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We extend the treatment of algebra automata to automata employ-
ing algebras over arbitrary theories. To this end we re-present Eilen-
berg and Wright’s approach to the notion of a theory and its algebras
originated by Lawvere. Special attention is given here to the free
theories which correspond, in ordinary automata theory, to the free
monoids. For example, we prove that the free theories (like the free
monoids) are characterized as the projective objects in the category
of theories with surjective morphisms of theories only.

For a theory T, a T-automation is defined in a straightforward
analogy with the notion of an automaton with an arbitrary input
monoid. Qur definition of a T-automaton becomes obvious once it is
recognized that a T-algebra is the appropriate explication for a right-
action of T on a set. Consequently, the construction of a minimal
realization and of a minimal dynamics of any given response function
f on a theory is analogous to the same construction with respeet to a
mapping f on a monoid. Also the basie division lemmata which under-
lie Krohn and Rhodes’ composition theory of machines are true for
response funetion on free theories.

3.2 THEORIES

Our approach here follows the approach to ordinary automata theory
taken by Give’on (1967) and the introduction of the study of algebras
as associated with theories to generalized automata theory by Eilenberg
and Wright (1967). Much of the first half of this paper is a re-presenta-
tion of the material of Eilenberg and Wright (1967). However, there are
enough novelties (such as the notion of a carrier of a theory and of an

1 This research was supported in part by the U. 8. Air Force Office of Scientific
Research, Information Sciences Directorate, under Grants AF-AFOSR-1198-67
and AF 49(638)-1440.

2 Sections 1 and 2 refer to those of Part 1.
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operative theory of an algebra) to justify a discussion which is essen-
tially self-contained. The reader should consult Eilenberg and Wright
(1967) for clarification of the more terse portions of this paper, and for a
presentation of how the language approach to algebra automata, ini-
tiated by Mezei and Wright (1965), may be placed in a categorical
framework. The discussion that follows demands knowledge of Part 1.
Notation and results of Part I will be used without comment.

We assume familiarity with only the most elementary and general
notions of category theory (e.g., category, the definition of a category by
means of objects and morphisms, product and coproduct diagrams, functors
and cofunctors, the elementary properties of the category S of sets and of
concrele categories). For exposition of these notions, the reader may con-
sult MacLane (1965), Maclane and Birkhoff (1967), Freyd (1964), and
Mitehell (1965). On the other hand, in some cases where we adopt a
somewhat different approach from those presented in the literature, we
will explicate some of these notions in the body of the paper itself (in
small print).

Let us define the set-theoretic map

i1l — [n]il— 1

foranyn € Nand 1 £ ¢ < n, where [p] = {1, - - - , p} (so that [0] = §).

This map determines (cf. 2.4 (ii)) for each set Q the projection
2:Q™ — QWiz 1— a4, ; (3.1)

ie, (¢, ") I .

Let us recall (from category theory) that a family of mor-

phisms {y:: 4 — A4;,fore = 1, --- ,n} is a product diagram iff for
each family of morphisms {¢i:: B — A4;, for¢ = 1, ---, n}
there exits a unique morphism ¢: B — A such that

v

___._.'____,.Ai

i

€
D ————1

commutes for each ¢ = 1, ---, n. (The dual notion of a co-
product diagram is obtained by reversing all the arrows in the
above definition of a product diagram.)

2.4 (iii) simply says that the family {%,:Q'" — Q" fori =1, --- ,n}
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is a product diagram in the completion (@) of a Z-algebra @ with carrier
Q. Note that (@) is obviously a subeategory of the category S of sets.
Consequently, we may recast Theorem 2.4 in categorical form as a
starting point for our categorical approach to algebra automata:

(3.2) TueoreM. Let C be a subcategory of the category S of sets. Then C
is the completion of a Z-algebra @ with carrier Q, for some graded set Z,
iff the objects of C' are the sets Q'™, n € N, and the projections 4,:Q™ — @
are morphisms of C and constitute, for each n, a product diagram in C.

Let us consider, for any completion (@) of a Z-algebra @ with carrier

Q, the opposite category (@) to (@), where each object Q™ of (@) is
relabeled by [n]. Thus, (@) has a morphism ¢:[n] — [p] just in case (@)
contains the map ¢:Q"” — Q™. The advantage of forming the opposite
of {@) is that so long as | @ | > 1, the trivial maps » in (@) may indeed
be mirrored in (@) by the maps 4.:[1] — [n] of 8.
" (8.3) Denoting by S the full subeategory of S whose objects are all
the sets [n] for n € N, we see that for any nontrivial Z-algebra @ (i.e.,
the cardinality of the carrier of @ exceeds 1), (@) is a theory, as defined
by Eilenberg and Wright (1967):

(3.4) DrrinrTioN. A theory T is a category which is a morphic exten-
sion of § (i.e., the objects of T are the objects of § and § is a subecategory
of T) and in which the family

{Gu[l] = [n):11—14, for ¢=1,---,m}

is a coproduet diagram for each n € N.

Thus § is itself a theory.

(8.5) If a =-algebra @ is nontrivial, we denote by T the theory ob-
tained from the opposite category of (@), and call it the operative theory
of @.

Thus a nontrivial Z-algebra @ gives rise to a cofunctor T'e — (@).
In Section 4 we shall introduce the category of algebras associated with
an arbitrary theory T as a category of certain cofunctors on T'. Here we
present some elementary properties of theories.

(3.6) Given a theory T and morphisms ¢1, + - , ¢2:{1] — [p] of T, let
{o1, -+, ea)i[n] — [p] denote the unique morphism ¢:{n] — [p] deter-
mined by the coproduct diagram {7,:1 = 7 £ n}. Let T([n], [p]) denote
the set of all morphisms [n] — [p] of T, and let T, be short for T'([1], [p]).
Then the coproduct diagram {7,:1 < ¢ < n} determines a bijection

T3 — T, D (e, - gm) 1= oy oo hem) (3)
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for each n, p € N. Henceforth we shall regard these bijections as identi-
ties and use {¢1, - - - , ¢n) both for the n-list of morphisms ¢y, -+ , ¢n,
and the morphism [n] — [p] determined by it.

Thanks to the equation

(S”l,"' :¢m)<‘l’11"',¢n)

= <<§01;"‘,¢m)‘l/1,"';(@;"',?m)‘l’n), (38)

the composition rule in a theory T is reduced to the family of maps
T;ﬂ] X Th— TP:(<¢1 IR ¢m>; 1[’) |— (‘Pl y " ("m)lb (39)

one for each n, p € N.
(3.10) DErmvrrioN. For any theory T we call the graded set

T= (TO; Tl: Tty TP = T([]-]: [P]): "')
the (graded) carrier of T.
(3.11) Facr. Let T = (T, Ty, ---,) be any graded set provided
with a family of maps (3.9) such that:
(i) 8, © T, for each p € N; and
(i) for any (g1, -+~ ,e.) € To¥ and any 1 £ 7 < n we have

<¢11"':§’1¢>7:n=¢i-

Then the category T defined by T([n], [p]) = T and whose compo-
sition rule is defined by (3.8) is a theory with carrier 7.
(8.12) Let S¥ be the category of graded sets with objects the

graded sets (2, ¢) and with morphisms f: (&, ¢') — (2, ¢/,
one for each map f: =’ — 2 for which

N
07 \O_I/
! "
2 =z
commutes. We often refer to the Sv-morphisms as graded maps.
(3.13) DErinrrioN. The category of theories Th, is the category whose

objects are theories and whose morphisms are functors which leave
fixed the subcategory S.

(3.14) Facr. The restriction h: I' — I of a Th-morphism h to
carriers is a graded map which preserves S-morphisms and satisfies the
expected condition that

b( <¢1 y """ ¢n>¢) = <h(§al): fty h(¢n)>h(¢)
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forall {pr, *++ ,¢a) € Ty ™ and ¢ € T.,. The graded map b is called the
underlying graded map of h. A graded map k: 7" — 7" is an underlying
graded map of a Th-morphism 2:T" — T” (and then

h( <§01 y T ¢n>) = <k(‘Pl y "t k(¢n)>7)

iff & preserves the S-morphisms and satisfies the above expected con-
dition.
(3.15) Facr. The assignment
Ti—T and hi—}

determines a functor w:Th — S° called the forgeiful funcior on Th.
It has the following properties:

(1) it is locally injective, i.e., for any two Th-morphisms
hiy hot TV —T"

h="h iff h=h,

but not injective (for there exist different theories 7" and T with
T =1";
(ii) it relates the basic types of morphisms, i.e., a Th-morphism is

injective, surjective, or bijective iff its underlying graded map is.

Consequently, Th is a regular category, i.e., each Th-morphism 5 is
the (unique, up to an appropriate isomorphism) composition kA = je of
a surjective Th-morphism e followed by an injective Th-morphism 7.

(3.16) Theories can be viewed as ‘“‘sets with additional structure” in
two manners. The obvious one regards a theory 7T as a set of all the
morphisms of 7' together with the composition rule of T' with the prop-
erty of being a morphie extension of § with [n] remaining a coproduct of
7 copies of [1] as stated in 3.4. According to this point of view T is first
of all a category. On the other hand, the forgetful functor U: Th — S* is
defined so that one may consider a theory 7 as the graded set T’ enjoying
the structure specified by the maps (3.9) as in 3.11. Consequently, Th
can be regarded as a concrete category in two complementary fashions.
While we feel that the “natural” carrier of a theory T is the graded set
T, it is still useful to retain the attitude towards a theory as a category.
Definitions 3.4 and 3.13 support this point of view.

(8.16) In any concrete category C (cf. MacLane and Birkhoff,
1967) a C-congruence on an object 4 is any kernel equivalence

of a morphism h: A — B i.e, the equivalence relation Ej de-
fined by

aBy’ iff ha) = ko)
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(cf. MacLane and Birkhoff, 1967). Thus an S¥-congruence on g
graded set (2, ¢) is an equivalence K = for which

TEf = o(f")

holds for all f, f* € = (i.e,, an Sv-congruence on (Z, ¢) is any
refinement of the kernel equivalence of o).

(3.17) A Th-congruence on a theory T is the kernel equivalence of a
Th-morphism with domain 7. The characterization of the Th-con-
gruences due to the view of a theory T as the graded set 7' with addi-
tional structure is immediate and it is as follows. Since Th-morphisms are
determined by S“-morphisms which satisfy additional requirements
(ef. 3.14), it follows that Th-congruences on a theory T are determined
by the S°-congruences on 7' which satisfy conditions comparable to
3.14. Bo, for an arbitrary S“-congruence E on the graded carrier T of a
theory T, denote by E™ the equivalence defined on the morphisms of T
by:if ¢, ¢ € T4, then

oE*y  iff for all 4,: @i Ep i .

Clearly, E¥ is a Th-congruence iff :
(1) E is the identity on S;

(ll) if <‘P1 y "7 San>7 <¢17 Tt ¢n,> & Tg,n] and ¥, i,bl € Tp are such
that wEy and ;B foralli = 1, - -+, n; then
<¢1 » T ¢n>¢E<‘P1,7 T ﬂpﬂI)‘p/'

Furthermore, if E is a Th-congruence on T' and E is the restriction of
E to T, then (E)* = E.

(3.18) For any set X and an equivalence E on X we denote
by [zlz the F-equivalence class of 2 € X, by X/E the set of
all E-equivalence classes, and by X — X/F the canonical
E-surjection z |— [z]z whose kernel equivalence is obviously
E. In any concrete category C, if E is a C-congruence on an
object A, then A/E enjoys the structure of an object of C
such that the surjection 4 — A/F determines a morphism
of C.

Thus, we have
(3.19) Facr. (i) If K is a Th-congruence on a theory T, the collection
of the sets [n] as objects with morphisms [¢]z:[n] — [pl, for ¢:[n] — [p]
in 7, determine a theory T/ F, the quotient theory of T modulo E, and
the map
T— T/E:p 1= lg]s
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is a surjective Th-morphism whose kernel equivalence is E. The compo-
sition rule of 7'/ E is given, of course, by

[‘P]E[‘ME = [@MB .

(ii) If {E;:i € I} is any family of Th-congruences on a theory T
indexed by a set I, then (a) the intersection N{E;:i € I} is also a Th-
congruence on T'; (b) the equivalence closure of the union U{E;:7 € I}
is a Th-congruence on 1" so long as this closure does not make equivalent
distinet S-morphisms.

We end our discussion of theories by exposing the natural directed
system (cf. Mitchell, 1965, p. 47) structure of the ecarrier of any given
theory T.

(3.19) The obvious insertions j:[p] — [p']:% = ¢ for p < p’ determine
injections

FiT, = Tyip = jo

which impose the structure of a directed system on the carrier of 7. In
certain contexts it is natural to regard these injections as insertions.
Thus, if we consider the operative theory Tg¢ of a Z-algebra G with
carrier Q, this corresponds to regarding a function ¢:Q"™ — Q™ as a
function jo:Q”1 — Q™ for any p’ = p, simply by adding “dummy
variables” @41, -+, g». This observation underlies our statement
prior to 2.1 that every 2;;;-DOAG is a Z;,1-DOAG whenever p' = p.

4. THE ALGEBRAS OF A THEORY

After 3.5 we noted that each nonfrivial Z-algebra @ gives rise to a
cofunctor on T'¢ , the operative theory of &, with values in the category
8 of sets. The “image” of this cofunctor is the category (@) which is the
completion of @. The motivation for defining the notion of a theory is
that with each theory T, the algebras whose “structure is indicated and
deseribed by T’ are defined by means of certain cofunctors on 7. The
idea is that the morphisms of 7' are to be thought of as (not necessarily
unique) labels for funetions of an algebra completion. The relations that
hold between the morphisms of T become, therefore, laws satisfied by all
the algebras associated with T'.

(4.1) Drrmrrion. Let @ be an arbitrary set. By an algebra (with
carrier ) we mean the completion of any Z-algebra with carrier @ for
some graded set Z. If T is a theory, then by a T-algebra @ (with carrier
Q) we mean any eofunctor

a:T—S8
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such that for every S-morphism ¢:jn] — [p]in T, @(p) is the map

é:Q[p] - Q[n]:(éh, e :qp) (i (%0(1) 3y "7 Q¢(n)),

and, therefore, G([n]) = Q™ for each object [n] of T.

Thus, for each nontrivial Z-algebra @& the co-isomorphism T, —
(@) € 8 is, in fact, a T g-algebra when considered as an injective co-
functor from T'; to S. Also, it is clear that for any T-algebra G:T — 8
with carrier @, G(T), the image category of @, is an algebra with carrier
@, called the 7mage algebra of @ and is denoted also by (@).

By definition, each Z-algebra gives rise to a certain T-algebra for
gsome theory 7. It is natural to inquire whether there exists a theory,
F(Z), such that for any Z-algebra @, (@) is the image algebra of some
F(Z)-algebra. The constructions employed in Part I imply the existence
of a uniform theory F(Z) for all Z-algebras. We defer the details to
Section 5.

(4.2) Facr. Given a nontrivial T-algebra @:7 — 8 (i.e., the cardi-
nality of whose carrier exceeds 1) the kernel equivalence Eq of @ is a
Th-congruence on T. The quotient theory T = T/Eq is called the
operative theory of @ and is co-isomorphic to the image algebra of @. In
fact, T, is the minimal theory for the image algebra of @; i.e., for any
T'-algebra @ with image equal to that of @ there exists a unique sur-
jective Th-morphism T° — T, which factors @'. Note also that for
any T-algebra @:7T — S and any [surjective] Th-morphism e:T" — T,
Qe: T — S is a T'-algebra [with image equal to that of @)].

‘We now rephrase 4.1 in a way which makes more evident the relevance
of the concept of a T-algebra to generalized automata theory. For any
two entities (e.g. sets) X and Y, X 2 — Y denotes a map of a part of
Xinto Y;ie., a partial assignment on X with values in Y. For any set
Q we denote by Q" the graded set with Q," = Q7.

(4.3) Facr. Let T be a theory and @ a set. Then, a T-algebra @: 7 — 8
with carrier € is completely specified by any partial assignment

Q" X T2 —Q%(z,¢0) —z0o (4.4)

(where - denotes the value of @{y) on z), which satisfies the con-
ditions:

(i) z-¢ is defined iff, for some n, p € N: z € Q" and o ¢ TS";
and then z-¢ € Q'™

(i) for any z € Q% if ¢ is an S-morphism in T for which z-¢ is
defined, then 2-¢ = zyp;
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(iii) for any = € Q* and morphisms ¢ and ¢ in T such that z-¢ and
{x @) ¢ are defined, then (z-¢)-¢ = z-(¢¥). Note also that for a
T—algebra @ as in 4.4, the congruence E, is essentially defined by
T = T foralleQ*”
(4.5) Notamion. For any two graded sets =, T, [Z, Z'] denotes the
union of the product sets =, X E, for all p € N. For any T-algebra

@:Q* X T2 —qQ*
we call
@:[Q", T — Q:(z, ¢) \— -9

the underlying action of G.
(4.6) Fact. For an arbitrary theory T and any set @, an arbitrary
map

Q5 T1— Q:(z, ) — z0
is the underlying action of a T-algebra G, (and then
@u:Q" X T2 — Q% (z,0) — -0
is given by
x'(‘Pl: ;¢"> = (x'¢1> 5x'¢n>; )

iff « satisfies the requirements: .

(i) x4, = zip forallz € Q" and i, € S, ;

(ii) z-({er, - s 0a¥) = (T-01, -+, T-@a) ¥ for all
or, " ,pu) € Ty and ¢ € T,.

(4.7) DermvitioN. The category T° of T-algebras has for objects all
T-algebras and for morphisms f:@; — Q. (where & and @ are two
T-algebras with carriers @y and @ respectively), the mappings f: Q1 — Qs
which render commutative the diagram

Q
[, T]————»-o,

£ l Lid. lf
[QZw I,] 02
where

5% — @z 1— fx.
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(4.8) Facr. f:Q, — Q, determines a 7 -morphism f: Gy — @, iff
:0% — Q.F, as a graded map, determines a natural transformation
@1 —> @, of the cofunctors @;: T — S and @.: T — S.

(4.9) Clearly, for each theory T the category T” is a concrete category.
Hence, we assume as known the notions of a T"-congruence on a T-
algebra, of a quotient T-algebra G/E of @ modulo E, and of the canonical
surjective T"-morphism @ — @/E whose kernel equivalence is E. Note
that for any family {E;:¢ € I} of T -congruences on a T-algebhra @
(indexed by I), both the intersection and the equivalence closure of the
union of {E;:¢ € I} are T"-congruences on @. For a detailed study of the
categories of a form T" (as “varieties of universal algebras”) the reader
ig referred to Cohn (1965).

(4.10) For each theory T, the forgetful functor W:T" — S is the
functor which assigns to each T-algebra its carrier, and to each Th-
morphism f: @, — @ its underlying mapping f:¢: — @ . This functor is
locally injective (i.e., given any two T-algebras @; and @ with carrier
@, and Q, then the restriction of 4t

Tb((ﬁ s @2) — S(Ql ) Q2>

is injective) but not always injective. (It is the identity functor of S for

= §, sinee 8" = 8, but in general, it is not injective; e.g., there are
distinet monoids with identical carriers.) T’-morphisms are said to be
surjective, injective, or bijective depending whether their underlying
mappings are. While the bijective and the injective T"-morphisms are
the invertible and the monic morphisms (respectively) in T”, in general
it is only true that the surjective T-morphisms are epic in T°. For
example, the insertion of the cyclic free monoid into the additive monoid
of integers is epic in 7" for the suitable theory 7 of monoids, it is not
surjective. The reader who is interested in the problem of when epic
morphisms in T® are surjective is referred to Linton ( 1965) We will
demonstrate now the existence of a functor Fz:S — T adjoint to
u:T" — 8 (cf. MacLane and Birkoff, 1967) which assigns to each set V
the free T-algebra Fy(V) on V.

(4.11) For any theory T and any set V consider the equivalence =
defined on the set [V, 7] (cf. 4.5) as the equivalence closure of the
relation (z, ) ~ («, ¢') which holds iff z € VI*, 2’ € V¥, o € T,
and ¢ € T, for some p, p E N, and there exists an S-morphism 7:[p] —
[p'] such that £ = 27 and ¢ = rp. Put dlfferently, (x, o) = (z,¢) iff
in any T-algebra with carrier V we have z-¢ = z’-¢.
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Let V- T be the set [V*, 7] reduced by the equivalence =. The T-
algebra Fr(V) is defined as the partial assignment

Fe(V):(V-T)*X T2 —V-T
determined by
(((@iy01)y = 5 (B 08)), ¥) I (@ay < -+ Za, (@1 X =+ X @u)¥)

f01’$1€ V[Pll’.__ ,Il?nE V[p"],mE Tm;"' 7‘?1&6 Tpn;'lbe Tﬂ’ and
where oy X <+« X ¢p € TS + -+ + p, is defined as (rwpy, *** , Togn)
where forj = 1,-.+ , m:

ritlpd = Ipy + - + palii 1— (kz;j px) + 2.
The reader may check that Fr(V) is well defined and it is in fact a
T-algebra with carrier V- T and that for the injection
gv:V b V'T:’U [ [(U, 11)]5

we have:

(4.12) ProrostrioN. Let V be an arbitrary set and G an arbifrary
T-algebra with carrier Q. Then for any function fiV — Q there exists a
unique T*-morphism

P (V) — @
9y .

V ————=\.T

for which f gt commiites.

Q

{4.13) Note thatin case V = [n] = {1, 2, ---, n} for some n € N,
then

V-T — Ta:l(4, @)l= |1 tno

is a well-defined bijection and under this bijection the underlying action
of Fr([n]) is simply given by the composition rule of 7 itself. Clearly,
the insertion g associated with F»([n]) is

Gt In] = Taid > 4y .

We observe therefore, that a theory T can be regarded as a disjoint
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union of the free T-algebras

Fr(0D), Fx(11D), -

even though 7 itself is not a T-algebra unless we modify our notion of
T-algebra defined in 4.1 to replace @ by a graded set with structure com-
parable to that of a carrier of a theory.

We now give a classieal corollary of Proposition 4.12:

(4.14) CororLrARrY. Let & be any free T-algebm Then, for any T
morphism h:F — ® and any surjective T -morphism f: @ — ® there
extsts at least one TP-morphism g:F «> @ for which

commuies.
Proof. Let § = Fr(V) and let the carriers of @ and ® be @, and @
respectively. Then, there exists a function a: V- T — @ for which

VT
/ lh
oL,

commutes in S. Consider the T’-morphism
= (agv):F— @

whose existence is guaranteed by 4.12. It follows from 4.12 that
fg = f(agv)t = hin T", QED.

(4.15) Remark. Due to 4.14 we say that the free T-algebras are

-pro_yectwe Since the epic morphisms in T” are not necessarily sur;ec-
tive T"-morphisms, we cannot 1dent1fy the U-projective objects in T
with the projective objects in 7" without additional arguments. Though
it follows that every projective T-algebra must be U-projective, the
example of the category of monoids shows that U-projective T-algebras
need not be projective (see Give’on, 1967). The example of the category
of R-modules where B = Z @ Z shows that U-projective T-algebras
need not be free (see MacLane, 1963).
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(4. 16) Facr. For any (surjective) Th-morphism H :T — T, denote
by H, :Tp, — T, the restriction of H' to T,, and by By, the kernel
equivalence of H, . Then, Eg,; is a T’-congruence on the T-algebra
Fr([p}]). Denote by Gz, the T~algebra Fo([p ])/EHp . Then for any
(surjective) Th morphlsm H:T' - T, H:T, — T,” determines a
(surjective) T"-morphism

Hp:@oypl > Qg

where H” = HH'. Note that for a surjective Th-morphism H': T — 7"
the carrier of Gz, can be taken to be T, and then the underlying action
of Quy is given by

<§91, ;§0n>'1// = <¢’17 7@n>H(¢>
for all (g1, -+, @n) € (T and ¢ € T,.
5. FREE THEORIES

We demonstrate now the existence of a functor :8° — Th adjoint
to the forgetful functor U:Th — S® on the category Th of theories (cf.
3.15). For any graded set Z, the theory $(Z), which is ecalled the free
theory on Z, is constructed directly from the Zq,-trees discussed in
Section 2, and it is characterized in Th in much the same way as a free
monoid is characterized in the category of monoids.

(5.1) In order to construct the free theory ¥(2) on £ from the Zj,-
trees, we have to identify 2, -trees that are isomorphic from the graph-
theoretic point of view, and to associate with each (representative of a
graph-theoretic isomorphism type of a) Zj,j-tree an external label n
with n = p, such that, with this label, each Z,-tree determines a unique
morphism [1] — [n] in the carrier of F(Z). Thus, henceforth, by a Zy-
tree we mean a pair (3,p) where 5 is an isomorphism-type of a Zip-
tree, usually represented by a specific Xi,;-tree. Accordingly, we identify
the S-morphism 7,:[1] — [pl:1 \— 4 with the Zip-tree represented
by the single-node tree labeled by 4. For any f € 2, we identify f
with the Zp,-tree represented by the tree

which becomes the single-node tree labeled by f in case p = 0. Conse-
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quently, the carrier of F(Z) can be described inductively by:

(i) forany p € N:8, C 5(Z)pand Z, S F(Z), ;

(i) if f € Zx and (o1, -+, @) € (5(2))", then (o1, -+, @)f
is the Z,-tree obtained from the Zp,-tree f, as in (2.1), by replacing each
initial node of f labeled ¢ by an appropriate copy of p;. Note that the
Zim-tree (@5, -+, o)f can be denoted uniquely by the formal term
k“(ﬂal y T ?k)f”'

In order to complete the definition of F(2), we take () ([n], [p]) =
(5(2),)™, and define the maps

(g(E)ZJ[M X g(z)n'_'9 EF(2)p:<(§"17 T 7¢n)7 ¢> t— (‘ﬂl: e :‘Pn)‘!’

where (¢1, -+, ¢n)¢ is obtained from ¢, as in (2.1), by replacing each
initial node of y labeled 7 by an appropriate copy of ¢; . By 3.11 it follows
that F(2) is a theory.

Note that the inductive definition of the carrier of F(2) indicates
that it can be defined as a graded set of formal terms where each formal
term is either an element of =, a morphism in the carrier of S, or of the
form (g1, <+, ¢x))f where ¢, -+, ¢ are appropriate formal terms
and f is an appropriate element of Z.

(5.2) Lmmma. Let Z be a graded set and Q a set. Then for each mapping

a:[Q%, 2] — Q
there exists a unique F(=)-algebra
@aiQ* X F(2) 2 — Q*

whose underlying action agrees with « (i.e., for each € Q" and f€ =,:
a(x, f) = z-f).

Proof. Let & be the Z-algebra determined by «, and recall 2.2. For
each z€ Q" and Y€ F(Z), define

A
ﬁ?l,b = (x)ﬂog )

where » is the terminal node of the Zp,-tree ¢. By 4.6 it is easily verified
that this defines an F(Z)-algebra @. whose underlying action agrees
with . The uniqueness of G.. also follows easily from 2.2 and 4.6. Q.E.D.
(5.3) ComoLLARY. An algebra is the completion of a Z-algebra iff it
is the image algebra of an F(Z)-algebra.
(5.4) CoroLrLArY. Let Z be a graded set, Q1 and Q. sets and let

ai:[Qz'*; = Qi;i=1,2
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be any two maps. Then, a function f:Q: — Qy determines an F(Z)°- mor-
phism f: Quy — Qu, iff

[} 5],

e [

a
[}, 5] %0,

commules.

The justification for calling F(Z) the free theory on Z is based on the
following characteristic property of F(Z).

(5.5) ProrosrrioN. For any theory T and any graded map h:2 — T,
there exists a unique morphism h:5(Z) — T of theories for which

g
5 (3

hf
h ~

commutes (in 8°) where

g=:2—>F(Z)

18 the graded map which identifies each f€ =, with the Zy-tree denoted by f

(ef. 5.1).
Proof. For a given h:Z — T define h':5(Z) — T by induction on the

structure of F(Z) asin 5.1:
(i) K (¢) = ¢ for each S-morphism in (=) and h'(f) = k(f) for

each element fin Z;
{i) B (e, a)f) = &), -, B (a)) ().

Tt follows now by induction and by 3.14 and 3.15 that &’ is the under-
lying graded map of a unique Th-morphism B':F (2) — T for which
b'gs = h. The uniqueness of 1’ also follows by induction on the structure
of the carrier of F(Z).

(5.6) Several conclusions can be drawn (in a classical manner) from
5.5. First, it follows that the assignment 2 |— (=) determines a functor

F:8% — Th;
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for each graded map f:2 — 27, 5(f):5(2) — F(2") is defined by
F(f) = (g=N)". (5.7)

Proposition 5.5 implies that ¥ is in fact a functor and that it is adjoint
(ef. MacLane and Birkhoff, 1967) to the forgetful functor U:Th — S°.
Furthermore, the proof of 4.14 as a corollary of 4.12 can be applied here
to derive that every free theory is U-projective. On the other hand, by
using techniques similar to those applied to the category of monoids
(e.g., as in Give’on, 1967), we will prove now that every U-projective
theory must be free.

(5.8) Let T be a theory and g: Z — T an injective graded map (say,
= is a graded subset of the carrier of 7'). Consider the Th-morphism

g :F(2) — T.

The image of ¢' is said to be the subtheory of T generated by = and is de-
noted by T(Z). If g' is surjective, then g: = — Tissaid to be a generating
set of the theory 7. Clearly, if 2 is a graded subset of 7', then the carrier
of T(Z) consists of the S-morphisms that belong to I', the morphisms
that belong to Z, and the “products” (g1, ---, ¢x)¥ of morphisms
@1, ,on which belong to T\Z) and of ¥ which belongs to Z.

Consider the morphisms in the carrier of the free theory F(Z'). Let
=" be any graded subset of F(Z'). A morphism ¢ in F(Z') is said to be

basic to =" in F(Z) iff it belongs to =" and whenever

o= (o1, ,ou)f

{where f belongs to Y and ey, -+, en to F(Z')) we always have that all
the ¢y, - - - , s are S-morphisms. Thus a morphism in = is basic to ="
iff it is not a “nontrivial product” of other morphisms in =”. By induc-
tion on the structure of the morphisms in the carrier of a free theory, the
reader can easily prove

(5.9) Lmmma. If T s a subtheory of a free theory F, then the graded set
T of all the morphisms in T which are basicto T in F (or more precisely,
the insertion T — T') is a generating set of T which is included in any
generating set of T.

We prove now:

(5.10) TueoreM. A theory F is free ¢ff it is W-projective. That vs, F is
free iff for any Th-morphism g F — T" and any Th-morphism e: T' — T"
such that W(e):T" — T is surjective (i.e., e is surjective), there exists at
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least one Th-morphism f:F — T' for which
F

e
e

f -7 ig

d

T, s 3 T"

commules.

Proof. We noted above that the proof of 4.14 as a corollary of 4.12
can be applied here to derive that every free theory is U-projective. To
prove the converse, note that every Al-projective theory F must be iso-
morphis to a subtheory of a free theory. For any theory T is a Th-mor-
phic image of a free theory: T — T is a generating set of 7. Hence we
have a surjective Th-morphism F(F) — F, and since F is U-projective,
there exists at least one Th-morphism F — F(F) such that F — F(F) — F
is the identity on I, and F — F(F) must be injective.

By Lemma 5.9 we know that if F is U-projective then there exists a
generating set b: 2 — F of F with the property that

UMW) =b() iff ¥ = g:(f) (5.11)

for any ¢ in $(2) and fin = (for note that (U(D"))(¥) is a “nontrivial
product” iff ¢ = g=(f)). Since b':F(Z) — F is surjective, and F is U-pro-
jective, there exists a Th-morphism 7: F — () such that

b = iy (5.12)
and therefore
wdHu()b = b.
Now, for any fin = we have
WO [W(GHbd()] = b(2),

which, by 5.11, implies

U(GD = g=.
The last equality implies

gz = WNHd = UG (W(B"gs) = (b=,

and therefore, by 5.5, we have

=y -
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Hence, by 5.12, F is isomorphic to F(Z). Q.E.D.

6. ELEMENTARY PROPERTIES OF AUTOMATA OVER THEORIES

In Part I we studied Z-automata as =-algebras with output. Since we
may identify =-algebras with §(Z)-algebras, we realize that we can in-
troduce the notion of a T-automaton, for an arbitrary theory T, as a T-
algebra with output.

(6.1) Dermvrion. For a theory T, a T-automaton is a quadruple

M = <QJ @’7 Y’ k>

where:

(i) Q and Y are sets (the state and output sets of M respectively);

(i) @:Q* X T D — Q" is a T-algebra with carrier @ (the algebra
of M); and

(iii) N:Q — Y is a function (the output function of M). The theory
T is said to be the snput theory of M, and in case @ is nontrivial, T4 is
said to be the operaiive theory of M.

The passage from F(Z)-automata to T-automata, for an arbitrary
theory T, is not only formally justified. Since every theory is a quotient
theory of a free theory, the class of all T-automata ean be considered as a
subclass of those Z-automata which satisfy certain laws which amount
to a Th-congruence E for which §(Z)/E = T. This is analogous not only
to the algebraic point of view but also to the current view in ordinary
automata theory: Abelian automata are automata with Abelian input
monoids and permutation automata have groups as their input monoids.

The response function of a Z-automaton was defined based on the
point of view that the Z-algebra of a Z-automaton, tacitly specifies the
“initial states” of the given Z-automaton (by means of its nullary opera-
tors). Following this point of view we define:

(6.2) DermnrrioN. By a response function on a theory T (with values
in a set Y) we mean any funetion f: Ty — Y. The response function of
a T-automaton M = (@, @, ¥, A) is simply the map

Ly =1 B9 N v (6.3)
where @, is the restriction of @ to Q' X T, identified with To (i.e., fu(e) =
M A-p) where @ = {A}). We say that M realizes fiff f = fur .

Looking for an automaton which realizes f is simply looking for fac-

torizations of f like that of (6.3). Note also that

@:To— Qipl— A-p
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(as in 6.3), is the underlying function of the unique morphism
F :1'([0]) - @

of T-algebras.

In fact, the realizations of a response function f: Ty — Y form a cate-
gory:

(6.4) The category of (T-automaton) realizations of f has for objects
all T-automata which realize f, and for morphisms, say

H{Q,d, 7, N)— (@, a", v,\")
those T*-morphisms H: @' — @ for which

SN
T H Y (6.5)

commutes. .

(6.6) A realization M = {(Q, a, Y, \) of f is said to be surjective iff
G@ To — Q is surjective. Since @ is the underlying algebra of the unique

T*-morphism Fr([0]) — @, every T-automaton M has a (unique) sub-
automaton which is a surjective realization of f» . We denote by f/ T the
full subcategory of the surjective realizations of f. The ob]ects of f/T"
can be identified as the factorizations of f into a surjective T -morphlsm
followed by a map, and they are completely determined by the T"-con-
gruences on Fr([0]) which refine the kernel equivalence of f on T,
the ecarrier of Fz([0]). Consequently, f/ T* is a partial order category
(i.e., for any two objects v and 7. of f/ T® there exists at most one mor-
phlsm H:ry — 1, , determined, in fact, by a surjective T*-morphism) and
to look for a minimal realization M (f) of f is simply to look for a. terminal
object in f/T°.

(6.7) ProrosrrioN. For any response function f: To — Y on the theory
T, the category f/ T® has an instial object (called the free redlization of f)
and a terminal object M (f) (called the minimal realization of f).

Proof. The initial object of f/ T* is obviously the free algebra FT([O])
equipped with f:Ty—> Y as an output function. We shall shortly nge an
automaton-theoretic construction of the terminal object of f/ T’. Here
we just note that the simplest proof for the existence of M (f) is based
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on the fact that f/T” can be regarded as a directed system and has a, di-

rect limit determined by the equivalence closure of all the kernal equiva-

lences of the surjective T°-morphisms @ for all the T-algebras G ap-

pearing in f/T" (cf. 4.19). QED.
(6.8) Automata theory suggests a direct construction of the minimal

realization M (f) = (Q;, Gy, Y, As) of f: Ty — y mimicking that in 2.13.
We define the equivalence relation E; on Ty by

P B iff f(Pe) = f(¢'e) forall o€ Ti =~ (69)

and set Q; = To/E; . Letting [¢] denote the equivalence class of [2 modulo
E;, we then define the underlying action of G; by

([ 1]; Tty [‘Pn])‘i/ = <§01 y“ T Saﬂ)"p]" - (610)
This is well defined by (6.9) and by the equality o ‘

<¢1: Ty o) = 9016(.7.‘?1: 7.7"Pn—1111>

where 7:[0] — [1] is the only S-morphism [0] — [1]. Finally, we define
Ar by M{[e]) = f(g). The reader may readily verify that M (f) so de-
fined is indeed a terminal object of f/T"; i.e., a minimal realization of f.

(6.11) We associate with a given response function f:Ty — Y on T
another eategory based on the realization that T is the first component
of the carier of T'. Let f/ Th, the category of Th-factorizations of f, have
for ob]ects pairs (H', 1) where H': T — T’ is a surjective Th- morphlsm
and B: Ty — Yisa response function such that

To Y
H 6\ /
T

commutes, where Hy (as in 4.16), is the restriction of H:T — T to To.
The morphisms of f/Th are the obvious surjective Th-morphisms: = -

H:(H',K)— (H", ")
is a morphism in f/Th iff HH' = H” (and then A"Hy = &'). -
(6.12) Facr. The assignment which maps each object.(H, h) of

f/Th to thé realization of f with algebra @g, (cf. 4.16) and output func-
tion h, and each morphism H in f/ Th to H, is an injective functor

9:5/Th — J/ T
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and, therefore, f/ Th can be regarded as a subcategory of f/T". Since the
free realization of f can be regarded as belonging also to f/ Th (in the form
of (ir, f) where 77 is the identity functor on 7'), the category f/Th has an
initial object.

We now prove

(6.13) PrororrioN. If f: Ty~ Y s a nonconstant response function on
the theory T, then f/ Th has a terminal object (called the minimal dynamics
of ). If we denote by

H:T — T,

the obvious surjective Th-morphism from T onio the operative theory of the
algebra Gy of the minimal realization of f, then there exists a uniyue re-
sponse function b’ on T ay such that (H?, i) is a terminal object in f/ Th.

Proof. Since M (f) realizes f, @; cannot be trivial when f is a noncon-
stant response function. The kernel equivalence B of H:T — T oy 18
characterized by:

_ ¢ H'" iffforall z € Q:x-¢ = 2¢ (6.14)
(whenever defined) forall &', " € T([n], [p]),n, p € N. Itfollows thatfor

o e €Ty, B¢ implies fl¢') = f(¢"), and therefore there exists a
unique response function A’ on T4, for which (H’, k') is an object of
f/Th. All we have to prove is that for any object (H, k) of f/ Th, the ker-
nel equivalence of H implies B, By 3.17, we can restrict our argu-
ment to the carrier of 7.

Let ¢, ¢” € T, for some p € N suchthat H(¢') = H(¢" ). Then, for all

¢ € Tiand g1, -+ , 0, € Ty, we clearly have

H((p, 5 0a)e'e) = H{pr, =+ s 000 0). (6.15)
Since (H, h) is an object of f/Th (ie., hHy = f) and since both
lor, -+ sep)e0and (o1, -+ , op)e o belong to Ty, 6.15 implies

flor, - en)e0) = f(ler, o000 ©),
and, therefore, by 6.9,

G, om0 By (o, oo s ek

which implies, by 6.10 and 6.14, that oE . Q.ED.

(6.16) The construction of a minimal realization M (f) and a minimal
dynamics (H’, W) of a given response function f: Ty — Y on a theory T
is clearly analogous to the construction of a minimal realization M (f)
and a minimal dynamics (H’, #’) of a given function f:W — ¥ on a
monoid W. The minimal realization of f: W — Y yields the minimal state
space sufficient for the realization of f, while the minimal dynamics of
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f: W — Y yields the minimal monoid automaton sufficient for the realiza-
tion of f: W — Y. The well-known phenomenon that the minimal mon-
oid automaton can be defined from the opposite monoid of the trans-
formation monoid of the minimal realization of f:W — Y is rephrased
and generalized here in Proposition 6.13. The minimal dynamies of a re-
sponse function f: Ty — Y is centered around the opposite category of the
image algebra of the algebra @, of the minimal realization of f.

(6.17) Let 3 be any class of theories. We say that 3 admits quotients
iff 53 is closed under surjective Th-morphisms (i.e., if 7" belongs to 3 and
there exists a surjective Th-morphism 7’ — T” then T also belongs to 3).
By an automaton over 3 we mean a T-automaton (for some theory 7)
whose operative theory is in 3. We clearly can infer from Proposition 6.13.

(6.18) Corovrrary. Let 3 be any class of theories which admits quotients
and let  be any nonconstant response function. Then f is realized by some
automaton over 3 iff T, belongs to 3.

(6.19) We extend now the automaton-theoretic study of response
functions on theories and introduce the notion of division of response
functions and related concepts in analogy with the Krohn-Rhodes’
notion of division of machines (cf. Arbib, 1968). The results that follow
our definitions are not surprising. Henceforth we assume that all the re-
sponse functions under consideration are nonconstant.

(6.20) Dermvrrron. Let T', T" be theories and f;:Ty — Y’ and
f2: Ty’ — Y” be response functions. We say that f1 divides f (ertten fil fz)
iff there exist a Th-morphism H:T' — T” and a function h: ¥" — ¥’
such that

commutes. The response functions fi and f; are said to be equivalent iff
filfeand fol fi.

(6.21) Drrmrrion. By a theory with output we simply mean a pair
(T, f) of a theory T and a response funetion f on T. If f is a response
function on 7', then by the normal form (T’, ') of f we mean the theory
with output determined by the minimal dynamics of f (ie., TV = Tq,;
cf. 6.13). The theory 7" is called the normal theory of f.

(6.22) Dzrinrrion. Let T° and T” be theories. We say that T' divides

" iff T’ is the morphic image of a subtheory of T”. Let (T, k') and
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(T”, h”) be theories with output. We say that (T", k') divides (T”, h")
iff there exist a subtheory T of T”, a surjective Th-morphism E: T — T’
(and therefore T’ divides T”) and a function : ¥” — ¥’ such that

<
?

Ty — Y’

E T T h (6.23)

"
—— e Py
T

T 1
0 HlT,

o

iU

commutes (where b | Ty is the restriction of &” to Tp).

Analogous to the diagram-chasing in ordinary automata theory
(Give’on, 1967) we have:

(6.24) TuroreM. For arbitrary response functions f; and f :

(1) f1 | f» always implies that (T, h'*) divides (172, 1'®);
(1) 4 f1 75 a response function on a free theory and (T7, K'*) divides
(T, K*) then fy | £

We now.prove:

(6.25) TeEEOREM. Let fiFq— Y be a response function on a free theory
F, and let er: Ty — Ty be the response function on a theory T' induced by a
surjective Th-morphism ¢ : T — T by restriction to Ty'. Then f divides er
off T7, the normal theory of f, divides T.

Proof. Noting that T is the normal theory of er, by 7.17 it follows
that if f| ez then 77 divides 7. 7

Conversely, assume that 7" is a subtheory of T with a surjective
Th-morphism ¢”: T” — 7T, and let j:T” — T denote the insertion Th-
morphism for 7”7 & T. Then by 5.10 there exist, first a Th-morphism
H”:F — T for which part (1) in 6.26 commutes, and then a Th-mor-
phism H” : F — T’ for which part (2) of 6.26 commutes.

Fee " o

H Tl[ (6.26)

T ~ ~T
On the otheér hand, since 7o: To” — Ty isinjective, (and since every non-
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empty set is an injective object in the category of sets) there existsat least
one function k: Ty — Y for which

hf

T _____...T
\
" ! .2
T h (6.27)
o

commutes.
Sinee clearly,

heo'Ho, — h(J.OHO”) - (h"eo”)Ho” = KWH = 1,

we have f| er. Q.E.D.

The reader may readily verify the:

(6.28) Fact. For any response function f:To — Y on any theory T,
fand ': T¢ — Y are equivalent response functions.

With these basic results on the minimization, normal form and divisi-
bility of response functions on theories, we have paved the way for the
development, in Part T11, of the appropriate generalization of the Krohn—
Rhodes composition theory for finite-state sequential machines.

(6.29) Remark. The divisibility results (i.e., 6.24 through 6.28) as
well as the rest of our resulis ean be extended to cover constant response
functions by extending the category Th in adding to it a terminal object
as the normal theory of the constant response functions.

RecEIvED: February 6, 1968
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