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Abstract

We develop a formalism for abstract interpretation based on logical relations. As a case
study, we use this formalism to give new proofs of correctness for strictness analysis on
the typed A-calculus, and also for termination analysis. We then go on to a deeper study
of the duality between safety and liveness properties, and the construction of abstraction
functions which can be used to give the best possible interpretations of higher-type con-
stants. This turns out to be a special case of the construction of Kan extensions in
category theory. Necessary and sufficient conditions are given for abstraction functions to
be definable over continuous type structures and for the abstraction functions themselves
to be continuous.
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[ J
1. Introduction

A technique of growing importance in static program analysis (as applied,
for example, in advanced compiler technology) is the use of non-standard
interpretations (or semantics) of programming languages to yield partial
information on selected aspects of program behaviour. The task of a
theoretical framework for this technique is to provide appropriate concepts
to formalize the notion of correctness of an analysis, and mathematical tools
and theories to support proofs of correctness of particular analyses. In
addition, such theories may provide guide-lines for obtaining suitable
analyses in the first place, and criteria for establishing that a given analysis is
the best possible under some initial assumptions. Following the pioneering
work of the Cousot’s in establishing such a framework for flowchart
programs [2], Mycroft applied similar ideas to functional programming
languages [13], and introduced a number of new analyses, one of which,
strictness analysis [12], has become of increasing importance in the im-
plementation of functional programming languages and the design of new
architectures to support such languages [3]. Subsequently, Nielson has
developed a very general and sophisticated framework for abstract inter-
pretation based on denotational language definitions [17].

The question of extending Mycroft’s original form of strictness analysis to
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richer programming languages has concerned a number of researchers [25],
[7], [8]. In [1] a theoretical framework for strictness analysis in the typed
A-calculus is developed.

All the work in [13], [14], [17], [1] is based on the use of power domains
and continuous functions to relate ‘standard’ and ‘non-standard’ interpreta-
tions of a given programming language. By contrast, [15], see also [16],
proposes a relational formalism, in a very general setting. In this paper, we
take up Mycroft’s suggestion, but with a number of differences. Our notion
of interpretation is less general than his, we consider typed rather than
untyped A-calculus, and we use the standard notion of logical relation [19],
which is an important tool in the study of the A-calculus [20], [11]. Our
motivation for these choices is that we wish to expose latent mathematical
structure as clearly as possible, rather than to strive for maximum generality.
Nevertheless, we are able to offer a striking and non-trivial case study,
namely strictness analysis itself.

We develop a new approach to proving the correctness of strictness
analysis using logical relations. We are able to give simple, structured proofs
of correctness both for strictness analysis for higher-order functions in the
typed A-calculus—i.e. the main result in [l}—and also for the dual
termination analysis of [12].

The only previous correctness proofs for the latter analysis appeared in
[14] and [17] and &ere technically very heavy, using ‘generalized domain
theory’ (limits of transfinite chains, etc.) and non-standard powerdomain
constructions. While the development in [1] stays within standard domain
theory it also involves quite complex calculations with powerdomains. By
contrast, our definitions are simple and regular, and our correctness proofs
are trivialities once we have established a few general results on logical
relations.

We then go on to study abstraction functions which pick out ‘best’
representatives from the abstract values related to a given concrete value.
Such functions can be used, for example, to find best possible interpretations
of higher-type constants. We develop a rather general theory, based on the
duality between safety and liveness properties (strictness and termination
being an instance of this duality). Some illuminating connections are found
with logical relations, on the one hand, and Kan extensions [10], a
fundamental notion from category theory on the other. We also develop
necessary and sufficient conditions for continuity of these abstraction
functions; these conditions being the role of powerdomains in abstract
interpretation into sharper focus. Finally, we describe a new analysis, totality
analysis and prove its soundness.

We shall assume some familiarity with domain theory throughout this
paper: see, for example, [6]. We shall use the following notation for step
functions:

$TOZ ‘ST A2\ UO Ulleg 1BelSBAIUN 81814 Te /BI0'S euIno [pIo X0 wooBo|//:dny Woiy papeoumod


http://logcom.oxfordjournals.org/

Abstract Interpretation, Logical Relations, and Kan Extensions / 7

Notation. We write K(D) for the set of compact or finite elements of an
algebraic cpo D. Given algebraic domains D, E and finite elements b €
D, e e E, we write

[b,e]:D—_E
for the step function defined by
e,x3b
b= {520
[b, e}x 1 otherwise

If D, E are Scott domains, the finite elements of [D—>_E] are the lubs of
consistent (i.e. bounded) finite sets of step functions.

Note. The present paper was completed in manuscript in October 1985, and
circulated to a few researchers. An incomplete version (Sections 1-5 only)
had previously (September 1985) been circulated under the title ‘Strictness
Analysis via Logical Relations’.

2. Syntax and semantics of typed A-calculus

Syntax of types

Base types A, B, . ..
Type expressions o, 1, . . .
tu=A|1—>1.

A language L is specified by giving a set of base types and a set of typed
constants c..

Syntax of typed terms
For each type o, we have an infinite set of typed variables
Var,={x° y° z° ...}.

Now A (L), the typed A-calculus over a language L, comprises typed terms
e: o formed according to the following rules:

1. x%:0

2. ¢,:0

3. e:T

Ax°-e:0—>T

g G0 Te0
) €T

Semantics of typed A-calculus: interpretation
An interpretation | of a language L is specified by

I=({Da}, {c5})
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where

» D/ is a cpo (complete partial order) for each base type A. This is
extended to DY, for all types o by

D,...=[D;—. D]
where [D—_E] is the cpo of all continuous functions from D to E,
ordered pointwise.
e cleD!.
An interpretation I induces a semantic function
E'":Ar(L)— Env'—> UD/
where
Env' = {Env!}, Env! = Var,— D!
E'x“lp = px°
E'lc]p=c!
E'Ax° - ellp = AE € D, - E'elplx®— &]
E'[e.e;lp = (E'lei]p)(E"[e:lp).
(Here p[x°+— d], for d € D, is the environment in Env’ such that
plx7—dx=d,

plxs—dly™=py*(x°+y").)
Note that E’fe]p is in D% if e has type o.

3. Logical relations

Given a language L, there will be a standard interpretation inducing a
standard semantics—i.e. the intended denotational semantics of the lan-
guage. Other interpretations will induce non-standard semantics, which may
be used in static analysis of programs. This suggests that it may be useful to
relate interpretations.

3.1. Definition

A relation R :I—J is a family {R,}, with R, c D, x D’.
A relation is logical [PLO73] if for all o, t:
(*)R,.g&[Vae DL, beD,-aR,b> faR.gb].

Clearly, any family R, of relations on the base types can be extended
uniquely to a logical relation by using (*) as a definition.
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3.2. Proposition

Let R:I—J be a logical relation. Suppose that cLR ¢’ for all constants c,.
Then: Ve:oVp € Env’, p’ € Env’

PRp’ = (E'lelp)R,(E’felp’).
(Here pRp' means Vx*- px*R.p'x".)

Proof

By induction on e. The cases for variables and constants are immediate from
the hypothesis. For e=e,e,, €,:0—>71,€,:0 by induction hypothesis
(E'le;]p)Ro(E’lelp’) and (E'[e,]p)R,(E’[e]p’), so since R is logical

E'leiexdp = (E'le:]p)(E'leslp)R.(E’les]p")(E'ledp") = E'[e.exlp’.

For e=Ax®-e,:0— 1t let d,e D!, d,e D), with d,R.d,. Then pRp' >
p[x°— d;]Rp'[x°— d,] so by induction hypothesis

(EMAx? - el]p)d, = (E'[eil p[x°— di])R.(E'fedplx” — dz))
= (E'[Ax? - e}p")d..
Since R is logical, this implies
(E’[Ax e Jp)R o (E'lAxe,]p") I

3.3. Definition
Let P = {P,} be a property of relations.
R inherits P if
R, satisfies P, for all base types A, implies that R, satisfies P, for all types o.
We now list some properties of relations R:I—J
1. Strictness:
1'R, LY.
2. Inductiveness:
For all chains {x,} in D, {y,} in D.:[Vn - x,R,y,]> LIx.R, Uy,.
3. L-reflection:
xR, LI D>x =11
4. T-universality:
Each D’ has a top element T/ (and thus each D/ has a T7) and
xR, T2,
5. S-monotonicity:
xCx'R,y’'Cy=>xR,y.
6. L-monotonicity:
x3x'R,y'Ay>xR,y.
We say that a relation Rc X X Yis total if Vxe X - 3y € Y - xRy
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3.4. Proposition

Every logical relation inherits 1, 2 and 4-6. Every total logical relation
inherits 3.

Proof

By induction on types, with the base case given (since we are proving
inheritance). We give the argument for (3) as illustration. Suppose
fRo.. L, .., and let a € D,. Since R is total, for some b € D}, aR,b and
hence

faR, L, . b= 11

By induction hypothesis, this implies fa = L. We have shown that
VxeD! -fa= 11,

ie. f=12,_1

Open problem

Give syntactic conditions on properties of relations (e.g. as second-order
formulae) which guarantee inheritance by logical relations. il

We now apply some of the above concepts to the interpretation of the
recursion combinators. From now on, we assume that languages always
contain constants Y, ..., for each o. I is a least fixed point interpretation if

{o—»o)—>a=}'f€DL—»o' I-:!)fn(-L)'

3.5. Proposition
Let R:I—J be a strict, inductive logical relation. Then

fRo.o8 2 fix()R, fix(g).

Proof
14 R, 17, since R is strict. Now assume f"(L.)R.,g"(L%). Then fR,..g and
R logical imply that f**'(L{) = f(f"(L5))R.g(g"(L3)) =g"*'(L7).

Thus Vn - f*( L ))R,g"(LZ), which implies
fix(f) = U F7(L9R, Ll g(12) = fix(g)
since R is inductive. §

3.6. Corollary

If 1,J are least fixed point interpretations, and R:/—J is the logical
relation induced by strict, inductive relations on the base types, then for all ¢

Y{o—-o)—-o'R(o—-a)—'oY{o—ta)—»a
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4. Safety and liveness

The inheritance properties of logical relations suggest that it may be
profitable to look for systematic ways of deriving properties at base types.
Let

f:D—E
be a continuous function between domains. We shall derive two relations
from f which will be basic to all our subsequent work.

4.1. Definition
1. R, the safety relation derived from f: dRe < fdCe.
2. R, the liveness relation derived from f: dR’e &> fdJe.

We record some basic properties of these relations.

4.2. Proposition
1. R; is inductive and S-monotone. If E has a top element, it is
T-universal. It is strict iff f is (i.e. f L, = 1g) and L-reflecting iff f is
(lie. fa=Lg>a= 1,).
2. R’/ is strict, inductive and L-monotone.

Proof

For illustration, we prove inductiveness of R, Suppose Vnd.Re,, i.e.
Vnf(d,)Ee,. Then f(L1d,)=Llf(d,)C L]e, (This is the only part of the
proposition which requires continuity of f.) § ‘

4.3. Corollary

1. If f,: DL — D/, is a continuous map for each base type A, and R? is the
logical relation induced from R =R,, then: R® is inductive and
S-monotone. It is T-universal (and hence total) if each D has a top. It
is strict iff each f, is, and L-reflecting if each f, is and R" is total.

2. Now let Rt be induced from R4 = R™. Then R* is strict, inductive and
L-monotone.

Proof
Combine 3.4 and 4.2. 1

We shall now investigate the provenance of Definition 4.1 a little more
deeply. The reader should be aware that the material in the remainder of

this section is not a prerequisite for the treatment of strictness and
termination analysis in Section 5.

Safety and liveness: a categorical view

For the remainder of this section, and also in Section 6, we shall assume
familiarity with elementary category theory [10] and lattice theory [24].
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We return to our basic situation
f:D—>E.

We shall associate two adjunctions with the continuous map f; they are both
instances of Lawvere’s adjunction between existential quantification and
substitution.

4.4. The safety adjunction
cD <= CE.
3

1. CD, CE are the lattices (hence, categories) of Scott-closed subsets of
D, E respectively.

2. 3}(B)={f(b) | b € B}*, where X* is the Scott-closure of X.

3. f7(C)={deD|f(d)eC}). This is well-defined because f is
continuous.

This cuts down to an adjunction
[—I
P,D SPH:I P,E,

where Py is the Hoare powerdomain functor (see, for example, [21]), iff f is
strict.

The Abs and Conc maps in [1] are obtained from the abs maps defined
there precisely as the components of this adjunction. Our terminology arises
from Plotkin’s proposal to identify safety properties with closed sets. Note
that

dRew {d}* =f~'({e}) =3I ({d}*) < {e}".
4.5. The liveness adjunction '
AD <= AE.

1. AD, AE are the lattices of upper-closed (or ‘Alexandrov-open’) subsets
of D, E respectively.

2. IFU)=1{f(u) |ue U} where 1X ={y|3xeX -xCy}.

3. f7'(V)={ueD|f(u)e V). This is well-defined because f is monotone
(continuity is not needed here).

Note that this adjunction would fail if we replaced the Alexandrov-open by
the Scott-open subsets. Indeed, by the Adjoint Functor Theorem, we know
that f~' has a left adjoint iff it preserves meets; but inverse images of
continuous maps do not in general preserve meets in the lattice of
Scott-opens (in the language of topos theory, they are geometric but not
logical morphisms).
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If D, E are bounded-complete algebraic cpo’s with bases K(D), K(E),
then

R’ [ (K(D)x K(E))

is the approximable mapping associated with f in the sense of Scott [23].
We have:

1. Lo, R 1g
2. d2d'R'e’ Je > dRe.
3. dR’e,, dR’e,=> Con(e,, e,) and dR/ (e, Lle,).

Our terminology arises from Plotkins’s proposal to identify liveness prop-
erties with upper-closed sets (= intersections of Scott-open sets). Note that

dR’e & 1{d} = f~'(1{e}) & 3F(1{d}) = T{e}

5. Strictness and termination

We now turn to our specific analyses. For the remainder of this section, we
fix a language L and a standard interpretation I, subject to the following
assumptions:

1. The base types include bool.
2. The constants comprise:

(a) recursion combinators Y, 4.0

(b) conditionals condyopana,

(c) first-order functions c,, . _.s(n =0).
3. D}, is the three-point flat domain

it ff

1

I is a normal interpretation.
. Conditionals are interpreted as usual:

condttxy=x

condffxy=y

cond L xy=1
6. First-order constants are interpreted as strict, total functions, i.e. for c:

A—>...A,—>B,ca,...a,=14iff i:1<i=<n-aq =1},

o o

(The assumption of totality—i.e. the left-to-right implication above—is not
used in the proof of correctness of strictness analysis. It is made to simplify
the exposition.)

We have two non-standard interpretations, S (for strictness) and T (for
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termination). For each base type A
Di=D1=2(={0,1},0=1).

S and T are both least fixed point interpretations.

For first-order constants c¢:A,—...A,—» B, cS=c"=Ax}...Ax2-
/\i-1x;. S and T differ only (for our particular choice of constants) in their
interpretations of conditionals

condpornsnsn=Ax*-Ay?-A22-x A(y v 2)

condl o oann =Ax%-Ay*-Az2-X Ay A Z
The intention is that we use S to infer that certain programs do not terminate
(a safety property), and T to infer that certain programs do terminate (a

liveness property). In order to formulate these notions precisely, we need to
relate S and T to 1. For each base type A, we define [12]

HALT,:D,—2

1, a#14

HALT,(a) = {0 -
» - A

Now let RS = Rya.1,, RL = RHALA,
RS:I>S,RT:I>T
are the logical relations induced from {R}}, {RX}.

5.1. Proposition

1. RS is strict, inductive, T-universal, L-reflective and S-monotone.
2. RT is strict, inductive, and L-monotone.

Proof

By 4.3, we only need to verify that HALT, is strict and L-reflective. This is
immediate from the definitions (indeed, HALT, is uniquely determined by
these properties). il

5.2. Lemma

For all a € D:
1. aR20.
2. aRI1ea+ 11,

Proof
Immediate from the definitions. i

We shall now check that the interpretations of constants in S and T are
correctly related to those in I. It will be convenient to use the following
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observation: for any logical relation R:J—K

®) Ro. 0o Va,,...,a,-Vby,...,b,.
NA1aRb,>(fa,...a,)R.(gh,...b,),
which is just a trivial manipulation of the definitions.

5.3. Lemma

For each first-order constant c: o, with 0= A;,—>... A,— B:
1. ¢'R5c5.
2. ¢!R7cT.

Proof

1. Let a,,...a,, b,,...b, be given as in (*), with A,a,R5b,. We
consider two cases:

I. 3i:1<i<n-b,=0. In this case, A,b,=0, but since R’ is L-

reflecting, g, = 1%, hence c’a, . .. a, = LLR30 since RS is strict.
II. Vi:1<i<n-b,=1 in this case, /\;b,=1 and since RS is T-
universal,

ca,...a,R31.
2. Again, leta,, ..., a,, b,,...b, be given with A\, a,R%,b,
I. Ji:1=i=n-b,=0In this case A\, b, =0, and by 5.2 (i),
ca,...a,RY0.

II. Vi:1<i=<n-b,=1. In this case, /\; b,=1, but by 5.2 (ii), Vi:1=<
i=n-a+# 1}, and hence c'a, . .. a, # L} (this is where totality of
the first-order functions is used), and so

A cla,...a,R51
by 5.2 (2) again. B

54. Lemma

For each conditional cond: o, with 0 = bool > A— A— A.
1. cond’R5cond®.
2. cond'RTcond”.

Proot
1. Again let a,, a,, a5, b,, b,, b; be given as in (*). We consider two
cases:
* I b,=0. Since R’ is L-reflecting , a,= 1!,,, and cond'a,a,a;=
1LR50 = cond’b,b,b,.
* II. b,=1. By T-universality of R®, we need only consider the case
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where b, = b, =0. In this case, by L-reflection a,=a,= L/, and
cond'a,a,a; = LL{R50 = cond®b,b,b,.
2. similar i
Collecting these results together, we obtain:
5.5. Proposition
For all constants c: o of L:

1. ¢!'R3c5.
2. ¢!'RTcT.

Proot
Combine 3.6, 5.3, and 5.4. 8
We can now formulate our correctness criterion for strictness analysis.
Correctness of S
Ve:o—>1-VpeEnv', p'eEnv’:pR%'.
E’lelp’'L3= 1> E'felpLl,= 1.

This says that, if e is strict under S, it denotes a strict function under the
standard semantics. Thus we can soundly infer that a function is strict by
testing for strictness in the non-standard finite domain DZ_... This is the
main result in [1].

5.6. Theorem
S is correct.

Proof.
Let e, p, p' be given as in the statement of correctness. Now
(E'lelp)R5-.(E°ledp’)
by 3.2and 5.5, and LLR$ 15 since R” is strict. Since R is logical, this implies
(E'lelp L)RIE [elp’ L)
But E%[efp’ LS = L$ by hypothesis, and since is R® L-reflecting, this implies
E'lelpto= L3
as required. §

We now turn to the correctness of T. What this means at higher types is
less clear than for S, so we will only formulate it for first-order types.
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Correctness of T
Ve:A,—...A,—>T-VpeEnv', p’e Env":pR"p’.
ET[e}p'10...0=1>
Va,eD,,,...,a,eD, -a,# L4 >
E'le}pa, .. .a,#* 154.

This says that if termination of the first argument of the function denoted by
T guarantees termination of the result in T, then we may soundly infer that
this property holds in the standard interpretation. This can obviously be
generalized to combinations of arguments, but for notational simplicity, we
shall use the above formulation.

5.7. Theorem
T is correct.

Proof

Lete, p, p', a,, . . ., a, be given as in the statement of correctness, and write
0=A—>...A,-»B. Nowa,# L, ,>a,R51by 5.2 (i), and qR%0,1<i<
n, by 5.2 (i). Also, by 3.2 and 5.5

(E'lelp)RI(E(elp’)
and so
(E'lelpa,, - . ., a,)RE(ETfe]p’'10...0)
since R7 is logical. By hypothesis, E"[efp’10...0=1, and so by 5.2 (ii)
E'lelpa,...a,#+ 1§
as required. |
The reader is invited to compare the proofs in [14], [17], [1] with the

above arguments.
As a corollary of theorems 5.6 and 5.7, we obtain.

5.8. The sandwich lemma
Ve:A,Vp e Env', p,e Env”, p,e Env’-pR7p, A pRSp,>
ET[elp, € HALT,(E'[e]p) c E*[e]p..
A program is a closed term of ground type. As an instructive and amusing
consequence of 5.8, we have:

5.9. Theorem

The halting problem for programs with no occurrences of the conditional is
decidable.
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Proof

It is only in the interpretation of the conditional that S and T differ. Hence
for a program e with no occurrences of the conditional

E"[e} = ES[e]
and by the Sandwich Lemma
HALT,(E'le]) = E™[e] = E*[e).

As all domains are finite and the constants are explicitly tabulated, the
fixpoints can be computed by successive approximations in the standard way.
Thus, ‘HALT,(E'[e]) =1’ is recursive, since both ET and E° are. i

6. Abstraction functions and Kan extensions

Our treatment of strictness and termination analysis exemplifies the follow-
ing schematic approach. Let I be the ‘standard’ interpretation, and J the
‘non-standard’ or ‘abstract’ interpretation. First, we define abstraction
functions

fa:D4— Dy,

for each base type A; then derive relations R, from f,; and finally induce a
logical relation R from the R,. In this section, we shall consider the
possibility of defining abstraction functions

abs,:D!— D’

at all types, starting from abs, =f,.

Intuitively, the idea is to pick out, from those abstract values related to a
given concrete value, the ‘best’ one. One important application of such
functions is to the interpretation of constants. Given a constant c,, with
standard interpretation c,, we want to define ¢ as the ‘best possible’
abstraction of c! with respect to our relation R. If we have abstraction
functions at all types, we can just set ¢/, = abs,(c}).

We shall begin by developing a theory of abstraction functions in a rather
general setting. Our theory will be based on the safety/liveness duality.

First, we need to consider a modified notion of interpretation. Given
I=({D%}, {c.}), our definition of {D%} builds the continuous type structure
over the {D%}. We shall now consider the monotone type structure over I,
MD?!, defined by

MD!, = D),
MD! ., =[MD.,—, MD’]
where for posets D, E
[D—n. E]
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is the poset of monotone maps from D to E, ordered pointwise We also
drop the stipulation that the base domains D/, are cpo’s; they may be
arbitrary posets.

Note that the notion of a relation, and the process of uniquely extending a
relation on the base types to a logical relation, still make sense for monotone
type structures (indeed in a very much greater generality—see, for example,
[11]), and Proposition 3.2 still holds good in this setting.

For the remainder of this section, we will make the following assumptions:

(A1) We are given interpretations I, J such that each D7, (hence each MD?)
is a complete lattice.
(A2) We are given monotone maps

abs,:D!— D’
for each base type A.
On this basis, we shall define safety abstraction maps
absS:MD!— MD’,
and liveness abstraction maps
abst:MD!— MD’,
for all o.

6.1. Definition
(i) abs; = abs,
absS , .fd = || {(abs.°f)d’ | abs,d’ € d}.
(ii) abs = abs,
abst . .fd = {(abs.°f)d’ | abs,d’ 2d}.

6.2. Proposition
abs3, abs’ are well-defined monotone maps for all o.

Proof

By induction of o. The base case is given by our definitions. For the
inductive step, we must show that abss._,.fd, abs% ,.fd are monotone in both
arguments—monotonicity in d is required for these functions to be well
defined.

(I) abs3...fd
Let X, ,= {(abs$ef)d’ | abs3d’ cd}
Thcnfr;g:>VxeX,,d-3yeX,,d-x;y:>|_]X,_dg|_jX‘ d
which proves monotonicity in f.

Again, d,Cd,> X, 4, < X; .,> | X, 4,C LI X}, 5. which proves monoton-
icity in d.
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(II) abst.. fd.
Let Y, = {(abstof)d' | abstd' 2 d}.

Then fCg>Vy €Y, - IxeY, xCy
>M1Y,EM1Y,.
which proves monotonicity in f.
Again, d,C€d,>Y; 4, 2Y,,,
MY, aCM Yy,
which gives monotonicity in d. i

We shall now establish a fundamental property of abstractlon functions
with respect to application.

6.3. The semi-homomorphism property

(i) (abso..f)(abssa)2 abs3(fa).
(i) (abss_..f)(abssa)C absy(fa).

Diagrammatically
MD!._. x MD'! -2, mMp!
.uh.x.h.l -
MD’,_.. x MD’, %225 (R)MD’™

with (R) = 3 for safety, and (R) = C for liveness.

Proot
1. (abs;-..f)(abssa) = L1 X,
where X = {(absiof)a’ | abs3a’C absia}.
But (abs3of)a € X, so (absiof)ac (absi_..f)(abs3a).
2. Dual to (i). 1

We can now state a striking result which connects abstraction functions to
logical relations in a very strong way. Let R® be the logical relation induced
from

Ri = Rabt,q'
Similarly, define R* as the logical relation induced from
R% = R,

Then we have
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6.4. The uniformlzation theorem
For all o

(l) R'§= Rab:;'°

(ii) RE= R,

Proof

(i) By induction on o. The base case is given from the definitions. At the
inductive step, we must show

o8 &>abse.(f)Cg
i.e. .
[Va, b - aR3b = faR3gbl&>absi . (f)Cg
or equivalently, using the inductive hypothesis
[Va, b - absSac b > (absioflac gbl&>absi . (f)Cg.
The left-hand side of this equivalence reduces to
(*)Va - (absiof)ac(g ° abs3)a.

To see that it implies (*), take b = abs,a, while the converse follows from
the monotonicity of g. So what we must prove is

(1) abszefcgeoabsié>abss (f)Cg.

(€) absi(fa)E (abs3...f)(absia) by the semi-homomorphism property,
C g(absia) by hypothesis.

() abss...fa=L1X,
where X = {(abssef)b | absibC a}.

By hypothesis, Vb - abs3bT a = (absSof)bc(geoabsS)bc ga, so ga
is an upper bound for X.
Hence abs?_..fac ga.
(i) Dual to (i). B

In order to interpret this result, note that as a Corollary we have that
graph(abs;) c Rc,
graph(abss) = R3.

Thus abs$ uniformizes the relation R and, moreover, is the best possible
function which does so, in the sense that, for each d € DY, abs3(d) is the
least element of the set {d’ € D% | dR3d'}. The situation for abs is dual.

The generality of our definitions and arguments to date will perhaps have
made the reader suspect that what we are really doing is category theory.
This suspicion is fully justified; what we have been doing is exactly the
construction of Kan extensions for poset categories, albeit in an ‘iterated’
fashion which may be novel.
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We shall now spell out the correspondence explicitly, since Kan extensions
do not seem to have found their way into the Computer Science literature to
date. Our reference for Kan extensions will be [10], pp. 232-34. We begin
by stating the definitions for the special case where the categories are posets
and the functors monotone maps.

Definition
Let
M—T—>A
|
C

be a diagram of posets and monotone maps. A right Kan extension of T
along K is a monotone map

R:C—,,A
satisfying
1. R°KcT.

2. V§S:C—>,A. S KCT=>SCR.
Dually, a left Kan extension of T along K is a monotone map

L:C—,A
satisfying.

3. L-K2T.

4. V§S:C>,A. S K2T>S2L.

Conditions (1) and (2) are easily seen to be equivalent to
(RKE) VS:C—,A. S°KCT&SER

and similarly (3) and (4) are equivalent to

(LKE) VS:C—>,A. S.K3T&SaL

Now suppose that A is a complete lattice. The formula for computing the
right Kan extension as a pointwise limit—MacLane’s equation (3) on p. 234
becomes

(*) Rc=T1{Ta|Ka2c).
Dually, the left formula for the left Kan extension reads

(**) Lc=|l{Ta|KacCc}.

Note that the problem of constructing a right Kan extension of T along K
specializes to the problem of constructing a left adjoint of K when T =id. In
this case, the formula (*) above specializes to the Adjoint Functor Theorem.
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Dually, left Kan extensions specialize to right adjoints. Thus as MacLane
remarks [10], pV): ‘the notion of Kan extensions . . . is the deeper form of
the basic construction of adjoints’.

We are now ready to spell out the correspondence with our construction
of abstraction functions. The situation is

MD! —L> MD!

.h,l l.a,

MD’, MD’.
The correspondence with the previous diagram is between abs, and K and

(abs.of) and T. The condition (LKE) for abs3..(f) to be the left Kan
extension of abs3 along abs3-f then becomes

Vg e MD/ .. - goabsS3abssof <> g3abss . (f).

This is exactly the formula () which emerged in the proof of the
Uniformization Theorem. The formula (**) for the pointwise construction of
abs? . (f) becomes

absS .. fc = |_|{(absSef)a | absSacc})

which is exactly our definition of abs3... The correspondence between
abs’_.. and the right Kan extension goes through in the same way.
We have shown

6.5. Observation

1. absi_. (f) is the left Kan extension of abs:ef along abs3.
2. abs%. (f) is the right Kan extension of absof along abs?.

The connection with Kan extensions made by 6.5 is ‘local’ in character; it
concerns the pointwise construction of abstraction maps.
From a more global point of view, we have the following situation:

T.(L) —— J

]

I
a diagram of Cartesian closed categories (CCC’s) and CCC-morphisms.'
Here Tcc(L) is the initial CCC over the language L, and E’, E’ are the
(suitably factored) semantic functions induced by our interpretations I and J,
viewed now as CCC’s. We can consider the construction of Kan extensions
for this situation; and we might hope that abs“ = {abs.}, abs®= {abs"},

' Actually, this is somewhat imprecisc, as we have not introduced product types. However, our
remarks in this paragraph should be sufficiently clear, at least at a heuristic level.
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viewed globally as putative CCC-morphisms, would provide such construc-
tions. However, this is not the case; abs® and abs" are not functorial, but
only ‘semi-functorial’, (lax in the two-categorical sense, cf. [9]) in the sense
of 6.3 and for the same reasons.
We shall now record the little we presently know about these global
structures.
We shall say that F = {F,}
F,:MD!—, MD’
is a safety morphism if
Ve:0€e Ar(L)-Vp' € Env' -Vp’ € Env’
Fop'cp’ 5 F,(E'lelp')c E'[elp’.
Dually, G is a liveness morphism if
Ve:oe Ar(L)-Vp'e Env' -Vp’ € Env’
Gop'2p’ > G,(E'jelp’) 2 Elelp’.

Note that, if every d e D/ is denoted by some closed term (or if the
domains Dj{ are algebraic and every compact element is denoted by some
closed term) then every safety morphism approximates every liveness
morphism (where FEG =V, F,CG,).

Now we have:

6.6. Theorem
1. abs® is a safety morphism iff for all constants c, € L, abs3(c’)Cca.
2. abs" is a liveness morphism iff for all ¢, € L, abs%(c’) 2 cl.

Proot

We prove (i) only. Necessity is obvious. For sufficiency, let R® be the logical
relation induced from RY = R,,,,. By the Uniformization theorem, RS =R,
for all 0. Hence by the hypothesis c, R3¢/, for all ¢, € L. Again, absSep'C p’
iff p’R°p’. The result now follows from 3.2. il

Note that the Sandwich Lemma (5.8) and Lemma 5.2 of [1] are special
cases of this result.

As a final remark on the global aspects of the abstraction maps, say that
F = {F,} has the safety semi-homomorphism property if for all o, ©

Fo. {f)F,(s) 2 F.(fa)
and similarly the liveness semi-homomorphism property is

F..{f)F,(a)SE(fa).
Now it is easy to see that, if F has the safety semi-homomorphism property,
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then
Fo  fb2 LU {(F.°f)d | F,dcb}

while if F has the liveness semi-homomorphism property then
Fo . fbC1{F.°f)d | Fdab}.

Continuous Kan extensions

We have developed a general theory of abstraction functions. However, for
applications in abstract interpretation we are usually interested in the
continuous rather than the monotone type structures; while for various
reasons we may also wish the abstraction functions themselves to be
continuous. This suggests two progressive requirements:

(C1.S) The functions
abs3: D! — D!
are well-defined on the continuous type structure.

(C2.S) The functions abs3 from (C1.S) are continuous. Similarly we have
(C1.L) The functions

abst:D!— D’

are well-defined. ‘
(C2.L) The functions of (C1.L) are continuous.

We shall now investigate conditions for these requirements to be satisfied.
For the rest of this section, we shall operate under the following additional
assumptions:

(A3) Each D), hence D) is a bounded-complete algebraic cpo (i.e. a
domain in the sense of [23]).

(A4) Each DY, hence each D7, is an algebraic lattice.

(AS) Each abs,: D4 — D is continuous.

Based on these assumptions, we shall develop a rather complete theory of
conditions under which (C1.S) and (C2.S), or (C1.L) and (C2.L) are
satisfied. This theory maintains the duality between safety and liveness; and
shows how power-domains arise inevitably when continuous abstraction
maps are required.

We begin with safety.

6.7. Definition
Let
f:D—>E

be a continuous map of algebraic cpo’s. Then f satisfies property (F) iff it
maps finite elements of D to finite elements of E.
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6.8. Proposition

Suppose each abs,, satisfies (F). Then for all o, abs? satisfies (F), (C1.S), and
(C2.9).

Proof

By induction on o. The base case is given. For the inductive step, we must
show:

(i) absi_..fd is continuous in d (this gives (C1.S)),
(ii) absi_..fd is continuous in f (this gives (C2.S)),
(iii) f finite = abs3 .. f finite (this gives (F)).

(i) Continuity in d. As we have already shown that abs?_,. is monotonic in
f and d, we need to show that

absS_..f Ll d,c |’ abs...fd,
n=0

i.e. l_l XE U:-O (LJ Xn)
where X ={(absiof)d' | abs3id’'c| ] d,}
X, ={(absiof)d’' | absid’'cd,}.

Now it is sufficient to show that for every finite bC| | X, 3n-bC| | X,.
Given such a b, note that

bC(absiof)d' = Ifinite b’ - b'cd’ & bC(abss-f)b’

since abs? is continuous by inductive hypothesis. Now abs3h’'Cabs3d’'c
Ll d,, and since by inductive hypothesis abs? satisfies (F), abs3b’ is finite.
Hence 3n - absib’'C d, and bE| | X,, as required.

(i) Continuity in f. Again, we only need to show

abs .. L fdc Clabs:‘,_.xﬁ.d,
n=0

n=0
ie. L YELIR (U Y,)
where Y = {(absio| |7.0f,)d’ | absSd’' c d}
Y, = {(absief,)d’ | absid’' cd}.
Once again we consider any finite bE| | Y. Note that

bg(absfo Ll f.)d' = U) (abssof£.)d’ since abs? is continuous by IH
n=0 n=0

=>3n -bc(absief)d'.
This immediately yields bCY, as required.
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(iii) absi... satisfies (F). Let f = | I{[b,, &1}, . . ., [ba, €.]}, for step func-
tions [b;, ¢;]. We claim that

“absi..f = | {[abs3(b,), absi(e))], - . -, [abs3(b.,), abs3(e,)]}

First, by inductive hypothesis absj and abs? both satisfy (F), so abs3(b)),
abs3(e)) are finite, i =1, ..., n. Now

abs$..fd = | {(absef)d’ | abssd' c d)
=L {abs3(e,) | abs3h,c d}
= (LI {[abs3(b,), absi(e))], - - -, [absS(b,,)absi(e,)]})d. 1
Note that the proof of (ii) did not use property (F). Thus we can draw the
following:

6.9. Corollary
If abs?, satisfies (C1.S) for all o, then abs? satisfies (C2.S) for all o.

6.10. Proposition

A necessary condition for abs® to satisfy (C1.S) is that abs, satisfies (F) for
all base types A.

Proof

Suppose for some A, abs, does not satisfy (F). Then for some finite b € D/,
abs,(b) =d =| | d, an infinite lub of finite elements. Now we consider two
cases.

Case 1. abs, is a constant function. Then

abss_idpd=| | {d}=d
while for all n
absi—-AidD{qdn = I_] @ = -L)

so abs3_ . does not satisfy (C1.S).
Case 2. If abs, is not a constant function, for some finite e € D, we must
have abs,(e) # abs,(L1). Now

absS_.4[b, e]d = abs(e)
while for all n
absi.alb, e]d, S| {abss( L)} =abs,(L).
Thus abs3_., does not satisfy (C1.S) in this case either.

We summarize our progress so far in

6.11. Theorem

A necessary and sufficient condition for abs® to satisfy C1.S and C2.S is that
all abs, satisfy (F).

$TOZ ‘ST A2\ UO Uljjog Be1soAluN a4 1 /BI0'SeuIno [pioyxo wooBo//:dny woiy papeoumod


http://logcom.oxfordjournals.org/

28 / Abstract Interpretation, Logical Relations, and Kan Extensions

We shall now connect our discussion of continuity of abs® with the use of
powerdomains in abstract interpretation. We begin by recalling some basic
facts and definitions.

6.12. Definition
1. Pj is the Hoare powerdomain functor (with empty set)

PiD =(CD, <)
Pu(f)S = {fs | s € S}*.

2. If L is an algebraic lattice, then the least upper bound operation,
viewed as a function

L:PyL—>L

L

is continuous. Moreover
UX*=gX.
L

Now suppose we are given a continuous map f:D— E between algebraic
domains.

6.13. Definition
The concretization map associated with f is
Yr:E— Py(D)
v(e)={d|fdce}.

This map is always well-defined (this requires the presence of the empty set
in the powerdomain) and monotonic. Note that

Yr(e) =f""({e}*)
in terms of the safety adjunction of Section 4.
6.14. Proposition
¥y is continuous iff f satisfies (F).
Proof
Suppose f satisfies (F). Then for all finite b € D
bey(Lle)={d|fdcLle,}
>fclle,>3n - fbce,
since f b is finite > b € y,(e,).

So vy, is continuous.
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Now suppose that f does not satisfy (F). Then for some finite b € D,
fb =Ll e,, an infinite lub of finite elements. Now b € y,(L| e,), but for all n,
b ¢ v/(e,), so for all n, {b}* ¢ ys(e,).- Since {b}* is a finite element of
P3(D), this implies {b}* ¢ |_I7-0 7/(e.), and so y,is not continuous. B

Note that if abs3, abs?, y.,s are continuous, and if f is a continuous map
from D’ to D, we can define

(PDS)@(f) = L) Ps(abs. o) Y,
We have
@(f)d = Ll* Piu(abs. °f)* Yuu(d)

= || ({(absi=f)d’ | abs3d’' c d}*)
= LI {(abs3ef)d’ | absid' c d})
= absS_. .fd.

Moreover, in this case absS .. is clearly continuous. Thus we have:

6.15. Theorem
A necessary and sufficient condition for abs® to satisfy C1.S and C2.S is that
it can be defined by (PDS) via the Hoare powerdomain.

We now turn to liveness, our treatment of which will parallel that for
safety. Once again, we consider the basic situation f: D — E, f a continuous
map of algebraic domains.

6.16. Definition

f satisfies property (C) iff, for all e € E, {d € D | fd2 e} is Scott compact; i.e.
there is a finite set {b,, . . ., b,} of finite elements of D such that every d € D
with fd 3 e is above one of the b;.

Note that the above set is always upper-closed. Thus property (C) is
equivalent to saying that the map

8,: E— CU(D)
8(e)={deD |fdae}

where CU(D) is the set of compact, upper-closed subsets of D, is well
defined. Note that

& (e)=f""(T{e})

in terms of the liveness adjunction of Section 4. Once again, we recall a few
definitions and facts about powerdomains.
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6.17. Definition

(i) Psis the Smyth powerdomain functor (with empty set)

P3(D) = (CU(D), 2)
Ps(f)X="T{fx|xeX}.
(i) For any algebraic lattice L, the greatest lower bound operation,
viewed as a function
I:I :Py(L)—> L

is continuous and [, ({X) = X.

(iii) For any Scott domain (and more generally, any coherent algebraic
cpo [24]) P3(D) is closed under finite intersections and unions, and
intersections of >-chains.

Now suppose that f:D — E satisfies property (C). Then &,: E— P5(D) is
well defined. Moreover, we have:

6.18. Proposition
If 6,: E— Pg(D) is well-defined, it is continuous.

Proof
First, eCe’ = 8,(e) 2 6;(e’), so §, is monotone. Now
8 (Lle)={d|fdalle,)
={d|Vn-fd2e,)

= {d|fd3e,)

=l 8/(e.).

n=0

6.19. Proposition

Suppose that abs, satisfies (C) for all base types A. Then for all o, abst
satisfies (C1.L), (C2.L), and (C).

Proof

By induction on o. The base case is given. For the inductive step, assume
abs%, abst are continuous and satisfy (C). Then 8., is well-defined and
continuous, and we have

(PDL)abs5_..f = P3(abstof)o Gus
L

so abs’ .. satisfies (C1.L) and (C2.L). Moreover, from 6.18 and 6.17 (iii) we
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see that it is sufficient to verify property (C) on finite elements of D7 ...
Accordingly, let f =1 1{[b,, 1), . - ., [P~, €,]} be a finite element of D7, ..
For convenience, we shall write 8, instead of §,,,, etc. Now

0o f) =M {8od[br, 1)), - . ., 6oel[ba, €.])}

so by 6.17 (iii) it is sufficient to show that 8. ([b, e]) is Scott-compact for
step-functions [b, e]. Now let us introduce the function neighbourhood
notation

U V)={flf(U)cV}
for sets U, V. Then we have
Ooi([b, €]) = {f | absz..f2[b, e]}

={f |absc..fo3e)

={f | Vd’' - abstd’' 2b > (abstof)d’' Je)

={f|Vd’-d’' € 5.(b)> f(d') € b.(e)}

= (84(b), 6.(e)).
Now by inductive hypothesis §,(b) and 6,(e) are Scott-compact, while since
b and e are finite, 8,(b) = (abs5) '(T{b}) is Scott-open, since by inductive
hypothesis again abs’ is continuous, and similarly for 8.(e). Now Scott-
compact-open sets in algebraic domains have the form 1E, E a finite set of

finite elements. Hence 8,(b)=T{b,,...,b,}, b.(e)=T{e:, ..., €.} for
finite elements b,, .. ., b,, €4, .. ., €.

S0, 6oi([b, e]) = (T{b1, .. ., ba}, T{e1, .. ., €m})
= ﬁ O T[bb ej]

i=1 j=1
which is Scott-compact using 6.17 (iii) again. il

We now turn to the necessity of (C).

6.20. Proposition

A necessary condition for abs"“ to satisfy (C1.L) and (C2.L) is that all the
base maps abs, satisfy (C).

Proof

Suppose some abs, has a point d € D7, such that §,(d) is not Scott-compact.
Note that in this case abs, cannot be a constant function, so for some finite
ee D), abs,(e) #abs,(L). Now failure of Scott-compactness for &,(d)
means there is an infinite set of finite elements C = {c,, ¢,, . . .} such that
04(d) = TC and for all finite F < C, 6.(d) ¢ TF. We now define a sequence
of functions

f.: D4—> DY,
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by
Jo=Ico, €]
frnn=fall[Cas1, e]
(the lubs being taken here are easily seen to be consistent, so this is

well-defined).
Then

abs5_. Uf,d =[] {abs,(e)} = abs,(e)
while for all n
absi.af.d, [ {absa(e) = absa(L)} = abs.(L)
so abs’_. 4 does not satisfy (C2.L). i

We can summarize our results on liveness in two theorems parallel to 6.11
and 6.15.

6.21. Theorem

A necessary and sufficient condition for abs* to satisfy C1.L and C2.L is that
all base maps satisfy (C).

6.22. Theorem

A necessary and sufficient condition for abs* to satisfy C1.L and C2.L is that
it can be defined by (PDL) via the Smyth powerdomain.

We have been at pains throughout our exposition to emphasize the
thoroughgoing duality between safety and liveness. We now record an
important difference between them. Recall that in Corollary 6.9 we observed
that if abs® is well-defined over the continuous type structure, it is
continuous. Thus properties (C1.S) and (C2.S) are in fact not separable.
However, for liveness this is not the case. As a counter-example, we have:

6.23. Theorem

The HALT, maps of Section 5 do not satisfy (C) unless D/ is finite.
However, because each DY, is finite, MD’ = D’ for all o, and abs* satisfies
(C1.L).

Note that the HALT, maps trivially satisfy property (F).

6.24. Proposition

If each abs, has finite image, then for all oabs’ satisfies (C1.L) and has
finite image.

Proof
By induction on o. The base case is given. For the inductive step, we show:

(i) absL_..f is continuous, for all f € D% ..
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(ii) absZL.. has finite image.

(iii)) Let {d,} be a chain in D7. By induction hypothesis, I =IM abs’ is
finite. Let Y={xeI|3n-x2d,}. Then Y is finite, and so for some
ny, Vk=n,, Vy e Yy3d,. Let X =1-Y. Then Vk =n,,

abst . fd, =[] {(abst°f)d’ | abstd' € X}
=abst, . flUdn

and so abs’,.f is continuous.
(iv) Define an equivalence relation ~, on D, by

X~y & 8,(x) = 6,(y).
Note that
x~,y>absi_, fx =abs:, fy
for all f € D!, Now define Z c D’ by
Z={MY|YcImabst}

Note that Imabss...f c Z for all f e DL, Thus for all feD. ., abst.,
factors as

Dl/~o Ny
where s is the canonical surjection and i the inclusion. This gives a map
abst_, . ff
which is injective, since s and i are defined uniformly over all f. Thus
card(Im abs’....) < card(Z""~).
But D’/ ~, is finite since Im abs} is finite by inductive hypothesis, and
8,(d) = U{(abs5)'({x}) | x € Im abst&x 2 d}

and so the size of Im §, is bounded by the number of subsets of Im abs%.
Similarly, Z is finite. Thus Z?"~ is finite and so Im abs._., is. il

6.25. Proposition

If abs’ has infinite image on a chain in D/, and abs’ is not continuous, then
abs’ ., does not satisfy (C1.L).

Proof
We are given {b,} in D, such that {abs5(b,)} is infinite, and {d,} in D’ such
that absZ(| lr-0d,) ¢ 5o abst(d,).
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We define
fo:K(D)— D!
by
Lild,ifVn-btb,
d,, un - btb,, otherwise.

7o ={

Claim

f° is monotone. Indeed, if d=d’, then either f°d' = | d,3f°d or f°d’' =d,
which implies dC b, for some k <n and so f°d = d,cd,.

Now let
f:De—> D3
be the unique continuous extension of f°
Let

¢, = abs5(b,)
c=|_labsi(b,).
Now abs;d2c=> fd =1| | d, since if Am - dCb,,, then abstdCc,, CcCabstd,

and so ¢,, = ¢ contradicting {c,} infinite.
Thus

abst .. fUc,=[1{(abstef)d’' | abstd' 2 c}
=[Nabst(L) d,)} = abs(L]d,).
For all n, absi.. . fc,E(abscof)b, = abst(d,).
’I‘hus abs{c‘—-tf U Cn = abse(u dn) E |_|:-o abse(dn) ; U:-O absﬁ—»tfcn and S0
abs’ . f is not continuous and abs%_,, does not satisfy (C1.L). I
6.26. Proposition

If abs, has infinite image, and finite image on all chains, then either
1. abs%_. . has infinite image on a chain in D_,,, or
2. absk_.. does not satisfy (C1.L).

Proof

Since abs, has finite image on all chains and is continuous, Imabs, =
Im(abs, | K(D4)). As a consequence of this, (abs,)"'(1{d}) is open for all
d € D’,. We now consider two cases:

Case 1. For some infinite set {d,} = Im abs,,
(**)Vn{d, | d,cd,} is finite. Let A, = (abs,) " (1{d.}).
Define id,: D, — D), n=0, by
id, (x) = |

X,X€EA,
1, x¢A,
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id, is continuous since A, is open. Now define
Li=U] {id: | k=<n}.

This is well-defined since id,Cidp, for all n. Now {f,} forms a chain in
D! _ .. Fork=n

absi . f.d. =[1abs,°f,(A) = 1abs.(A,) = d,.
By (**),3m>n,Vj<n, Vk=m - d;¢d,, hence A, ¢ U<, A, and
absi_af,dx =[1abs,°f,(Ay) = abs,(L1) # d,.

Thus Vn3m >nVk=m - absi_ .f, # absi_.fi, and {abs5_,f,} is infinite,
establishing (1).

Case 2. For every infinite set {d,}cImabs,. (11)3n-{d,|d,cd;} is
infinite.
Claim
In this case, there is an infinite chain in Im abs,.
Proof of claim. For all n we construct

* a strict chain S, = (d,, . .. d,_,) c Imabs,,
 an infinite set Z, such that d,_, is a lower bound of Z, and d,_, ¢ Z,,.

Then {d,,} will be the infinite chain in Imabs,. Let Z,={z,...,
23, ...} cImabs, be some infinite sequence. By (1), Ik{z?|z3cz?} is
infinite. Let do=2%. Z, = {2z2| z29£2%} — {29}

At the (n + 1)-th stage, apply (1) to Z, similarly to produce d,,,, Z,.,. §

Now let A = (abs%)™'(fUd,) and take a € D% with abs(a) # abs,(L) and
define f: DL — D/, by

a,xeA
fr= {.L, x ¢ A.

Since A is open, f is continuous. Now
Vneabs5_ .fd, = abs,(L1)
while
abs5_..f Ud, = abs,(a)
and so abs_. , does not satisfy (C1.L), establishing (2). i

6.27. Theorem

Suppose some absy does not satisfy (C). Then a necessary and sufficient
condition for abs" to satisfy (C1.L) is that all abs, have finite image.
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Proof

Sufficiency is Proposition 6.24. For necessity, we suppose abs, has infinite
image and consider a number of cases. By the proof of Proposition 6.20, the
map absz— B is not continuous.

Case 1 abs, has infinite image on a chain. In this case we can apply
Proposition 6.25 with 0 = A, t=B— B.

Case 2 abs, is finite on all chains. There are the two subcases according to
Proposition 6.26.

Subcase 2.1 abs;_,, has infinite image on a chain. In this case, apply
proposition 6.25 with c=A— A, T=B— B.

Subcase 2.2 abs_. . does not satisfy (C1.L) hence abs* does not. §
We can summarize out results as follows:

T1  abs® satisfies (C1.S) and (C2.S) iff all abs, satisfy (F). Moreover, if
abs’ satisfies (C1.S), it satisfies (C2.S).

T2  abs* satisfies (C1.L) and (C2.L) iff all abs, satisfy (C).

T3  Suppose some absp does not satisfy (C). Then abs* satisfies (C1.L) iff
all abs, have finite image.

T4(i) abs® satisfies (C1.S) and (C2.S) iff it is definable via the Hoare
powerdomain.

TA(ii) abs® satisfies (C1.L) and (C2.L) iff it is definable via the Smyth
powerdomain.

We now list some open problems and directions arising from the work of
this section:

1. Extend the continuity theory by weakening the assumptions, particu-
larly (A3).

Conjecture. All the results go through with (A3’). Each D, is SFP.
There is perhaps some mathematical interest in developing a theory
of continuous Kan extensions.

2. Characterize the conditions under which the situation of 6.23 arises,
i.e. abs® defined on the continuous type structure but not itself
continuous.

Question. Can this happen if J is an infinite interpretation?

3. Extend the framework to richer type structures (sums, products,
recursive types, etc). (Much of this has already been done, at least as
regards safety analysis, by Neilson [18].)

4. Generalize the framework, e.g. to arbitrary ccc’s.

5. Develop the ideas discussed at 6.6.

We shall conclude with an example of the application of our theory. We
return to the analyses of Section 5, and show that the abstract interpreta-

¥T0Z ‘ST A2\ UO Ullleg 1BelSBAIUN 8R4 Te /BI0'S [euIno pioyxo wodfo|//:dny Woiy papeoumod


http://logcom.oxfordjournals.org/

Abstract Interpretation, Logical Relations, and Kan Extensions /37

tions of the constants are not merely correctly related to the standard
interpretations (as shown in 5.3 and 5.4) but best possible.

Let abs®, abs™ be the safety and liveness abstraction maps induced from
the HALT,. (Note that abs® is exactly the family of maps defined in [1], the
definitions used there being an instance of the (PDS) scheme at 6.15 above.)

The following lemma will be useful in our calculations. It is analogous to
the formula (*) preceding 5.3.

6.28. Lemma
Foro=o0,—... 0,
(i) absifb,...b,
(ii) abstfb,...b,
Now we have:
6.29. Proposition
For each first order constant c: o with 0 =A,—... A,— B,
(i) absi(c") =5,
(ii) absi(c")=c".
Proof
We show (i) for illustration. Consider b, ..., b, €2. If some b;=0, then
since HALT,, is 1-reflecting.

NHALT, a,Cb,>a =1, >c'a,...a,= Ly since ¢’ is strict
i

-

T
LI {abs3(fa, . . . a,) | /\j=1 abs3,a,Cb,}.
[ {abst(fa, . . . a,) | /\i=1 absLa, 2 b,}.

> HALTy(c'a,...a,)=0.

So absSc'h, . . . b, =0 in this case.
If all b;=1, then 3a,...a, - /\;a,# L4, and HALT,aiCb,

>cla,...a,#* Lg (this uses totality of c)
> HALT(c'a,...a,)=1.
So absic'h,...b,=1 in this case. Thus absic'h,...b,=/\;b =
cb,...b,. 1
6.30. Proposition
For each condition a’cond: o0 =bool > A— A— A:
(i) abs3(cond") = cond?,
(ii) absi(cond") =cond™.
Prootf
Similar to 6.29.

7. Totality analysis

The termination analysis presented in Section 5 is of rather questionable
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practical value. Indeed, it is not entirely clear what semantic property we are
approximating at higher order types; hence our treatment of correctness
only dealt with base types.

In this section we consider a more natural, and indeed very canonical
notion of totality, and use our framework to derive an effective, finite
approximation to ti.

Definition
We define a unary logical relation Tot on the standard interpretation D’ by
Tot,(d)&d+# 1,
Tot,.(f)&Vd e D, - Tot,(d) > Tot . (fd).
This is the property of (hereditary) totality; cf. [4], [S].

It is well known that the logical complexity of Tot, even on the computable
elements of I, is unbounded in the analytical hierarchy [22]. This makes it
somewhat remarkable that complete information on Tot can be obtained
from our abstraction maps abs”, and finite abstract domains D*. (To avoid
confusion, note that we are not claiming that complete information can be
obtained by the abstract interpretation; rather, that taking the standard
interpretation and then applying the abstraction map—which by this
very result is shown to be highly non-computable—does not lose any
information.)

We define ¢, € D’ by induction on o

=1
bome = [Loy Le)-
7.1. Proposition
For all 0,d e D!,
Tot,(d) & 1, Cabsi(d).
Proof
By induction on o. For base types A
Tot,(d)&d # L, absi(d) =16 1, Eabs5(d).
For the inductive step, we first prove that
Tot,. (f)=> tocEabsc . (f).
Tot,.(f)=>Vd e D, - Tot,(d) > Tot,(fd)

>Vded, - 1,Cabs5(d)> 1.Cabst(fd) (IH)

> 1. EN {abstef(d) | 1, E absi(d)}

> . Cabsk, (f)(L,)

> lo.Cabsc..f.
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For the converse

toCabsi . (f)&Tot,(d)
> i,Eabst(d)&t,..Eabst . (f) (IH)
>, Cabst. (f)absi(d)
> 1. Cabsi(fd) Theorem 6.3 (ii)
> Tot.(fd) (IH). §

We can now define totality analysis: for any (closed) term M:o, we infer
that M is total if '

1, = E{M].

The following proposition establishes the soundness of this analysis:

7.2. Proposition
1, CEM] > Tot, (E'[M]).

Proof
Combine Proposition 7.1 and Theorem 6.6. i
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