
See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/220173570

Symmetric Monoidal and Cartesian Double Categories as a Semantic Framework

for Tile Logic.

Article  in  Mathematical Structures in Computer Science · February 2002

DOI: 10.1017/S0960129501003462 · Source: DBLP

CITATIONS

46
READS

85

3 authors:

Some of the authors of this publication are also working on these related projects:

Maude Formal Environment View project

Automatic proofs of termination of declarative programs View project

Roberto Bruni

Università di Pisa

197 PUBLICATIONS   2,789 CITATIONS   

SEE PROFILE

Jose Meseguer

University of Illinois, Urbana-Champaign

525 PUBLICATIONS   23,212 CITATIONS   

SEE PROFILE

Ugo Montanari

Università di Pisa

554 PUBLICATIONS   15,748 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Ugo Montanari on 10 September 2015.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/220173570_Symmetric_Monoidal_and_Cartesian_Double_Categories_as_a_Semantic_Framework_for_Tile_Logic?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/220173570_Symmetric_Monoidal_and_Cartesian_Double_Categories_as_a_Semantic_Framework_for_Tile_Logic?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Maude-Formal-Environment?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Automatic-proofs-of-termination-of-declarative-programs?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Roberto-Bruni-4?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Roberto-Bruni-4?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universita-di-Pisa?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Roberto-Bruni-4?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jose-Meseguer-2?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jose-Meseguer-2?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University-of-Illinois-Urbana-Champaign?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jose-Meseguer-2?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ugo-Montanari?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ugo-Montanari?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Universita-di-Pisa?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ugo-Montanari?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Ugo-Montanari?enrichId=rgreq-d7b4155b3281cacd332a09836127465c-XXX&enrichSource=Y292ZXJQYWdlOzIyMDE3MzU3MDtBUzoyNzIxNjUyMTU5MjgzMjdAMTQ0MTkwMDY1MjIwNA%3D%3D&el=1_x_10&_esc=publicationCoverPdf


Math. Struct. in Comp. Science (1995), vol. 11, pp. 1{000. Printed in the United Kingdomc
 1995 Cambridge University PressSymmetric and Cartesian Double Categoriesas a Semantic Framework for Tile LogicyROBERTO BRUNI1 , JOS �E MESEGUER2 and UGO MONTANARI11 Dipartimento di Informatica, Universit�a di Pisa, Italia.2 Computer Science Laboratory, SRI International, Menlo Park, CA, U.S.A.Received 9 September 1998Tile systems o�er a general paradigm for modular descriptions of concurrent systems,based on a set of conditional rewriting rules with side-e�ects. Monoidal double categoriesare a natural semantic framework for tile systems, because the mathematical structuresdescribing system states and synchronizing actions (respectively called con�gurationsand e�ects according to our terminology) are monoidal categories having the sameobjects (the interfaces of the system). In particular, con�gurations and e�ects based onnet-process-like and term structures are usually described in terms of symmetricmonoidal and cartesian categories, where the auxiliary structures for the rearrangementof interfaces corresponds to suitable natural transformations. In this paper we discussthe lifting of these auxiliary structures to double categories. We notice that the internalconstruction of double categories produces a pathological asymmetric notion of naturaltransformation, which is fully exploited in one dimension only (e.g., for con�gurations orfor e�ects, but not for both). Following Ehresmann (1963), we overcome this biasedde�nition, introducing the notion of generalized natural transformation between fourdouble functors (rather than two). As a consequence, the concepts of symmetricmonoidal and cartesian (with consistently chosen products) double categories arise in anatural way from the corresponding ordinary versions, relating very well the auxiliarystructures of con�gurations and e�ects. Moreover, the Kelly-MacLane coherence axiomscan be lifted to our setting without e�ort, thanks to the characterization of two suitablediagonal categories which are always present in a double category. Then, symmetricmonoidal and cartesian double categories are shown to o�er an adequate semanticsetting for process and term tile systems.y Research supported by O�ce of Naval Research Contracts N00014-95-C-0225 and N00014-96-C-0114,by National Science Foundation Grant CCR-9633363, and by the Information Technology PromotionAgency, Japan, as part of the Industrial Science and Technology Frontier Program \New Models forSoftware Architechture" sponsored by NEDO (New Energy and Industrial Technology DevelopmentOrganization). Also research supported in part by U.S. Army contract DABT63-96-C-0096 (DARPA);CNR Integrated Project Metodi e Strumenti per la Progettazione e la Veri�ca di Sistemi EterogeneiConnessi mediante Reti di Comunicazione; and Esprit Working Groups CONFER2 and COORDINA.Research carried out in part while the �rst and the third authors were visiting at Computer ScienceLaboratory, SRI International, and the third author was visiting scholar at Stanford University.



R. Bruni, J. Meseguer and U. Montanari 2Contents1 Introduction 21.1 A Message Passing Example 41.2 De�ning Symmetric and Cartesian Double Categories 91.3 Contents of the Paper 102 Double Categories and Generalized Natural Transformations 112.1 Inverse 142.2 Natural Transformations between Double Functors 153 Diagonal Categories 184 Symmetric Monoidal Double Categories 195 Cartesian Double Categories (with consistently chosen products) 226 Categorical semantics for Tile Logic 25References 28Appendix A Hypertransformations 29A.1 The 3-fold category SqD 31A.2 The 4-fold category SqSqD 32A.3 Hypertransformation 321. IntroductionIn this paper we characterize suitable semantic frameworks for two interesting classesof tile systems, where the similarities between the mathematical structures employed tomodel system states and their observable evolutions are exploited systematically.Tile systems (Gadducci 1996; Gadducci and Montanari 1997) yield a formalism formodular descriptions of concurrent systems, extending both the SOS approach (Plotkin1981) and context systems (Larsen and Xinxin 1990) to a framework where the rules,called tiles, have a very general format. Tiles de�ne the behaviour of certain open (e.g.,partially speci�ed) modules, which may interact through their interfaces. Then, the be-haviour of a complex system is de�ned as a coordinated evolution of its sub-modules. Atile has the form � //s
��

a A �
��
b� //s0 �also written A : s a�!b s0, stating that the initial con�guration s of the system can evolve tothe �nal con�guration s0 producing an observable e�ect b, provided that the subcompo-nents of s evolve to the subcomponents of s0, producing the e�ect a, which is the triggerfor the application of the tile A.The vertices � of the tile are called interfaces (i.e., each con�guration has both aninput and an output interface). Con�gurations model system states and e�ects modelsynchronizing actions.



Cartesian Double Categories 3Tiles can be composed horizontally (synchronizing the e�ect of the �rst rule with thetrigger of the second rule), vertically (computational evolutions of a certain component),and in parallel (concurrent steps) to generate larger steps. These three operations aredenoted by � , � and 
 respectively, and satisfy particular copmposition properties.Although the tile model can be equipped with a purely logical presentation (by analogywith rewriting logic (Meseguer 1990; Meseguer 1992)), where the tiles are considered asspecial sequents subject to certain inference rules, tile systems can be more generallyseen as monoidal double categories where the tiles are just cells, the con�gurations arearrows of the 1-horizontal category, and the side-e�ects are arrows of the vertical 1-category, objects being just variables which are used to connect the \static" horizontalcategory with the dynamic vertical evolution. It follows that monoidal double categoriesare suitable semantic models of tile systems, where the three notions of compositionbetween tiles are represented in a natural and intuitive way.A minimal requirement for modelling a system with tiles is that the con�gurations andthe e�ects that one wants to represent must de�ne two suitable monoidal categories, hav-ing the same objects. However, in many cases, the mathematical structures employed arevery similar, in the sense that they are generated starting from (di�erent) given sets ofbasic constructors, adding the same auxiliary structure. For example, Ferrari and Monta-nari (1997) have de�ned interesting tile models for the (asynchronous) �-calculus (Milner,Parrow and Walker 1992) and for the representation of both the operational and the ab-stract semantics of CCS with locations (Boudol, Castellani, Hennessy and Kiehn 1993)where both con�gurations and e�ects are term graphs (Corradini and Gadducci 1997).Term graphs are a reference-oriented generalization of the ordinary (value-oriented) no-tion of term, where the sharing of subterms can be speci�ed also for closed (i.e., withoutvariables) term graphs (terms can share variables, but shared subterms of closed termscan be freely copied, always yielding an equivalent term). They are very useful to alge-braically model the notion of name sharing that is essential for several applications (wecan think of names as links to communication channels, or to objects, or to locations, orto remote shared resources, or, also, to some cause in the event history of the system).We can also think of term graphs as suitable net-process-like structures (enriched witha sharing mechanism), i.e., as arrows of suitable symmetric monoidal categories.Also ordinary term structures can be used to describe both con�gurations and e�ects;in this case they can be modelled by cartesian categories (with chosen products) ratherthan by just (symmetric) monoidal categories. In both cases the additional auxiliarystructures required can be characterized in terms of suitable natural transformations,whose components are called symmetries (for the symmetric monoidal case), and sym-metries, duplicators, and dischargers (for the cartesian case). Consequently, the models ofsuch tile systems must be monoidal double categories having some additional structure.Such structure must relate the auxiliary structures of con�gurations and e�ects and mustverify some coherence properties.Attempts based on internal category constructions (that is, based on models of thesketch of categories in suitable structured categories) for the de�nition of symmetric,and, more generally, of cartesian double categories can only lead to asymmetric models,where the auxiliary structure is fully exploited in one dimension only. We believe that this



R. Bruni, J. Meseguer and U. Montanari 4commproc �signalproc ��� leftselect jjjjjjjjjjjj �signal signal �� select kkkkkkkkkkkk �
�� rightselect llllllllll � signalsignal �� select llllllllll �� putasenda asignal createa

� �
� �
� �
� �
� �
�� senda amsga a

msga a
� �
� �
� �
� �
� �
�� getareceivea asignal consumea� receivea aFig. 1. A graphical presentation of the tile system RSAMP .should not be the case, both conceptually and as needed by the kind of applications thatwe are developing; therefore, we propose in this paper a new notion of symmetric monoidaland cartesian double category that behaves in the same way in both the horizontal andvertical dimensions, and that �ts very well our concurrency applications.1.1. A Message Passing ExampleTo illustrate with a simple example the nature of the auxiliary structures that we areinvestigating, let us consider the tile system RSAMP , whose basic tiles are depicted inFigure 1 using the \wire and box" notation (labelled boxes represent the operators andwires represent the connections between the various components, the sequential compo-sition ; merges the output interface of the �rst argument and the input interface of thesecond argument, and the parallel composition 
 is represented picturing its argu-ments side-by-side). It de�nes a computational model for Simple Asynchronous MessagePassing systems, yielding the causality information on past communications as e�ects.The basic idea is that the interface represent collections of communicating subsystems,and the e�ects give information about occurred comunications.Let � be a given set of communication channels, ranged over by a. A SAMP processis a collection of ports dedicated to sending or receiving messages on some channels.The con�gurations are the arrows of the free symmetric strict monoidal category freelygenerated by the basic constructors proc : � �! � (basic empty process), msga : � �! a



Cartesian Double Categories 5(generic message on the channel a), senda : � �! a (representing a port dedicated tosending messages on the channel a), receivea : � �! a (representing a port dedicated toreceiving messages that have been posted on channel a), select : � �! �
� (representinga binary mutual exclusion operator for the selection of i/o ports ). The side e�ects arethe arrows of the free symmetric strict monoidal category freely generated by the basicconstructors signal : � �! � (the capability to communicate, either sending or receiving),createa : a �! a 
 a (posting of a message on channel a), and consumea : a 
 a �!a (retrieving a produced message from channel a). Graphically, the symmetric strictmonoidal category structure of con�gurations and e�ects can be equivalently representedusing acyclic wire and box diagrams where each node has at most one entering wire and atmost one exiting wire. Due to the parallel composition operation, some of the wire and boxrepresentations of the tiles de�ning RSAMP require a three-dimensional interpretation ofthe pictures. For example the the tile puta rewrites the initial con�guration� senda ainto the �nal con�guration � senda amsga aproducing the e�ect acreatea
� �
� �
� �
� �
� � aabut only if the rest of the system provides the capability for the communication, whichis the trigger �signal�Using the algebraic notation for con�gurations and e�ects, the basic tiles of RSAMP canbe rewritten as illustrated in Figure 2.The �rst tile, called comm, states that each basic process can decide to start a newcommunication, creating its own communication capability (represented by the e�ectsignal ). The two tiles for the con�guration select , labelled by left and right, implementthe nondeterministic propagation of the communication capability to the ports of theprocess connected to the left or to the right output of the select . Intuitively, they representa shared resource that is necessary to perform a communication, but that can be accessed



R. Bruni, J. Meseguer and U. Montanari 6comm : proc //signal proc left : select //signalsignal
id� select right : select //signalid�
signal selectputa : senda //signalcreatea msga 
 senda geta : receivea 
msga //signalconsumea receiveaFig. 2. The tile system RSAMP presented using the algebraic notation.senda aproc � select �rrr rrr� receivea aFig. 3. The con�guration P = proc; select ; (receivea 
 senda)by only one process at a time. The tile puta for the con�guration senda states that thecommunication capability can be used to execute the send, creating a new message on thechannel a and yielding the e�ect create. Analogously the tile geta models the receivingof a message. Notice that the \cyclic" behaviour of the ports makes this example verysimple and suitable for illustrating our informal presentation of process tile systems.For example, let us consider the simple con�guration P = proc; select ; (receivea 
senda), which is in Figure 3. The rule comm can be applied to the box proc of P only ifthe rest of P (i.e., the con�guration select ; (receivea 
 senda) can be rewritten using thee�ect signal produced by the application of comm as trigger. If one tries to use the ruleleft to propagate the capability signal to the receivea box, then rewriting gets stuck,because no message has been produced on the channel a, and the rule geta cannot beapplied. However, the rule right can be employed to propagate the capability signal tothe senda box. Then, the rule geta can be used to conclude the transaction (in parallelwith the idle rewriting of the box receivea. At the successive step, the presence of amessage on the channel a enables the application of the rule geta (synchronizing it withthe applications of rules comm, left and the idle rewriting of the box senda). The resultingcomputation is fully illustrated in Figure 4. Denoting the vertical identity of a genericcon�guration X by X itself, the proof of the �rst step of the computation is representedby the term S1 = comm � right � (receivea 
 puta) in the algebra of tiles. Similarly, thesecond step of the computation is denoted by the term S2 = comm�left�(geta
senda).The whole computation is just the vertical composition S1 � S2 of the two steps.In the wire and box notation, symmetries are represented by crossing of wires. Verticalsymmetries can be used to swap con�gurations; for example they are necessary to putcloser to an enabled receivea port a message produced elsewhere in the system, making thespeci�cation more 
exible (otherwise the tile puta should take into consideration the factthat the message to be consumed is not necessarily contiguous to the enabled receivea).The vertical symmetries swapping a message and a generic con�guration X : x �! y(i.e., any parallel and sequential composition of identities and basic constructors) with



Cartesian Double Categories 7� senda aproc � select ttttttt � receivea a createasignal signal senda aproc � select
JJJ

JJJ
J � rrrrrrr msga a� receivea asignal signal consumeaproc � select

JJJ
JJ

JJ
� senda a� receivea aFig. 4. The wire and box representation of a tile computation for the con�guration P . Tomake easier the reading, we have drawn e�ect diagrams using dotted wires and dottedboxes. x
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FF
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Fx X ymsga aFig. 5. The tiles for the swapping of a message and a generic con�guration X : x �! y.x; y 2 (f�g [ �)
 (i.e., x and y are elements of the monoid freely generated by f�g [ �)are graphically illustrated in Figure 5. The tile on the left states that the con�gurationmsga
X can be rewritten into X 
msga yielding the symmetry swapping the interfacesy and a as e�ect. The tile on the right de�ne the inverse rewriting (indeed, the verticalcomposition of the two tiles yields the identity). Notice that the triggers of such tiles areidentities, therefore they can be horizontally composed with the vertical identity of eachcon�guration whose output interface matches the initial interface x of the con�gurationX . Horizontal symmetries are not needed in this case, because the vertical symmetriesare expressive enough to represent all the possible communications.For example, let us consider the con�guration Q = Q1 
Q2 withQ1 = proc; select ; (id� 
 (select ; (receivea 
 id�)))Q2 = proc; select ; (id� 
 (select ; (senda 
 id�)))



R. Bruni, J. Meseguer and U. Montanari 8�proc � select � select � senda a��proc � select � select � receivea a�Fig. 6. The wire and box representation of the con�guration Q.� a � � a �
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� �
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� �
� �
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� �
� �
�consumea� a � � a �Fig. 7. The e�ect resulting from the sending and the retrieving of a message on thechannel a in the con�guration Q.graphically represented in Figure 6. It can be easily veri�ed that the con�gurationQ2 canproduce a message on the channel a (the proof is given by horizontally composing the tilescomm, right, left and puta using also some parallel composition with vertical identiteswhen needed). However, the box receivea of Q1 can only consume adjacent messages.The task of bringing the message closer to the receiving port can be accomplished by thevertical swapping of the message and the two wires (id�
�) that separate the messagefrom the receive component. The resulting e�ect is graphically illustrated in Figure 7(the \front view" is here preferred to the deformed \perspective view").If we introduce an explicit synchronization mechanism in our system using the tilesyncha represented in Figure 8, then also horizontal symmetries become necessary, aswell as tiles mixing horizontal and vertical symmetries (in a consistent way). For example,the interested reader could try to synchronize the senda and the receivea operations inthe con�guration Q (Figure 6) without using any horizontal symmetries (it is impossible,because the select operator does not allow the vertical symmetries as side-e�ects). Asolution, involving horizontal and vertical symmetries, is illustrated in Section 6.



Cartesian Double Categories 9� senda a
� �
� �
� �
� �
� �
�� receivea asignal signal syncha synchroa
HH

HH
HH� senda a� receivea aFig. 8. The tile syncha for the synchronization of a send and a receive operations.1.2. De�ning Symmetric and Cartesian Double CategoriesWe already mentioned that the introduction of symmetries in both dimensions in thecategorical models cannot arise from an internal construction. The �rst problem is thatthe internal de�nition of natural transformation is misleading: since double categorieshave two di�erent notions of sequential composition, it is not clear which of them to usefor a general notion of double natural transformation.Ehresmann (1963) noticed another way of expressing natural transformations, in termsof functors toward higher fold categories. The key point is that a natural transformationis a functorial collection of commuting squares in the target category (also called quar-tets), i.e., a functor from a category to a suitable double category (w.r.t. one of the twopossible sequential compositions). This notion can be generalized to n-fold categories byconstructing the 2n-fold category of quartets of quartets... (n times) in all the di�erentn dimensions. Once a notion of multiple functor between categories of di�erent folds hasbeen given, then the notion of hypertransformation arises naturally as a multiple functorbetween the source n-fold category and the 2n-fold category which is generated by thetarget n-fold category. This means that a hypertransformation between n-fold categoriesis de�ned on 2n n-fold functors (we refer to the Appendix for a more detailed descriptionof the subject).Since double categories are 2-fold categories, this means that we need to de�ne the4-fold category of horizontal quartets of vertical quartets, and that the hypertransforma-tions are de�ned upon 22 = 4 double functors. This yields a de�nition of transformationswhich act on both dimensions, asserting the correctness of the two ways of transformingthe structure (�rst horizontally and then vertically, or vice versa).In the paper, we propose the equivalent de�nition of generalized natural transformationas a more concrete rephrasing of the hyper-approach for the 2-fold case. A generalizednatural transformation involves four double functors, two \horizontal" natural transfor-mations and two \vertical" natural transformations.We can then instantiate this notion of generalized natural transformation to deal withsymmetries, duplicators, and dischargers as special instances of the general notion. Thisstudy involves the complete case analysis of the possible combinations. As an interestingresult, we �nd out that each natural transformation generates two di�erent notions of



R. Bruni, J. Meseguer and U. Montanari 10generalized natural transformations. However, the two possible generalized symmetriesare shown to be equivalent (the reason is that symmetries are isomorphisms).The axiomatization of the basic components of the generalized natural transformationsin order to state their coherence is a more subtle problem. The solution that we proposerelies on the characterization of suitable diagonal categories. We start by consideringtwo particular subclasses of cells, having either both sources or both targets equal toidentities. Then, in addition to the horizontal and vertical compositions, we de�ne twodiagonal compositions (one for each subclass) between cells A and B such that the\upper-left" vertex of B is equal to the \lower-right" vertex of A. These operations canalways be de�ned in a double category, and allow expressing the coherence axioms of ourgeneralized natural transformations as the intuitive rephrasing of the well-known Kelly-MacLane coherence axioms. Moreover, the axiomatization of symmetric monoidal andcartesian double categories seems to precisely characterize concurrent tile computations.As an important remark, we always assume that the monoidal category structure isstrict. Although this assumption leads us to consider more abstract models than mostconcrete structures (where the associativity and the identity axioms for the monoidaloperator are satis�ed only up to natural isomorphisms), the notation becomes muchsimpler, making the whole tile framework easier to use. In the conclusion we suggest howour ideas can be extended to the non-strict case.An alternative de�nition of cartesian double categories could arise by taking the notionof limits in double categories proposed by Grandis and Par�e (1997). However, since thepresent paper investigates a much tighter notion of double products (that we have called\consistently chosen products") than the one employed by Grandis and Par�e, we havepreferred to reserve the analysis of the precise relationships between the two approachesto future investigations.1.3. Contents of the PaperIn Section 2 we introduce the preliminary de�nitions regarding double categories, andintroduce the notation that will be used in the rest of the paper. In particular, in Sec-tion 2.2 we formalize and explain the notion of generalized natural transformation, whichis essential for the understanding of the concepts discussed in Sections 4 and 5.In Section 3 we introduce the notion of diagonal category, that will be used in Sections 4and 5 to simplify the formulation of coherence axioms.In Sections 4 and 5 we incrementally enrich the basic monoidal structure of cells,�rst with generalized symmetries and then with generalized dischargers and generalizedduplicators, also presenting their complete axiomatization.Although the notion of generalized natural transformation has already appeared (witha di�erent formulation) in the work of Ehresmann, the material presented in these sections(i.e., the de�nition of symmetric strict monoidal and cartesian with consistently chosenproducts double categories, and the coherence axioms in particular) is, to our knowledge,original. Moreover, the mathematical structures developed in Sections 4 and 5 provide asuitable concurrent semantic framework for tile systems, as summarized in Section 6.This work is part of our ongoing research on general mechanisms for the rewriting



Cartesian Double Categories 11a //h b � b //g c = a //h�g c a //ida aFig. 9. Composition and identities in the horizontal 1-category.implementation of interesting classes of tile systems whose con�gurations and e�ects relyon common auxiliary structures. In particular, the correctness of our approach relieson the relationship between the corresponding categorical models of tile and rewritinglogic. An extensive presentation of this topic can be found in (Bruni, Meseguer andMontanari 1998) (a section of that Technical Report also presents most of the resultsof this paper), where net-process-like and ordinary term structures are considered forboth con�gurations and e�ects, yielding the notion of process and term tile logic. Otherreferences are (Meseguer and Montanari 1998) and the forthcoming PhD thesis of one ofthe authors (Bruni 1998).2. Double Categories and Generalized Natural TransformationsA double category is an internal category in Cat. Due to the speci�c structure of Cat,double categories admit the following na��ve presentation, adapted from Kelly and Street(1974).De�nition 1. (Double Category) A double category D consists of a collection a; b; c; :::of objects (also called 0-cells), a collection h; g; f; ::: of horizontal arrows (also calledhorizontal 1-cells), a collection v; u; w; ::: of vertical arrows (also called vertical 1-cells)and a collection A;B;C; ::: of double cells (also called cells).Objects and horizontal arrows form the horizontal 1-category H (see Figure 9), withidentity ida for each object a, and composition � .Objects and vertical arrows form also a category, called the vertical 1-category V (seeFigure 10), with identity ida for each object a, and composition � (to shorten thenotation, and because, when we consider lower-dimensional objects to be included inhigher-dimensional ones the notions indeed coincide, sometimes we will refer to both idaand ida either with the object name a or with ida).Cells are assigned horizontal source and target (which are vertical 1-cells, i.e., arrows inthe vertical 1-category) and vertical source and target (which are horizontal 1-cells, i.e.,arrows in the horizontal 1-category); furthermore sources and targets must be compatible,in the sense that, given a cell A, if h is the vertical source, g is the vertical target, v isthe horizontal source, and u is the horizontal target, then h and v have the same sourceobject, g and u have the same target object, the target of h is equal to the source ofu, and the target of v is equal to the source of g. Graphically these constraints can berepresented by the square-shaped diagram in Figure 11.To shorten the notation we simply write A : h v�!u g. In addition, cells can be composedboth horizontally ( � ) and vertically ( � ) as follows: given B : f u�!w k, and C : g z�!s h0,
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��

v b� = a
��

v�ub
��

u cc
a
��
idaa

Fig. 10. Composition and identities in the vertical 1-category.a //hA
��

v b
��
uc //g dFig. 11. Graphical representation of a cell.then A � B : (h � f) v�!w (g � k), and A � C : h v�z�!u�s h0 are cells. Both compositions can bepictured by the following pastings of diagrams:a //h

��

v A b //f
��
u B b1 =

��
w a //h�f

��

v A�B b1
��
wc //g d //k d1 c //g�k d1 a //h

��

v A b
��
uc //g

��

z C d
��
sc1 //h0 d2 = a //hA�C

��

v�z b
��
u�sc1 //h0 d2Moreover, given a fourth cell D : k s�!t f 0 the exchange law holds:(A � C) � (B �D) = (A �B) � (C �D)a //h

��

v�z A�C b
��

u�s //fB�D b1
��

w�tc1 //h0 d2 //f 0 d3 = a //h�f
��

v A�B b1
��
wc //g�k

��

z C�D d1
��
tc1 //h0�f 0 d3



Cartesian Double Categories 13Under these rules, cells form both a horizontal category D� and a vertical category D�,with identities 1v : a v�!v c and 1h : h a�!b h, respectively. Given 1h : h a�!b h and 1g : g b�!c g,the equation 1h�1g = 1h�g must hold (and similarly for vertical composition of horizontalidentities).a //h
��

a 1h b //g
��
b 1g c

��

ca //h b //g c = a //h�g
��

a 1h�g c
��
ca //h�g c a //a

��
v 1v a

��
vb //b

��
u 1u b

��
uc //c c = a //a1v�u

��
v�u a

��
v�uc //c cFurthermore, horizontal and vertical identities of identities coincide, i.e., 1ida = 1ida andare denoted by the simpler notation 1a.Example 1. (Quartet Category) Given a category C, we denote by C the categoryof quartets of C: its objects are the objects of C, its horizontal and vertical arrows arethe arrows of C, and its cells are the commuting square diagrams of arrows in C, e.g.,a

��

v //f b
��
uc //g dwhere f; v; u; g 2 C and f ;u = v; g in C. The horizontal and vertical categories of C areusually denoted by C and C respectively.A double category D has two possible interpretations as an internal category in Cat.That is, due to the symmetric role played by the horizontal and vertical dimensions of adouble category, it is possible to adopt a transposed approach in the internal construction:1 As the internal category (V ;D�; s�; t�; � ; i�), wherey the functors s� and t� map eacharrow onto its corresponding horizontal source and target respectively, the functor �de�nes horizontal composition of cells, and the functor i� maps each (vertical) arrowof V onto its (horizontal) identity cell. This corresponds to picturing a generic cellA : h �! g of D� as shown below(in D�) h

��

A s�(h) //hA)
��

s�(A) t�(h)
��
t�(A)g s�(g) //g t�(g) (in D�)

y Remember that the category V has objects in O and arrows in V equipped with composition � , andthat the objects of the category D� are horizontal arrows, while its morphisms are cells equipped withvertical composition � .



R. Bruni, J. Meseguer and U. Montanari 142 As the internal category (H;D�; s�; t�; � ; i�) where the functors s� and t� map eacharrow of D� to its corresponding horizontal source and target, the functor � de�nesvertical composition of cells according to the source and target projections s� and t�,and i�(h) = 1h for each horizontal arrow h 2 H.Given two double categories D and E , a double functor F : D �! E is a 4-tuple offunctions mapping objects to objects, horizontal and vertical arrows to horizontal andvertical arrows, and cells to cells, preserving identities and compositions of all kinds.Notice that, since a double category is a cat-object in Cat, a double functor can beequivalently de�ned as a pair (F0; F1) of functors satisfying the conditions of internalfunctoriality. The two notions coincide, because each functor in (F0; F1) is a pair ofmappings on objects and arrows preserving the category structure. We denote by DCatthe category of double categories and double functors.2.1. InverseSince double categories have two operation of composition, the de�nition of the inverseof a cell is not straightforward. We propose the following:De�nition 2. (Generalized Inverse) Let A : h v�!u g be a cell in a double category D.We say that cell A has a �-inverse if and only if there exists a cell A� such that A�A� = 1v,and A� �A = 1u (i.e., A� is the inverse of A w.r.t. the horizontal composition �, and thisimplies the existence of inverses of the horizontal arrows on the border of A). Similarly,the �-inverse A�, if it exists, satis�es the equations A � A� = 1h, A� � A = 1g (this impliesthe existence of inverses of the vertical arrows on the border of A).Then, A has a generalized inverse if and only if A has both a �-inverse and a �-inverse,and there exists a cell A�1 such that:| A�1 �A� = 1g�1 ,| A� �A�1 = 1h�1 (i.e., A�1 is the �-inverse of A�),| A�1 �A� = 1u�1 , and| A� �A�1 = 1v�1 (i.e., A�1 is also the �-inverse of A�).This de�nition can be summarized by saying that the �-inverse (A�)� of the �-inverse ofcell A is equal to the �-inverse (A�)� of the �-inverse of A, and it is denoted by A�1.a
��

v //hA b
��
uc //g d b

��
u //h�1A� a

��

vd //g�1 cc
��

v�1 //gA� d
��
u�1a //h b d

��
u�1 //g�1A�1 c

��
v�1b //h�1 a



Cartesian Double Categories 15For instance, it follows that (A � A�) � (A� � A�1) = (A �A�) � (A� �A�1) = 1a, and that(A�1)�1 = A.2.2. Natural Transformations between Double FunctorsLet F;G : D �! E be two double functors. Following the internal construction approach,an internal natural transformation is an arrow in Cat which veri�es the naturality con-ditions w.r.t. one composition and which is functorial w.r.t. the other composition. Thus,it is essential to specify what the internal representations of D and E are.In (Ehresmann 1963) the notion of hypertransformation is presented as the general-ization of natural transformations to the n-fold case (see the Appendix). We propose thefollowing de�nition of generalized natural transformation as a more concrete rephrasingof the hyper-view for double categories (in the original approach, emphasis was given toshowing that the categoryMCat of multiple functors is cartesian closed). As a matter ofnotation, we call natural comp-transformation a transformation which satis�es the nat-urality requirement w.r.t. the composition operator comp and which is functorial w.r.t.the remaining composition operator. A generalized natural transformation is the key toexpressing relationships between natural �-transformations and natural �-transformations(which are the two possible notions of internal natural transformation suggested by theinternal category viewpoint).De�nition 3. (Generalized Natural Transformation) Let D and E be double cate-gories. Given a 4-tuple (F00; F10; F01; F11) of double functors from D to E , a generalizednatural transformation is a 5-tuple (�0 ; �1 ;� 0; � 1; �), which is pictured as the cellF00
��

� 0 //�0� F01
��
� 1F10 //�1 F11where:| for i = 0; 1, the symbol �i denotes a natural �-transformation from Fi0 to Fi1, i.e.,�i is also a functor from the category V of vertical arrows (that is, the objects ofD�) of D to the category E �,| for i = 0; 1, the symbol � i denotes a natural �-transformation from F0i to F1i, i.e., � ide�nes also a functor from the category H of horizontal arrows (that is, the objectsof D�) of D to the category E�, and| the symbol � de�nes both a natural transformation from �0 to �1 (seen as functorsfrom V to E �) and also from � 0 to � 1 (seen as functors from H to E�).To shorten the notation, we will denote the generalized natural transformation just by�, using a �gure to represent also its other components.We now explain more in detail the previous de�nition. First, consider the double func-tors F00; F01 : D �! E . A natural �-transformation �0 : F00 ) F01 : D �! E is afunctor (i.e., an arrow in Cat) from the category V of objects of D� to E �, which satis-�es the equations of internal natural transformations. Thus, the functor �0 is a natural



R. Bruni, J. Meseguer and U. Montanari 16transformation from F00 to F01 w.r.t. horizontal composition, i.e., for each cell A of Dwe have the naturality law F00A � �0 ;u = �0 ;v � F01A.a //h
��

v A b
��
uc //g d F00a

��
F00v //F00hF00A F00b

��
F00u //

�0 ;b�0 ;u F01b
��
F01uF00c //F00g F00d //�0 ;d F01d = F00a

��
F00v //

�0 ;a�0 ;v F01a
��

F01v //F01hF01A F01b
��
F01uF00c //�0 ;c F01c //F01g F01dIt also follows that, for each horizontal arrow h : a �! b in D, we have F00h � �0 ;b =�0 ;a �F01h, that is the object component of functor �0 de�nes a natural transformationbetween the components of F00 and F01 on the horizontal 1-category.Consider the double functors F10; F11 : D �! E and a natural �-transformation�1 : F10 ) F11 : D �! E between them. Then, �1 also de�nes a functor from Vto E � and satis�es the naturality equation w.r.t. horizontal composition. Notice that thefunctors �0 and �1 have the same source and target categories. The generalized naturaltransformation � acts as a natural transformation � : �0 ) �1 : V �! E � between them.Thus, the natural transformation � associates to each object a of V (i.e., an object of D)an arrow �a of E � (i.e., a cell of E) in such a way that the equation �0 ;v � �c = �a � �1 ;vholds for each arrow v : a �! c in V .a

��
vc F00a //

�0 ;a
��

F00v �0 ;v F01a
��
F01vF00c //�0 ;c

��
s�(�c) �c F01c

��
t�(�c)F10c //�1 ;c F11c = F00a //

�0 ;a
��

s�(�a) �a F01a
��
t�(�a)F10a

��
F10v �1 ;v //�1 ;a F11a

��
F11vF10c //�1 ;c F11cThis implies that F00v � s�(�c) = s�(�a) �F10v, and F01v � t�(�c) = t�(�a) �F11v, i.e., s�(�)(respectively, t�(�)) is a natural transformation between the projections on the vertical1-category of functors F00 and F10 (F01 and F11, respectively).A similar reasoning can be applied to the orthogonal representations of D and E ,de�ning two natural �-transformations � 0 : F00 ) F10 : D �! E and � 1 : F01 ) F11 :D �! E , which are functors from the category H of objects of D� to E�, and satisfy theequations F00A � � 0;g = � 0;h � F10A (see picture below), and F01A � � 1;g = � 1;h � F11Afor each cell A of D.a

��

v //hA b
��
uc //g d F00a //F00h

��
F00v F00A F00b

��
F00uF00c //F00g

��
� 0;c � 0;g F00d

��
� 0;dF10c //F10g F10d = F00a //F00h

��
� 0;a � 0;h F00b

��
� 0;bF10a //F10h

��
F10v F10A F10b

��
F10uF10c //F10g F10d



Cartesian Double Categories 17The generalized natural transformation � also de�nes a natural transformation from � 0to � 1. Thus, for each arrow h : a �! b of H we get:a //h b F00a
��

� 0;a //F00h� 0;h F00b
��

� 0;b //
s�(�b)�b F01b

��
� 1;bF10a //F10h F10b //t�(�b) F11b = F00a

��
� 0;a //

s�(�a)�a F01a
��

� 1;a //F01h� 1;h F01b
��
� 1;bF10a //t�(�a) F11a //F11h F11bIt follows that, for each object a 2 O, the shape of the cell �a isF00a

��
� 0;a //

�0 ;a�a F01a
��
� 1;aF10a //�1 ;a F11aAs an example, it follows directly from the de�nition that, given a cell A : h v�!u g, allthe cell pastings on the right of the picture yield identical results.

�
��

v //hA �
��
u� //g �

� //

��
F00A � //

��

�0 ;u
��

�
��

� //

��

�0 ;v � //

��
F01A

��

�
��� //

��
� 0;g � //

��
�d

��

�
��

= � //

��
�c � //

��
� 1;g

��

�
��� // � //= � � // � //= �� //

��
� 0;h � //

��
�b

��

�
��

� //

��
�a � //

��
� 1;h

��

�
��� //

��
F10A � //

��

�1 ;u
��

�
��

= � //

��

�1 ;v � //

��
F11A

��

�
��� // � // � � // � // �All the naturality equations are faithfully represented by the commuting hypercubepictured below (to make easier the interpretation, we draw vertical arrows as dottedlines): a

��
h
>>

>>

��

v A b
��

uc
��g >>

>> d
�
��

��=
==

=

&&

////F00A �
xx

��

��=
==

=F01A�
��

&&

//�
��

��=
==

= //F10A �
��

��=
==

=F11A �
xx

��

�
��

// �
��

�
��=

==
= // �

��=
==

=�
��=

==
=

//

88 � // � �ff

��=
==

=� //

88 �ff



R. Bruni, J. Meseguer and U. Montanari 18The hypercube contains 16 vertices, 24 faces, and 8 cubes. Each vertex is the image of oneof the four corner objects of cell A through one of the four functors under consideration.There are eight empty faces whose border involves either only vertical or only horizontalarrows. All the other 16 faces are cells of the double category E . Four cells are the image ofA w.r.t. the four di�erent functors (see �gure). Four cells are the components at h and gof the natural �-transformations �0 and �1 . Four cells are the components at v and u ofthe natural �-transformations � 0 and � 1. The remaining four cells are the components atthe objects of the generalized natural transformation �. Each cube has two empty faces.The other four faces commute, in the sense that they give a naturality equation. It followsthat the hypercube yields eight equations for each cell A. However, the naturalities of �are both replicated for the two components of each transformation, therefore, there aresix distinct equations. The functoriality axioms are given by composing the hypercubes,either one below the other, or one in front of the other.Remark 1. Notice that the notion of generalized natural transformation generalizesnatural �- and �-transformations. Indeed, a natural �-transformation � : F ) G : D �! Eyields a corresponding generalized natural transformation 1�. Analogously, a natural�-transformation � : F ) H : D �! E yields a corresponding generalized naturaltransformation 1�: F
��

1F //�1� G
��
1GF //� G F

��
� //1F1� F

��
�H //1H HRemark 2. Natural �- and �-transformations are instances of a more general pattern.Notice that, if we consider only two generic double functors F and G, then the allowedgeneralized natural transformations, where the four double functors are chosen from theset fF;Gg, have 24 = 16 possible shapes. Only six of them do not involve transformationsfrom G to F :F

��

//1 F
��F // F F

��

//2 F
��F // G F

��

//3 F
��G // G F

��

//4 G
��F // G F

��

//5 G
��G // G G

��

//6 G
��G // GIn Sections 4 and 5 we instantiate the general notion of generalized natural transfor-mation to characterize the auxiliary structures of process and tile systems. Such corre-spondence is hinted at in Section 6, using the example presented in the introduction.3. Diagonal CategoriesSometimes, due to the particular kind of cells involved in a complex composition, it ispossible to adopt a more concise and convenient notation. This fact follows by observingthat, for any double category, it is always possible to characterize two suitable diagonalsub-categories.In fact, those cells having identities as both horizontal and vertical target are the



Cartesian Double Categories 19arrows of a diagonal category whose composition / is de�ned uniquely as picturedbelow. a //h
��

v A b
��
bb //b b / b //g

��
u B c

��
cc //c c = a //

��
A b //

��
1g c

��b //

��
1u b //

��
B c

��c // c // c = (A � 1g) � (1u �B)In a similar way, we could also de�ne a diagonal composition . for those cells havingidentities as both horizontal and vertical source:a //a
��

a A a
��
va //h b . b //b

��
b B b

��

ub //g c = a //

��
A a //

��
1v a

��a //

��
1h b //

��
B b

��b // b // c = (A � 1v) � (1h �B)
4. Symmetric Monoidal Double CategoriesAs a matter of notation, in what follows we favour the horizontal dimension, by usingthe common symbols associated to ordinary symmetries, duplicators and dischargersto denote natural �-transformations rather than natural �-transformations. However, weremark that all such notions, being based on that of generalized natural transformation,treat the horizontal and vertical dimensions equally.De�nition 4. ((Strict) Monoidal Double Category) A (strict) monoidal doublecategory, sMD in the following, is a triple (D;
; e), where:| D is the underlying double category,| 
 : D �D �! D is a double functor called the tensor product, and| e is an object of D called the unit object,such that the following diagrams commute:D �D �D //
�1

��
1�
 D �D

��

D �D //
 D D //

h1;ei
##

1 FF
FF

FF
FF

F D �D
��

 Doo

he;1i
{{

1
x x
x x
x x
x x
xDwhere double functor 1 : D �! D is the identity on D, the double functor e : D �! D(with some abuse of the notation) is the constant double functor which associates theobject e and identities on e respectively to each object and each morphism/cell of D, andh ; i denotes the pairing of double functors induced by the cartesian product of doublecategories. These equations state that the tensor product 
 is associative on bothobjects, arrows and cells, and that e is the unit for 
 .



R. Bruni, J. Meseguer and U. Montanari 20A monoidal double functor is a double functor which preserves tensor product and unitobject. We denote by sMDCat the category of monoidal double categories and monoidaldouble functors.Let X : D�D �! D�D be the double functor which swaps the arguments, i.e., suchthat for each A;B 2 D, X(A;B) = (B;A). In the 1-dimensional case, a symmetry is anatural isomorphism between the tensor product 1
 2 (the functor 
) and the swappedtensor product 2
 1 (the functor 
�X) which veri�es some additional coherence axioms(MacLane 1971). A double symmetry is a generalized natural transformation, with ageneralized inverse, and it veri�es some similar axioms.De�nition 5. (Symmetric, strict Monoidal Double Categories) A symmetric,strict monoidal double category, SsMD for short, is a tuple (D;
; e; �) such that thetriple (D;
; e) is a sMD, and � is the generalized natural transformation pictured below.

��

� //
� 
 �X
��
1
 �X //1 
 �XThis means that all the following equations have to be satis�ed:| Naturality of 
 and �:For any pair of cells A, A0 in D,a

��

v //hA b
��
uc //g d a0

��
v0 //h0A0 b0

��
u0c0 //g0 d0(A
A0) � 
u;u0 = 
v;v0 � (A0 
A) (A
A0) � �g;g0 = �h;h0 � (A0 
A):| Functoriality of 
 and �:For any vertical arrows v : a �! c, v0 : a0 �! c0, w : c �! d, and w0 : c0 �! d0 in D,
v�w;v0�w0 = 
v;v0 � 
w;w0 :For any horizontal arrows h : a �! b, h0 : a0 �! b0, f : b �! c, and f 0 : b0 �! c0 inD, �h�f;h0�f 0 = �h;h0 � �f;f 0 :For any pair of objects a and a0 in D:
ida;ida0 = 1
a;a0 ; �ida;ida0 = 1�a;a0 :| Naturality of �:For any vertical arrows v : a �! c and u : b �! d in D,
v;u � �c;d = �a;b � 1u
v:



Cartesian Double Categories 21For any horizontal arrows h : a �! b and g : c �! d in D,�h;g � �b;d = �a;c � 1g
h:| Moreover, the Kelly-MacLane coherence axiomsz for 
, � and � also hold:For any vertical arrows v : a �! c, u : b �! d, and w : a0 �! c0 in D,
u
w;v = (1u 
 
w;v) � (
u;v 
 1w);
v;u � 
u;v = 1v
u:For any horizontal arrows h : a �! b, g : c �! d, and f : a0 �! b0 in D,�f
g;h = (1f 
 �g;h) � (�f;h 
 1g);�h;g � �g;h = 1h
g:For any objects a, b, and c in D,�a
b;c = (1a 
 �b;c) / (�a;c 
 1b);�a;b / �b;a = 1a
b:The generalized inverse of �a;b can be easily de�ned in terms of �, 
 and � as follows:| the �-inverse of �a;b is ��a;b = �b;a � 1�a;b ,| the �-inverse of �a;b is ��a;b = �b;a � 1
a;b , and| the generalized inverse of �a;b is ��1a;b = 1�b;a � (�a;b � 1
b;a) = 1
b;a � (�a;b � 1�b;a).Remark 3. The above notation could be somehow misleading, because the generalizedinverse ��1a;b of �a;b is not �b;a as one might expect from the second coherence axiom for�. The fact is that �a;b � 1
b;a 6= 1�a;b ; thus, 1
b;a 6= ��a;b. In some sense, the cell �b;a isjust the diagonal inverse of �a;b.De�nition 6. (Category SsMDCat)We denote by SsMDCat the category of SsMD'sand monoidal double functors preserving all the symmetries.Proposition 1. The forgetful functor from SsMDCat to Set, mapping a SsMD into itsset of objects has a left adjoint which maps each set S into the free SsMD on S (denotedby DSymS) whose objects are the elements of the free monoid S
 over S.The following representation theorem states the correspondence between double sym-metries and ordinary symmetries.z Translating the more general de�nition of symmetric monoidal category into the special case of sym-metric strict monoidal category it could seem that also the axiom 
ide;v = 1v and the similar onesfor � and � should be stated. However, it is immediate to show that the other axioms are suf-�cient to satisfy this constraint. In fact, since e 
 e = e, it follows that 
ide;v = 
ide
ide;v =(1e 
 
ide;v) � (
ide;v 
 1e) = 
ide;v � 
ide;v. Thus, composing with 
v;ide , we obtain 1ide
v = 
ide;v.Finally, recalling that ide 
 v = v, we can conclude that 
ide;v = 1v .



R. Bruni, J. Meseguer and U. Montanari 22Theorem 1. For any set S, the double category DSymS is isomorphic to the doublecategory of quartets over the free symmetric strict monoidal category SymS on S.Therefore, we have an interesting characterization of the components of � as the pos-sible square-shaped decompositions of the arrows of the free symmetric strict monoidalcategory SymS on S. An analogous result holds for the cartesian case (see Theorem 2).5. Cartesian Double Categories (with consistently chosen products)A fairly general notion of double products should require the products to exist accordingto the four possible compositions that we have seen: horizontal ( � ), vertical ( � ), anddiagonal ( / and . ). We recall the usual de�nition of cartesian category.De�nition 7. (Terminal Object, Products, Cartesian Category) Let C be a cat-egory. We say that an object t of C is terminal if for any object c of C there is exactlyone arrow from c to t.We say that C has binary products, if for any pair of objects a; b 2 C there exists an objectu together with two projections �a : u �! a and �b : u �! b satisfying the followingcondition: for each object c and arrows f : c �! a and g : c �! b in C there exists aunique arrow q : c �! u such that f = q; �a and g = q; �b.The category C has canonical binary products (also called chosen binary products) if aspeci�c product diagram is given for each pair of objects.The category C is cartesian if it has a terminal object and all (binary) products.Pursuing the analogy with the 1-dimensional case, we propose the following de�nitionsDe�nition 8. Given a Double categoryD, we say that D has all double (binary) productsif the categories D�, D�, D/, and D. all have (binary) products.We say that D has a double terminal object if the categories D�, D�, D/, and D. all havea terminal object.De�nition 9. (Cartesian Double Category) A double category D is called cartesianif it has all binary double products and double terminal objects.However, we are interested in a much tighter notion of product, similar to the choiceof a \canonical product". In fact, the more liberal de�nition does not establish anycorrespondence between the same notions on the di�erent dimensions, but simply statestheir existence. Thus, we adopt the convention that not only are the products chosenin all the four dimensions, but that they are also consistently chosen. For simplicity, inthe rest of the paper, we will consider only this kind of cartesian double categories ifnot stated otherwise, thus avoiding having to always specify that they have \consistentlychosen products".Remark 4. In general there are many di�erent kinds of cartesian double categories withpartially chosen products, where only some of the categories D�, D�, D/, and D. havechosen products. In this sense, the more general de�nition could be called with leastchosen products and the de�nition which we are about to discuss could be also calledwith most chosen products.



Cartesian Double Categories 23In the 1-dimensional case, the notion of category with chosen products has an equiva-lent formulation in terms of symmetric monoidal category enriched by two natural trans-formations called duplicator and discharger. A duplicator is a natural transformationbetween the identity and the tensor product of two copies of the argument and veri�essome additional coherence axioms involving symmetries and dischargers. A discharger isa natural transformation between the identity and the constant functor mapping each ele-ment into the unit of the tensor product. Thus, double duplicators and double dischargerscan be de�ned as generalized natural transformations verifying similar coherence axioms.Let � : D �! D�D be the diagonal double functor which makes a copy of the argument,i.e., such that for each A 2 D, �(A) = (A;A). Then we have the following de�nition:De�nition 10. (Cartesian Double Categories with Consistently Chosen Prod-ucts) A cartesian double category (with consistently chosen products) is a tuple (D, 
,e, �, �, � , �,  ) such that (D;
; e; �) is a SsMD enriched with the generalized naturaltransformations �, � , �, and  pictured below.1D
��

� //r� 
 ��
��
1
 �� //1 
 �� 1D

��
1 //1� 1D

��
�1D //r 
 �� 1D

��
y //!� e

��
1e //1 e 1D

��
1 //1 1D

��

y1D //! eThis means that the following equations are to be satis�ed:| Naturality of r, !, y, and �:For any cell A in D, a
��

v //hA b
��
uc //g dA � ru = rv � (A
A); A�!u =!v; A � yg = yh; A � �g = �h � (A
A):| Functoriality of r, !, y, and �:For any vertical arrows v : a �! c and w : c �! d in D,rv�w = rv � rw; !v�w =!v�!w:For any horizontal arrows h : a �! b and f : b �! d in D,�h�f = �h � �f ; yh�f = yh � yf :For any object a in D,rida = 1ra ; !ida = 1!a ; yida = 1ya ; �ida = 1�a :| Naturality of �, �,  , and � :For any vertical arrow v : a �! c in D,rv � �c = �a � 1v
v; !v � �c = �a; 1v �  c =  a; 1v � �c = �a � rv :



R. Bruni, J. Meseguer and U. Montanari 24For any horizontal arrow h : a �! b in D,�h � �b = �a � 1h
h; yh � �b = �a; 1h �  b =  a; 1h � �b = �a � �h:| Kelly-MacLane coherence axioms for r, !, �, and y:For any vertical arrows v : a �! c, u : b �! d, and for any horizontal arrowsh : a �! b, g : c �! d in D,rv
u = (rv 
ru) � (1v 
 
v;u 
 1u); �h
g = (�h 
 �g) � (1h 
 �h;g 
 1g);!v
u =!v
!u; yh
g = yh 
 yg;ride = 1e =!ide ; �ide = 1e = yide ;rv � (rv 
 1v) = rv � (1v 
rv); �h � (�h 
 1h) = �h � (1h 
 �h);rv � 
v;v = rv; �h � �h;h = �h;rv � (1v
!v) = 1v; �h � (1h 
 yh) = 1h:| Kelly-MacLane coherence axioms for �, �, � , and  :For any objects a and b in D,�a
b = (�a 
 �b) / (1a 
 �a;b 
 1b); �a
b = (�a 
 �b) . (1a 
 ��1a;b 
 1b);�a
b = �a 
 �b;  a
b =  a 
  b;�e = 1e = �e; �e = 1e =  e;�a / (�a 
 1a) = �a / (1a 
 �a); �a . (�a 
 1a) = �a . (1a 
 �a);�a / �a;a = �a; �a . ��1a;a = �a;�a / (1a 
 �a) = 1a; �a . (1a 
  a) = 1a:| double coherence axioms for �, �, � , and  :For any objects a in D, �a � �a = ra; �a � �a = �a; a � �a =!a;  a � �a = ya:Since most of the axioms are either just a rephrasing of those for the 1-dimensional case,or are induced by the de�nition of generalized natural transformations, we assume thatonly the last four double coherence axioms need some comment. They are needed in orderto ensure the coherence of our structure (in the sense that auxiliary cells are uniquelyidenti�ed by looking at their border). We should have also required similar axioms for �and ��1 in the de�nition of SsMD's, but since symmetries de�ne isomorphisms there wasno need to introduce explicitly ��1, because its existence was implied by the presenceof �, 
 and �. Duplicators and dischargers (in general) are not isomorphisms; thus, weneed to introduce both kinds of tiles: � and � , and � and  . In doing this we need toensure that their compositions do not introduce any unnecessary additional structure.For instance, the vertical composition � � � returns a generalized natural transformation1D
��

� //1� �� 1D
��
�
 �� //1 
 ��that is already present as the identity of �.



Cartesian Double Categories 25De�nition 11. (Category CDCat) We call CDCat the category of cartesian doublecategories with consistently chosen products and monoidal double functors preserving allthe symmetries, duplicators and dischargers.Proposition 2. The category CDCat is isomorphic to the category of cartesian doublecategories (in the sense of Def. 9) where all the products are chosen and with morphismsproduct preserving functors on the nose.Proposition 3. The forgetful functor from CDCat to Set, mapping each cartesiandouble category to its set of objects, has a left adjoint which maps each set S into thefree cartesian double category on S (denoted by DCartS) whose objects are the elementsof the free monoid S
 over S.Theorem 2. For any set S, the double category DCartS is isomorphic to the doublecategory of quartets over the free cartesian category CartS on S.6. Categorical semantics for Tile LogicAs we have explained in the introduction, the tile model (Gadducci and Montanari 1997)is a formalism for modular descriptions of concurrent systems, where the structural rules,called tiles, have a very general format. Tiles can be composed horizontally (through sidee�ects), vertically (computational evolutions of a certain component), and in parallel(concurrent steps) to generate larger steps. By analogy with rewriting logic (Meseguer1990; Meseguer 1992), where a logical theory is associated to a rewriting system in sucha way that each computation is represented by a sequent entailed by the theory, the tilemodel also comes equipped with a purely logical presentation (Gadducci and Montanari1997), where tiles become special sequents subject to certain inference rules. The sequentsare also decorated with proof terms, and equivalence of proofs is then axiomatized in sucha way that proofs decorating equivalent concurrent computations are identi�ed. In thissense, tile logic is a logic of concurrent systems with synchronization mechanisms.Process and term tile logic represent a wide class of systems whose con�gurations ande�ects can both be described as net-process-like structures and terms over a given signa-ture. The fundamental concept which gives the basis of both logics, is the introduction ofsuitable auxiliary tiles, modelling all the consistent rearrangements of the interfaces. In(Bruni, Meseguer and Montanari 1998), as part of a more general study of the relation-ship between tile logic and rewriting logic (see concluding remarks), it has been provedthat the axiomatization of proof sequents for process tile logic makes the algebra Ap(R)of proof sequents into a SsMD, which is initial among the models of R in process tilelogic. In this sense, the models of process tile logic could be adequately represented assymmetries-preserving monoidal double functors from Ap(R) to generic SsMD's. Simi-larly, the axiomatization of proof sequents for term tile logic makes the algebra At(R)of proof sequents into a cartesian double category, de�ning a suitable initial model of Rfor term tile logic.For example, let us consider the process tile system RSMP = RSAMP [ fsynchaga2�de�ned in the introduction (the basic tiles are those presented in Figure 1 and 8). Thealgebra Ap(RSMP ) consists in all the possible sequential and parallel compositions of the



R. Bruni, J. Meseguer and U. Montanari 26basic tiles of the system, the horizontal and vertical identities, and the double symmetries.Then, a possible solution to the synchronization problem proposed in the introductionfor the con�gurationQ = (proc; select ; (id� 
 (select ; (receivea 
 id�)))) 

 (proc; select ; (id� 
 (select ; (senda 
 id�))))can be expressed by the decorated sequent:S = (1R
R � 1id�
receivea
id�
id�
senda
id� � (1� 
 ��1a;�
� 
 1a
�)) �� (S0 
 S0 � (1� 
 
signal;id�
id� 
 1signal 
 1�) � (1�
�
� 
 syncha 
 1�)) �� (1R
R � (1� 
 
ida;id�
id� 
 1a
�) � 1id�
�
�
receivea
senda
id� ��(1� 
 ��1�
�;a 
 1a
�))where R = proc; select ; (id� 
 select) and S0 = comm � right � (1� 
 left). Moreover,the axioms of Ap(RSMP ) su�ce to show the equivalence between S and the sequent Tde�ned below:T = (1R
R � 1id�
receivea
id�
id�
senda
id� � (1�
a 
 ��1�
�;a 
 1�)) �� (S0 
 S0 � (1� 
 1signal 
 
id�
id�;signal 
 1�) � (1� 
 syncha 
 1�
�
�)) �� (1R
R � (1�
a 
 
id�
id�;ida 
 1�) � 1id�
receivea
senda
id�
�
� ��(1�
a 
 ��1a;�
� 
 1�))Concluding RemarksWe have introduced the notion of generalized natural transformation between four doublefunctors, showing that it extends the concept of natural transformation to the doublecategory setting, in a more fairly way than the internal approach does. Our de�nitionis equivalent to the notion of hypertransformation (Ehresmann 1963) when restricted tothe 2-fold case. Then, we have de�ned the notion of symmetric strict monoidal doublecategory and of cartesian double category (with consistently chosen products) pursuingthe analogy with the 1-dimensional case. As an important result, the generalized naturaltransformations that we have considered have an interesting characterization in terms ofthe square-shaped commuting diagrams involving their corresponding 1-dimensional ver-sions, expressed by Theorems 1 and 2. We also remark that the Kelly-MacLane coherenceaxioms can be lifted to our setting without much e�ort, thanks to the characterizationof two suitable diagonal categories. An interesting theoretical application of symmetricand cartesian double categories is related to applications in the Models of Computationarea, and in particular to a recently developed framework for the modular description ofconcurrent and distributed systems, called tile logic (Gadducci and Montanari 1997).In the recent literature, tiles have been used with success for modelling several classesof applications, extending the SOS speci�cation approach (Plotkin 1981) to open and



Cartesian Double Categories 27heterogeneous systems. Applications range from coordination languages, where triggersand e�ects naturally represent coordination protocols, to mobile processes, where freeand bound names and name extrusion must be handled. In (Montanari and Rossi 1997),a simple coordination model based on graph rewriting and synchronization is presented,using a class of tiles whose con�gurations are terms and whose e�ects are the elementsof the free monoid over a set of basic observations. As an another example, tile modelsfor most process algebras (Gadducci and Montanari 1997) have process terms as con-�gurations, and elements of the free monoid of actions (which are unary symbols) asobservations.The simplest possible interpretation of structured con�gurations and observations isconsidered in (Bruni and Montanari 1997; Bruni and Montanari 1997), and consists inP/T net markings. As an important result, horizontal composition in the tile model yieldsa notion of transition synchronization, an important feature for compositionality, whichis missing in ordinary nets (where only token synchronization is provided), and usuallyachieved through complex constructions.In the future, it could be interesting to extend the framework presented here to weakercategories, where some of the naturality axioms for the generalized natural transforma-tions are missing. Indeed, we are currently developing tile systems for a wide class ofapplications, where con�gurations and e�ects have only a gs-monoidal structure (Cor-radini and Gadducci 1997) rather than cartesian, i.e., where duplicators and dischargersare not natural. Indeed such structures are equipped with a notion of name sharing andhave been shown useful to de�ne a tile model for the (asynchronous) �-calculus (Milner,Parrow and Walker 1992), one of the most studied mobile calculi, in (Ferrari and Mon-tanari 1997). In (Ferrari and Montanari 1997) they have been used to represent boththe operational and the abstract semantics of CCS with locations (Boudol, Castellani,Hennessy and Kiehn 1993) within the tile model. In both cases, the general notion of tilebisimilarity (Gadducci and Montanari 1997) is employed to quotient out con�gurations,thus recovering the ordinary abstract semantics. Moreover, although name extrusion andhandling makes the transition system for the operational semantics of �-calculus in-�nitely branching and requires special notions of bisimulation, tiles equipped with termgraphs handle names as wires, i.e., every sharing connection must be explicitly de�nedand explicit naming is not necessary. As a consequence, extrusion does not present anyproblem and can be speci�ed using �nite branching only. In the case of CCS with lo-cations, sharing is used within con�gurations for modeling the operator j of processalgebras, which in this context means sharing the same location. Within observations,sharing is used to express the fact that two events share the same cause, or, equivalently,that the same location has two di�erent sublocations. A good notion of name sharing isalso essential for other applications that we are currently developing, ranging from logicprogramming to �-calculus. Other models should also be able to deal with co-duplicatorsand co-dischargers at the same time.The categorical models developed here are also very important to pursue the compar-ison with similar models for rewriting logic, as we have done in (Bruni, Meseguer andMontanari 1998). In particular, we have de�ned an executable rewriting implementationof process and term tile systems whose correctness relies on a control mechanism over



R. Bruni, J. Meseguer and U. Montanari 28the rewritings. We have also shown how this mechanism can be speci�ed using internalstrategies in Maude (Clavel, Duran, Eker, Lincoln and Meseguer 1998) (a language basedon rewriting logic that has been recently developed at SRI International).Another possibility might be to extend our investigation to non-strict monoidal struc-tures. Since in the 1-dimensional case the non-strictness is expressed by three naturaltransformations, the intuition is that the lifting to the double case should just take intoaccount suitable generalized natural transformations.ReferencesBoudol, G., Castellani, I., Hennessy, M. and Kiehn, A. (1993) Observing Localities. TCS 114,31{61.Bruni, R. (1998) PhD Thesis. Department of Computer Science, University of Pisa, Italy. Forth-coming.Bruni, R., Meseguer, J. and Montanari, U. (1998) Process and Term Tile Logic. Technical ReportSRI-CSL-98-06, Computer Science Laboratory, SRI International, Menlo Park, California,USA. Also Technical Report TR-98-09, Department of Computer Science, University of Pisa,Italy.Bruni, R. and Montanari, U. (1997) Zero-Safe Nets, or Transition Synchronization Made Simple.In: C. Palamidessi, J. Parrow (editors), Proceedings of EXPRESS'97, ENTCS 7.Bruni, R. and Montanari, U. (1997) Zero-Safe Nets: The Individual Token Approach. In:F. Parisi-Presicce (editor), Proc. 12th Workshop on Algebraic Development Techniques, LNCS1376, 122{140.Clavel, M.G., Duran, F., Eker, S., Lincoln, P. and Meseguer, J. (1998) An Introduction toMaude (Beta Version). Computer Science Laboratory, SRI International, Menlo Park, CA,USA.Corradini, A. and Gadducci, F. (1997) A 2-categorical Presentation of Term Graph Rewriting.In: E. Moggi, G. Rosolini (editors), Proc. CTCS'97, LNCS 1290, 87{105.Ehresmann, C. (1963) Cat�egories Structur�ees: I and II, Ann. �Ec. Norm. Sup. 80, 349{426, Paris;III, Topo. et G�eo. di�. V, Paris.Ferrari, G. L. and Montanari, U. (1997) A Tile-Based Coordination View of Asynchronous Pi-Calculus. In: I. Pr��vara, P. Ruzicka (editors), Mathematical Foundations of Computer Science1997, LNCS 1295, 52{70.Ferrari, G. L. and Montanari, U. (1997) Tiles for Concurrent and Located Calculi. In:C. Palamidessi, J. Parrow (editors), Proc. of EXPRESS'97, ENTCS 7.Gadducci, F. (1996) On the Algebraic Approach to Concurrent Term Rewriting. PhD ThesisTD-96-02. Department of Computer Science, University of Pisa, Italy.Gadducci, F. and Montanari, U. (1997) The Tile Model. In: G. Plotkin, C. Stirling, M. Tofe,Eds., Proof, Language and Interaction: Essays in Honour of Robin Milner, MIT Press, toappear. Also Technical Report TR-96-27, Department of Computer Science, University ofPisa, Italy.Grandis, M. and Par�e, R. (1997) Limits in double categories. Dipartimento di Matematica,Universit�a di Genova, Italy. Preprint 359.Kelly, G.M. and Street, R.H. (1974) Review of the Elements of 2-categories. Lecture Notes inMathematics 420, 75{103.Larsen, K.G. and Xinxin, L. (1990) Compositionality Through an Operational Semantics ofContexts. In Proc. ICALP'90, LNCS 443, 526{539.



Cartesian Double Categories 29MacLane, S. (1971) Categories for the Working Mathematician. Springer-Verlag.Meseguer, J. (1990) Rewriting as a Uni�ed Model of Concurrency. Tech. Report CSL-90-02R,Computer Science Laboratory, SRI International, Menlo Park, California, USA.Meseguer, J. (1990) Conditional Rewriting Logic as a Uni�ed Model of Concurrency. TCS 96,73{155.Meseguer, J. and Montanari, U. (1998) Mapping Tile Logic into Rewriting Logic. In: F. Parisi-Presicce (editor), Proc. 12th WADT Workshop on Algebraic Development Techniques, LNCS1376, 62{91.Milner, R., Parrow, J. and Walker, D. (1992) A Calculus of Mobile Processes (parts I and II).Information and Computation 100, 1{77.Montanari, U. and Rossi, F. (1997) Graph Rewriting, Constraint Solving and Tiles for Coordi-nating Distributed Systems. Draft submitted for publication.Plotkin, G. (1981) A Structural Approach to Operational Semantics. Technical Report DAIMIFN-19, Computer Science Department, Aarhus University.Appendix A. HypertransformationsAs explained in Section 2.2, since double categories have two di�erent notions of composi-tion, it is not clear which of them to use for a general notion of double natural transforma-tion. Ehresmann (1963) noticed that natural transformations can be expressed in termsof functors toward higher fold categories. The key point is that a natural transforma-tion is in some sense a functorial collection of commuting squares (also called quartets).Therefore, to obtain a suitable notion of natural transformation for n-fold categories wehave to consider quartets in all the n dimensions.De�nition 12. (D-wise Transformation) Let A be a category, and let D be a doublecategory. We denote by T (D;A) the category of D-wise transformations from A to D,whose objects are functors from A to the vertical 1-category V of D and whose com-position law is deduced from that of the category D� (e.g., there is an arrow � fromP : A �! V to Q : A �! V if and only if there is a functor � : A �! D� such thats� �� = P and t� �� = Q, and given two arrows � and �0 such that t� �� = s� ��0 theircomposition is equal to the functor mapping each arrow v of A onto the cell �(v)��0(v)).a
��

v � //
�(a)

��
Pv �(v) � //

�0(a)
��

Qv �0(v) �
��
Rv(A) b

��

u � //

��
Pu �(u) � //

��

Qu�0(u) �
��
Ru (D)c � //�(c) � //�0(c) �Moreover, T extends to a functor (i.e., given a double functor F : D �! E and a functorG : B �! A it su�ces to de�ne T (F;G) = F1 � � �G, where the functor F1 : D� �! E �is the component of F relative to the vertical structure).Example 2. Let 2 be the category with two objects (0 and 1) and one arrow z : 0 �! 1(plus the identities). Then, for any double category D, we have that T (D;2) ' D�.



R. Bruni, J. Meseguer and U. Montanari 30Proposition 4. Let A and C be two categories. The category CA of natural transfor-mations between functors from A to C is isomorphic to the category T ( C;A), whereC is the double category of quartets of C (see Example 1). In fact, a functor from A tothe vertical category of C (usually denoted by C) identi�es a natural transformationbetween functors from A to C and vice versa.This notion can be generalized to n-fold categories by constructing the 2n-fold cate-gory of quartets of quartets... (n times) (Ehresmann 1963). Since double categories are2-fold categories, this means that we need to de�ne the 4-fold category of horizontalquartets of vertical quartets. Once a notion of multiple functors among categories of dif-ferent folds has been given, then the notion of hypertransformation arises naturally asa multiple functor between the source n-fold category and the 2n-fold category of quar-tets of quartets ... (n times) generated by the target n-fold category. This means that ahypertransformation involving two n-fold categories ~C and ~D relates 2n n-fold functorsfrom ~C to ~D.De�nition 13. (n-fold Category) Let n be a positive integer. An n-fold category ~Cis a tuple of n categories (C1; : : : ; Cn) with the same set of morphisms C satisfying thepermutability axiom:(Ci; Cj) is a double category for each pair (i; j) of integers 1 � i < j � n.An element of C is called a block. The category Ci is called the i-th category of ~C, and itscomposition is denoted by ;i . Notice that the set of objects of Ci de�nes a sub-categoryof Cj for each i 6= j.If ~C and ~D are n-fold categories, a n-fold functor F : ~C �! ~D is a map F : C �! Dde�ning a functor F : Ci �! Di for each i. We denote by Catn the category whoseobjects are the small n-fold categories and whose morphisms are the n-fold functorsbetween them. By convention, a 0-fold category is just a set, and a 1-fold category is acategory. Thus Cat0 is the category Set and Cat1 is Cat.If 
 is a permutation over the set f1; : : : ; ng then (C
(1); : : : ; C
(n)) is also an n-foldcategory and it is denoted by ~C
 . If i1; : : : ; im is a sequence of m distinct element off1; : : : ; ng, we denote by Ci1;:::;im the m-fold category (Ci1 ; : : : ; Cim).De�nition 14. (Multiple Category) The category MCat of multiple categories isde�ned as follows. Its objects are the small n-fold categories, for every integer n. Let ~Cbe an n-fold category and let ~D be an m-fold category with n � m, then the morphismsF : ~C �! ~D in MCat, called multiple functors, are the n-fold functors F from ~C to then-fold category (D1; : : : ;Dn) (if n > m, then there is no morphism from ~C to ~D).De�nition 15. (Internal Hom of MCat) Let ~C be an n-fold category and ~D anm-foldcategory. We denote by Hom(~C; ~D) the multiple category of multiple functors from ~C to~D, which is de�ned as follows:| if n > m, then it is the void set,| otherwise (i.e., n � m), it is the (m�n)-fold category, on the set of multiple functorsF : ~C �! ~D, whose i-th composition, for 1 � i � m�n, is de�ned as F (A);i+n F 0(A)if and only if the composite exists in Di+n for each block A of C.
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F (z;1)� //F (1;z) �Fig. 12. Quartets as functors.Remark 5. For each pair (i; j) with 1 � i � m � n and 1 � j � n, the categoryHom(~C; ~D)i is a subcategory of the category of (Dj ;Di+n)-wise transformations from Cjto (Dj ;Di+n). The permutability axiom is satis�ed by Hom(~C; ~D), since it is satis�ed by~D and the compositions are de�ned pointwise from that of ~D.Example 3. If A and C are categories, then Hom(A; C) is the category CA of naturaltransformations between functors from A to C.Now, consider the category 2�2, and let C be a category. A functor F : 2�2 �! C isentirely determined by the (commutative) square F of C (see Figure 12), because F (z; z)is just the diagonal of this square. Moreover, every quartet of C can be obtained in thisway. Thus, we can identify the set of functors Hom(2� 2; C) with the set of quartets ofC (which is also the set of blocks of C).Let ~C be an n-fold category (n > 1). Consider the functors from 2 � 2 to its �rstcategory C1. It follows that, over the set of quartets of C1 we have not only the doublecategory C1, but also the (n� 1)-fold category Hom(2� 2; ~C) whose i-th compositionis deduced pointwise from that of Ci+1, e.g., given two quartets Q = (A;B;C;D) andQ0 = (A0; B0; C 0; D0) of C1 (this means that A;1 C = B;1D and A0;1 C 0 = B0;1D0) thenQ;iQ0 = ((A;i+1 A0); (B;i+1 B0); (C;i+1 C 0); (D;i+1D0)) (if and only if the four composi-tions are de�ned in Ci+1).De�nition 16. (Multiple Category of Quartets) The multiple category of quartetsof ~C, denoted by SqC, is the (n+1)-fold category on the set of commuting squares of C1such that: (SqC)1;:::;n�1 = Hom(2� 2; ~C), (SqC)n = C1 and (SqC)n+1 = Cn+1.The previous construction induces a functor from Catn to Catn+1 called Square anddenoted by Sqn;n+1, mapping an n-fold functor F : ~C �! ~D onto the (n+1)-fold functorSqF : SqC �! SqD such that SqF (A;B;C;D) = (FA; FB; FC; FD).A.1. The 3-fold category SqDGiven a double category D = (D�;D�), the 3-fold category SqD is de�ned as follows:its 2-nd and 3-rd categories are the vertical and horizontal categories D� and D�of quartets of the �rst category D� of D, and the �rst composition is deduced pointwisefrom that of D�.
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��� // � � // �A.2. The 4-fold category SqSqDThe 4-fold category SqSqD is constructed as follows: the set of its blocks is ((SqD)1),i.e., each block (Q1; Q2; Q3; Q4) is a quartet of (SqD)1, where Qi = (Ai; Bi; Ci; Di) is aquartet of D� (i.e., Ai, Bi, Ci and Di are cells of D and Ai �Ci = Bi �Di) for i = 1; : : : ; 4.Thus, we can picture a block of SqSqD as the frame below:� //Q1
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88 �ffThe 1-st and 2-nd compositions are deduced pointwise from that of (D�) and (D�),thus they consist in putting one frame below the other and one frame inside the other.The 3-rd and 4-th categories of SqSqD are the categories ((SqD)1) and ((SqD)1),whose compositions are induced from that of D� and consist in putting one frame behindthe other (i.e., the block above has source Q1 and target Q4) and one frame beside theother (source Q2 and target Q3)A.3. HypertransformationWe conclude by relating the de�nition of generalized natural transformation as given inSection 2.2 to the more general notion of hypertransformation.De�nition 17. (Hypertransformation) Let ~C and ~D be n-fold categories. Then con-sider the category n ~D which is obtained by applying n times the Sq construction and



Cartesian Double Categories 33then swapping the order of the 2n categories in such a way that, for each i = 1; :::; nthe i-th category of n ~D is derived from (Di), and the (i + n)-th category of n ~D isderived from (Di). Then Hom(~C; n ~D) is the category of hypertransformations from~C to ~D.Let D and E be double categories. We denote by 2E the 4-fold category which isobtained by permuting the 2-nd and 3-rd compositions in SqSqE . It follows that a mul-tiple functor � from D to 2E maps objects of D in cells of E , horizontal arrows of D inhorizontal commuting squares (of cells) of E , vertical arrows of D in vertical commutingsquares (of cells) of E , and cells of D in commuting hypercubes of E . The functoriality of� means that if two cells A;B 2 D can be vertically (horizontally) composed, then thehypercube �B can be composed inside (beside) �A. Therefore, the collection of hyper-cubes f�AgA2D corresponds to the collection of commuting hypercubes of a generalizedtransformation, as illustrated in Section 2.2. In fact, the double category Hom(D; 2E)can be described as follows:| Its objects (i.e., vertices) are double functors from D to E .| Its horizontal arrows (i.e., objects for the 1-st category of Hom(D; 2E)) are natural�-transformations.| Its vertical arrows (i.e., objects for the 2-nd category of Hom(D; 2E)) are natural�-transformations.| Its cells are generalized natural transformations between four double functors.Finally, notice that compositions are deduced pointwise from the compositions oneframe inside the other and one frame beside the other (we remind that hypertransfor-mations behave functorially w.r.t. the two compositions one frame below the other andone frame behind the other).
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