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A Cohomological Viewpoint
on Elementary School Arithmetic

Daniel C. Isaksen

1. INTRODUCTION. From finite group theory to algebraic geometry to complex
analysis, cohomological methods play a major role in modern mathematics. The sub-
ject has a long history throughout much of the twentieth century [6] and strongly influ-
enced the development of modern mathematics. Mathematicians view such techniques
as powerful but sophisticated tools applicable to a remarkably wide field of study, but
they usually react with surprise to learn that the ubiquity of cohomology in mathemat-
ics extends even to arithmetic at the primary school level.

This article describes a cohomological viewpoint on the traditional method of man-
ual addition of two multi-digit numbers. We explore extensions of groups and show
how carrying is a particular example. Then we relate extensions to cohomological
ideas. This leads to an addition rule for extensions.

The power of cohomology enlightens the study of extensions in ways that are
slightly beyond the scope of this article. For example, the Schur-Zassenhaus Theo-
rem [15, Th. IV.10.5] uses cohomology to describe groups built from two finite groups
of relatively prime order. Also, see [12, Th. IV.4.1] for an explicit description of all
p-groups with a cyclic subgroup of order p.

Group cohomology is a vast field of mathematics, and only the most elementary
parts of the subject are presented here. Published accounts of this material occur
mostly in sophisticated graduate level texts or in research papers; see [1], [4], [S], and
[9]-[16], for example. The philosophy of this article differs from the philosophy of
these accounts. The goal is to explain the mathematical phenomena in the most naive
way possible, rather than to present the underlying ideas in a powerful or elegant way.
The reader needs only a familiarity with the basic notions of finite group theory, such
as homomorphisms and quotient groups.

Carrying arises as a serious mathematical issue in the work of Rota et al.; see [2],
[7], and [8]. The authors construct the real numbers with the formal arithmetic of
infinite binary expansions rather than with the usual topological construction. Floating-
point arithmetic in computers is the motivation for this approach to the real number
system. This idea is related to our discussion but not central to it.

2. CARRYING IS A COCYCLE. Our first task is to create a formal group the-
oretic framework for our study of arithmetic. Let us consider addition in the finite
abelian group Z;qo. This serves as our model for addition of two multi-digit numbers.
Of course, schoolchildren can add numbers larger than 99. However, most of the com-
plexity of manual addition occurs already with two-digit numbers.

We warn the reader that we abuse the symbol +. It represents the addition operation
in many different abelian groups. The sense of the symbol follows from the kind of
elements being added.

Note that Zq is a subgroup of Z;oy consisting of the multiples of 10. We call this
subgroup 7 for “tens.” Also, Zjo is a quotient group Zio/7 of Zig. We call this
quotient group O for “ones.” For any x in Z;q, the coset x + 7 determines and is
completely determined by the ones digit of x.
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TABLE 1. Carrying is required exactly
when the ones digits sum to 10 or more.
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We introduce the following notation. An arbitrary element x of Z is represented
by a symbol [a][b], where a belongs to 7 and b belongs to O. We think of a as the
tens digit of x and b as the ones digit of x. For example, we write the number 53 as
[5103]-

It is important to remember the difference between 7 and O. Although they are
isomorphic, their relationships to Z,o are very different.

Given the groups 7 and O and their relationship to Z;q, we can describe addition
in Zygo in terms of the addition operations of 7 and O. For any two elements [a;][;]
and [a,][b;] of Zoo, their sum [a;][b;] + [a2][b2] in Z,g can be written uniquely in
the form [a][b], with a and b functions of a;, a,, by, and b,, but these functions are not
given by entirely obvious expressions.

The element b of O depends only on the elements b; and b, of O: the ones digit of a
sum depends only on the ones digits of the summands. This is why we work from right
to left when adding multi-digit numbers by hand. On the other hand, a depends on all
four values a,, ay, by, and b, because adding two multi-digit numbers is not merely
adding columns.

The formula for a is a; + a> + z(b;, b,), where z is a function O x O — T ex-
pressing how the ones digits of the summands affect the tens digit of the sum. The
addition symbols in this formula refer to addition in the group 7 because the elements
ay, az, and z(b,, by) belong to 7. Together with the group structures of 7 and O, the
function z determines completely the group structure of Z .

The values of z are given in the chart in Table 1.

We can derive a critically important property of the function z using the associativity
of addition. Starting with the equation

([a11[1] + [@21[D2]) + [a31b3] = [a1][b1] + ([a21(b2] + [a3](b3]) ,
consideration of the tens digit of the sum yields the equation

a,+a;+as+ z(by, bz) + Z(b] + bz, b3)
=a; + a; + a3 + z2(ba, b3) + z(by, by + b3).
This implies that z satisfies the functional equation
2(b2, b3) — 2(by + by, b3) + z(by, by + b3) — 2(by, by) = 0. (2.1)

Formula 2.1 is known as the cocycle condition.
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Note that z also satisfies the formula
2(b,0) =0=2z(0,b) 2.2)

for all b in O. Formula 2.2 is known as the normalization condition. These formulas
motivate the following important definition.

Definition 2.1. A function z : O x O — T is a cocycle if it satisfies the cocycle con-
dition and the normalization condition.

3. OTHER GROUPS OF ORDER 100. In the previous section, we considered the
standard carrying function and its relationship to addition in Zg. It is possible to build
other abelian groups from the groups 7 and O and other functions z : O x O — 7.
Using the function z described in the previous section, we can construct another func-
tion2z : O x O — T.

Consider the set of symbols of the form [a][b], where a belongs to 7 and b belongs
to . We can use z to define a new addition operation on this set by the formula

[ai1[61] + [a21[b,] = [a1 + a; + 22(by, b)) ][ + bs].

Then [0][0] is a zero element for this operation. Since 2z is a symmetric function, the
operation is commutative. The operation is associative because 2z satisfies the cocycle
condition of Formula 2.1.

We give some examples of addition formulas in this group:

[11[2] + [21(5] = [31[7]
31071 + [2][9] = [7][6]
[91(5] + [0][6] = [1][1].

Addition here is somewhat like ordinary addition, except that when carrying is neces-
sary, we carry a 2 instead of a 1.

This addition operation determines an abelian group E of order 100. From the stan-
dard classification of finite abelian groups [3, Ch. 11], £ must be isomorphic to one of
the four groups Zigo, Zso ® Z3, Zyo ® Zs, or Zyo B Zyo. These groups can be distin-
guished by the presence or absence of elements of order 4 and order 25. In the group E,
the element [0][4] has order 25, just as it does in the group Z;o. However, unlike the
group Ziqo, E has no elements of order 4. It follows that E is isomorphic to Zsy @ Z,.

The reader is invited to determine which groups of order 100 are built from the
other multiples of the standard carrying function. (Hint: Two of the groups occur only
once, and the other two occur four times. The answer appears in Section 7.)

4. GENERAL COCYCLES. In the previous two sections, we considered the prob-
lem of constructing abelian groups of order 100 from the groups 7', O, and a function
7: O x O — T, where z is a multiple of the standard carrying function. This method
constructs all four abelian groups of order 100. It is natural to ask which other func-
tions z : O x O — 7T can be used to construct groups of order 100.

We saw in the previous section that not every function produces an addition opera-
tion. In particular, the function must satisfy the cocycle condition of Formula 2.1 since
addition must be associative.

Definition 4.1. An extension of the group O by the group 7 is an abelian group E
such that 7 is a subgroup of E and the quotient group E/7 is O.
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We make some remarks in Section 8 about the assumption that E is abelian.

Now consider an arbitrary extension E of O by 7. Assume that the elements of E
are symbols of the form [a][b], where a belongs to 7 and b belongs to O. In order to
understand how elements of E correspond to such symbols, first recall that the group
T is a subgroup of E. Write the elements of this subgroup in the form [a][0], where a
belongsto 7.In E,

[a1][0] + [a][0] = [a1 + a>][0],

and [0][0] represents the zero element of E.

The extension E comes with a projection p : E — . For each nonzero b in O,
choose an element x of E such that p(x) = b. Write [0][»] for the element x.

Finally, let [a][b] be the element [a][0] + [0][p]. The value of p on any symbol
[al[b] is just b.

Lemma 4.2. Every element of E can be written uniquely in the form [a][b].

Proof. Let x be an element of E. Let b = p(x), and let a be given by the formula
[a][0] = x — [0][b].

This is possible since x — [0][»] belongs to the kernel of p, and this kernel is the
subgroup 7. Thus every element of E can be written in the form [a][b]. A counting
argument shows that this expression is unique. [ ]

From now on, we assume that all extensions consist of elements of the form [a][b].
As we saw in Section 2, general addition in E need not be given by the formula

[ai1[b1] + [ax][b2] = [a1 + ax][by + b2,

although this formula is true when E is isomorphic to the product group 7 x O. Nev-
ertheless, [a1][b1] + [a,][b2] is equal to [a][b] for some a and b. By applying p, we
find that b is equal to b, + b,. In order to understand completely the addition in E, we
must describe the value of a more explicitly.

Definition 4.3. Given an extension E of O by 7T, the associated cocycle of E is the
function z : O x O — T given by the formula

[01(b1] + [01[b2] = [2(b1, D2)][b1 + b2].
Note that z determines the addition operation for E because
[a1][b1] + [a21[b2] = [a1][0] + [a2]1[0] + [01[6:] + [01[b-]
= [a1 + a2 + 2(b1, b2)][b) + b2].

The terminology of Definition 4.3 is sensible because associated cocycles obey the
cocycle and normalization conditions. The cocycle condition follows from the asso-
ciativity law in E, and the normalization condition follows from the identity law

[a][b] + [01[0] = [a][b] = [0][O] + [a][b].

We have shown that every extension E yields a cocycle z : O x O — 7 that com-
pletely determines E. We next demonstrate that every cocycle determines a group
structure on the set of symbols of the form [a][b].
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Proposition 4.4. Let 7 : O x O — T be a cocycle. Then the set of symbols of the
form [al[b] witha in T and b in O is an abelian group under the addition operation

[a11[61] + [a21[D2] = [a) + a, + z2(by, b)]1[b1 + b,].

Proof. The normalization condition guarantees that addition satisfies the identity law,
while associativity follows from the cocycle condition on z. It is not obvious that the
addition is commutative. However, direct calculations with combinations of the co-
cycle condition imply that

2(b1, by) = z(b2, by)
for all b, and b, in O. It follows that the addition is commutative. |

5. COBOUNDARIES. In the previous section, we saw that every extension E gives
a cocycle. Also, every cocycle can be used to build an extension E. We would like
to know whether this correspondence is one-to-one. In fact, it is not. We explore this
phenomenon in this section.

Definition 5.1. A group homomorphism ¢ : E — E’ of extensions is an isomorphism
of extensions if ¢ restricts to the identity map on 7 and the induced map on quotients
¢ : O — QO is the identity map on O.

An isomorphism of extensions must satisfy the following two properties. First,
¢ ([a][0]) = [a][0] for every a in 7. Second, for every [a][b] in E, ¢ ([al[P]) = [ao][b]
for some ag in 7.

Proposition 5.2. Suppose that E and E' are two extensions with associated cocycles
z and 7' (see Definition 4.3) such that for every b, and b, in O

2(b1, by) — 2'(by, by) = h(by) — h(by + by) + h(by),

where h is some function O — 7T satisfying h(0) = 0. Then E and E’ are isomorphic
as extensions.

Proof. Define a function ¢ : E — E’ by ¢([allb]) = [a + h(b)][b]. From Defini-
tion 5.1, it is immediate that ¢ restricts to the identity map on 7 and that ¢ induces
the identity map on O.
Observe that ¢ ([0][0]) = [0][0], so ¢ preserves the identity element. Finally, we
must check that ¢ preserves addition. From the definition of ¢, it follows that
¢ ([a1l[b1] + [a2][b2]) = ¢ (a1 + az + 2(by, bo)1[b1 + b2])

= [a; + ay + 2(b1, b2) + h(b) + by)1[b1 + bs].
On the other hand,

o ([a11[b1]) + ¢ ([a21[b2]) = [ay + h(D1)][b1] + [az + h(b2)][b:]
= [a; + az + h(by) + h(b2) + 2 (b1, by)1[b1 + b1].

These two expressions are equal precisely because of the hypothesis of the proposition.
|
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The previous proposition motivates the following definition.

Definition 5.3. Given a function 4 : @ — T such that £(0) = 0, the coboundary of h
is the function 6k : O x O — T given by the formula

8h(by, by) = h(by) — h(by + by) + h(by).

A coboundary is any function O x O — 7 that arises in this way from such a func-
tion h.

The terminology of cocycles and coboundaries comes from topology. In the defini-
tion of the singular cohomology of a space X, the coboundaries arise as the geometric
boundaries of subspaces of X. Cocycles arise as subspaces of X that have no loose
edges. For example, a closed loop is a 1-cocycle but a line segment is not.

Proposition 5.2 can be reinterpreted to mean that two cocycles give the same exten-
sion if their difference is a coboundary. The converse is the next proposition.

Proposition 5.4. Suppose that ¢ : E — E' is an isomorphism of extensions of O
by T. Then the difference 7 — 7' of the associated cocycles is a coboundary.

Proof. Leth : O — T be defined by the formula

¢ ([0][b]) = [A(D)][b].

Then
¢ ([01[B1] + [01[62]) = ¢ ([2(b1, b2)][b1 + b2)])
= ¢ ([z(b1, b2)1[0]) + ([01[b1 + b2])
= [2(1, b)I0] + [A (b1 + b)][b: + b2]
= [2(b1, b2) + h(b1 + b)][by + b2].
On the other hand,

& ([01[b1]) + @ ([01[b2]) = [R(b1)]1[b1] + [A(B2)][2]
= [h(b)) + h(by) + Z'(by, by)1[by + by].

By comparing the first terms,
2(by, by) — 2/ (b1, by) = h(b1) — h(bi + b2) + h(by). L
Propositions 5.2 and 5.4 imply immediately the following theorem.

Theorem 5.5. Two extensions are isomorphic if and only if their associated cocycles
differ by a coboundary.

6. COHOMOLOGY. In this section, we express the conclusion of Theorem 5.5 in
terms of cohomology groups.

Definition 6.1. Let Z(O; 7') be the set of cocycles (see Definition 2.1).

The Z stands for Zykel (German for cycle).
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Definition 6.2. Let B(O; 7)) be the set of coboundaries (see Definition 5.3).
Lemma 6.3. The sets Z(O; T) and B(O; T) are abelian groups.

Proof. Let z; and z; be cocycles. One checks that z; — z, is a cocycle. This shows that
Z(O; T) is an abelian group.

Now consider two coboundaries 84, and 8h,. Then 8hy — 8h, = 8(hy — h»), so
8h| — 8h, is a coboundary. This shows that B(O; 7T) is an abelian group. [ ]

Lemma 6.4. The group B(O; T) is a subgroup of Z(O; T).

Proof. Consider a function z : O — 7 and its coboundary 4. The coboundary satis-
fies the normalization condition because #(0) = 0. We must show that 4 also satisfies
the cocycle condition. This follows from a straightforward calculation involving the
formula for 84 given in Definition 5.3. Note that the minus signs in the cocycle condi-
tion and in the definition of coboundaries play a critical role. [ ]

Once we have Lemmas 6.3 and 6.4, it is natural to make the following definition.

Definition 6.5. The cohomology group H(QO; T) is the quotient group

Z(O;T)
BO;T)

Theorem 5.5 can now be restated as follows.

Theorem 6.6. The group H(O; T) is isomorphic to the set of isomorphism classes of
extensions of O by 7.

Proof. Definition 4.3 establishes a function from the set of extensions to the group
H(O; T). Proposition 5.4 tells us that the function is well-defined. Proposition 5.2
tells us that the function is injective. Proposition 4.4 tells us that the function is surjec-
tive. [ ]

Note that H(O; 7)) is an abelian group. According to Theorem 6.6, the set of iso-
morphism classes of extensions of O by 7 is also an abelian group. This means that
there is a notion of addition of extensions. We now describe this addition explicitly.

Let E and E’ be two extensions with associated cocycles z and z’ and projections p
and p’ to O. We construct another extension with associated cocycle z + z'.

First consider the product P = E x E’. This group is not an extension of O by 7.
Rather, it is an extension of O x O by 7 x 7. Let Q be the subgroup of P consisting
of all pairs of the form ([a,][?], [a2][P]), and let R be the subgroup of Q consisting of
all pairs of the form ([a][0], [—a][0]).

Definition 6.7. The sum extension of the extensions E and E’ is the quotient group

Q/R.

In order to justify Definition 6.7, we should prove that E” = Q/R is an extension
of O by 7 with associated cocycle z + 7.
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Lemma 6.8. The group E" is an extension of O by T .

Proof. Consider the surjective function p : Q@ — O given by the formula
p(la1l[b], [a:]1[b]) = b.

Since p takes the subgroup R to 0, it induces a well-defined surjective homomorphism
p” : E" — O. It suffices to show that the kernel of p” is isomorphic to 7.

Let S be the subgroup of Q consisting of pairs of the form ([a,][0], [a2][0]). Then
the kernel of p” is the group S/R. This group is isomorphic to 7 . [ ]

Since E” is an extension of O by 7, we can take the elements of E” to be symbols
of the form [a][b], where a belongs to 7 and b belongs to O. The element of O/R
represented by the pair ([a; ][], [a2][]) corresponds under this notation to the symbol
[ai + a2][b].

Lemma 6.9. The cocycle z + 7' is the associated cocycle of the extension E".
Proof. In Q,

([01[b41, [O1[&1]) + ([01[B-], [01[H2]) = ([O1[b1] + [O1[b-], [01[b1] + [0][H2])
= ([z(b1, b)1[by + b2], [Z' (b1, by)1[by + by]).

Therefore, [0][b1] + [0][b2] = [(z + 2')(b1, b2)][b1 + b2] in E”. This is the defining
equation for the associated cocycle of E”. [ ]

7. THE GROUP OF EXTENSIONS. Very often in application, the extra structure
of an abelian group on the set of isomorphism classes of extensions is a tremendous aid
in the study of such extensions. This section gives examples of interesting information
that cohomological techniques provide about finite group theory.

We first consider two obvious extensions of O by T. One is, of course, the exten-
sion Zo. Another is the trivial extension O x T it corresponds to the zero element
of the group H(O; 7). The associated cocycle of the trivial extension is the constant
function with value zero because

[01[61] + [01[b2] = [O1[by + b].

All the extensions of O by T are abelian groups of order 100. We noted in Section 3
that all four isomorphism types of abelian groups of order 100 occur as extensions of
Zyy by Zyy: each of these four groups has a subgroup isomorphic to Z;, whose quotient
is also isomorphic to Zo. The reader is invited to check this directly for each of the
four groups.

The situation becomes more complicated when we consider isomorphisms of exten-
sions (see Definition 5.1) rather than merely isomorphisms of abelian groups. Some of
the abelian groups of order 100 occur as extensions in more than one nonisomorphic
way.

It is known that the cohomology group H(QO;T) is isomorphic to Zo [15,
Th. IV.7.1]. The extension Z,q serves as a generator of this group. Let z be the
“carrying” cocycle corresponding to this extension studied in Section 2. Descriptions
of the addition operations determined by various explicit cocycles are accessible by
direct computation. The cocycles 2z, 4z, 6z, and 8z correspond to mutually noniso-
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morphic extensions that are isomorphic as abelian groups to Zsy @ Z,. The cocycles z,
3z, 7z, and 9z correspond to mutually nonisomorphic extensions that are isomorphic
as abelian groups to Z;o. These four cocycles are the four generators of the cohomol-
ogy group. The cocycle O represents the trivial extension Z;o @ Z9, and the cocycle
5z represents an extension that is isomorphic as an abelian group to Z,y @ Zs.

One implication of this calculation is that there are precisely four nonisomorphic
ways to think of the group Z,o as an extension of Z,y by Z,o. The same is true for the
group Zsg @ Z,. Up to isomorphism, the groups Zo @ Z,¢ and Zyy @ Zs have unique
structures as extensions.

8. GENERAL COHOMOLOGY. We have been studying the second cohomology
group of O with coefficients in 7. For every n > 0, there is an nth cohomology group
H"(O; T). These cohomology groups are powerful tools in group theory. The low
dimensional groups (n = 0, 1, 2) have descriptions in naive group theoretic terms. We
have already explained this in detail for the case n = 2. The higher cohomology groups
can also be described in terms of a more complicated notion of extension; see [4] and
[5]. The cohomology groups have connections to other aspects of group theory and
also to fields such as algebraic topology.

We make a few comments about generalizing the ideas of this exposition to groups
other than O and 7. We can substitute an arbitrary abelian group A for 7 and an
arbitrary (possibly nonabelian) group G for O. As in Definition 4.1, we can consider
(possibly nonabelian) groups E that are extensions of G by A. However, we must
make the additional assumption that A be a normal subgroup of E in order to make
sense of the quotient £ /A. We write the group operations of E and G multiplicatively
since they are possibly nonabelian, but we continue to write the group operation of A
additively since it is still abelian.

An extension E of G by A induces an action of the group G on A by the formula

5 =1

§-a=gag ,

where g is any element of E belonging to the coset g. Although there is a choice in
the value of g, this choice does not affect the value of gag~! since A is abelian.

Choose an action of G on A. We consider only those extensions that induce this
given action. When studying extensions of O by 7 in Section 4, we assumed that O
acted trivially on 7. Any extension that induces the trivial action is necessarily an
abelian group. We have the following generalization of Theorem 6.6.

Theorem 8.1. Extensions that induce the given action of G on A are in one-to-one
correspondence with elements of H(G; A) = Z(G; A)/B(G; A).

Here Z(G; A) is the group of normalized functions z : G x G — A satisfying the
twisted cocycle condition

g1 - 2(82, 83) — 2(8182, &3) + 2(81, 8283) — 2(81, 82) = 0.
When the action of G on A is trivial, this formula reduces to the untwisted cocycle
condition of Formula 2.1. Also, B(G; A) is the group of functions z : G x G — A

that are the coboundaries of functions G — A. The coboundary 84 of a function A :
G — A is given by the formula

Sh(g1, 8&2) = g1 - h(g2) — h(gi182) + h(g1).
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What happens when A is also nonabelian? Answering this question leads to the
study of nonabelian cohomology, as in [9] and [10]. Unfortunately, the results in this
subject are not nearly as nice as the results that we have discussed here.

9. CONCLUSION. One measure of the power of an idea is its ability to enlighten
the most fundamental concepts. We have seen that cohomology is linked to fundamen-
tal concepts of decimal arithmetic. Mathematicians know well that cohomology is a
deeply significant idea because of its importance to research mathematics, but it is also
significant for its importance to elementary mathematics.

ACKNOWLEDGEMENT. The author thanks James Dolan and Tim Chow for observing that carrying is a
cocycle.
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