) =2 F(1g @ N)

(iif) For consecutive horizontal 1-celld;, N, andNg, the following diagram is com-
mutative.

(F(N1) © F(N)) © F(Ng) —— F(N1) © (F(N2) © F(Ng))
(N1.N)oL 106(N2.N3)
F(N1© N2) © F(Ns) F(N1) © F(N2 © N3)
¢(N1®N2,Ng)l l¢(N1,Nz®N3)

F((N1® N2) © N3) —— 2 F(N; © (N © Na))
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Definition 3.8. Let A andB be pseudo double categories @adA — B a lax double
functor. Anoplax double functor is a functorF: A — B such that= andF agree on
all objects, vertical 1-morphisms and horizontal 1-cefid ashereB°° denotes the pseudo
double categorp with all 2-morphisms reversed. In other words, we reversadirection
of the assigned comparis@nfor horizontal composition in the definition of lax double
functor.

Definition 3.9. A lax double functo: C — D between monoidal pseudo double cate-
gories is(lax) monoidal if it is equipped with:

(i) amorphisme: 1p — F(1c)
(i) a natural transformatiopag: F(A) ® F(B) — F(A® B) for all objectsA andB
of C
(iii) a morphisms: Uy, — F(Uy.)
(iv) anaturaltransformationyn: F(M)®F(N) - F(M®N) for all horizontal 1-cells
N andM of C

such that the following diagrams commute: for obje&t8 andC of C,

(F(A) @ F(B))® F(C) v, F(A) ® (F(B)® F(C))
HAB®1L 1eusc

F(A® B)® F(C) F(A) @ F(B®C)

ﬂA@B,Cl lﬂAB@C

F(A®B)®C) —*  F(A® (B®C))

rFA) e
F(A) ® 1p F(A) Ip @ F(A) ——— F(A)
1®e F(ra) e®1 F(ta)
Hale HicA
F(A) @ F(lc) —— F(A® 1) F(lo)® F(A) —— F(1c® A)

and for horizontal 1-cell$l;, N, andNs of C,

(F(N1) @ F(N2)) @ F(Ns) —— F(Ny) & (F(No) © F(Na))

VNl'NZ@ll ll@vNZTNB

F(Nl ® Nz) ® F(Ng) F(Nl) ® F(N2 ® N3)

VN1@Np. N3 YN7,Na®N3

F((NL ® N2) ® N3) ——%—— F(N1 ® (N2 ® N))
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TE(Ng) Crng)

F(Np) @ Uy, ——— F(Nyp) Uy, ® F(N)) ———— F(Ny)
186 F(rny) 5®1 F(tny)
YNLUL YUy Ny
F(N1)®F(U1c) —_— F(N1®ULC) F(U1C)®F(N1) e F(U;LC®N1)

Note that our monoidal lax double functors laxly preservthtibe tensor product and
composition, so that we in fact halax monoidal lax double functors. We will simply say
‘lax monoidal double functor’ to avoid repetitiveness.

Definition 3.10. A braided lax monoidal double functor F: C — D between braided
monoidal pseudo double categories is a lax monoidal doulsietér that makes the fol-
lowing diagrams commute for all objecdsandB of C and all horizontal 1-cell§1 andN
of C.

BE).F®) BEM)F(N)

F(A)®@ F(B) —— F(B)® F(A) F(M)® F(N) —— F(N) ® F(M)
HAB HBA YM.N YNM
F(Bag) FBmN)

F(A®B) — = 5 F(B® A) FMeN) —™ 5 F(Ne M)

Definition 3.11. A symmetric lax monoidal double functoris a braided lax monoidal
double functor between symmetric monoidal pseudo douliésgyosies.

4. MaN ResuLTs

First we will construct a symmetric lax monoidal double ftord=’: CospanC) —
BD whereBD is the symmetric monoidal categoByviewed as a one object bicategory
and where Cospa@f) is a symmetric monoidal bicategory whose objects are th&,o
morphisms are cospans and 2-morphisms are maps of cospas® amap of cospans
is @ map between the apices of two cospans such that theimgswb adjacent triangles
commute. We will do this in the following sequence of projmss.

Proposition 4.1. There exists a pseudo double categBnspaiiC).

Proof. Objects are given by objects €f and vertical 1-morphisms are morphismstf
Horizontal 1-cells are cospans@and 2-morphisms are triples of masd, c) between
two cospans irC such that two adjacent commuting squares result.

f
A——>Be——C

1,4, b

AI > B/ pa CI
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The source, target and unit funct@gsT andU, respecively, are obvious. The associator
comes from the universal property of a pushout and the leftlanw comes fromB +g A

and A both being colimits of the spaB il B — A and the right unit law is similar. By
definition, this gives us a pseudo double category Cogpan( O

Proposition 4.2. The pseudo double categd®pspanC) is symmetric monoidal.

Proof. This follows from the definition of symmetric monoidal pseudouble category
with the trivial cospan G- 0 « 0 as the unit for the horizontal edge category and that we
have isomorphisms between the cospans

(Cl + Cz) +B,+B; (Dl + Dz)

7N

Ci1+GCy D; + D>

NS N

A]_+A2 B]_+ Bz E1+E2

and

(C]_ +B, D]_) + (C2 +B, D2)

N

Cy +g, D1 Co +g, D2
C]_ + Dy C2 + D2

N, N,
/\/\ /\/\

Both (C1 +Cy) +8,+8, (D1+ D2) and Ci +s, D1) + (C2+8, D2) are colimits of the following
diagram consisting of cospaiy, M, andN;, N, with shared feeB; andB,, respectively

NN NN

and this gives the globular isomorphism(M; ® Ni) © (M2 ® N2) — (M1 0 My) ®
(N1 © N2). The globular isomorphism makes the rest of the diagrams in the definition
straightforward. The pentagon and triangle equations laresraightforward; all of the
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maps are given by maps of cospans, which in the double categse, are triples of
isomorphisms between cospans as in the diagram in the piegi@position. O

Proposition 4.3. The one-object bicategoBD forms a pseudo double category with one
object{x}, whose only vertical 1-morphism is the identity, whose zwntal 1-cells are
objects ofD and whose 2-morphisms are corresponding squares. We d#istéouble
category as8D.

Proof. We have one object which we denote{as and trivial composition of vertical 1-
morphisms as we only have.id{x} — {x}. The objects oD appear as horizontal 1-cells
and 2-morphisms are boxes as in the chart below.

BD
Objects ()

%
Vertical 1-morphisms l Identity morphism
%

d
Horizontal 1-cells * — * Objects oD
d
* —> %k
2-morphisms id. l l id.
k ——> Xk
dl

Composition of vertical 1-morphisms is trivial. For comijims of horizontal 1-cells
and 2-morphisms, we have

*i* O] *i»* — *M/*
and
d1 d2 d1®d2
*k — %k *k — %k k —> Xk
ml lid* o id*l lid* - |d*l lid*
k — %k k — %k k —> Xk
d; d; di ®d,

Proposition 4.4. The double categoD is symmetric monoidal.

Proof. Tensoring of types of objects corresponds with compositias in the previous
proposition. Namely, tensoring of objects and vertical drpmisms is trivial. For tensoring
of horizontal 1-cells and 2-morphisms, we have

d d ded

¥ —> % Q@ k —> ¥k * —> %

and



A BICATEGORY OF DECORATED COSPANS 13

d1 d2 d1®d2

k ——> 3k k ——> 3k k ——> 3k
id*l lid* ® ml lid* - id*l lid*

k ——> 3k k —> 3k k ——> 3k

d d YA

The unit for horizontal composition is given by|—> x wherel is the unit object oD and
the unit for 2-morphisms is

o
*
* — %

As D is symmetric monoidal, it follows th&D is symmetric monoidal. O

Proposition 4.5. There exists a symmetric lax monoidal double functarGospanC) —
BD.

Proof. The functorF’ maps every objea € Ob(Cosparng)) to the one object«} of BD

and vertical 1-morphisms df map to the vertical 1-morphisiin BD, which is the
identity morphism on the single objefet of BD. Horizontal 1-cells of Cospa@j, which

are cospans i€, map to the horizontal 1-celi(c), wherec is the apex of a cospan @
andF(c) is an object oD. Then a 2-morphism, which is a map between apices of cospans
in C, maps to the 2-morphism which is a box with tBfc), left and right sided and
bottomF(d) whered is the apex of the second cosparGn

b *
l = id*l
*

¢ bl

F(c)
—

h

R —

OO0

* e— %
g

— —
F(d)

If his the underlying 2-morphism in Cosp&)( this gives ug-(h): I®F(c) —» F(d)®l, or
justF(h): F(c) —» F(d). For notational purposes, we will consider the followiragpans
and pushouts with shared feet:

SINSN SN

AsF: (C,+,0) — (D,®,1) is symmetric lax monoidal, we have morphisss — F(0)
anden, n, : F(N1) ® F(N2) — F(N; ® Ny) such that the following diagrams commute:
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(F(Ny) ® F(N2)) ® F(Ng) —— F(N1) ® (F(N) ® F(Na))

BNy N, ®L 1®¢N,Ng
F(N1 + N2) ® F(N3) F(N1) ® F(N2 + N3)
F((N2 + N) + Ng) ———— F(Ng + (N + Na))

F(ND) ® | —=% F(Ny) ® F(0)

Pl l(ﬁwl,o
F,

F(Nl) — F(Nl + O)

| ® F(N1) —=% F(0)® F(Ny)

F(Np) ——— F(0+ Ny)

Our goal is to prove that the corresponding hexagorrforCospanC) — BD commutes:

(F(N) ® F(N2)) ® F(Ng) —— F(Ny) ® (F(N) ® F(Ng))
(F(Ingp.Np)odNg N, )®L 18(F(Iny N3 )OPN, Ng)
F(Nz +v N2) ® F(Na) F(N1) ® F(N2 +z N3)
F(JN1+YNZ.N3)°¢N1+YNZ,Ngl lF(JNl,NZ+ZN3)°¢N1,NZ+ZN3
@

F
F((N1 +v N2) +z N3) — F(Nz +v (N2 +z Ng))

We do this by realizing the hexagon as one of the horizont&lfasay the bottom, of a
hexagonal prism, all of whose sides commute and whose tde isdmmutative hexagon
that comes fronF: (C,+,0) — (D,®, 1) being symmetric lax monoidal. Denoting the
coequalizer mapdy,+,n, : N1+ Nz — Ni +v Nz andJn,+,n, 0 N2 + N3 — Nz +z N3 simply
asJ, consider the following hexagonal prism:
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(F(N1) ® F(I.\IZ)) ® F(Na) s01
a’ ]
E F(N1 + Np) ® F(N3)
FiND® (FN) ® F(Ne) 3 5\\\<\‘
1®¢ E E F((N1 + N2) + N3)
F(N]_) ® F(;\lz + N3) :.
E \lﬁ) E F(a)
. F(Nz + (N2 + N3))
1 : ;
1 1 1
19F)] .
F)®1t
4 |F(D o F ()
(F(No) ® F(Np) ® F(N3) ;
L el FQopol ~=> v
L" F(Nl +v Nz) ® F(N3)
F(N1) ® (F(N2) ® F(N3)) N
F(J)o¢
o e i
1e(F)ed) v F((N1 +y N2) +z N3)
F(Nl) ® F(Ng +z N3)

The six lateral sides are given as follows:

v

F(a)

F(Ng +y (N2 +z N3))

(F(ND) ® F(N2)) @ F(Na) &
1
(F(Ny) ® F(Ny) ® F(N3) &

F(N1) ® (F(N2) ® F(Ns))

F(N1) ® (F(N2) ® F(N3))
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1® dn,N,
F(N1) ® (F(N2) ® F(N3)) F(N1) ® F(N2 + N3)
1 1® F(JNZ,N3)
19 (FJ o
F(N2) ® (F(Nz) ® F(Na) EOvt) 2 dwn) | ey o BN +2 N
ONN, ® 1
(F(N1) ® F(N2)) ® F(N3) F(N1 + N2) ® F(Ns)
1 F(‘]Nl,Nz) ®1
F(J o ®1
(F(N) © F(Ng) ® F(Ng) ) 2 nre) F(N +v No) @ F(Ns)
DN N+N;
F(N1) ® F(N2 + N3) F(N1 + (N2 + N3))
1® F(JNZ,NS) F(JNl,N2+zN3) o (1 + F(‘]Nz,Ng))
F ‘] +z N3 o 1,N2+z N3
F(N1) ® F(N2 +z N3) (Nutrats) © vz F(N1 +y (N2 +2 N3))
ONLNp+N3
F(N]_ + N2) ® F(N3) F((Nl + N2) + N3)
F(‘]leNz) ®1 F(JN1+YN2»N3) o (F(JNLNZ) + 1)
F(J +yN2,N3) © 1+yN2,N3
F(N1 +v No) ® F(N3) (02 5) © P F((Np +y Np) +7 N)
F(a)
F(Nz + (N2 + N3)) F((N1 + N2) + Na)
F(JNLN2+ZN3) © (1 + F(JNZ,Ns) F(‘JN1+YN2,N3) © (F(‘JNLNZ) + 1)
F(a)
F(Nz +v (N2 +z Ng)) F((N1 +y N2) +z N3)

The first diagram commutes trivially and the second and ttiagirams commute by
inspection. The fourth and fifth diagrams commute by naityraf F and the last com-
mutes by universality of coequalizers. As the top face axthseral sides of the hexagonal
prism commute, the bottom hexagon commutes as well. The imgrams involving the
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left and right unitors commute because C — D is symmetric lax monoidal. It follows
thatF’: CospanC) — BD is a lax double functor.

Definee: 1gp — F(lcospang)) anduag: F(A) ® F(B) —» F(A® B), whereA andB
are objects of Cospa@{, both to be the identity, d8D has only one vertical 1-morphism,
the identity of its only object. A$’ acts asF on horizontal 1-cells, defing: U, —
F(Uicospangy) @andvun s F(M) ® F(N) — F(M @ N), whereM andN are horizontal 1-cells
of CospanC), to be the mapse and¢, respectively, that arise from the functér C —

D being symmetric lax monoidal. Then all of the required dégs for the lax double
functorF’: CospanC) — BD to be symmetric monoidal commute, as the four diagrams
involving objects and vertical 1-morphisms are trivial aheé remaining four diagrams
involving horizontal 1-cells are precisely the diagrametttommute becauge: C —» D

is symmetric lax monoidal. O

Definition 4.6. Let f: C — E andg: D — E be functors. Then thezomma categoryis
the category{/g) whose
(i) Objects are triplesa, d, ) wherec € C,d € D anda: f(c) — g(d) is a morphism
in E, and whose
(iiy Morphisms from €;, d1, @1) to (Cp, d2, @2) are pairs 8, y) wheres: ¢; — ¢, and
v: di — d, are morphisms irC andD, respectively, such that the following
diagram commutes

fcr) ~2 f(cy)

[e5) J J (%)
q)

g(d1) — 9(d)

Proposition 4.7. Let F,: C — E be an oplax double functor and,FD — E be a lax
double functor wher&€ = (Cy, C1),D = (Do, D;) andE = (Eo, E;) are pseudo double
categories withCy, C1 the category of objects and category of arrows of the douate c
egoryC, respectively, and similary fdDy, D1, Eg andE;. Then there is a pseudo double
category(F1/F>) consisting of a category of objects) and category of arrow#\; such
that A is the comma category obtained from:FCy — Eg and F,: Dg — Ep andA; is
the comma category obtained from:FC; — E; and F: D; — E;. We call(Fy1/F2) a
pseudo comma double category

Proof. The four diferent types of data, namely the objects and morphisms in theth
category of objects and category of arrows, are obtainedezspbed by the definition of
comma category. That these four types of data then fit togéthfierm a pseudo double
category then follows from the definition of such. Objects given by triples ¢, d, @)
wherec € Co,d € Dg anda: F1(c) — F»(d) a morphism irEp, and a vertical 1-morphism
between two triplesd, di, 1) and €, dz, @2) are morphism pairg(y) wheres: ¢; — ¢,
andy: d; — dy are morphisms irCy and Dy, respectively, such that the above square
commutes irEg. That composition of vertical 1-morphisms is strictly asative follows
from composition of vertical 1-morphisms @€y andDy being strictly associative.
Similarly, we have that objects in the category of arrowsiciwtare horizontal 1-cells,
are also given as triples and composition of these tripless®ciatve only up to natural
isomorphism. This follows from composition of horizontaktélls in C; and D; being
associative only up to natural isomorphism. Abusing notatif we have two horizontal



A BICATEGORY OF DECORATED COSPANS 18

1-cells M, M, a: F1(M) — Fx(M”)) and (N, N’,a’: F1(N) — F2(N’)) wherea ando’
are 2-morphisms, then we obtain a 2-morphistN © M) — F»(N’ © M’) by considering
the following diagram.

Fi(No M)

J ¥nm

F1(M) F1(N)
Fi(c1) ——— Fi(c2) ——— Fa(ca)

Ja o

Fa(M") Fa(N')
Fa(dh) ———— Fa(dy) ————> F(ds)

U édnm

F2(N" © M)
This gives us the desired 2-morphism. The remaining dedaéisoutine. O

It is worth noting the importance of the functdfg andF, in the above proposition
being oplax and lax, respectively. This is precisely whidved the maps/nm: Fi(N ©
M) — Fi(N) © F1(M) and¢n m : F2(N") © Fo(M’) — F2(N’ © M’) to go in the proper
direction.

Theorem 4.8. The pseudo comma double categ¢iEyF’) is the symmetric monoidal dou-
ble category of F-decorated cospans@ where E 1 — BD is the symmetric oplax
monoidal double functor that picks out the unit objecbof

Proof. We will verify the definition of the pseudo comma double catggE/F’), asl, BD
and Cosparg) are symmetric monoidal double categories and we wish teosghat the
comma categoryH/F’) is also a symmetric monoidal double category. Objects meng
by triples &, c,id;,;) as1 only has one objedt:} andBD only has the identity orf} for
vertical 1-morphisms, and so this triple is really just ajeabof C due to the triviality of
the structure of«} and id.;. Vertical 1-morphisms ofE/F’) are given by pairs (id f)
wheref is a morphism inC, and hence vertical 1-morphsims are morphism&.inThis
gives us the objects and morphisms of the category of obj¢Es/F’).

For the category of arrows ofE(F’), objects are given by triples ¢igah —» ¢ «
b, f: 1 — F(c)) sincel only has an identity for horizontal 1-cells aid acts asF on
horizontal 1-cells. Thus objects in the category of arrofMeEg F’), which are horizontal
1-cells, areF-decorated cospans D. Morphisms in the category of arrows dt (F’),
which are the same as 2-morphisms Bf E’), are pairs (ig, h) such that following dia-
grams commute:
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a c b o F(c)

I
o

a/ C/ b/ F(C/)

These are precisely maps between apicds-decorated cospans . Thus we have
that objects of E/F’) are given by objects of, vertical 1-morphisms are given by mor-
phisms ofC, horizontal 1-cells are given biy-decorated cospans @ and 2-morphisms
are given by maps betwedndecorated cospans @ such that the above two diagrams
commute. That these four pieces of data fit together to formemgho double category
follows readily from the definition. Moreover, we have thaigpanC) andBD are sym-
metric monoidal pseudo double categories by Propos#i@and Propositiord.4, re-
spectively, and that the lax double functeris symmetric lax monoidal by Proposition
4.5 As 1is trivially a symmetric monoidal pseudo double categorg #me functorE
is trivially a symmetric monoidal oplax double functor, dlibws by definition that the
pseudo comma double categofy/F’) is also symmetric monoidal. There are a fair
number of commuting diagrams to check, many of which use thbugar morphism
(M1 ® N)o (M2 ® No) — (M1 0 My) ® (N1 © Ny) between horizontal 1-cells
which we will show how to obtain.

Let M1, M2, N; andN; be horizontal 1-cells given by decorated cospans

C1
Se
My = / \ 1—— F(c1)
a b1

M2

dy
Sy
/ \ 1— F(dy)
b1 =1
C2
e
Ny = / \ 1— F(cy)
a b2

and

d>
Sd,
N = / \ 1—> F(dp)
by € .
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Then we have thatl; ® Ni, M2 ® Nz, M1 © My andN; @ N, are given by

C1+C2

mem= N

a; + ay b1+b2

1 Sy X S, bey.cp
1— 1x1—— Fc) xF() —— F(cp+ )

d1+d2

SN

b1+b2 €+ e

-1 Sty X S, bdy.dy
1—— 1x1—— F(d)) x F(d2) ——— F(dy + dy)

C1 +p, di
M; 0 M, = / \
ap €1
- S X S F(licy.a,)
17 11— (o) x F(dh) —2% F(ey + di) — F(c +b, du)
and
Co +p, 2
N, © N, = / \
a €

_ S, X S F(icy.dp)
17 11— F(e0) x F(dh) —2% F(Co + db) —2 F(Co +b, do)

20
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so then M1 ® N1) © (M2 ® Np) and M1 © M2) ® (N1 © Ny) are given by

(Cl + Cz) +by+b, (d]_ + d2)

(M1®Np) © (M2® N) = / \

a; + ap e+ e

1 L F(C]_ + Cz) X F(dl + d2) L F((Cl + Cz) + (d]_ + dz))

F(i)
F((C1 + C2) +b,+b, (d1 + o))

where
¥ = (Pere, © (Soy X S,) © €71 X (b, © (Su, X Sg,) 0 €7F)

is the product of the maps given above, and

F(J) = F(ici+codied,)

and

(C1 +b, d1) + (C2 +p, do)

(M1oM2)® (N1 ONp) = / \

a; +ay € + €

4 Doy, di.cpr,da
1 —— F(C1 +p, d1) X F(C2 +p, dp) ——— F((C1 +b, d1) + (C2 +p, d2))

where
0 = (F(icuds) © Pendy © (Sey X S1) © €71) X (F(jer) © Py © (S, X S3,) 0 €71).
The globular morphism
2 (M1® Np) © (M2 ® Nz) — (M1 0 Mp) ® (N1 © Ny)

is then given by the universal map (C; + Cz) +b,+b, (d1 + d2) — (C1 +p, 1) + (C2 +b, d2)
given by Propositiod.2that makes

ap+a — (CL+Cp) +p, (1 +dp) «— €1+ &

J | J

ar+a —> (Cp+p, di) + (C2+p, o) «— €1+ &
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commute. This universal mapalso gives us the map(a) which makes
F((c1 +b, th) + (C2 +b, 02))

1 —— lm)
\
F((C]_ + C2) +b;+b, (dl + dz))

commute. The remaining details are similar to those givea.he O

A more sophisticated method of proof uses the theory of 2adenLetGraph(Cat)
be the 2-category of graphs internal@at, graph morphisms internal ©at, and trans-
formations between these. There is a 2-mohaxh Graph(Cat) whose strict algebras are
pseudo double categories. The strict (resp. pseudo, lasphismns between these algebras
are strict (resp. pseudo, lax) double functors. There is ¢hR-categoriyl Alg, consisting
of pseudo double categories, lax double functors and tamsitions. As the oplax double
functorE: 1 — BD constructed in Theore8is in factstrict, a result of Lack 10, Prop.
4.6] implies that E/F’) exists as a comma objectTAlg,.

Proposition 4.9. The symmetric monoidal double categ{EyF’) is fibrant.

Proof. We have that Cospa@j is fibrant; a companion of a horizointal 1-céll A —» B
is the cosparf: A —» B « B: idg with corresponding conjoint gt B — B « A: f and
whereU, is the identity cospan j¢ A — A « A: ida on the objectA. It then follows
that (E/F’) is also fibrant by choosing the trivial decoration for alltbé above cospans
which will then satisfy the required equations in the deifimiof fibrant, as these equations
simply become the equations required to be satisfied for &S to be fibrant. O

5. APPLICATIONS

In this last section, we present two applications of the mesailt. The first involves the
symmetric monoidal categories studied by Rosebrugh, Saizad Walters 14], in which
a morphism is a directed graph with labeled edges and spaifieit and output nodes.
We can promote these categories to symmetric monoidaldgoaes. First, we make the
following definitions:

Definition 5.1. A graph is a finite seE of edgesand a finite seN nodesequipped with a
pair of functionss, t: E — N that assign to each edge= E its source and targes(e) and
t(e), respectively. In this case, we say tleat E is an edge frons(e) to t(e).

Definition 5.2. Given a sel of labels anL-graph is a graph equipped with a function
¢: E — L which assigns a label to each edge.

For example, if we také = (0, o), anL-graph is just a weighted graph, as discussed in
the Introduction:
0.2

0.8 2.0

To turn a graph like this into a morphism in a category, we gpétput and output nodes
using a cospan of finite sets.
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Definition 5.3. Given a set_ and finite setX andY, anL-circuit from Xto Y is a cospan

of finite sets
N
SN
X Y

together with arL.-graph

We call the set§(X), o(Y) anddN = i(X) U o(Y) theinputs, outputs andterminals of the
L-circuit, respectively.

We saw an example of drrcircuit in the introduction:

X

Given anothetL-ciruit whose inputs match up with the outputs of the ablov@rcuit:

. 1.7 \.
— //“;

Y

we can compose them by making the following identification

0.2
1.7

. — ~.
/ 0.8 2.0\ 0.3
i T

and obtain the followind.-circuit:

0.2 1.7
J 0.8 2.0
X Z
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Following the result of the paper’s main theorem, a 2-maphwill be a globular 2-
morphism between cospans of finite sets whose apices areatletovithL-graphs. This
amounts to a map: N — N’ between the apices such that the decorations dfthephs
are preserved.

N F(N)
/ \ r
X h Y, | F(h)
\ / r2
N’ F(N)
If we have arL-graph
S
L——E~ N
~_

hos
14 ~—
L«<———E N’
~—_ 7

decorates the sé’ and makes the diagram on the right above commute. We can also
tensor twolL-circuits by formally placing them side by side; for exampieve tensor

0.2
\o
2
X Y

| 1.7 -

X Y’

with

we get



X+ X e

\

More formally, given twoL-circuits

N
S
X Y
)
Y
X’ Y

and

their tensor product is

X+ X

A BICATEGORY OF DECORATED COSPANS

0.2
/ \ o
. 0.8 2.0
—_— 1.7 -

0.3 .

o —

4 ~
Le—F N’
~—_ 7

I

s+¢

(€.0) 3
L<—E+E N+N

~—7

t+t

Y+Y

25

Rosebrugh, Sabadini and Waltetd] constructed a symmetric monoidal category where
objects are finite sets and morphisms are isomorphism slakecircuits (see alsdl] 2]).
Theorem2.2 lets us ‘categorify’ their result, obtaining a symmetricmoalal bicategory

where the morphisms are actuatircuits.

Theorem 5.4. For any set L, there is a symmetric monoidal bicategor@€irc where the

objects are finite sets, the 1-morphisms are L-circuitshwibmposition and the tensor
product of 1-morphisms defined as above. 2-morphisms ars ingiveen apices of two
cospans with identical feet such that the following diaggamommute

F(N)

/\/
\/\

F(h)

F(N)
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Proof. We have a symmetric lax monoidal functér FinSet — Setthat maps each finite

setX to F(X), which is the set of all possible-circuits onX. The functorF is symmetric

lax monoidal since we have we have m&iX) x F(Y) 2, F(X +Y) that send a pair of

L-circuits to the tensor of the twio-circuits which gives rise to ab-circuit onX + Y, and
1 — F(0) given by the empty.-circuit. We also have th&inSet s finitely cocomplete
andSetis symmetric monoidal. The result follows from There@r O

We can also obtain this theorem from the work of Stag] [if we treat L-Circ as a
sub-bicategory of the symmetric monoidal bicategory opgs His work even implies
thatL-Circ is a ‘compact’ symmetric monoidal bicategory.

For an example that cannot be handled using Stay’s techniguiurn to the theory of
dynamical systems. A dynamical system is a vector field, ghbof as a system of first-
order ordinary dferential equations. Chemical reaction networks give dyoalsystems
that are algebraic vector fields @¥: that is, vector fields with polynomial céixients.
In studying chemical reaction networks with inputs and atgp Baez and Pollard4]
constructed a symmetric monoidal category where the menghiare ‘open’ dynamical
systems. We can promote this to a symmetric monoidal bicayexs follows.

We define a symmetric lax monoidal functdr: FinSet — Setas follows. For any
finite setS, let D(S) be the set of all algebraic vector fields &A:

D(S) = {vs: R® — R® : vg is algebrai¢

For any functionf : S — S’ between finite sets, defin(f): D(S) — D(S’) by

D(f)(vs) = f.vsf",
wheref*: RS — RS is the pullback defined by

f*(cs')(0) = cs (f(0))
andf,: RS — RS is the pushforward defined by
Les)o)= > cs(o)
{oeS: f(o)=0"}

wherecs € RS andcs, € RS, The functoriality ofD follows from the pushforward being
covariant and the pullback being contravariant. We mi2akiato a lax monoidal functor
using the the unique maga: 1 — F(0) and the mapgss : D(S)xD(S’) — D(S+ ) that
sends a pair of vector fieldg: RS — RS andvs : RS — RS tovs,s : RS*S — RS*S
defined using the canonical isomorphiBfix RS ~ RS*S", Furthermore, if we denote the
braidings of FinSet +, 0) and Set x, 1) by 3, we have that the functd is symmetric as
the following diagram commutes:

D(S) x D(S) — 29", b(s7) x D(S)

Di /
D(S+S) Pes) D(S’ +9S)

We have the following result due to Baez and Pollafd [
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Theorem 5.5. There is a decorated cospan categ¥ctField where an object is a finite

set and a morphism is an isomorphism class of cospans of $igisedecorated by vector
fields.

We can categorify the above theorem by taking a 2-morphigmden decorated cospans
to be a mafh: S — T between their apices making the usual diagrams commute:

S D(S)
X/ h\Y, I<
\T/

D(T)

Ash:S — Tis afunctionD(h) induces a vector field oR" given a vector field oS as
prescribed above.

D(h)

Theorem 5.6. There is a symmetric monoidal bicategafgctField where an object is a
finite set, a morphism is a cospan of finite sets decorated bgtarfield and a 2-morphism
is a map of finite sets such that the above two diagrams commute

Proof. We apply Theoren2.2to the symmetric lax monoidal funct@r: FinSet — Setas
previously described. O
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