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THE EVOLUTION OF...
Edited by Abe Shenitzer and John Stillwell

Bakerian Lecture, 1975: Global Geometry

M. F. Atiyah, F.R.S.

It must be many years since a pure mathematician was asked to address this society on
such an occasion. Certainly, none appears in the records going back to 1940. This is of
course no reflection on the impartiality of the Council of the Royal Society, but simply
an acknowledgement of the wide gap that separates pure mathematicians from other
scientists and of the serious difficulties of communicating across that gap. Fortunately
we have our intermediaries—the applied mathematicians—who extract from the body
of mathematical knowledge the most useful parts and bring them to bear on recog-
nizable scientific problems in a wide variety of fields, all the way from the traditional
areas of physical science right through to the biological and social sciences. Many
distinguished applied mathematicians have indeed spoken to the society on problems
such as aerodynamic noise or stellar evolution, which are heavily dependent on math-
ematical analysis, but which can be explained in physical terms readily understood by
a wide audience. On such occasions the mathematical techniques involved will quite
properly have been relegated to decent obscurity. As a result scientists at large probably
have only the vaguest ideas about mathematical research per se. They will understand
mathematical work related to their particular field, frequently, I may add, better than
the mathematicians themselves, but they must find it hard to visualize mathematics in
the abstract. It is therefore perhaps worthwhile for a pure mathematician to attempt to
explain how we view our subject and what motivates our research in the absence of
any particular scientific interpretation or application. If I might summarize the situa-
tion diagrammatically, consider mathematics as some kind of giant computer with a
large number of terminals on its periphery, representing fields of application.

A practising scientist is like the terminal user. He is primarily interested in the output
and will know something about what the computer can do for him, but he is not in-
volved in what goes on inside the heart of the computer. In the early days of computers,
users and designers were frequently the same people, but with their rapid growth and
sophistication this is now the exception rather than the rule. Similarly it is the increas-
ing sophistication of mathematics which has led to the large gap between ‘users’ and
‘designers’.

This is the text of a lecture delivered to the Royal Society in London on 12 June 1975. It was first pub-
lished in the Proceedings of the Royal Society A347 (1976) on pages 291-299. It is reproduced here with the
permission of the Royal Society and the author.
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The immediate difficulty, when we separate mathematics from its physical inter-
pretations, is that we are left in a sort of vacuum. Bertrand Russell, the only mathe-
matician ever to win the Nobel Prize for Literature, made this point in his usual vivid
and provocative style when he said that ‘Mathematics may be defined as the subject
in which we never know what we are talking about, nor whether what we are saying
is true’. He went on to say that he hoped people would find comfort in this definition
and would probably agree that it is accurate. I myself find it somewhat disturbing, and
I would prefer to define mathematics rather more constructively. We all recognize the
important r6le that analogy plays in scientific thought. When we think of molecules in
a gas as small billiard balls, or light as made up of waves, we are relating the unfamiliar
to the familiar as an aid to conceptual understanding. When we take these analogies
seriously and pursue their consequences we are developing mathematical models, in
which the similarities are emphasized and the differences are ignored. Thus mathemat-
ics can, I think, be viewed as the science of analogy, and the widespread applicability
of mathematics in the natural sciences, which has intrigued all mathematicians of a
philosophical bent, arises from the fundamental r6le which comparisons play in the
mental process we refer to as ‘understanding’.

But let us come down from these lofty philosophical heights and ask a more prag-
matic question. If a biologist is someone who studies plants and animals, what does
a mathematician study? The answer should surprise no one—he studies equations;
first, at the lowest level, algebraic equations, and then, at a higher level, differential
equations. This oversimplification does at least have the merit of being generally un-
derstood, since I imagine that an equation of the form

ax’> +bx’+cx+d=0

will scare few people in this audience. Let me take this as my starting point and com-
press into a few minutes what it took mankind several centuries to master.

The most basic question to ask about this equation is: how many solutions (for the
unknown x) does it have? This depends on the values of the coefficients a, b, ¢, d and
a complete enumeration of all possible cases is lengthy and tedious. In fact, a famous
mathematician who would undoubtedly have earned a Nobel Prize for Literature had
he not lived in the twelfth century, wrote a whole treatise on this topic enumerating,
I believe, 26 different cases. I refer to the Persian mathematician, astronomer, scholar
and poet Omar Khayyam. It took several hundred years before some order was im-
posed on this chaos by mathematicians adopting a sufficiently enlarged point of view,
so that the equation always has three solutions (unless all coefficients are zero). This
requires three conventions:

(i) a solution may be ‘repeated’, so as to count more than once,
(ii) a solution may be infinite (if a is zero),
(iii) a solution may not be real, i.e. it may involve the imaginary number i = +/—1.

Of these by far the most significant is number (iii), the introduction of complex num-
bers. Familiarity, in mathematics as elsewhere, breeds contempt, and /—1 is now
employed with gay abandon by physicists, engineers, and scholboys. Nevertheless, it
must rank as one of the remarkable creations of the human mind and as Gauss, the
greatest mathematician since Newton said, ‘the true metaphysics of v/—1 is elusive’.

In this sense therefore, an equation of degree 3 has three solutions and an equation
of degree n (i.e. involving x") has n solutions. Note that this is a basic qualitative
statement, only the number of solutions is considered, not their magnitude, reality or
other properties, let alone any discussion of how to find them.
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Suppose now we move on to an equation with two unknowns, for example
x4yt =1 (1)
or
4y =1 2

Every schoolboy now recognizes the first as the equation for a circle in the (x, y)-
plane, but this geometrical way of representing algebraic solutions was the great con-
tribution of Descartes. Considered as the graph of the function y = /(1 — x?) this
is the forerunner of graphical representations of functions so familiar to all scien-
tists. It becomes, however, a little less familiar, and more impressive, when as be-
fore we allow complex solutions (as well as infinite and multiple solutions). The
(x, y)-plane must now be thought of as having two complex or four real dimensions
(x =x; +ix;,y = y1 +iy;) and the set of solutions (the graph or curve) has one
complex dimension or two real dimensions. It turns out that, in this sense, the points
satisfying equation (1) form the surface of a sphere, while those satisfying equation
(2) form the surface of a torus (bicycle tire), i.e. a sphere with a hole bored through it.

This is a fundamental qualitative difference between the two equations. The shape
of this surface is the analogue of the number of solutions for equations in one variable.
Again we ignore size and other features. Thus faced with equations in two variables we
classify them like a good biologist, not according to superficial differences, but accord-
ing to basic structural features. Of course, as in biology, one expects such structural
features to reflect themselves functionally in important ways. This certainly happens
with our equations because the integrals

f dx
V(1 =x?)

and

/ dx

V(1 —x3)

turn out to differ sharply in their behaviour; the first involves trigonometric functions
and the second involves elliptic functions, whose study was a major preoccupation of
the nineteenth century.

More generally any polynomial equation in two variables gives rise to a surface
with a number of holes called its genus, and this can take any value. This is the rea-
son why surfaces with holes are not just an amusing pastime but of quite fundamental
importance for the theory of equations. So much was known by the middle of the last
century. Since then great efforts have been devoted, notably by Sir William Hodge,

718 © THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 111



to extending this classification to equations in more variables, and also to simultane-
ous equations. The solutions must now be represented by points of a k-dimensional
complex ‘surface’ or a 2k-dimensional real ‘surface’—usually called manifolds.

As might be expected the possibilities are now much more varied and numerous.
To start with we have ‘holes’ of different types or dimensions. For example the inside
of a circle in the plane is a one-dimensional hole like that of a torus because we can
tie a piece of string around it, whereas the inside of a sphere is a two-dimensional hole
because we need a bag to enclose it. Moreover, the various holes are not independent
of each other, they can interact in quite complicated ways. For example on a manifold
of dimension 4 there may be holes of dimension 1, 2, 3 and 4. The number of 1-holes
turns out to be equal to the number of 3-holes and there is just one 4-hole, the ‘inside’.

There are great conceptual difficulties in visualizing these higher-dimensional man-
ifolds, but they are just as ‘real’ and structurally important as the ones we can represent
in familiar three-space, since the graph of a function is not really related to physical
space. To deal with these difficulties a whole new language with new techniques has
had to be developed and this is called fopology.

When we considered equations in two variables we ended up with surfaces, and
these we are familiar with and know how to recognize: we can ‘see the holes’. Before
dealing with equations in many variables we must first understand how manifolds can
be constructed, how they can be built around their holes. At this stage we are not
restricted to looking at manifolds of solutions of equations (which turn out now to be
a small subclass) and in particular we can consider manifolds of any real dimension,
not necessarily even.

A relevant question which one may now ask is how far will our physical three-
dimensional intuition take us in higher dimensions. Besides certain obvious exten-
sions, such as allowing bigger dimensional holes, are there entirely new phenomena
having no counterpart in our own experience? To illustrate the point imagine we lived
entirely in a two-dimensional world. It would then be a great surprise when the first
venturesome mathematician went into three-dimensional space and discovered the ex-
istence there of knots.

Figure 2.
Figure 1.

Well, one entirely new phenomenon in higher dimensions was discovered about
twenty years ago by a young American mathematician named John Milnor. To explain
the nature of his discovery let me remind you of an important distinction in mathemat-
ics between a continuous curve, i.e. one without jumps (Figure 1) and a smooth curve,
i.e. one without corners (no jump in the tangent directions) (Figure 2). To a topologist
these curves are equivalent and he is quite happy to ‘round off’ corners. Milnor’s as-
tonishing discovery was that in higher dimensions this rounding off of corners is not
such an easy process—in fact it may be impossible. More specifically Milnor exhib-
ited (mathematically speaking!) two seven-dimensional manifolds, one the surface of
the sphere S7 in eight-space given by 3_;_, x? = 1 and the other an ‘exotic’ sphere M’
such that M’ could be deformed into S’ if corners are allowed but not smoothly. In
other words there are two different schemes of classification, one (topology) using
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continuity and the other (differential topology) requiring also continuity of tangents
(derivatives). Moreover Milnor showed that there are precisely 28 different seven di-
mensional ‘spheres’.

Without any doubt this was a landmark in twentieth-century mathematics and it
opened up an enormous new field of active exploration. However, for some time people
felt that these exotic manifolds were perhaps artificial constructs not likely to appear in
any natural setting, particularly in relation to algebraic equations. Of course the Milnor
sphere has seven dimensions so it cannot directly represent the solution manifold of
algebraic equations. However, it turned up a few years later in a closely related way as
I shall now explain.

Let me first refer to the words in my title. Global geometry is, as the word suggests,
the study of the total manifold including, for example, the number of holes. Local
geometry is the study of small pieces of a manifold. Now from the point of view of
topology such small pieces look the same. Interesting questions only arise either if
we study more refined questions, involving distance, curvature, etc. (local differential
geometry, which I shall not pursue) or if our manifold has what are called singular
points. I have so far ignored these but they may arise already for curves (Figure 3).

Figure 3.
Figure 4.

If we think of a cone (Figure 4), then the local behaviour near the singular point (ver-
tex) clearly reflects the global behaviour of the base of the cone (which has one lower
dimension). Roughly speaking we might say that on close inspection under a micro-
scope the geometry near the singular point will get enlarged and show up as the global
geometry of the base of the cone. In particular, if our cone represented the solution
of an algebraic equation its base would have an odd dimension. It turns out that Mil-
nor’s exotic sphere arises in this way as describing the behaviour at the origin of the
deceptively simple equation (Brieskorn 1966)

X; +x) +xi+xl+x2=0.

Not unnaturally this discovery stimulated a tremendous amount of work on the local
structure of singularities.

It should be clear from this example that the geometrical structure of the solutions
of an equation can be remarkably intricate, even for fairly simple equations. It is by
no means easy to decide, from the algebraic form of an equation, what the topological
properties will be. In fact, it is not a priori clear that any definite formula can be found
for the number of holes: it might be that we simply have to program a computer for
each equation and wait until it has computed sufficiently many solutions so that we can,
with confidence, plot its graph. Fortunately the situation is not as bad as all that. Quite
simple formulae sometimes exist and in general there is an algebraic procedure which,
starting from the equations, will determine the number of holes. This has, however,
required the concerted efforts of the world’s best mathematicians and has only been
solved in recent years. In fact, the main impetus for this algebraic solution came from
the Theory of Numbers and takes us back several thousand years.
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In the early days an equation (for example)
x4 y* =25

was one in which the coefficients were integers and x, y stood for unknown integers;
only much later were fractions, real numbers and finally complex numbers admitted.
Solving such a Diophantine equation is quite a different story. In geometrical terms we
are looking for points of a curve which happen to be points of a lattice in the plane

In this special case the solutions are easy to find but in general the difficulties are enor-
mous, and after 2000 years the subject is still in its infancy. As a first step, therefore,
number theorists look at congruences modulo a prime number p, that is

fx,y)=0 mod p,

which means that p divides the integer f(x, y). Clearly an integer solution gives a
congruence solution for all primes p. The converse is not usually true but it is a solid
step in the right direction.

It is easy to see that if (x, y) is any solution of our congruence we can get other
solutions by adding multiples of p. We can therefore insist that our integers x, y take
one of the values 0, 1,2, ..., p — 1 and in all calculations we throw away multiples
of p. In fact, the set {0, 1,2, ..., p — 1} treated in this way behaves just like the set
of all fractions: we can add, multiply and divide (by anything # 0). Thus if p =5
we have 3-2 =1 mod 5 or 1/2 = 3 mod 5. For this new algebraic system (which
is finite) we now want to know how many solutions our equation has. One of the
major achievements of recent times has been the essentially complete solution of this
problem for any number of equations, any number of variables and all primes. The
remarkable result is that the number of solutions can be expressed in terms of the
holes of the manifold of complex solutions of the original equation. Thus our belief
that the structure of the manifold of solutions should manifest itself in other properties
of the equation is triumphantly justified.

Let me try to show how one makes this miraculous link between the holes in the
complex solutions and the numbers of mod p solutions. For this I need first two ele-
mentary congruences:

(x +y)? =x? + y” mod p, (3)
a” = a mod p. 4

The first follows from the binomial theorem, since all intermediate coefficients are di-
visible by p, and the second follows by repeated application of the first (put y =1,
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x = 1,2,...). The two congruences have, therefore, a slightly different character,
the first is true for formal reasons and remains true even if we enlarge our system

{0, 1,2, ..., p— 1} in the same way as the rationals are enlarged to the complex num-
bers, while the second is true only for 0, 1,2, ..., p — 1. In fact, x» — x = O mod p
is an equation for x which has 0, 1,2, ..., p — 1 as all its solutions, even when our

system is enlarged: in other words it factorizes in the form
xP—x=xx-1Dx-=-2)... (x—(p— 1))modp.

Now suppose we have a congruence f(x, y) = 0 mod p. We first look at all its so-
lutions in an extended number system: the analogue of our complex solution manifold.
If we replace (x, y) by (x”, y?), the congruence (3) above (together with the more ob-
vious one (xy)? = x?y?) shows that we get a new solution. Thus we get a ‘motion’ of
our ‘manifold’ of solutions and the solutions which we really want are those for which
x? = x and y? = y, namely the fixed points of our ‘motion’.

xy) (xP,yP)

Let us now revert to our ‘real life’ manifold of complex solutions. On these re-
placing (x,y) by (x?, y?) is not permissible (it does not preserve the equation
f(x,y) = 0), but there are other more geometrical motions. For instance on the
ordinary sphere we might have a rotation with two fixed points (the poles) or, reflexion
in the centre, taking every point to its antipode which has no fixed points. The differ-
ence between these two cases is that reflexion turns the sphere inside out: it affects
the two-dimensional hole. This situation turns out to be typical in the following sense.
Any motion of a manifold has different effects on the different holes and there is the
famous formula, called the Lefschetz fixed point formula, which expresses the number
of fixed points quite simply in terms of the effect of the motion on the various holes.
The French mathematician André Weil conceived the audacious idea of applying this
Lefschetz formula not to honest geometrical motions of real manifolds but to the
algebraic motion of replacing (x, y) by (x”, y?) in the solution manifold of the mod p
congruence. For this idea to make any sense we have to know how to identify holes
algebraically and the search for such an algebraic identification has been going on
for about twenty years, culminating in a resounding success just two years ago with
the work of the young Belgian mathematician Pierre Deligne. I am happy to report
that this great enterprise did not pass unnoticed by the Royal Society and that both
Lefschetz and Weil figure among our Foreign Members.

Perhaps I could try to sum up with a few crisp phrases. Whereas nineteenth-century
mathematics was primarily concerned with functions of one variable, the dominant
theme in the twentieth century has been the problem of many variables. Great em-
phasis has therefore been put on basic structural features and these have in turn led
to spectacular links between the discrete and continuous aspects of algebraic equa-
tions. In some ways this is reminiscent of the wave-particle duality of matter, whose
mathematical formulation lies in the field of differential equations.
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Calculus of Differential Forms: Ode to a Region 2 in R3

Nought is the modest and trivial group

And 7y, one-dimensional curvular group

With smooth deformations, with (m(Q) = O)
structures preserved,

m;’s isomorphic to nought.

And on 1r,: an equivalence class

A partition to order the seething morass

of an ocean of wobbling amoebas amassed
into spheres that deform as they ought.

(nz(sz) = o)

Then globally the chains that collapse (If acurve y in  has 3y =0,
to simplices by pullback maps

encircle some surface (or volume), y = 91X for some surface  in &;

if a surface X in Q has 90X = 0,

perhaps : '
with an orientation imposed. % = 97 for some region 7 in Q)
And similarly do forms align a 2 _
in legions of k-tensors, waxing benign (a xdy ~ dydx = d(dw) =0

to exploit their symmetrical switchings  for each sufficiently smooth w

of sign Ak
For behold: the exact ones are closed. in A (Q))

Exotic “d”’! What jumps from lines
and the family of chains that the
boundary defines ( Lis F =[5 df')

to parametrized forms under integral signs
over spaces that one can contract.

For trivial “mrs”! so simple and meek, If 71,(Q) = m2(R) = 0, then for »

With wild abandon, panspatially seek A . .
: , in A* with dw = 0 there exists ¢ in

to lclﬁ;\;::ct a potential that’s almost A*~1(Q), unique up to the addition of

because all the closed forms are exact.  an exact (k — 1)-form, with dp = w.)
——Submitted by Erica Isaacson, a senior at Indiana University,

Bloomington. Dedicated to Dr. John Challifour, Departments
of Mathematics and of Physics at Indiana University.
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