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The concepts of "equational" and "recognizable" are defined for 
sets of elements of an arbitrary abstract algebra. Context-free lan- 
guages and finite-state languages become realizations of the same 
general concept (of equational sets) when the proper algebra is spe- 
cified. A principal objective of the paper is to establish in the context 
of abstract algebra, relationships between such concepts as equa- 
tional and recognizable sets. 

I, INTRODUCTION 

Algol-like or context-free languages over a finite alphabet ~ can 
be defined by systems of fixed point equations in which juxtaposition 
represents the operation of the semigroup F (E)  freely generated by 
5. A system of fixed-point equations determines an inductive process 
for generating elements of finitely many context-free sets simultane- 
ously. Similarly, finite-state (regular) languages over the same alpha- 
bet are definable by fixed-point equations in which symbols of ~ de- 
note operators of the generic monadic algebra Mz. The algebra M~ 
contains as elements E-strings, including the null string, and for each 

C E the operation S --~ Sa for all strings S. 
The purpose of this investigation is to provide a basis for the theory 

of an arbitrary algebra, which will subsume the theory of F ( ~ )  and M~ 
in such a way that  context-free languages and finite-state languages be- 
come realizations of the same general concept when the proper algebra 
is specified. 

The following concepts are defined for an arbitrary abstract  algebra 
?I, where ,~ denotes a set of elements of ~I. 

(1) ~ is equational iff it is definable by a system of fixed point 
equations in the syntax of ?I. 

(2) ,~ is recognizable iff it is a union of classes of a finite congruence 
Oil ~. 

A main result of the paper is a finite procedure for producing from a 
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given system of equations, a second system of simpler form which is 
such that any set definable by the given system is a union of sets defin- 
able by the second system. 

Another principal result is that if ~I is a generic algebra with a finite 
number of operation symbols, then a set of elements of ?i is equational 
if and only if it is recognizable. If finite algebras with distinguished 
terminal sets are taken to be generalized finite automata, then recog- 
nizability is a natural generalization of the concept of a set of strings 
being accepted by a finite automaton. 

THEOREM. A set of elements of an algebra ~I with a finite number of 
operation symbols is equational if and only if it is the homomorphic image 
of a recognizable subset of the generic algebra with the same operation 
symbols as ~I. 

If F (~)  provides symbols for the elements of Z, then equational sets 
of this algebra are exactly the context-free languages. The equational 
sets of M~ arc exactly the finite-state languages. It  is further possible, 
by introducing operators such as for example S --> SS, where S is a Z- 
string, to obtain as equational sets, sets of ~-strings that are not context- 
free. 

We remark that the theorem above yields in particular that the con- 
text-free sets of F(Z)  are homomorphic images of recognizable subsets 
of the free grouppoid generated b y  ~. 

The work presented in this paper grew out of reports by many authors 
on formal linguistics, automata and computability. The list of references 
gives an illustrative sample of such literature. 

Consider the set L of the strings ab, aabb, aaabbb, . . .  which is a con- 
text-free language [Chomsky and Schfitzenberger, 1963). L may be 
generated by 

(1) placing in the set the string ab; and 
(2) placing in the set the string asb when the string s is already 

present. 
This process amounts to specifying L as the union of an increasing 

sequence of sets. With later developments in view, it should be noted 
that L may be defined as the smallest class of strings containing ab and 
"closed" with respect to the operation of "simultaneously flanking a 
string on the left by a and on the right by b." This definition amounts to 
specifying L as an intersection of closed sets. 

The simple situation of defining the set L in isolation contrasts with 
the general case, illustrated by the problem of defining the set C of 
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"proper parenthetical expressions." In the natural process for generating 
C, an auxiliary set C* is employed, and since C, C* are interdependent, 
the sets are defined simultaneously. (The process of simultaneous defini- 
tion is carried out with the aid of the system 8 of equations of Definition 
2.7, which under the appropriate interpretation will yield C*, C as asso- 
ciated with the first and the second of its equations, respectively. A fur- 
ther discussion of this example is found in Section V.) 

In the theory of automata, as well, simultaneous definition or genera- 
tion of sets plays an important role (Rabin and Scott, 1959). A finite- 
state graph, such as the one in Fig. 1 may be interpreted as a simul- 

x S I o I ~ ,  

X2 is initial 
FIG. 1. 

taneous inductive definition of sets, one assigned to each state with (1) 
the null-string placed in each set assigned to a state that is distin- 
guished as initial, and (2) in general strings placed in sets as indicated 
by the labeled arrows. Thus, in the example of Fig. 1, the null-string is 
placed in Xa, strings Io, IoIo placed in X1, and IoI1 placed in both 
X~, Xa. 

(The system of equations of Example 3.4 will, under the appropriate 
interpretation, yield precisely the sets defined inductively by this graph). 

A major objective of this investigation is to reformulate the several 
different types of inductive definitions, such as the ones illustrated above, 
in such a way that the common features can be abstracted to become 
basic components of a unified general theory. 

Presupposing the set of all strings in the symbols a and b, and the 
operation of concatenation of strings, Ginsburg and Rice (1962) used 
equations of the fixed-point form to define "ALGOL-like languages," 
that is context-free sets such as L in the above example. Presupposing 
the same structure, Arden (1961) introduced a special form of equations 
with the property that a set of strings is definable by a system of Arden 
equations if and only if it is recognized by a finite automaton. In the 
Arden equations a variable could occur only at the beginning of a string. 
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If, however, one presupposes the set of all strings in the symbols a and b 
and the operations s --> sa, s ~ sb, the Arden equations can be reinter- 
preted as fixed-point equations, with no special restrictions required on 
the form of such equations. 

The point is, that the differences between context-free sets on one hand 
and finite-automaton recognizable sets on the other can be accounted 
for adequately by differences between the underlying structures and the 
methods of definition can be made analogous in the two cases. The under- 
lying structures are a free semigroup and a generic monadic algebra [a 
structure determined by one-argument operators; see Bfichi and Wright 
(1960)], respectively, both of which are abstract algebras. In our in- 
vestigation, then, we wish to introduce the general concept of "an 
equational subset of an arbitrary algebra," as a set defined by a "system 
of simultaneous equations of the fixed-point form," appropriate for the 
given algebra. In particular, context-free sets are equational sets de- 
fined by semigroup equations and finite-automaton recognizable sets are 
equational sets defined by monadic algebra equations, both subsumed 
under the single concept of equational sets. 

The theory in this paper is developed within the framework of " a b -  

stract" or "universal" algebra. By an "algebra," we will mean a set 
called the "carrier" together with a family of finitary operations on the 
carrier, indexed (or denoted) by given operator symbols. 

In Section II, we define the concept of a term ~ (or well-formed alge- 
braic expression), and given an algebra, we associate with a term a 
function over that algebra. The terms are viewed as being applicable to 
all the algebras for which the operator symbols that occur in a term have 
an intel2oretation. The use of capital letters in terms is meant to empha- 
size the fact that we are associating with terms "term functions" that 
have arguments, and take on values, which are subsets ,  rather than ele- 
ments, of the carrier of the algebra under consideration. 

1 -- 2XlX-~ 1, (1 - 2x1~)(½ - xs). 

A system of equations of the fixed point form 2 is then defined as a 

1 The concept of term formalizes the intuitive notion of expression, as exempli- 
fied by the following two, written over the field of rationals: 

2 For example, 
X1 = {+1X2}, 
X2 = {+11,  + X 2 X ~  , - - X 2 } .  

This  s y s t e m ,  w i t h  tl~e usual  i n t e r p r e t a t i o n  of + ,  - - ,  1 over  Z, can  be e m p l o y e d  
to o b t a i n  the  se t  of odd  a n d  t h e  se t  of even  in tege r s  s imu l t aneous ly .  
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finite sequence of equalities constrained in that each left-hand side 
consists of a (distinct) single variable, and in that each right-hand side 
is a finite collection of terms. Given an algebra, there is associated with 
a system of equations a "system function" over that algebra. If the 
system had m equations, the system function carries m-tuples of sub- 
sets to m-tuples of subsets of the carrier. An m-tuple of sets is a solution 
to the system of equations, i.e. eauses the equalities to hold, if and only 
if it is a fixed-point of the associated system function. A set is "equa- 
tional" if and only if it is a component of the smallest solution to such a 
system of equations of the fixed-point form. 

The eoneept of finite-automaton recognizable set may also be gener- 
alized in the framework of abstract algebra. A finite automaton may be 
defined as a finite monadic algebra, a subset of .whose carrier is dis- 
ting~ished as terminal (B~ehi and Wrighl (1960)). In Fig. 2 appears the 
"graph" of such an algebra, with the elements of the carrier as the nodes 
and the one-argument functions represented by labeled ~nd directed 
edges. 

~Io I~ 

I o 'Yi " .  Y2 

" ¥ 2  [0 " Y,,5 
It 

Y~ is in i t i a l ,  {Y~,~ , Y2,3} is t h e  t e r m i n a l  set .  
FIG. 2. 

A string is said to belong to the set recognized by a finite automaton 
if and only if 'it takes the automaton from its initial state to a terminal 
state'. This is expressed mathematically by defining a set of strings 
recognized by a finite automaton as the inverse image of the terminal 
set under the homomorphism that maps the generic monadic algebra 
referred to previously onto the finite automaton. 

In the appropriate generalization, an arbitrary finite algebra with a 
distinguished terminal set will be referred to informally as a "generalized 
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finite automaton', (Thatcher and Wright, 1966). For an arbitrary al- 
gebra, a recognizable set is defined as a union of classes of a finite con- 
gruence on the algebra. This definition is equivalent to the one based on 
generalized finite automaton because of the correspondence between 
homomorphisms and congruences. David Muller has proposed the de- 
finition of a "grammatical" set of an algebra as a homomorphic image 
of a set which is recognizable with respect to a finitely generated algebra. 
A principal obiective of this paper is to establish, in the context of 
abstract algebra, relationships between such concepts as equational, 
recognizable and grammatical sets. 

The principal results obtained in this paper may be summarized as 
follows. 

Section II I  contains a number of finite procedures whose overall effect 
is the following. Given any system of equations, the procedure transforms 
it to a system in normal form, with the property that any component 
of a smallest solution to the original system is a union over components 
of the corresponding smallest solution to the normal system. A normal 
system is understood as one whose terms are of rank 1, with each term 
present in at most one equation and whose solutions have no empty 
components. (See Theorem 3.9 and Remark 4.7.) 

The Theorems 4.6, and 4.8 of Section IV can be jointly stated as say- 
ing that for any generic algebra, the recognizable sets are exactly the 
same as the equational sets. The sense of Theorem 5.5 of Section V is 
best understood in the light of extensions discussed as the end of that 
section. In those terms and with only broad limitations it may be said 
that for an arbitrary algebra, the equational sets are the same as the 
grammatical sets. 

The last result in particular, yields the characterization of the context- 
free languages of the free semigroup on n generators as being the homo- 
morphic images of the recogzfizable sets of the free grouppoid (algebra 
with a single binary operator) on n generators. 

I I .  SYSTEMS OF E Q U A T I O N S  

DEFINITION 2.1. Let {~2~:n _--> 0} be a collection of pair-wise disjoint 
sets and ~2 = U {~,:n ~ 0}. 12 is referred to as the set of "operator 
symbols," an element of ~ is referred to as an "n-ary operator symbol." 
An "Mgebra" (~ = (S, h) consists of a non-empty set S, the "carrier" 
of a, and of the mapping h that assigns to each operator symbol J E fl 
an operator hj on S. If J E ~ then hj :S  ~ --> S is an"n-ary operator." 
By convention, a zeroary operator h i ,  J E ~0, is an element of S. 
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Given the Mgebra (~ = (S, h) we wish to extend its operators to sub- 
sets of S, and, in fact, close the collection of operators on 2 s thus ob- 
rained under a generalized functional composition. To this end, we make 
the following definitions. 

DEFINITION 2.2. Consider the Mgebra a -- (S, h). For each J C ~, 
let the "complex operator" ~j be defined as follows: 

1. if J E ~t0, then hj = {h j} 
2. if J E ~ , n  > 0, t h e n f o r a l i S l , . . . , S ~ _ c  S, 

~ ( Z l ,  . . .  , ~ . )  = {h~(sl ,  . . . ,  s . ):s~ E S~, 1 _<_ i -<_ n}. 

We note tha t  we have thus defined an algebra (~ = (2 s, h) the "subset 
algebra" associated with 6, and tha t  6, 6~ determine each other 
uniquely. Further, it may be verified that  each operator ~j is "com- 
pletely distributive" that  is, given arbitrary families 81, • . .  , Sn ~ 2 S, 

~, , (u z~,  . . . ,  u & )  = u . . -  u {h,(,s~, . . . ,  &)}. 

DEFINITION 2.3. Let ~0 = { X 1 , X ~ , . . . }  be a set of "variables" 
ordered by an enumeration. The collection 5 of " terms" is the smallest 
set such tha t  

1. ~0C3 ,  
2. ~2o ~ 3, 
3. for a l l J C  ~ , n >  0 a n d a l l T 1 , . . - , T ~ C 3 :  

J T ~ . . .  T~E 3. 

The " rank"  of terms is defined as follows: 
1. rank (V) = 0, for VC ~0 
2. rank ( J )  = 1, for J E g 0  
3. rank ( J T I . ' .  T~) = maxIrank(T~.):l _-< i ~ n} + 1. 

For Inter use we call attention to the following two special classes of 
terms: 1) linear, in which each variable occurs no more than once, and 
2) linear distinguished (L.d.) in which the leftmost variable to occur is 
X~, the next leftmost is X2, etc. Note that  terms with no v~riables are 
L.d. All terms T may  be associated with a unique L.d. term T, from 
which they may be obtained by a replacement of variables. For ex- 
ample, if T = I X J X ~ X 3  with I, J C ~ ,  then T = IX~JX2X3.  

DEFINITION 2.4. Consider a term T C 3. Let ft~, X)r, respectively, 
denote the collection of operator symbols, respectively, variables, that  
occur in T. Suppose an algebra a = (S ,  h) is given. Since ~0r inherits 
an order from ~2, T determines in the natural way a " term function" 
I a T  I on 2 ~, where [ a T  [: (2z)" -~ 2 ~, with n = card ~0r. 
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For example, given J E ~0, [ a J  I is the constant function with the 
value T~j, and given V E X), ] (~V I is the identity mapping on 2 s. As a 
final example, let T = I X J X s X 3  with Z, J E ~t2. Then, given $1, 
5~ ___ S the value of ] aT1 at ($I, $2) is 

hi(S1, ~j(S2, Sl)). 

Note for later use that  I a T ]  may be obtained as an appropriate 
restriction of l a T  I. Thus, for the above example, ~ = IX1JX2X3 
one has: 

] a T  [(S1, S~) = I a ~  I(S1, Z2, S1). 

We have remarked (Definition 2.2) that  the complex operators hj  
are completely distributive, and this is true of all term functions asso- 
ciated with linear terms. In general, term functions are not com- 
pletely distributive. They do, however, have the property of "dis- 
tributivity over u-chains." That  is, if ~ r  = { V~, • • • , Vk} and A0 ~ 
All--~ c . . - ,  A02 C AI 2 ~ . . . ,  - . . ,  A0 k _ A1 k ___ . . .  a n d k n o n -  
decreasing sequences of subsets of S, i.e., "u-chains over S," then: 

l a T I ( U  1 . {A~ :z = 0, 1, . . . / ,  " '"  , U {Ajk:j = 0, 1, . . . } )  

= U {[ aT[ (A,~, . . .  ,A~k):i  = O, 1 , . . . I  

In particular, the term functions are "order-preserving" in the sense that ,  
f o r A 1 , . . . A k , B 1 , . . . B k ~  S, i fA1 c__ B 1 , . . . , A ~ B k , t h e n  

I a T  I (A~, . . .  Ak) ~ I a T [  (B~, . . .  ,Bk).  

Remark 2.5. Throughout the paper we have occasion to employ 
functions of arguments ~01 as applied to some set X)2 of arguments, ~1 

~2. In all these cases, we intend, as is conventional, for the function 
to be vacuous in the arguments X)2 - ~ : ,  while unchanged in argu- 
ments ~21. 

DEFINITION 2.6. Let E be a collection of terms, E ~ ~. Let ~ -- 
U {~tr:T C E}, ~5~ -~ U {~$r:T ~ E}. Again assume an algebra a --- 
(S, h) given. We associate with E a mapping t(~E I, I a E  ]:(2s) ~ --> S, 
where n = card ( ~ , ) ,  as follows: For any $1, .--  , S~ _ S, 

l a E  I (S~, . . .  ,S~) = U { l a T [  (S~, . . .  , S ~ ) : T  E E}. 

DEFINITION 2.7. A "system (of equations)" ~ is a finite sequeace of 
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expressions of the form 

G: = E~ 

for 1 =< i -<__ m, where the V are d i s t i nc t  variables and the E~ are sets of 
terms. Let  ~2~ = I V~, " '"  , V,,} be the set of "unknowns of g." ~ is 
ordered and the equations are ordered accordingly. Unless otherwise 
specified, we assume: 

1. E~ is finite for 1 - i <- m, 
2. ~ i  ---- ~ f o r  1 -- i - m. 

We refer to the expression V~. = E~ to be the set E~ as the "eq ,u t ion  of 
Vi" and the "right-hand set of V~ ," respectively. We d¢tme E = 
U {E~:I =< i -<_ m},~a = (JI~tE~:l < i -< m} to be the sets of t~e~m~ 
of G"  and "operator  symbols of &" 

For example, le t~  = ~t0 U ~2 with ~t0 = {A, B}, ~2 = { ,--}. Le~ 5 be the 
system 

X ~  = { .~  A B ,  .-..--. A X h B } ,  

x~ = { ,-, X d G  , X~}. 

Then, for example: V1 = Xa,  E2 = { , - . X ~ 3 ,  Xa}, Us = {Xa, Xh}. 
I t  is convenient to present examples in terms of a more informal nota- 

tion. In the informal notation, the unknowns are taken as distinct and 
unindexed symbols, the braces enclosing sets are dropped and a plus 
sign written to separate elements in a set. Hence the example of this 
definition would appear as 

U = A B  --}- ( A W ) B ,  

W = W U + U .  

In  this instance, the binary operator symbol has been replaced by the 
conventional device of concatenation and parentheses. 

DEFINITION 2.8. Let 8 be a system of m equations, (~ = (S, h) an 
algebra. One associates with 8 the following "system function" I (i8 I, 
!(i81 :(2s) '~ --> (2s) ~. For all S~ , . . .  , S,~ , Z~ , . . .  , Z ~  c S ,  

l a s t  (S1,  . . - , S ~ )  = ( z~ ,  . . .  ,Z~)  iff Z~ = l a b e l  ( & ,  . . .  ,S in)  

for each1  -< i ~ m. 
Let  L be the lattice (2z) ~ ordered by componentwise set inclusion, 

and 0 denote the m-tuple of empty sets. Since term functions are order- 
preserving, I CCgl is a monotone map of L into itself and the sequence 
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{[ a8 ! J(0) } is a ~-ehain. By virtue of the definitions, I a8 [ inherits from 
the term functions the property of distributivity over ~-chains (see 
Definition 2.4) and one has 

la l ( a l l  a ,  ] ' (0) : j  = o, 1 . . .  } ) = U{la [ I a8  IJ(0): 

j = 0 , 1 - . . }  = UI] a8 lJ(o):j  = 0 ,1  . . .} .  

We shall, in what follows, denote the union U {1 a8 I J(0) :j = 0, 1 . . .  } 
by [as~]. The above equality says that  [as ~] is a fixed point of l a g  I. 
Since 0 is less than or equal to any fixed point of ] a8 I, and [ a8 I is 
monotonic, In8 ~] is the smallest fixed point of ] a&l. 

DEFINITION 2.9. A system 8 is of rank 1 iff all its terms are of rank 1. 
DEFINITION 2.10. A system 8 of m equations is deterministic iff the 

collection {El, . . .  , Era} of nonempty right-hand sets of 8 is a partition 
of the set of all terms T such that  rank (T) = 1 and ~0r ~ ~0~. Note 
that  deterministic systems exist iff ll is finite. A deterministic system is 
necessarily of rank 1. 

DEFINITION 2.11. A system 8 is reduced iff for all algebras a,  all 
components of [aS ~] are nonempty.  

III. REDUCED DETERMINISTIC SYSTEMS 

LEMMA 3.1. There exists a finite procedure, which when applied to a 
system 8 of m equations yields a system ~ with the following properties: 

1. ~ is of rank 1 
2. for any algebra a, [aS ~] is precisely the sequence of the first m 

components of [a~] .  
Proof. The procedure will consist of finitely iterated applications of 

the following two constructions. 
Construction 1. For purposes of this construction, define the weights 

of terms and systems as follows. The weight ~(T)  of term T is the excess 
of the number of its operator symbols over 1, i.e., 

/card card _-> 1, 
o~(T) \o otherwise. 

Let the weight o~(8) of a system 8 be the sum of the weights of its terms. 
Clearly, ~(8) = 0 iff all terms of 8 are of ranks < i. 

Let ~ be a system of m equations, T a term of 3C such that rank 
(T) > I, hence w(T) _-> i. This construction produces a system ;E such 
that  ~ ( ~ )  = w(~)  - 1  and tha t  the sequence of the first m components 
of [ a ~  ~] is precisely [a~c~]. 
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Let  T C Hi, for some 1 <= i < m. Since rank (T)  > 1, there exist 
J C ~ n , n  > 0, t e r m s T 1 , . . . , T ~ a n d a j ,  1 ~ j - <  n s u c h t h a t  T = 
JTI . . .  Tj-ITY~+I. . .  T~ and rank (Ti )  > 0. 

Let  V~+~ be a variable such that  V~ < V,~+~ within ~, hence in 
particular V~+~ is not an unknown of 3C. Further  denote by T r the term 
J T I ' . .  T~-IV~o+ITj+I... Tn. 

The system ~ of m + 1 equations is given as follows. The first m 
equations of 5¢ are those of 5C except tha t  Ki  - Hi  - {T} U {T'}, and 
the (m + 1)st equation of ~ is V~+I = {Tj}. 

We claim that  the sequence of the first m components of [a5¢ ~] is 
[a5¢~]. Let  ~ be the system consisting of 5C and the added equation 
V~+I = {T~-}. Since V~+~ ~ x)sc, "taking the initial m components" is a 
1:1 association of the collection of fixed points of I a31 onto those of 
I a~el. 

On the other hand, one obtains 3 from E by replacement of V~+I 
within T by T~-, where V~+~ = {T~} is an equation of 5¢ ~ and one ob- 
tains 5¢ from 5 by  "replacement of Tj within T"  by V~+~, where V~+~ = 
{Tj} is an equation of ~'. Hence, the collections of fixed points of ] a3 I, 
I a E I  are identical, and the clmm follows. I t  remains to observe t h a t  
~ (T ' )  + w(Tj) = ~ (T)  - 1 ;  hence ¢0(5¢) + ~ ( ~ )  - 1 .  

Let, now go, g~, • • • be a sequence of systems for which go = g and 
g.~+~ is obtained from g~ by  way of Construction 1. I t  is clear that  for 
k = w(g), a(Sk) = 0. T h e n ~  = gk has the properties: 

1. all terms of a are of rank ~ 1; 
2. for any algebra (~, the sequence of first m components of [a~ ~] is 

[as~]. 
To eliminate the occurrences of terms of rank 0--i.e., terms that  are 

unknowns--we rely on the second construction. 
Construction 2. Let  £ be a system of m equations and Vk, 1 < /~ =< m, 

an unknown of £ tha t  is a term (or rank 0) of £. We construct a system 
such tha~ it has one less term of rank 0 than £ has, and such that  

[a~  ~] = [a~zo]. 

Let  ~ be the system obtained from ~ by deleting V~ from L~ if V~ 
L~, ~ = ~ otherwise. Tha t  is, ~ is 2 with the change M~ = L~ - 
{V~}. Then, let ~ be obtained from ~ by  substituting for each oc- 
eun'ence of V~ (as a term) ~he set M~ ; tha~ is, N~ = M~ -- {V~} U M~ 
if V~ ~ M~, N~ = M~ otherwise, for 1 -< i -< m. We wish to claim that. 
[a£  ~] = [ a ~ ] .  Since V~ - M~ is an equation of ~ it is clear tha t  the 
collections of fixed points of I a ~  I, [ a ~  / respectively are the same. 
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Hence, it remains only to establish, for the case £ # ~ ,  that  is when 
V~ C Lk, tha t  [a~ ~] = [ a ~ ] .  

Consider the sets I a £  Is(0), I age  li(0). These are equal for j = 0, 1. 
Assume inductively that  equality holds for some j,  then: 

U (~, . . . ,  ¢~-i ,  (1 a ~ / ( 0 ) ) ~ ,  ~ , - . .  , ¢ )  

---- l a ~  IJ+l(o) U (~, . . .  ,¢ ,  (1 a ~ / ( o ) ) , ,  ~, . . .  , 0 )  

= [ a ~  1~+1(o), 
where we have used the observation that  j a n  ]~+1(0) ___ [ a ~  [J(0). 
Hence, [a£ ~] = [affE ~] and the claim is established. 

I t  remains to note tha t  N = L -- {Vk}; hence the number of terms of 
zero rank has been diminished by one, and no new term introduced. 

Let  now ~0,5: t ,  • • • be a sequence of systems for which 5=o = 5: and 
~Y~+~ is obtained from 5:~ by  way of Construction 2. I t  is clear that  for 
some/c = card ( ~ ) ,  5:k is free of terms of rank 0. Then ~ = ~Yk meets 
the conditions of the lemma. 

EXA~IPLE 3.2. Consider the system given as the example for Defini- 
t ion 2.7: 

U = A B  + ( A W ) B ,  

W = W U + U .  

Replacing term A W by the additional unknown X yields 

U = A B  + XB ,  

W =  W U  + U, 

X = A W .  

Replacing term A by unknown Y yields 

U =  Y B  + X B ,  W =  W U  + U, 

X = Y W ,  Y = A. 

Here A was replaced simultaneously in more than one term, which is 
clearly permissible. Final replacement of term B by unknown Z yields a 
system with term of rank =< 1 : 

U =  Y Z  + X Z ,  W =  W U  + U, 

X = YW,  Y = A,  Z = B. 
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Construction 2 is used to eliminate the unique term U of rank 0: 

U = Y Z - t - X Z ,  

W = W U +  Y Z - t - X Z ,  

X = Y W ,  Y = A,  Z = B, 

This last system is rank 1, but  not deterministic. 
The right hand sets of a system are made disjoint by means of the 

following construction. 
DEFINImION 3.3. Let  g be a system of m equations. The "subset 

system" 5: of 2 ~ - 1 equations is constructed from g as follows. 
1. For  each nonempty subset M of the first m positiv e integers, let 

WM name some variable not  in ~ and for distinct subsets M, M I of 
integers, let W ~ ,  W~,  be distinct also. Thus one obtains 2 m -  1 distinct 
variables not in ~ .  These are the variables taken for unknowns of 5:, 
and we denote the right hand set of WM by FM • 

2. Informally the construction of the F ~  may be described as 
follows. For  each term T ~ E,  let a "derived te rm" T t be one obtained 
by  replacing within T eaeh V~. C X)r by  some WM such that  i C M. 

t t Let  the se E~ be defined as the set of all terms "derived" from terms of 
E~. Finally, F~ is the set of terms eommon precisely to those E'~ for 
which i ~ M. 

To facilitate the formal definition, let a relation ~ be defined as 
follows. For variables V~, ITV. let Vi ~ WM iff i C M, and for J C ~, 
J ~ J .  Extend ~ to terms by: 

T~T'c~T ~ - . . ~ A  T ' = ¢ I . . . ~ A V ~ i [ ~ ' ¢ ~ ]  

where a, ~ E "d ,~ ~. This definition forces T, T ~ to be terms such tha t  

We note that  T ~" T' ~ T = ~ ,  where ~ is the L,d. term associated 
with T. 

Finally, one defines ~: as follows: 

T' ~ FM *:* M = { i : 3 T [ T  C E,~ h T ~ T1]} 

so that  in particular: 

3 M [ T '  ~ ['~ A i ~ M] ~* 3 T [ T  ~ E,~ h T ~ T']. 

I t  is then immediate that  the F~x are pairwise disjoint. 
EXAMPLE 3.4. Let  a = f~0 U fh with ~0 = {A}, fh = {I0, I~} and ~, 
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be taken as the system 
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X1 = IoX, + IoX2 + IoXa, 

X= = IIX1 + I1X2 + I1Xa, 

Xa = A + I1X1 + IoX~ 

that  is of rank 1. One obtains the associated subset system 5: also of rank 
1: 

Y1 = IoY1 + IoY3 + IoYl.~, 

Y2 = I1Y2 + I1Y3 + I1Y2,3, 

Y3 = A, YI,~ = ¢, 

Y1,3 = IoY2 + IOY1,2 + IoY~,3 + IoY1,~,3, 

Y~,~ = I1Y1 + I1Y~,~ + I1Y1,~ + I1Y~,~,3, 

Y1,2.8 = ¢. 

Here ff is deterministic. 
LEMMA 3.5. Let ~ be a system of m equations, 5: its associated subset 

system. For any algebra (~, a component of [a~ ~] is a union over the 
components of [aff~], and each component of [aS :~] is contained in a 
component of [a~].  

More precisely, let a mapping 0, 0: (2s) 2~-~ ---> (2s) m be defined such 
that  f o r d  = (DM~, . . . ,Du~ , , -~ )  w i t h D u j  _ S, 1 < j < 2 ~ - 1 :  
(0(D))~ = U {D~:i  E M}; then 0 carries fixed points of I aft I into 
fixed points of [ a~ I and, in particular, O[aff ~] = [aS~]. 

Proof. We wish to show 0[ aS:[ = IaG t0. As a preliminary, we show 
that  given a term T such that ~ r  _ ~ : 

[aTIO(D) = U { [ a T ' [ ( D ) : T  E T'}. 

Let V~-~ . . .  V~. be the sequence of occurrences of variables in T, that  
is the sequence obtained by deleting the operator symbols from T. 
Then: 

l aT]O(D) = [a~i (0 ,~(D) ,  . . .  , e~.(D)) 

= [aT"l(O{n~,: i~  E M~}, . . . ,  U{D,.:i~ E M~}) 

= U{ lc t~ [ (D~ , ,  . . - ,  D , . ) : i~  E M~, . . . ,  i~ E M~}. 

By the definition of 0 and the distributivity of [ a T ] .  
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Now consider a term in the (finite) union above, that is a choice of 
2111, . . . ,  M,~. Let T' be the result of replacing in T, V,:~ by W~u~, 
• .. , V;~by Wz¢~. Then T E"J T' and leT '  I(D) = !a~' I ( D , ~ , ' " ,  D~,D 
since T = T': 

[aT I(D~I, "" , D , , )  =- [a'f '  [(DM~, . . . ,  DM~) = l aT'[ (D). 

The choices of M~, • • • ,  M~ are in one to one correspondence with the 
terms T' such that T E" T'; hence, 

Ull a~l(D~,1, . " ,  D,.): i l  E M~, • . . , i , c  M~} 

= [J{[ a T '  [ ( D ) : T  E" T'} 

as desired. 
Returning to the proof of the lemma: 

(O[a~ (D))~ = U{laFMI(D):iC M 

= U{[ aT' [ ( D ) : ~ M [ T '  C F,~r h i C M] 

by virtue of the definition of 0 and that  of ] a~l .  
On the other hand: 

(I •8 iO(D))~ = U{I aT [O(D):T E E~ 

= U{[aT'](D):~T[T e E~ h T ~ T ' ] }  

by virtue of the definition of ] aS[  and of the preceeding preliminary 
result. 

Finally, the right-hand unions are equal using the definition of ~'. 
Thus, 0 I a~Y I = I a8  I 0 and further for any n > 0, 01 a'~ t ~ = I a8  I~0. 
If D is a fixed point of [ a~Y [: 

I etgl O(D) = O[ a~Yi (D) = O(D), 

so that  O(D) is a fixed point of [ eta [. 
Next,  note that  0(0) = 0 where the 0 denotes the appropriate tuple 

of empty sets, and that  the mapping 0 is completely distributive. Hence 

O[a~ ~'] = 0(tl  {1 a~Y 15(0) : j = 0, 1, . . .}  ) 

= U { o l a ~ l ~ ( O ) : j =  0 , 1 , - . - }  

= U {I a~ I~0(o) : j = o, 1, . . .}  

= U {1 £t8 IJ(0): j = 0, 1, . . . 1  = [a8~]. 
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We wish next to eliminate from a system 8 those unknowns V~ for which 
[(~]¢ = ¢ (among these are those V~ for which E~ = ¢). I t  will turn 
out tha t  this property is independent of (t. 

DEFINITION 3.6. Let  ~ be a system of m equations. The "reduced 
system" 9 associated with 8 is constructed as follows: 

1. Let  the sequence of sets of variables U0, U1, Us . . .  be defined 
by  

Uo = ~s, 

Uj+I = {V~ C I)~:VT[T C E~ ~ X)~ N Uj ~ ~]}. 

Then, U0, U ~ . . .  is a decreasing sequence of subsets of ~08. Since U~ 
= Uj+~ ~ U~.+~ = U~'+s, the sequence decreases properly until  the first 
index k for which U~ = U~+t and thereafter all further terms of the 
sequence are identical. Note  that  k < m. Define U de f Uk , K de f { T C 
E : ~  n U ~ ¢}. 

2. Take ~ - U to be the variables of 9, X)~ - U = { V ~ ,  • • • , V~.} 
and let G~ = E~ - K. Informally speaking, 9 is obtained by  deleting 
from g the equations of variables of U and then all terms of K. 

EXA~PLE 3.7. Consider the subset system ff of Example 3.4. In  this 
case 

Vl = { Y1, Y: ,  Yl,s, YI,~, Y2,3, YI,~,~}, 

Us = { Yt.~, Y~,8, Y:,~, Y~,:,~}, 

Hence 

Us = {Yl,s, Y1,2,~}. 

K = {IOY1,2, IoYa,2,3, I1Y1.~, I1Y1,2,~}. 

Finally, the reduced system is 

Yl  

Y2 

Y3 

Y1,3 

Ys,3 

LEMMA 3.8. Let ~ be a 

= I.Y1 + IoY~ + IoYI,~, 

= IIY2 + IIY3 + !1Y2,3, 

-~- A, 

= IoYs + IoY2,~, 

= I1Y1 + I1Y1,3. 

system and ~ the reduced system a~ssociated with 
3. For any algebra a, the components of [(t~ ~] are precisely the nonempty 
components of [(tg ~] in the same order. 
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Proof. Let 5 = be the system with the terms of K removed, that  is F~ = 
E~ - K. Then ~ may be obtained from 5: by deleting the equations of 
variables that  belong to U. 

We claim for any V~ ~ X)s and natural number j 

v~ ~ v~ ~ (I a~ IJ(0))~ = ~. (1) 

For j = 0, the claim reduces to a tautology. Suppose the claim holds for 
j.  Then, for any term T ~ E, 

I a T  I 1 a~ is(0) = ¢ ~  ~V,  ~ v~[V, q v~ A (I a s  l~(0))~ - = ¢1 

Hence 

** ~Or N Us # ¢. 

V~ q Uj+I ~ VT[T ~ E~ ~ ~OT • U~ ~ 4)] 

** V T [ T  ~ E~ ~ I a T  l I aa iS(O) = 4~] 

Further, we have 

(2) 
l a ~ l l  a~ is(0) = i a~  I~÷~(0). 

I t  is now a simple induction to show from (2)~that In5 ='~] = [aS~]. Since 
the terms of ~Y are free of the variables in U, [a9 ~] differs from [a~:~], 
hence [aBel, only in the ~bsence of certain components. From (1), 
V~: C U c:zVj[Vi C U~] ~ [(~8~]i = 4~; thus these components are 
precisely the empty ones. 

COROLLAnY 3.8. Let 8 be any system. For algebras (~, 63: 

THEOnE~ 3.9. Let ~ be finite. There exists a finite procedure which, when 
applied to a system 8, yields a system ~ with the properties: 

(1) ~ is deterministic 
(2) ~ is reduced 
(3) for any algebra (~, any component of [(~8 ~] is a union over com- 

ponents of [a~] .  
Proof. Consider the sequence of constl~ctions described in Lemma 3.1 

and Definitions 3.3, 3.6, respectively. Applying to 8 ~he ~ppropriate 
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constructions, in that order, will yield a system 5: that is of rank 1, that 
has properties (2) and (3) of the above theorem statement and such 
that, in addition, the F~. will be pairwise disjoint. (In general, however, 
contrary to the case of Example 3.7, the final system is not deterministic 
due to the fact that not all terms of rank 1 in variables Us may be 
present in the equations.) I t  should be noted in this connection that the 
constructions of Definitions 3.3 and 3.6 applied to a system of rank 1 
yield systems of rank 1, and that the construction of Definition 3.6 does 
not add terms; hence, no construction undoes the effect of a preceding 
one. For some other order of carrying out the constructions, this may 
not be true. 

To complete the proof, then, define for a given set U of variables, 
5U to be the collection of those terms T for which rank (T) = 1 and 
~ r  ~ U. We consider the case in which 5: is not deterministic, that is, 
F c 5~v. If ff has m equations, choose V~+I to be some variable, V~+~ 
> V~ ; hence, V~+I is not in X)~. Denote X)~ U {Vm+l} by X)~, a nota- 
tion justified in what follows. Since g is finite, so is 5 ~0~, and we define 
the system 9 of m + 1 equations as follows: 

is taken to be 5: together with the additional equation V~+~ -- 
5X)~ - F. Then, 5 is of rank 1 and the G~ are pairwise disioint. But, 
5 ~  = G; hence ~ is deterministic. Further, since 5: was reduced and 
5X)~ N G~+1 ~ ¢, ~ is reduced. Since V~+I ~ X)v, [(~5 :~] is precisely the 
sequence of first n components of [(~9~]; hence the theorem. 

One can draw a parallel between the results of this section and some 
results reported previously in the literature concerning context-free 
languages and finite-state (fs) automata. 

Thus, for example, Lemma 3.1 is related to the following result: Given 
a context-free language, it has a grammar with the property that the 
right-hand side of any production is either (1) a terminal letter or (2) 
a string of two nonterminal letters. Similarly, the construction of the 
reduced system (Definition 3.6) is related to the result: There exists a 
finite procedure for determining, given a context-free grammar, whether 
the language it generates is empty or not. 

The construction of the subset system (Definition 3.3) is a generaliza- 
tion of a procedure employed in deriving from a nondeterministic fs 
automaton a behaviorally equivalent deterministic fs automaton. This 
claim may be argued easier in connection with a modified special case of 
of the construction actually given in Definition 3.3. Namely, let g be 
finite and g of rank 1. In this case, modify the definition by (1) including 
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among the variables WM the variable We that corresponds to M = ¢ 
and (2) admitting to F~ only terms of rank 1. The subset system ~ that 
results under these conditions is then deterministic. 

IV. GENERIC ALGEBRAS 

In this section we characterize the mimmal fixed point [:D~ ~] of a 
system ~ applied to the generic algebra ~D. 

DEFINITION 4.1. The generic algebra ~O = (Sa, e) is defined as follows. 
The carrier 5~ is the collection of those terms T E ~ that are free of 
variables, i.e., ~Or - ~. The mapping e is given by 

(1) for J E ~ 0 , e j  = J,  
(2) for Y C ~ , n  > 0, and T1, . . .  ,T~ E ~ , e j ( T ~ ,  . . .  ,T~) = 

J T t . . .  T~. 
With respect to ~D, the following situation arises. Given any term T ~, 

the term function I~)T' I has sets of terms (contained in ~ )  as both its 
arguments and values. If T ~ ~ ,  then I~DT [ is zeroary, with value 
{T}. 

Remark 4.2. In the literature, there appears a definition of generic or 
"anarchic" algebra which employs the concept of a set of generators. In 
the preceding definition, ~0 plays the role of such a set of generators, 
which consequently is fixed for a given ~. If fl0 = ¢, then the generic 
algebra is not defined. As a further consequence of the Definition 4.1, a 
genetic algebra has no proper subalgebras. 

DEFImTION 4.3. Given a congruence relation on the carrier of an 
algebra a, we refer to its collection of congruence classes as a "con- 
gruence on a ."  

LEM~A 4.4. Let ~ be a system that is both deterministic and reduced, 
the generic algebra. The collection of the components of [ ~ ]  is a finite 
congruence on ~). 

Proof. Let [~D~ "] = 6~ = ( (B~, . - . ,  6~). We use throughout the 
observation that since 6~ is a fixed point of I ~D~ I, T E 6~- iff there exists 
T' C G~ such that T E ] ~DT' I ((B). 

(1) Since ~ is reduced, the (Bi are non-empty. 
(2) U {6~:1 -< i < m} D 3n. The argument is by induction on the 

rank ( ~ 1) of terms T in 3e. 
If rank (T) = 1, then for some 1 =< j ~ n, T C Gi, since ~ is deter- 

ministic. Since rank (T) = 1, T E ~0 and T E ]~DT I __C ®j.. Assume 
inductively that if rank (T) <= k, then there exists 1 6 j <= m such 
that T E ~ j .  Consider a term T, rank (T) = k + 1. Let T = JT~ . . .  
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T~,  wi th  r~nk ( T I ) ,  " "  rank (T~) =_< k. Using the induct ive ~ssump- 
t ion there  exist j l ,  • • • , jn such t ha t  T1 E 63il, "" " , Tn E 63in. Con- 
sider the  t e rm T p = JV51 • • • V j ~ ,  since ~ is deterministic,  there  exists 
1 < j __< n such t ha t  T'  E G¢. Hence,  T E I ~ T ' I  (63) _c 63¢. 

(3)  T h e  63i are pairwise disjoint. The  a rgument  is once more  by  
induct ion on the rank  of terms in 5a. 

Le t  rank ( T )  = 1, T C 63¢ n 63~ for some 1 -< j ,  k _-< m. There  exist 
te rms T'  ~ G¢, T"  C Gk such tha t  T E I ~)T' ] ((B) I-I I ~DT" ] (63). Since 
rank ( T )  = 1, T E I 5)T' I (63) implies T = T'.  Analogously,  T = T"  
and T ~ G¢ fl Gk. B u t  ~ is determinist ic;  hence j = k. 

Assume induct ively  t ha t  for all 1 < j ,  k < m if there  exists a te rm 
T C 63¢ n 63k wi th  rank ( T )  _-_ n, then  j = k. Now let ir C 63j n 63k 
wi th  rank  ( T )  = n 4- 1. The re  exist T'  C G¢, T" C Gk such t ha t  T 
I~DT' I (63) n [~)T" I (63). Since ~ is determinist ic  rank  ( T ' )  = rank 
( T  ~) 1 and since rank  (T )  > 1, T',  if" = ' = are of the  forms T'  J Vi~ 
• .- V ~ ,  T"  = J" l / ,~  . . -  V ~ .  Since T C (~)T')(63) ,  T = J ' T ~  . . .  

Ti~ with T~ E 63;1, " ' "  , Ti~ C 63i~. Analogously,  T = J " T ~  . . .  T~ 
with  T~ 1 ~ 63~.~, - . .  , T~ ~ 63~. B y  the unique factoriz~tion p rope r ty  
of T, J~ = J " , s  = t, Til = T ~ , . . - , T ~  = T ~ . ~ . N o w T ~ , - - . , T i ~  
~re of ranks =<n, and T~ E 63~x F1 63~x, " '"  , T~ C 63i~ I"1 ®~ . Using 
the induct ive ~ssumption, il = r l ,  . . -  , i~ = r~ and T '  = T"  ~ G¢ n 
G~. Since d e is deterministic,  j = k. 

(4)  To  show l 631, • • • , 63m} is ~ congruence on 2D, it now suffices to 
establish t ha t  for ~ny J C ~ , n  > 0 ~nd any ® ~ , - . - ,  63~,~ there  
exists a d3¢ such t ha t  ~ ( 6 3 ~ ,  . . .  , 63~) ~ 63¢. ]But ~ (63~, . - .  , 63~,) 
= I ~)T' I (63) where T'  = JVi~ • • • V~,,. Since ~ is deterministic,  there  
exists a 1 _-__ j ___ n such t ha t  T '  E Gj ,  and ~z( 63;~, • • • , 63~,) _~ 63¢. 

D ~ I ~ m x o ~  4.5. Le t  (% = (S,  h) be an algebra. A subset C of S is 
recognizable wi th  respect  to (% iff there  exists a finite congruence Z over  
(% such t ha t  C is a union over  Z. 

THEOREM 4.6. Let ~ be finite,  g a system of equations and ~3 the generic 
algebra. Each component of [~D8 ~] is recognizable with respect to ~ .  

Proof. According to  T h e o r e m  3.9 there  exists a determinist ic  and 
reduced sys tem ~ such t ha t  a component  of [~D8 ~] is a union over  com- 
ponents  of [~eu~]. F r o m  L e m m a  4.4 the collection of components  of [~D~ ~] 
is a finite congruence on ~ .  Hence,  the theorem. 

Remark  4.7. This  theorem holds wi th  the  restr ict ion to finite ~ re- 
moved.  I n  part icular ,  one m a y  use ~ sys tem such as ~Y of T h e o r e m  3.9, 
which is not  determinist ic  bu t  has the three propert ies  of being of rank 1, 
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of having pairwise disjoint r ight-hand sets, and of being reduced. For a 
system with these properties, and without  the requirement tha t  a be 
finite, a Lemma  analogous to Lemma  4.4 can be proved. 

THEORE~ 4.8. Let a be finite, ~) the generic algebra and ~ = {~1, "" • , 
c%~} a finite congruence oft ~). There exists a system 9, ~ both deterministic 
and reduced, such that [~0~ ~] = (z l ,  " "  z~).  

Proof. Choose for ~9 a collection of variables in a 1:1 correspondence 
with the classes ~1, • • • , ~ .  The set 5~0g of terms (see Theorem 3.9 for 
definition) is finite because ft is. Let  the right-hand sides G~ of ~ be 
determined by  the requirement tha t  for 1 -<_ i < m: 

G, = {T' C 5X)s:/~DT' I ( ~ ,  . . .  , aM) ___ z,}. 

Clearly, ~ is deterministic. 
Let  [~D9 ~] = (6~ ,  - . -  , (g~). We show tha t  z~ ~ 63~, for all 1 <= i <= 

m, b y  induction on the rank of terms. 
Let  T be a te rm of rank l. I f T E z ~ ; h e n c e T ~ 0 , { T }  = I~)TI  

¢,.. Thus  T E G~ and T C I ~)TI c (gi • Assume inductively tha t  for all 
terms T of rank _-</c and all 1 <= i -< m, if T C z~then T C 6h. 

Consider a t e rm T, rank (T)  = /c 9- 1. Let  T = J T ~ . . .  T , , l e t  
z ~ ,  . . .  , z~ be the uniquely determined congruence classes such tha t  
T1 C ~ q ,  " ' "  , T~ ~ z~ and consider the te rm T' = J V h . . .  Vi,,. 
Then T C I~)T ' t  (z~, " ' "  , ~ ) .  

Assume tha t  T ~  ¢~;henee  T E  I ~ ) T ' l ( z ~ , " ' , z ~ )  F I ~ .  Since 
2 is a congruence, I~)T ' I  (~r~, . . .  ,rr~) = ~j(~r h , . . . ,  ~r~) C ~ .  
Since T'  ~ TX3~, T '  ~ G~. 

Now rank (T~), -. • , rank (T~) N k and using the inductive assump- 
tion, T~ E ® h ,  " ' "  , T .  ~ ®~o. I-Ienee, T E I~T'I (6~1, . . - ,  6~). But  
(6h ,  . . .  , 6~)  is a fixed point of I ~3~ I and I :DT' I ((g~, " ' "  , 6~)  ~ 6~. 
Finally, T ~ (g~. 

Since Z i s  a eongruenee ,¢  ~ ~ C (g~ for all 1 =< i -___ m, and ~ i s  
reduced. By  Lemma  4.4, {6h, . - -  , 6~m} is a congruence on :D. Bu t  2 is 
a congruence on :D and ~ ~ ®~ for all 1 <___ i _-< m; hence ~ = 6~ for 
all 1 -< i -< m and ( ~ ,  . . .  , ~ )  = [~D~]. 

Remark 4.9. Suppose the definition of a system 8 (Definition 2.7) 
were changed as follows: 

(1) The  restriction to finite E~ removed, permit t ing arbi trary right- 
hand sets; 

(2) The restriction imposed tha t  8 must  be of rank 1. ( In  particu- 
lar, the number  of equations of 8 would remain finite.) 
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With this definition of a system, a system could be deterministic 
without 9 being finite. Hence, Theorem 3.9, consequently Theorem 4.6, 
and Theorem 4.8 would all hold without the requirement that  9 be 
finite. 

V. EQUATIONAL SUBSETS IN ALGEBRAS 

We begin by extending the results of the last section to algebras other 
than generic with the aid of the concept of homomorphism. 
: DEFI~TION 5.1. Let  a -- (S, h), 63 = (Z, k) be algebras. A mapping 

~:S --> Z is a homomorphism of (~ into 5~ iff: 
(1) f o r a l l J C g 0 , ~ h j =  k j ;  
(2) for all J C 9 , ,  n > 0 and all s l ,  . . .  , s,  C S, ~hj (s l ,  . . .  , s ,)  

= k j ( ~ ( s l ) ,  . . . ,  ~ ( sn) ) .  
Remar~ 5.2. If  the mapping ~ is extended to 9:2 s --> 2 z in the natural 

way; tha t  is, for any C c S, 

9(C)  = { ~ ( s ) : s  ~ C}, 9 (~)  = ~, 

it may be verified that  
(1) for all J 6 120, 9£J = ]~¢, 
(2) for all J E ~ ,  n > 0 and all $1, . . .  , S,  ~ S, 

9~,(Si ,  " "  , S,)  = ~ , (9(&) ,  " '"  , , ( S ~ ) ) .  

Tha t  is, 9 is a homomorphism of & onto (~. As a further consequence, if 
9 is extended to n-tuples of sets componentwise, for any  term T, 

#1 a T  I = I ~ T ]  ~. 

: LEMMX 5.3. Let 8 be a system, (~, ~ two algebras, and ~ a homomorphism 
of (~ into 5~. Then, 9 carries fixed points of I (~8 ] into fixed points of ] 5~8 [ 
and in particular, 9[a8 ~] = [(BS"]. 

Proof. The mapping ~ is completely distributive; hence distributive 
over finite unions. As a consequence of this and of the preceding remark, 
9 ] (~8 [ = t ~8 1 9. Hence 9 carries fixed points of I (~8 [ into fixed points 
of I (B8 ]. From the property of complete distributivity of @, and addi- 
tion to the fac t  tha t  9(0) = 0, it follows tha t  ~[a8 ~] = 9(U {I a8 ]J(0): 
j = 0, 1, . . .1 )  = [~S~I. 

DEFINITION 5.4. Let a = (S, h) be an algebra, C a subset of S. C 
is equational with respect to a iff there exists a system 8 such that  C is 
a component of [(~8~]. 

T~EOREM 5.5. Let ~ be finite and ~o ~ ~. Le~ (~ = (S ,  h) be an algebra, 
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C a subset of S. C is equational with respect to (~ if C is the homomorphic 
image of a set recognizable with respect to the generic algebra. 

Proof. Let C be equational; hence there exists a system g such that C 
is a component of [ag~]. By the assumption ~0 ~ ~ the generic algebra ~D 
exists and by Theorem 4.6 each component of [~0g ~] is recognizable with 
respect to ~. By Lemma 5.3, taking ~ as the natural (unique) homo- 
morphism of ~D into a, ~[~08 ~] = [as~]. Hence C = ~(D), D recognizable 
with respect to the generic algebra. In this direction, the proof would 
carry through with the restriction to finite ~t removed (see Remark 4.7). 

Conversely, let ~D be the generic algebra, ~ = {zi, - "  z~) a finite 
congruence on ~0 and D = z~ U .. • U z~.  Let v be the homomorphism 
of ~D into (~ and ~(D) = C. Since ~ is finite, by Theorem 4.8, there exists 
a system ~ such that [ ~ ]  = (zi ,  " "  , z~). With V~, . . -  V~ the un- 
knowns of ~, choose a variable V~+~ > V~ and let g ~ ~ with the added 
equation: 

V ~ + ~  = { V ~ ,  "- -  , V ~ }  

Then, [~bg ~] = ( ~ ,  . . .  , ~ ,  D). From Lemma 5.3, ~[~0g ~] = [(~g~] = 
(~(z~), . - .  , ~(z~), C). Hence C is equational with respect to a. 

Consider an algebra a = (S, h) for which S is the collection of all 
strings of right and left parentheses, ~ = ~0 U ~2, ~0 = IA, B}, 9~ = 
/ ~} and h~ = ( | | ,  h~ = ), h ~ is the juxtaposition operator. Let g be the 
system given in Definition 2.7 as illustration. Then, the second com- 
ponent of [ag ~]is the set C = l ( ) ,  ( ( ) ) ,  ( )( ) , ' " }  of proper 
parenthetical expressions. C is equational with respect to ~t, and Theorem 
5.5 applies; hence C is the homomorphic image of ~ set recognizable with 
respect to the appropriate generic algebra ~D. Note ~0 has the carrier 
IA, B, ~ A A ,  .- .AB, . . . } .  

Except for the distinction of (,) as zeroary operators, a is identical to 
the free semigroup $ generated by {(,)}. That is to say, the algebras a, 
have the same caiTier and their non-zeroary operators are identical. 
Analogously, except for the distinction of A, B as zeroary operators, ~D 
is identical to the free grouppoid g generated by [a, (~}. Conventionally, 
the free algebras $, ~ are regarded as having only a binary operator. 

Now C is a subset of the carrier of $, but under our definitions, C is 
not equational with respect to $. This situation is due to the fact that for 
expository reasons, we have chosen to provide in the definitions only the 
zeroary operator symbols as a means for naming elements of the carrier 
of an algebra. While our choice allows simple definitions such as Defini- 



26 MEZEI AND WRIGHT 

tion 2.7 and a simple deduction for results such as Lemma 5.3, it has the 
following consequence: if the set of zeroary operator symbols is empty, 
the unique equational set is the empty set. Hence, in order to extend the 
results to their proper range of application, and, in particular, reach 
conclusions concerning finitely generated algebras such as $, 9 we are 
obliged to add some further device. 

The device that is useful in properly generalizing definitions and in 
obtaining results analogous to Theorems 4.6, 4.8.5.5 is the addition and 
deletion of zeroary operator symbols. Such a device is successful due to 
the following reasons. 

Let ~, ~' be algebras that differ merely in that some elements of the 
carrier S common to both are distinguished as zeroary operators within 
a, but not within a'. Then, the collections of subsets of S recognizable 
with respect to (~, (~' respectively are identical. Further, regardless of 
whether S is considered the carrier of a or of (~', one obtains the same 
collection of subsets of S that are homomorphic images of recognizable 
sets. 

In the illustration, take C as a subset of S considered as the carrier of 
$. C may be taken equational with respect to $ in an extended sense, be- 
cause C is equational with respect to a where (~ is obtained by adding 
zeroary operator symbols and taking for the zeroary operators the 
generators of 8. We had concluded that C is the homomorphic image o 
set recognizable with respect to 5). We now delete the zeroary operator 
symbols and may claim that C is also a homomorphic image of a set 
recognizable with respect to 9. 

Let, in general, 8 be the free semigroup with n generators. The sets 
equational with respect to $ (in an extended sense) are precisely those 
called "definable" by Ginsburg and Rice (1962), who further showed 
that these are exactly the context-free languages of 8. With our discus- 
sion in mind, we conclude that: "A set is a 'context-free language' of the 
free semigroup with n generators iff it is the homomorphic image of a set 
that is recognizable with respect to the free grouppoid with n generators." 
This result is due to D. Muller s (personal communication). 

VI. CONCLUSION 
In this section, applications of the foregoing theory to special kinds of 

algebras, such as monadic algebras and semigroups, will be considered. 

The following terminology has  been  in t roduced  by  Muller :  A subse t  C of the  
carr ier  of an algebra is g rammat ica l  iff C is the  homomorphic  image of a set  recog- 
nizable wi th  respect  to a f ini tely genera ted  algebra.  
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A monadic algebra is an algebra in which, except for zeroary opera- 
tions, every primitive operation of the algebra is a mapping of the carrier 
into itself. Monadic algebras arise in a very natural way in the theory of 
finite automata. 

Let S be a set of states, So C S the initial state, and Z a set of input 
symbols. Assume that every element of % induces a transition function, 
mapping S into S. This part of the description can be given a precise 
mathematical formulation as a monadie algebra ~l = (S, h) with a set ft 
of operation symbols consisting of Z together with X. In the algebra -7I, 
the set of states S is the carrier, the zeroary operation X denotes So, 
and each symbol in Z denotes the transition function which it induces on 
S. Note that in order to constitute a finite automaton, this description 
must be supplemented by some provision for the production of output 
information, such as a distinguished terminal subset of the set of states 
Let M~ represent the generic monadie algebra based on the operation 
symbols under consideration and let H stand for the (unique) homo- 
morphism from Mz into 9d. Let T be a term belonging to the carrier of 
M~. T is interpreted as a sequence of input symbols to ~d, and as such 
is read from right to left, except for its rightmost symbol (X). One says 
that T is "accepted by the finite automaton" iff H(T)  is terminal. Thus, 
the se~ of input sequences accepted by the finite automaton is the in- 
verse image, under H, of the terminal set of the automaton, and is 
therefore, a recognizable subset of Ms .  It  follows from familiar alge- 
braic considerations that a set of input terms (i.e. a subset of the carrier 
of M~) is accepted by some finite automaton iff it is a recognizable sub- 
set of M.,. Furthermore, Theorems 4.6 and 4.8 imply that the recogniz- 
able subsets of Ms are exactly its equational sets. 

As a further application of the theory to monadie algebras, consider the 
'finite state transduetions' defined by Elgot and l\iezei (1965), as fol- 
lows: A (binary) finite state transduction over an alphabet E is a set of 
pairs, of strings, determined by paths between prescribed beginning and 
end points in a finite directed graph, a graph whose edges are labelled by 
pairs of Z-strings. Let Pz represent the algebra defined as follows. The 
carrier of P~ is the set of pairs of Z-strings. The set ~ of operation symbols 
for P~ consists of: a zeroary X denoting the pair of empty strings, and for 
each ~ ff ~, the unary operation symbols re, g¢. For ¢ C N, f¢(x, y ) =  
(ax, y) and g~(x, y) = (x, cry). Note that this monadie algebra P~,  
although free, is not generic. I t  may be verified that the equational sets 
of P~ are exactly the binary finite-state transduetions over Y,. 
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In the literature of automata theory, there exist numerous versions of 
the structure that underlies the concept of a finite automaton, versions 
that differ in superficial ways. One of these versions is the above pre- 
sented finite monadie algebra 9/ = (S, h). Another is the state graph. A 
state graph G can be constructed from 9/, with the carrier 8 of 9/as the 
set of "vertices" of states in G, and the state 8~ connected to 8~ by an 
arrow labelled a, for a C ~, iff ~(8i) = S j .  In G, the distinguished ele- 
ment H(k)  is labelled as the initial state. A system 8 of equations can 
also be associated with 9/, in the following manner. Establish a 1:1 
correspondence between 8 and a set of variables for 5, so that S~ corre- 
sponds to the variable V~. For each V~ there is an equation in & with V~ 
on the left, and the term ~V5 belongs to the right-hand set of that equa- 
tion iff ¢(Sj) = S~. The symbol k is inserted in the equation corre- 
sponding to the initial state H(k) .  

Clearly, with these constructions in mind, finite monadic algebras 
correspond exactly to the deterministic state graphs and also to the 
deterministic monadic algebra equations. Were the operators of monadic 
algebras permitted to take on values that are subsets of the carrier, the 
correspondence could be extended to include these structures, all the 
finite state graphs, and all systems of monadie algebra equations of rank 
one. Even further, the use of "boxes" with several inputs and one output 
instead of "arrows" in finite state graphs, makes it possible to extend 
these remarks to algebras which are not monadie. 

The question as to what sets of Z-strings are equational depends, 
naturally, on the structure associated with the set Z* of all Z-strings. 
Consider, for example, the function ~ :8  --> 88, which maps any string 
S into its double SS. Let 9/now be the algebra consisting of the carrier 
{A, B}*, the null string X, the unit strings A and B, the concatenation 
operation, and the additional operation 7. 

Consider the following system of equations (written in the informal 
notation). 

X = X A  + X B + X ,  Y - ~ , y ( X ) .  

The second component of the minimum fixed point of this system over 9/ 
is a set Q of all strings of the form $8. I t  is known that Q is not context- 
free [Chomsky and Schtitzenberger (1963)] although it is equational 
relative to 2. 
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