THE BASIC THEORY OF PERSISTENT HOMOLOGY

KAIRUI GLEN WANG

ABSTRACT. Persistent homology has widespread applications in computer vi-
sion and image analysis. This paper first motivates the use of persistent ho-
mology as a suitable tool to solve the problem of extracting global topological
information from a discrete sample of points. The remainder of this paper
develops the mathematical theory behind persistent homology. Persistent ho-
mology will be developed as an extension to simplicial homology. We then
discuss an algebraic interpretation, as well as graphical representations, of
persistence.
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1. INTRODUCTION AND MOTIVATION

A central problem in computer vision is how to implement methods for a com-
puter to infer the global structure of an object based on a discrete sample of points
observed by a sensor. One difficulty lies in distinguishing between the topological
features that appear to exist from a sample and the actual features of the object.
In addition, errors in the sampling process may slightly distort topological features.
A successful solution must find a way to overcome these problems.

We assume in this paper that the data collection process produces a finite sam-
pling of points K from a topological space. Figure 1 gives an example of the
difficulty of extrapolating continuous data from a discrete sample of points. We
will consider only one method of extrapolating continuous data, namely, connect-
ing points in the sample to form complexes. From a combinatorial perspective, a
set of points can give rise to many possible complexes. The problem is how to find
the complex that accurately reflects the topological properties of the object from
which the sample originated.
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FIGURE 1. A sensor observing an annlus produces a sample of
points. Three possible complexes that may be formed from the
sample are shown. Only the leftmost complex provides a reason-
able approximation of the underlying annulus.

Persistent homology provides a framework to address this question. Informally,
we define a parameter that gives rise to an ascending chain of “test” complexes.
As the complexes include more connections, certain topological features may arise,
while others that had existed may disappear. It is assumed that the features that
do not disappear as the complex grows are more important than the features that
do not last. The lasting features are interpreted as those reflecting the underlying
topology of the observed object, whereas the transitory features are measurement
errors or idiosyncrasies of the sample.

2. SIMPLICIAL HOMOLOGY

We start our discussion by defining homology on a single complex.

Definitions 2.1. A (k+ 1)-tuple of points in R™, (z¢,x1, ..., 2x), where each z; €
R™, is said to be affinely independent if the set of vectors {x; —zo | 1 < j < k}
are linearly independent. An m-simplex is an ordered (n + 1)-tuple of affinely
independent points ¢ = (xg,...,2,). We call points in the set V = {zo,...,z,}
the vertices of the simplex o. Every simplex ¢ induces a total ordering <, on its
set of vertices V', where if p < ¢, then z, <, , in V. For m < n, an (m + 1)-tuple
(Yo, - - -, Ym) where each y; € V and if j < k, then y; <, yi is called an m-face of
.

Remark 2.2. We defined a simplex algebraically as an ordered set of affinely inde-
pendent points. Geometrically, an n-simplex o = (g, ..., ;) is the convex hull of
its vertices. The ordering of the vertices also gives every simplex an orientation that
distinguishes it from tuples containing the same points with a different ordering.

Geometrically, a face of a simplex is the convex hull of a subset of the simplex’s
vertices, with an ordering of its vertices inherited from the ordering of vertices on
the simplex.

Definition 2.3. A abstract simplicial complex K is a finite collection of sim-
plices where a face of any simplex o € K is also a simplex in .

We now give an algebraic structure to simplices in a simplicial complex. For a
fixed commutative ring R with additive identity 0 and multiplicative identity 1,
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Definition 2.4. A simplicial k-chain is defined to be a formal sum of k-simplices,
N
Z ri0q,
i=1
where each r; € R and o; € K.

The set of simplicial k-chains with formal addition over R is an R-module, which
we call K. A natural set of generators for K is the set of all k-simplices of the
complex K.

For each generator o, one may define the boundary of o as a formal sum of all
(k — 1)-faces of . Formally,

Definition 2.5. Given the R-modules K and Kp_1, the boundary map, 0y :

Kr — Ki—1, is defined for each k-simplex o = (xg,...,xx) by
k
Ok(0) =D (=1)'(xo, ..., Ei, ..., 21),
i=0
where (xq, ..., %, ..., xx) is the (k—1)-face of o obtained from removing the vertex

x;. (Note the ordering of the remaining vertices are preserved in the (k — 1)-face).
The boundary map extends to arbitrary k-chains linearly. This gives an R-module
homomorphism from Xy into Kp_;.

Definition 2.6. A chain complex (A4,,d,) is a sequence of R-modules Aj with
boundary maps dy : Ay — Ak_1, such that the composition di_1 o dy = 0 for all k.

Lemma 2.7. The collection of R-modules Ky, connected by boundary maps Oy forms
a chain complex (Ko, 0s).

Proof. Tt suffices to show that for any k-simplex o = (g, ..., 2), Ok—1(0x(c)) = 0.
Since Jk (o) produces a sum of simplices, linearity of the boundary map means 91
acts on each face of o and gives a sum of (k — 2)-simplices o/, where i, j represent
the removed vertices x;, z;. So, Ox—1(0x(c)) is a sum of simplices of the form .

Without loss of generality, assume i < j. Every o/ can be gotten from o
through the boundary maps in two ways: first remove the vertex x; via Jy and
then remove the vertex x; via Op_1, or vice versa. Every pair of (k —2)-faces gotten
this way carries coefficients that exactly cancel.

In the first case, 9 introduces (—1)* to the term (zg,..., %, ..., T}, ..., Tk);
now to remove the vertex z; requires removing the (j — 1)”1 point of the remaining
vertices under Ji_1, since the index of the vertices after ¢ will shift down by 1 from
removing z;. This introduces a constant (—1)7~1, so the first way to get o*/ leaves
a constant (—1)7—1,

In the second case, y removes vertex x; and introduces a constant (—1)7 to the
term (zo,...,%,...,%j,..., ;). Furthermore, 0y_1 removes vertex x;, but since
i < j, the index of i stays the same, and dyx_; introduces a constant (—1), so
the second way to get o/ leaves a constant (—1)"*/. In the formal sum, clearly
(—1)iHi=1ghi 4 (—1)"Highd = 0. O

Corollary 2.8. The boundary maps O have the property that im g1 C ker 0.

Proof. If o € im 041, then there exists some (k4 1)-simplex 7 such that Oy 17 = 0.
Then Ok (0k1+17) = 0o = 0 because 99 = 0, so ¢ € ker 0. O



4 KAIRUI GLEN WANG

Definitions 2.9. We call the kernel ker ;, the k*" cycle module, denoted Zj,
and the image im Jy the k*® boundary module, denoted By.

Remark 2.10. Corollary 2.8 can be stated as Br+1 C Zj. This result has a geometric
interpretation, namely that every (k+1)-boundary (i.e. k-chains that are the image
of some (k + 1)-chain under the boundary map Oy1) has zero boundary under 9,
i.e. is a k-cycle.

The reverse inclusion is not necessarily true; there exist cycles that are not
the image under the boundary map of any higher-dimensional chains. Failure of
the reverse inclusion is due to “holes” in the complex. For example, consider the
complex containing only the edges and vertices of a triangle. The sum of the three
edges is a 1-cycle, but cannot be the boundary of any 2-chain because this complex
contains no 2-simplices.

Definition 2.11. By the k** homology module of the simplicial complex i, we
mean the R-module Hy = Zj,/Bj11.

Definition 2.12. The k" Betti number of K, S, is the rank of Hj.

Remark 2.13. Intuitively, the homology group captures the extent to which the
inclusion Z, C Byy; fails, and the k*" Betti number gives the number of k-
dimensional holes in the complex K.

2.1. Computing Betti numbers. There is a systematic way to calculate Betti
numbers when we take the underlying ring R to be a PID. Every boundary map
Ok : K — Kg_1 can be represented by a my_1 X myj matrix My, where my_1
and my, are the number of (k — 1)-simplices and k-simplices in the complex K,
respectively. It is known that matrices with entries from a PID can be put into
Smith normal form. This means the existence of bases for K and Kr_1 such that
the matrix M, of 9y is diagonal of the form

by

where the diagonal entries b; satisfy the divisibility conditions b;|b;41.

Proposition 2.14. Let l; be the number of nonzero diagonal entries in the Smith
normal form of 0. The k™ Betti number is given by B, = my — ljy — lpy1.

Proof. We know that each k-chain module Ky is a free R-module. Over a PID,
submodules of free modules are free, so Zj and By are free. Consider the quotient
map ¢ : Zy — Zi/Bgy1. The rank-nullity theorem gives the following relationship:

(2.15) Br = rank Hy, = rank Zj — rank By 1.

The rank of Z, can be read directly from the Smith normal form Mj,. The rank of
the kernel is the number of columns of zeros, which is my — ;. Similarly, rank By 1
can be read directly from the Smith normal form Mj;. The rank of the image
is the number of nonzero rows, which is lxy1. Substituting into (2.15) gives the
desired result. O
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3. CONSTRUCTING PERSISTENT HOMOLOGY

Persistent homology provides a way to relate topological features between differ-
ent complexes. First we must formalize what types of complexes can be compared.
We assume that our sample of visual data K contains finitely many points. This
places an upper limit of |[K| — 1 on the dimension of the simplices in complexes
with vertices from the set K. There is also an upper limit of (,lf_i‘l) on the number
of k-simplices that can be contained in any complex because this is the maximum
number of ways to choose k + 1 points (for a k-simplex) from |K| vertices.

The chain complex corresponding to any simplicial complex containing K as 0-
simplices, therefore, must be bounded (IC; = 0 for i < 0 and ¢ > |K]|), and each
i-chain module K; is finitely generated.

Definition 3.1. Given a simplicial complex IC, a filtration is a totally ordered set
of subcomplexes K! of K, indexed by the nonnegative integers, such that if i < j
then K? C K7. The total ordering itself is called a filter.

We have already established that given a finite sample of points, there exists a
maximal simplical complex with these points as the O-simplices. When applying
persistence methods to computer vision, different methods may be employed to
construct a sequence of ascending test complexes. Every sequence of ascending
complexes is a filtration.

Definitions 3.2. The definitions here are analogues to those in simplicial homol-
ogy. We use superscripts to denote the index in a filtration. The " simplicial
complex in a filtration gives rise to its own chain complex (K%, d%). The k' chain,
cycle, boundary and homology modules are denoted by K&, Zi, Bi and H}, respec-
tively.

For a positive integer p, the p-persistent k*" homology module of K’ is

(3.3) H." = Z /(B N Z).
The p-persistent k*" Betti number of K, denoted ;7 is the rank of H;".

The module in (3.3) is well-defined because IC‘" C K*P, which in particular
induces inclusion from each chain module K} into K}"”, so Z{, a submodule of K,
is also a submodule of K;"? along with B,"?.

Remark 3.4. The form of H,i’p should seem similar to the formula for H ,i, except
that instead of characterizing the k-cycles in " that do not come from a (k + 1)-
chain in K?, it characterizes the k-cycles in the K’ subcomplex that are not the
boundary of any (k + 1)-chain from the larger complex K*P. Put another way,
H}” characterizes the k-dimensional holes in KCi*P created by the subcomplex K.
These holes exist for all complexes K7 in the filtration with index i < j < i+ p.

4. THE PERSISTENCE MODULE

In the previous section, we saw that each simplicial complex K’ has an associ-
ated chain complex (K%, d%). With increasing index i, successive complexes in the
filtrations are linked by inclusion, which induces chain maps f? : i — Kit! on the
chain complexes and module homomorphisms 7% : Hj — H;*" on k*" homology
modules.
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Definition 4.1. The sequence of chain complexes (K%) connected by chain maps
(f?) is called a persistence complex, .#. We show a portion of the persistence
complex below:

Bia it a3
Tt Ki f fci+L i Kci+? fre
o ot a;t?
Ik L I e ST
oL, o o
Ak, Ak, g
0 5 oty a5

In the above diagram, each column is a chain complex, and the chain maps f?
connect chain complexes of successively larger simplicial complexes in the filtration
together.

Definitions 4.2. The k*" persistence module .7 is the family of £ homology
modules H} together with module homomorphisms 7}, : Hi — H,™'. A persistence
module is said to be of finite type if each component module is finitely generated
and there exists some integer m such that the maps 77,"c are isomorphisms for all
i>m.

The finiteness of the possible simplicial complexes formed from a fixed finite set
of vertices guarantees that the persistence module corresponding to any filtration is
of finite type. We saw in the preceding section that persistent homology attempts
to link topological features between two different complexes in a filtration. We
now give an algebraic construction that shows how considering simplicial homol-
ogy at every index of the filtration gives rise to persistence. We start with some
preliminaries.

4.1. Graded modules.

Definitions 4.3. Let Z>o be the set of non-negative integers. A graded ring R
is a ring with a direct sum decomposition into abelian groups

R= P R
i€Z>0

such that in the ring multiplication satisfies if + € R,y € R7, then xy € R**7. We
write this as R°R’ C R**J. Any element x € R’ is said to be homogeneous of
degree i.
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Example 4.4. For a field F, the polynomial ring over F, F[z], is a graded ring.
This clearly decomposes into Flz] = @, 2" - F, where each z* - F = {ca’ | ¢ € F}.
Polynomial multiplication clearly obeys the rule that the degree of the product of
two monomials is the sum of the degrees of the factors.

Definition 4.5. A graded ideal of a graded ring R is a two-sided ideal I C R

with I = @Pezzo I?P where IP = I N RP.

Proposition 4.6. The following statements are true:

(1) If I is a graded ideal in a graded ring R, then R/I is a graded ring where
each grading is defined to be (R/I)? = (RP + I)/I. Moreover, R/I =
@pGZZO RP/IZJ.

(2) A two-sided ideal I C R is graded if and only if it is generated by homoge-
neous elements.

Proof.

(1) RP and I are both abelian groups, thus so is RP + I. Since quotient groups
of abelian groups are also abelian, we have that each (RP +I)/I is abelian.
For x4+t € RP 4+ 1 and y + j € R? + I, their product is xy + x5 + iy + 7.
The last three terms are multiples of ¢ or j, which means they all belong in
the ideal 1. Since each factor must be modded by I, so must their product,
which means the product is zy + k € (R/I)P*4 for some k € I.

The second isomorphism theorem for rings gives R/I = P,,(RP +1)/I =
@®, R?/(I N RP). By the definition of graded ideals, I N RP = I?, thus we
have R/I = @, RP/IP.

(2) Every graded ideal I = @p IP, so I is generated by Up I?. But each
IP = INRP C RP is a subset of a set of homogeneous elements, so I is
generated by homogeneous elements.

Suppose [ is generated by a set X of homogeneous elements. To show
that I is graded, we need to show that I C €,(I N RP). (The reverse
inclusion is automatically true). Since I is generated by X, elements u € I
are of the form u = ), rja;s; for r;,s; € R and x; € X. Because I C R,
u =), up, where u, € RP. We wish to show that each u, € I (so that
each u, € I N RP). For every term in the sum u = ), r;z;s;, we know
r, = Zj r;; and s; = Zz si,1, where each r; ;,s;; is homogeneous. So
=y, Zj,l i TS 1, and each term in this sum is homogeneous, being
a product of homogeneous elements. Then u, is the sum of those terms
75,5484, making up u that have degree p, hence u, € I, as desired. ([

Definition 4.7. A left graded module is a left module M over a graded ring R

such that
V=@M

1€L>0
and RZMJ - Mi+j

The k' persistence module can be given the structure of a graded module over
the polynomial ring R[z]:

jﬁc = @H}w
=0
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where the action of z is given by = - (3_;0 m’) = Y oo i (m?) for any m' € Hj.

In words, the action of x shifts the grading upward by 1. This means that the
action of the polynomial ring connects the homologies across different complexes in
the filtration. Properties of this one algebraic object can tell us information about
all the p-persistent k" homology modules H,”.

Theorem 4.8. Suppose ¢, is over the polynomial ring Flz], where F is a field.
Then

(49) A= (Pe) o (@a")/a).

where the sums range over 1 < i < M and 1 < j < N for nonnegative integers
M, N and a;, bj, c; are nonnegative integer powers of .

Proof. The module %; is a finite F[z]-module because it is of finite type. Since
F is a field, F[x] is a PID, so . is a finitely-generated graded module over a
graded PID. The structure theorem for finitely-generated modules over PIDs says
that 7, can be decomposed into a direct sum of the free part and the torsion
part. The free component is composed of graded rings of the form &, q z* - T,
which are isomorphic to ideals of the form (x?). The torsion component consists of
graded rings, like those in the free component, modded by their graded ideals. By
proposition 4.6, the graded ideals are homogenous ideals of the form («P). Therefore,
the structure theorem takes on the form in (4.9). O

The powers capture the emergence and disappearance of topological features
across the indexed filter of complexes. The numbers a; and b; represent the index in
the sequence of simplicial complexes for which a new k-dimensional hole arises, and
the numbers c; represents the index for which a previously existing k-dimensional
hole, that appeared at complex b;, disappears. The free component encodes the
holes that appear at a certain index but do not disappear as the complex grows
— they are the persistent features. The torsion component encodes the holes that
appear briefly and then disappear at a later index; these are transitory features.

5. PERSISTENCE DIAGRAMS

We now relate the information given by individual p-persistent k*" homology
groups to the global information given by the persistence module. Their relationship
is most obviously seen when we construct the persistence diagram, which is one way
to visualize the evolution of topological features in the filtration.

Definitions 5.1. A P-interval is an ordered pair (i,j) where 0 < i < j and
1, € Zoo = Z U {oo}. The set of P-intervals associated with 7, S, is a set

S = {(ai,00)} U {(bj,¢j)},

where a;,b;,c; are the powers from the decomposition of the persistence module
in equation (4.9). If the decomposition of the persistence module 4%, has repeated
numbers a; or pairs (b;, ¢;), then S can be treated as a multiset.

Definition 5.2. The kt*P-persistence diagram D(S) is a multiset on Zs, X Zoo
such that for every pair (i,j) € S, D(S) includes ordered pairs (I,p) such that
p>0,1>iand !+ p<j are satisfied.
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FIGURE 2. An example of the triangles in the persistence diagram.
This shows one triangular bound based on one P-interval (i, 7).
The integer pairs in the shaded region are the points in the persis-
tence diagram. At such points, we have i <[ <[+ p < j, which
means the topological hole represented by this P-interval persists
from indices [ to p, and increases the rank of the persistent homol-
ogy group (the persistent Betti number) H ,lc’p by 1.

Remark 5.3. The bounds set in the preceeding definition form a triangle. To under-
stand this, we note that the points (I,p) on the underlying set Z, X Z, represent
two indices in the filter I and [+ p, where we have p > 0. The ordered pair (i,5) € S
gives the bounds for the indices of complexes during which the hole represented by
cycles from (x%)/(27) (or (2%) if j = 0o) exists.

At any point (I,p) on the persistence diagram, (I,p) has multiplicity equal to
the number of triangles induced by P-intervals that contain (I, p). Every distinct
‘P-interval corresponds to a different topological hole. This proves the following
relationship between Betti numbers of persistent homology modules and the de-
composition of the persistent module .74.

Proposition 5.4. The p-persistent k' Betti number, 5}2,;9, equals the multiplicity
of D(S) at the point (I, p).

6. AN EXAMPLE FILTRATION

We conclude with an example of how a filtration may be constructed. There are
many methods to construct filtrations. Most of these methods control the growth of
a complex constructed from a fixed set of vertices through a real number parameter.
The parameter induces a natural ordering on the filtration. The construction given
below provides an example.

Definition 6.1. Let ¢ be a point in R™, and B,.(c¢) be an open ball of radius r about
c. Define the weighted distance of a point = from the ball B,.(c), D(B,(c),z), by
the equation

(6.2) D(B,(c),z) = ||lz — ¢l =12
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Definition 6.3. Given a finite collection of open balls, U, we call the set of points
in R™ whose weighted distance to a ball B,.(c) € U is no greater than the weighted
distance to any other ball in ¢/ the Voronoi cell of B,.(c) € U. That is to say,
define

(6.4) Vi, (c) ={z € R" | D(B,(c),z) < D(B,(c),z), for all B,/(c) € U}.

The collection of Voronoi cells of all the open balls in U covers R™. This is
because for every point x € R™, there exists a minimal weighted distance of x to
one of the finitely many open balls in U, so every x belongs to a Voronoi cell. In
particular, intersecting each open ball’s Voronoi cell with the ball itself produces a
cover of the union of open balls in U/, namely

U Bo= | Be)nVs (o

B, (c)eU B, (c)eUd

Definition 6.5. Suppose we fix a total ordering of the open balls in /. Let T
be a subset of U that inherits the order on U/ and has the property that for every
B, (c) € T, the intersection

(6.6) () Br(0) NV,

B, (c)eT
is nonempty. The ordered tuple of the centers of the open balls in T forms a k-
simplex, where k = |T| — 1. Define the dual complex K of U to be the collection
of simplices of the form o, for all possible ordered subsets T C U.

Lemma 6.7. The dual complex IC, defined as above, is an abstract simplicial com-
plex.

Proof. For any simplex o7 € K, any face has as its vertices centers of a subset of
open balls T, whose associated Voronoi cells must also have a nonempty common
intersection, so any face of o7 is also a simplex in K. O

We are now ready to describe how to create a filtration using dual complexes.
For a fixed finite set of points, we will consider collections of balls around these
points, varying the radii of the balls.

Let C be a finite collection of points in R™. For every ¢ € R, let U, be the
collection

U: = {B:(c) | c€ C},
where for € < 0, B:(c) is defined to be the empty set @.

Furthermore, let K. be the dual complex of U..

Lemma 6.8. Whenever e < &', K. is a subcomplex of K.

Proof. For two points a,b € C, suppose that the two points are joined in the
complex KC.. This means that the intersection of B.(a) N Vp_(q) and B:(b) N Vp_w)
is nonempty. Then B./(a) N Vp_, () and B.r(b) NVp_, ) are also nonempty because
the radii of the balls are now larger and the Voronoi cells remain the same. This
argument extends to higher order simplices. O

Therefore, by taking successively larger values of €, we get a sequence of ascend-
ing dual complexes. This sequence of dual complexes gives rise to a persistence
complex.
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FIGURE 3. This is a simple example of how the dual complex is
constructed in the familar case of R? using only five initial points.
Starting from left to right, the parameter €, which regulates the
radii of the balls, increases. The top row shows the Voronoi cells
and the bottom row shows the resultant complex. The intersection
described in (6.6) requires first the balls themselves must intersect
before any connection can be drawn between the points. The use
of the Voronoi cell limits the maximum number of mutual intersec-
tions a cell can have. In the case of R? it is three, hence the Voronoi
cell allows only 2-simplices to be formed in R2. The inclusion of
the complexes is also clear from this picture.

Acknowledgments. I would like to thank my mentor, Jared Bass, for supporting
me throughout the REU, in particular encouraging me to present during the eighth
week talks. Also, a big thanks to all the organizers, lecturers, mentors and par-
ticipants of the REU, who made the past eight weeks an enjoyable and rewarding
experience.

REFERENCES

[1] D. Cohen-Steiner, H. Edelsbrunner, and J. Harer, Stability of persistence diagrams, Discrete
& Computational Geometry 37 (2007), pp. 103-120.

[2] H. Edelsbrunner, D. Letscher, and A. Zomorodian, Topological persistence and simplification,
Discrete & Computational Geometry 28 (2002), pp. 511-533.

[3] R. Ghrist, Barcodes: The persistent topology of data, Bulletin of the American Mathematical
Society 45 (2008), pp. 61-75.

[4] A. Hatcher, Algebraic Topology, e-book, Cambridge University Press, 2002.

[5] J. Rotman, Advanced Modern Algebra, Prentice Hall, Upper Saddle River, NJ, 2002.

[6] A.Zomorodian, and G. Carlsson, Computing persistent homology, Discrete and Computational
Geometry 33 (2005), pp. 249-274.



