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Abstract. The ultimate goal of our work is to show how sheaf theory
can be used for studying cooperating robotics scenarios. In this paper we
propose a formal definition for systems and define a category of systems.
The main idea of the paper is that relationships between systems can
be expressed by a suitable Grothendieck topology on the category of
systems. We show that states and (parallel) actions can be expressed by
sheaves and use this in order to study the behavior of systems in time.

1 Imntroduction

Originally, the theory of sheaves was conceived as a tool in topology and al-
gebraic geometry. The influence of sheaf theory has spread in many areas of
mathematics: besides the fields where its origins are, such as analysis, topology
and algebraic geometry, it is now widely used in algebra (representations of al-
gebras by continuous sections; global subdirect products, see e.g. [KCT79]), as
well as logic (cf. [FS79] and related work — for details see also [MLM92]). Sheaf
theory was developed in mathematics because of the necessity of studying the
relationship between “local” and “global” phenomena.

In what follows we will briefly explain why we think that sheaf theory can
be a useful framework for modeling cooperating agents scenarios.

When modeling states, actions or behavior it is often necessary to make a link
between “local” properties (characteristic for given subsystems) and “global”
properties (relevant for the whole system). The goal of our study is an analysis
of subsystem interaction, taking into account the contribution of subsystems to
the description (states, actions, behavior) of the whole system. The alternance
“local - global” that occurs in this case suggests that a sheaf-theoretical approach
to the study of systems of cooperating agents (and in the study of concurrency
in general) would be natural. Moreover, the tools of sheaf theory, and of topos
theory in general, in particular geometric logic, should explain why some proper-
ties of systems are preserved when restricting to subsystems, and why there are
cases when properties of subsystems are not transferred to the system obtained
by their interconnection. This is part of ongoing work (cf. [Sof96]).

There already exist a number of approaches to concurrency based on “fiber-
ings” and sheaf theory. Among them, [MP86], [Pfadl], [Gog92], [Lil93], [Mal94].
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In [MP86] the authors aim at developing a structural theory of concurrency in
which the locality of interaction between subsystems is described with the math-
ematical tools of the theory of sheaves. They show that the behavior of a given
family of interconnected systems can be modeled by so-called behavior monoids
(which turn to form sheaves of monoids). In [Gog92], a sheaf semantics aiming
at modeling the behavior of concurrent interacting objects is presented. The ap-
proach is based on an earlier paper [Gog75]. These ideas have been applied to
Petri Nets by Lilius [Lil93]. The ideas from [Gog92] have been further developed
by Malcolm in {Mal94], where a formalization of object classes and systems of
objects is given, in order to study basic properties of ways in which systems
of objects may be interconnected. He expresses the hope that by using a more
general notion of sheaf as a functor on a category with a Grothendieck topol-
ogy, an adjunction between system specifications and sheaves of objects can be
obtained.

In a series of papers, J. Pfalzgraf develops the idea of “logical fiberings”,
with the goal of developing a (non-classical) “fibered logical calculus”, by means
of which one could construct logical controllers for multi-tasking scenarios in a
formal way (for details see e.g. [Pfa91], [Pfa95]). In [Pfa95], he points out that
the notion of a fibering is closely related to indexed systems (indexed categories)
and to sheaves (cf. their relation with topos theory and the geometric aspects).
These methods and concepts arose in the process of modeling cooperating agents
scenarios (see [Pfa91]) and have been illustrated, in the frame of the MEDLAR
project, on concrete examples (see for example [Pfa93],[PS95], [PSS95], [PSS96]).

Finally, we would like to point out another application of sheaf theory in
computer science in a paper by Srinivas (cf. [Sri93]). Although the topic of
[Sri93] (pattern matching) has no link with our approach, the idea of using
Grothendieck topologies occurred to us after reading that paper.

In this paper we make first steps towards a theoretical approach, based on
sheaf theory, for describing systems of cooperating agents. The basic idea of our
formalism is that even relatively simple agents, such as a robot that provides an
assemnbly bench with pieces, are in fact complex systems composed of interacting
subsystems, like joints and wrists, locomotion modules, etc. Therefore, instead of
“individual” agents, a category of “systems” is considered, where the morphisms
describe the relation “is a subsystem of”. We show that under certain (non-
restrictive) hypotheses a Grothendieck topology (describing a “covering” relation
between systems) can be defined on this category, and that states as well as
admissible parallel actions can be modeled by sheaves. We use these results for
studying the behavior in time of the systems, adapting one of the ideas presented
in [Gog92]. The difference between our approach and the approach of Monteiro
and Pereira in [MP86] lies in the fact that here we do not model the behavior
of interconnected systems by sheaves of monoids. These aspects are analyzed in
[Sof96).

The paper is structured as follows:

In section 2, as a motivation for our theoretical study, we illustrate the prob-
lems that appear by means of a simple example, adapted from [Pfa93]. This
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example leads to a formal definition of a system, given in section 3.

In section 3 we give a formal definition of a system and introduce a category
of systems on which a Grothendieck topology is defined. We show that states
and parallel actions can be defined as sheaves over this site.

In section 4 we focus on modeling the behavior of a system. We start with
the formalism developed by Goguen in [Gog92], and slightly modify Goguen’s
definition for the behavior of a system, explicitly indicating for every moment
of time not only the state of the system but also the action performed at the
given moment, and obtain a contravariant functor from the category of systems
to the category of sheaves over time. We also show that a contravariant functor
from 7T to the category of sheaves over Sys can be defined.

The goal of the present paper is to clarify some of the basic notions required
in the study of cooperating agents. At this level we do not yet aim at formalizing
scheduling, especially when a synchronization of the actions is needed. In further
work we will take into account the time necessary for the execution of the actions,
and also precedence relations between actions; moreover we will consider space-
dependency of formulas. We hope that our approach will help in clarifying some
of the problems stated in [PS95] and [Pfag5].

2 An Example

We begin with a simple example (adapted from [Pfa93]) as a motivation for our
theoretical study, for the definitions that will be given, and for the assumptions
that will be made.

Let Ry, 21, Rg, R3 be four robots performing the following task:

~— Ry receives a work piece a and a work piece b and performs an assembly task.
The work piece r obtained from assembling a and b is placed on the assembly
bench.

— R, furnishes pieces of type a. He checks whether there are pieces of type a left
in stock, and whether a piece of type a or an r resulting from assembling a and
b is placed on the assembly bench of Rg. If there are pieces of type a in stock,
and if no a or r are placed on the table, R; brings a piece of type a to Ry.

— R; furnishes pieces of type b. He checks whether there are pieces of type b left
in stock, and whether a b or an r is placed on the table. If there are pieces of
type b in stock, and no b or 7 is on the table, Rs brings a piece of type b to Rj.

— After Ry has assembled a and b, Rz receives the result r and transports it to
the stock.

Let S be the system resulting from the interaction of these robots. We can
assume that the system can be “described” by the interconnected subsystems
So, S1, S2, and Ss, which correspond to the robots Ry, Ri, Ry and Rs.
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2.1 States

The states of the system S can be expressed using the control variables described
in the table below. The set of control variables relevant for system Sp is Xy =
{Pa, pv, P}, the one for Sy is X; = {s4, pa, pr}, for Sz, Xa = {sy, py, pr}, and
for S3, X3 = {pr}. We will assume that the subsystems Sy, ..., S3 communicate
via common control variables. In Figure 1 we show how the control variables are
shared, and how they can be used for communication with “external” systems
(e.g. Stock-a, Stock-b).

[Variable [Description |System

sg = in-stock-a |“there is at least one piece of type a in stock” |5
sp = in-stock-b |“there is at least one piece of type b in stock” | Sy
po = on-table-a |“a piece of type a is on the assembly bench” |S5,51

p, = on-table-b |“a piece of type b is on the assembly bench” |Sg,5;

pr = on-table-res| “the result r is on the assembly bench” So, S1, Sa, Ss

A state of the system S is a possible assignment of truth values to the rel-
evant control variables. We might additionally assume that only some of these
assignments are admissible, imposing some constraints on the values that can be
taken by the control variables. This turns out to be especially useful when the
control variables are not independent.

Let us assume for example that in the given system it is not allowed to have
a result piece and a piece of type a or b on the working bench at the same time,
but it is allowed to have a piece of type a and one of type b. That means that
pq and p, cannot both be true, and ps and p, cannot both be true. This can be
expressed by a set of identities on the boolean algebra freely generated by the
control variables of the system, in this case Id = {ps A p, = 0,pp A p, = 0}.

The agents Ro and R; can “communicate” using the control variables com-
mon to these systems, namely the set X1 = {pa, pr }. Analogously, the agents
Ry and Ry can “communicate” using the set Xo2 = {ps, pr}, and Ry and Ry
using the set X12 = {p,}(= X3). We can therefore assume that the structure
of the given systems of cooperating agents as an interconnection of subsystems
determines a topology on the set of control variables. Also the set of constraints
(if they do not link variables in different subsystems) can be “distributed” over
the subsystems in the same way.

Consider the basis B = {Xo, X1, X3, X3, Xo1, Xoz}, consisting of the sets
of control variables corresponding respectively to the subsystems consisting of
the robots Rg, ..., Ra, as well as to their “subsystems” by means of which the
communication is done. The corresponding restrictions of the set of constraints
are {Idg,[dl, Idz,ld3,fd01,fd02}, where Idg = Id, [dl = {pa /\pr = 0}, Idg =
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Fig. 1. Control Variables

{pb A pr = 0}, and Idgy = Idos = Ids = @, corresponding to the subsystems
mentioned above.

The set of states of the system will be the set of those assighments of truth
values to the control variables that satisfy this set of identities. Similarly, the
set of states for system S; (corresponding to the agent R;) is St(S;) = {s; :
X; = {0,1} | s; |= Id;}. Thus St(So) = {so : Xo — {0,1} | so(pa)so(pr) =
0, s0(pv)so(pr) = O}, St(S1) = {s1 : X1 = {0,1} | s1(pa)si(pr) = 0}, St(S2) =
{59 : X = {0,1} | s2(ps)s2(pr) = 0}, and St(S3) = {s3 | s3 : X3 — {0,1}}.

It is easy to see that for every family (s;)i=o, 3 with the property that s; is
a state for the system S; (corresponding to R;), and such that for every ¢, j, s;
and s; coincide on the common control variables, there is exactly one state of
the system, s, such that the restriction of s to the control variables P; is s; for
every ¢. This means that the foliowing gluing condition is satisfied:

— For every {sp}pes, where sg : B — {0, 1} satisfies the equations in Idg =
{e € Id | Var(e) C B}, such that for every By, B2 € B, sB,|p,np, =
5B2|B,nB, there exists a unique s : P — {0,1} that satisfies the set of
constraints /d, such that for every B € B, s|p = s5.

Since there are typical properties of a sheaf visible, this leads to the idea that
the link between local and global states could best be described by sheaves over a
suitable topology on the set of control variables (or over a suitable Grothendieck
topology on a category of systems) defined by the structure of the given system.

Remark: Note that the gluing property described above does not hold for
every topology on the set X of control variables of the system. Consider for
example the discrete topology on X. Then X can be covered by the family
{{sa}, {50}, {pa}, {ps}, {pr}} Then the following family of assignments of truth
values to the control variables: s(,.1(sq) = 0, s(5,)(s6) = 0, s4p,3(Pa) = 1,
5ip}(P8) = 1, 54p,3(pr) = 1 agrees on common control variables (because the



294

domains are disjoint), but no information about the constraints can be recovered,
hence by “gluing” these mappings together one obtains a map s : X — {0,1}
which does not satisfy the set Id of identities. This shows that an appropri-
ate topology on X has to respect the way the constraints are shared between
subsystems.

2.2 Actions

The system S is also characterized by a set of (atomic) actions. Below we will
give the list of the atomic actions (with pre- and postconditions) and the agent
that performs them.

|Action|Description [Precond.[Postcond.|Agent/Interpretation|
A Assemble a piece of type ajps =1 pa =0  {Rg: assemble
with one of type b pp=1 |pp=0
pr=0 |ppr=1

B, Bring a piece of type ¢ |po =0 [p, =1 |[R;:give-a
Sa=1 |54=0 Ry receive-a
pr=0 |pr=90
By Bring a piece of type & po =0 |pp=1 |Ry: giveb
sq=1 |84=0 Ry receive-b
pr =0 |pr=0
T, Store the result pr =1 |pr =0 |Rg: receiver
Ro: giver

We can assume for example that Ry and Rz can perform the actions of
bringing a piece of type a respectively b in parallel but that g is not allowed to
execute in parallel the action of taking a piece of type @ and of giving the result
to R3. We also can assume that other actions, as for example give-a (by R;) and
receive-a (by Rp) have to be executed in the same time. Therefore, they have
been “identified” in the larger subsystem under the name B,. Figure 2 shows
how actions are shared between subsystems, and some relations between them
(in what follows for the sake of simplicity we do not consider the actions get-a,
get-b and transport). It is also natural to suppose that some constraints are given,
expressing which of these actions can be performed in parallel, which cannot,
which must be executed in the same time, and so on,

There are many possibilities to specify this kind of constraints. One solu-
tion is to consider parallel actions as subsets of the set of atomic actions A, or
equivalently by maps f : A — {0,1}, where f(a) = 1 means that ¢ is executed
and f(a) = 0 means that a is not executed. In this case the constraints can
be described by imposing restrictions on the combinations of the values (0 or
1) that can be assigned to the atomic actions in an admissible parallel action.
This approach is very similar to the one adopted in the description of states
(section 2.1). We will assume that the constraints can be described by identities
on the boolean algebra freely generated by the set of atomic actions A. (On
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our example, among the constraints are: give-a = receive-a, give-b = receive-b,
give-res = receive-res, give-res A receive-a = 0, give-res A receive-b = 0, etc.).

There exist approaches for modeling concurrency where it is necessary to
specify which actions can be performed in parallel and which not. One such
approach is based on considering a “dependence” relation on the set of (atomic)
actions, i.e. a reflexive and symmetric relation D C A x A: the parallel execution
is then only allowed for those actions which are “independent” w.r.t. D. This
leads to the study of partial-commutative monoids (cf. [Die90]). The link with
this approach is analyzed in [Sof96].

As when considering states, the structure of the system as an interconnection
of subsystems induces a topology on the set of all actions. Correspondingly,
the constraints distribute over the subsystems (it seems natural to make the
assumption that all the constraints are made “inside” some specified subsystem).
A basis B for this topology is obtained as explained in the study of states, taking
the family of all actions corresponding to the subsystems Sy, ..., S3, as well as
to the “subsystems” by means of which the communication is done (i.e. finite
intersections of those sets). In the case where there are constraints that link
actions in different subsystems (that could be for example expressed in some
special “scheduling systems”), the actions that correspond to these scheduling
systems will also be considered elements in the basis. Also in this case a similar
gluing property holds:

— For every family of parallel actions {fg}Bes, where fp : Ag = {0,1} sat-
isfies the constraints Idg = {e € Id | Var(e) C B}, such that for every
By,B; € B, fB1|B,nB, = fB2|B,nB,, there exists a unique f : A — {0,1}
that satisfies /d such that for every B € B, fip = fB.

Note that the fact that the gluing property holds is strongly related to the specific
form of the constraints in Cy4 (boolean equations in our case). If for example a
parallel action f : A — {0, 1} is allowed if and only if f~1(1) is finite, then the
infinite gluing property does not hold.
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3 Systems

In what follows we will use basic notions of category theory. We will also assume
known the definitions for Grothendieck topologies and sheaves with respect to a
Grothendieck topology. For details see, for example, [MLM92].

Taking into account the considerations in section 2, we will assume that a
system S can be described by:

— A set X of control variables of the system (for every control variable z € X
a set V; of possible values for z), and a set I of constraints, specifying which
combinations of values for the variables are admissible (i.e. satisfy I'). An
admissible combination of values of the control variables will describe a state
of the system S. The set of states of the system will be denoted St(S),

— A set A of atomic actions (where for every a € A, X,; denotes the minimalset
of control variables a depends on and Trq C St(S)x, % St(S)x, a relation
indicating how the values of these variables change when the action « is
performed), together with a set C' of constraints that shows which actions
are incompatible and cannot be performed in parallel.

In order to formally express the “constraints” on the possible combinations
of values for the control variables, we need a “language” in which these are
expressed.

Definition1. A system S = (X, X, [, M, A, C) consists of:

(1) A language Lg consisting of
(1a) a signature X = ( Sort, O, P) (Sert is the set of sorts, O the set of
operation symbols, and P the set of predicate symbols),
(1b) a (many-sorted) set of variables X = {X,},c sort -

(2) A set I' C Fmag(X) (the set of constraints or axioms of 5),

(3) A model M (structure of similarity type Z),

(4) A set of actions A; for every a € A a set X, C X of variables a depends
upon, and a transition relation T'r,.

(5) A set C of constraints, expressed by boolean equations over Fg(A) (the free
boolean algebra generated by A) stating which actions can (or have to) be
executed in parallel.

Remark: In definition 1 we fix a model M for the system S (corresponding
e.g. to the real world) and we allow as constraints formulas in the many-sorted
language of the system.

Given a system S, if not otherwise specified, we will refer to its signature, set
of variables, constraints on the values of the variables, model, set of actions and
constraints on actions by Zs, Xg, I's, Mg, As, Cs respectively. If a family of
systems {S; }ies is given, if not otherwise specified we will refer to the signature,
set of variables, constraints on the values of the variables, model, set of actions
and constraints on actions of S; by Xy, X;, Iy, M;, A;, Gy, forevery 1 € 1.
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Systems often arise in relationship with other systems. The corresponding
relationships between systems are expressed by morphisms. Obviously, there is
some choice in how to define appropriate morphisms, depending on the extent
of the relationship between systems we want to express.

For instance, a category of systems SYS can be defined, having as objects
systems. A morphism f in SYS from a system 5 to a system Ss consist of a
“translation” of the language (resp. actions) of S; into the the language (resp.
actions) of Sy (i.e. a family of mappings fr : X1 = X3, fx : X1 = Xo, fa :
Ay — Aj) such that for every ¢ € Iy (resp. in Cy) the “translation” of ¢ to the
language of Sy via fx, fx (resp. fa) isin I (resp. in Cy); and transitions in .S;
are mapped into transitions of Ss.

Sometimes, however, the systems are not able to communicate using such
“translations”: important is that the systems have common subsystems by means
of which the communication is done. In what follows, we will focus on this last
aspect.

Definition 2. Let S; and S be two systems. We say that S is a subsystem of
Sy if and only if Xy C Xy, X1 C X3, Ay C Ay, and the constraints in I (resp.
(') are consequences of the constraints in I'; (resp. C3), and the model M is
the restriction of the model My to the signature of Sy (M; =U ngg)

In concrete applications we usually are interested only in some subcategory Sys
of SYS, having as objects those systems relevant for the given application (in
the example in section 2 the relevant systems are Sy, .. ., S3 together with their
common subsystems, and the systems obtained by interconnecting them), and a
morphism between a system S; and S, if and only if S; is a subsystem of S5.

In what follows we will assume given a family InSys of interacting systems.
To enforce the compatibility of models on common sorts, we may assume that
all these systems are subsystems of a “universal system” Sy. We further assume
that the family InSys is closed under intersections (pullbacks of subsystems of
Syr) i.e. it contains all those subsystems by means of which intercommunication is
done. The elements of InSys are the “building blocks” from whose interconnection
larger systems arise.

Definition 3. The category of systems, Sys, has as objects all the systems that
can be obtained by interconnecting elements in In-Sys, and a morphism from 5
to 59 if and only if S; is a subsystemn of S5.

It is easy to see that Sys has pullbacks, namely for every S, S; <3 S, S| x5
Sy = (2'1 NXy, X1 X, NN Iy, Mg, Ay ﬂA2,01002), where My, = U§1022M.

Definition4. A covering family for a system S = (2, X, I', M, A, C) is a family
{Si = §'| i € I} of subsystems of S, with the property that J, Z; = &, |J, X; =
X, U; Ai = A, and such that the constraints in I'(resp. C') are consequences of
the constraints in |J; I; (resp. in |J; Ci).
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Note that in general the distributivity condition in the definition of a Gro-
thendieck topology is not satisfied, as shown by the following example (for the
sake of simplicity we do not consider the actions):

Ezample 1. Let ¥ = {0,1,<} and M = {0,1} (with 0 < 1). Consider the fol-
lowing systems: S; = (X2, {a,b,d},{a < b}, M), S2 = (X, {b,e,d},{b < ¢,c <
d}, M), T = (Z,{a,c},{a < ¢}, M}. Let S the system obtained by intercon-
necting S; and Sp. S = (¥, {a,b,¢,d},{a < b,b < ¢,c < d}, M). It is easy
to see that in S also a < d is satisfied (it is a consequence of the constraints
{a < b,b < ¢,c < d}. Hence in Sy seen as a “part” of S, also a < d has to
be satisfied (by interconnecting systems new constraints may arise). The fam-
ily {51,52,51 N S2} is a cover for S. T is a subsystem of S, but S; NT =
{¥,{a},0,M) and S2 NT = {X,{c},0, M), hence {S1NT, 52 NT,51NS:NT}
does not cover T'.

Therefore, we additionally impose the condition that for every system S &
InSys, the set I's of constraints on the values of the control variables (respectively
the set C of constraints that show which parallel actions are admissible), are the
restriction of the set I's, (resp. Cgsy) to the language of S.

Lemma 5. The function K assigning for every system S the set K(S) of all
covering families for S is a basis (for a Grothendieck topology) on Sys.

We will denote by J the Grothendieck topology generated by the basis K.

3.1 States and Actions

The states of a system S = (X, X, I, M, A, C) are those interpretations s : X —
M that satisfy all the formulasin I

One can see that if {S; = S | i € [} is a covering site for S, then for every
family {s; : Xi — M;}iesr such that for every i € I, s; |= I; and for every
4,7 €1, siyxax; = 81X, there is a unique s : X — M such that six;, = s;.
If, additionally, the covering relation defines a Grothendieck topology on Sys,
the following theorem holds.

Proposition6. The functor St : Sys® — Sets, defined for every object § =
(Z, X, T, M, A,C) in Sys by St(S) = {s: X — M | s satisfies I'}, and for every
morphism Sy — S by St(Sy < S2)(s) = s|ps, is a sheaf for J.

The set of admissible actions of the system S = (¥, X, I', M, A, C) will be the
set Act(S) = {f : A— {0,1}| f satisfies C}. We assume that the compatibility
of the actions is expressed by the following fact: If f € Act(S) and if s € St(S)
such that for every a € A with f(a) = 1 there is a s, € 5t(S);x, such that
(8)x.,55) € Tra, then the new local states “agree on intersections”, i.e. for
every £ € Xg, N Xa,, 55, (8) = s,,(2). Then we can associate a transition
relation to f, that shows how the state of the system changes after the action
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is performed, namely: Ty C St(S) x St(S), Try = {(s1,52) | (51x,,521x,) €
Ty for every a such that f(a) =1, and s1(z) = s2(z) if 2 € U, f(a)=1 Xa}-

As pointed out before, in what follows we will assume that all the constraints
imposed on the actions can be expressed by boolean equations (equations in the
boolean algebra freely generated by A).

As in the case of states, it is easy to see that if {S; — S | i € I} is a
covering site for S, then for every family {f; : A; — {0,1}}ier such that for
every i € I, f; = Cj and for every 4,j € I, fija,nn; = fleinAj there is a unique
f:A— {0,1} such that fi4, = f;. If, additionally, the covering relation defines
a Grothendieck topology on Sys, the following theorem holds.

Proposition7. The functor Act : Sys”? — Sets, defined for every object S =
(Z,X,I,M,A,C) in Sys by Act(S) ={f : A = {0,1} | f satisfies C}, and for
every morphism Sy < Sa by Act(Sy < S2)(f) = 8|4, is a sheaf.

The restriction imposed on the constraints on actions in particular subsumes
also the situation in which a dependence relation on the set of actions is given.
This approach leads to the study of traces [Die90]. We can model this case by
defining the set of constraints as {a1a2 = 0] (a1,a2) € D,a; # as}, where D is
the dependence relation on A.

Note again that not every type of constraints leads to a sheaf condition. Con-
sider for example the situation when Act(S) = {f: A — {0,1} | F~1(1) is finite}.
It can be immediately seen that in this case the sheaf condition is not satisfied
for infinite covers.

3.2 Applications

Category theory is a very powerful tool, and its language makes it possible to
express things in a uniform way. Many important constructions on systems can
for instance be modeled by limits or colimits in the category of systems. We will
briefly show what meaning the standard limit and colimit constructions have in
the category Sys.

Limits: The product of two systems is their largest common subsystem; the
pullback is the largest common subsystem of two systems that are known to be
contained in a larger system. Namely, iffori = 1,2 S; = (Z, X;, I, M;, Ai, C;) <
S = (E,X,F,M,A,G), then S; xg 99 = (El NXe, XiNXy, 1N 1o, My, A N
Az, C1 N Cy) where M, is the restriction of M to the signature Xy N X5, The
terminal object of Sys (if exists) is a system that contains all the systems in Sys.

Colimits;: Colimits play a special role in the study of systems. Actually the
system obtained by interconnecting a given family (diagram) of systems can be
obtained computing the colimit of the given diagram.

The coproduct S; 11 .53 of two systems Sj, Ss is the smallest system that
contains both of them {and such that the two systems are assumed to be in-
dependent, i.e. they have no common subsystems); it is easy to see that if
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S1 and Sz are independent systems then St(S; I S3) = St(S1) x St(S,), and
Act(S111.59) = Act(S1) x Act(S2). The push-out S111g S5 (see diagram 1) repre-
sents the system obtained by interconnecting 57 and S5 “gluing” them via their
common subsystem 5.

§—5

]

52 —'——'>S1 HS 52

It is easy to see that if §; and S, have S as a largest common subsystem, then
St(Sl 11552) = St(Sl) XSt(S)St(Sg) and Act(Sl HsSg) = Act(Sl) XAct(g)Act(Sz).

More generally, we have:

Lemma8. Let {S; |1 € I} be a covering site for S. Then S = EI_T}){S,- | i€},
St(S) = Im{St(S;) | i € I} and Act(S) = im{Act(S;) | i € I}.

Note that the stability property required in the definition of a Grothendieck
topology is in fact a “distributivity property” of intersections of systems w.r.t.
arbitrary joins. If we assume that the (partially ordered) category of systems
has a Heyting algebra structure, two more operations can be described, namely
Heyting implication and negation:

Let S; and So be two systems. The system 51 = S9 is the largest element in
the family of systems S with the property that S; N § is a subsystem of Ss.

Let S be a system. The complement of S (denoted by —S) is the largest
system that is independent of S (in the sense that they have no common sub-
systems). It is easy to see that SN —S = §§ and that in general ~—5 # S.

We finish by briefly pointing out a possible direction of future work. The
fact that states as well as actions can be expressed as sheaves on the cate-
gory of systems w.r.t. a suitable Grothendieck topology J suggests that also
transitions might be defined in a “generic” way as natural transformations
between appropriate sheaves. Namely, we can define a natural transformation
tr : Act — £25¢%5t a5 follows: For every S € Sys let tr(S) : Act(S) —+ 25%5(S)
be defined by tr(S)(f) = try : y(S) x (St x St} — 2, where for every §' —
S, tre(S') + St(S') x St(S') — 2(5'), with tr;(5)(s1,82) = {§" « & |
(81|Pf|s” ) 52|Pf|su) € Trf|5”}'

In [Sof96] it is proved that tr; is a natural transformation for every system S
and every action f € Act(S) and that the functor tr : Act — 25**5" is a natu-
ral transformation. Hence, one can associate with the category of systems Sys a
“generic transition system” cousisting of (5, Act, tr). It seems (see [Sof96]) that
this fact can be exploited in order to study which properties of a system are “in-
herited” by the building blocks (seen as parts of the interconnection) and which
properties of the “building blocks” that compose a system are preserved after
their interconnection (possibly using the internal logic in a topos, e.g. Sh{Sys,
J)). In order to achieve this, it is necessary to translate properties of systems (as
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for example the existence of deadlock, deadlock freedom, determinism) in the
internal logic of Sh(Sys, J).

4 Behavior

The starting point of our approach to deal with temporal behavior is the for-
malism developed by J. Goguen in [Gog92]. He starts with the assumption that
every system can be described by a set of attributes X, each attribute z € X
having a prescribed set of values V. Assume that time is considered to be dis-
crete. Then in [Gog92] the behavior of a given system S in time is modeled by a
functor F : T° — Set, where T is the basis for the topology on N consisting of
all the sets {0,1,...,n},n € N. Intuitively, for every open set U = {0,1,...,n},
F(U) represents the “observations” in the interval of time U. Formally, the
functor F is defined on objects by F(U) = {h : U = [[,cp V» | K(h)} where
K (h) represents a set of conditions that have to be satisfied by h — usually
some prescribed rules indicating how the states of the system can change, re-
flecting the pre- and postconditions of some actions. It is defined on morphisms
by F(&F)(h) = Ry for every ¢} : V <3 U and every h € F(U). In order
to study the behavior of a system consisting of several subsystems the in-
tercommunication between the subsystems is taken into account. A system is
seen as a diagram of subsystems, where the morphisms represent inheritance.
Goguen shows that the behavior of the system can be described by F(U) =
{{hi|i€I}|h; € F(U) and if ¢, :S; — Si then ¢.(hi) = hi’}, where for ev-
ery ¢ € I, F; is a sheaf that describes the behavior of the system S;. Therefore,
the behavior of a system is the limit of the behaviors of its subsystems (for
details see [Gog92]).

In what follows we will develop this idea, modifying the definition for the
behavior of a system slightly, by also taking into account the actions that are
performed at every step. We will assume that all actions need one unit of time.
In future work the more realistic case where actions can have different durations
will be considered.

Definition9. Let S be a system in Sys. The behavior of S is a functor By :
T —+ Sets defined for every U € 7 by Bs(U) = {h : U — St(S) x Act(S) |
K(h,U)}, where K(h,U) can be expressed by “for every n, if n,n+1 € U
and h{n) = (s, f), then A{(n + 1) = (¢, f') such that (s,s’) € Tr; and f' can
be executed at s’”, and for every ¢« : V C U, Bs(i) : Bg(U) = Bs(V) is the
restriction to V.

Thanks to the particular form of the open sets of 7 (all {0, 1,...,n} for some
n), it can easily be shown that Bg is a sheaf.

Assumption 1 We assume that if Sy is a subsystem of Sy, then for every action
a € As,, if the set X, C X of variables a depends upon is such that X,NX; # 0,
then a € Ag,, and Trl is the restriction of Tr2 to variables in X, N X;.
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Assumption 1 says that every action in Sy that changes some control variables
in a subsystem 51 of Sy is “known” in S;, and that its transition relation is the
restriction of the transition relation in Ss to the variables in S;. In what follows
we will assume that Assumption 1 is satisfied.

Let ¢ : Sy = S5 in Sys. We define péf : Bg, — Bgs, by pgf(U) : Bg, (U) —
Bg, (U) for every U € T, where for every h : U — St(S2) x Act(Sz), pgf(U)(h) =
(St(s), Act(s)) o b : U — St(S1) x Act(S1) (with St(¢)(s) = s|p, for every s €
St(Sy) and Act(¢)(f) = fla,). In what follows, for every U € 7 and every
h € Bs, (U), we will abbreviate p3? (U)(h) by hys, -

Lemma 10. Let U € T be arbitrary but fired. Let Bi; : Sys°? —+ Sets be defined
for every object S € Sys by By;(S) = Bs(U) and for every morphism ¢ : S; — Sy
by By (1) = p3? : Bs,(U) — Bs, (U). Then By is a shedf.

Proposition11. Let B : Sys”” — Sh(T) be defined for every object S of Sys
by B(S) = Bs : T°? —Sets, and for every morphism ¢ : S1 — Sy by B(i) =
pgf : B(S1) — B(S1), and let B' : TP — Sh(Sys) be defined for every U € T by
B'(U): Sys®® — Sets, B'(U)(S) = Bs(U). Then B and B’ are functors.

Proof: By Assumption 1 it follows that for every A € Bg,(U), p:gf (h) €
Bs, (U), i.e. that pgf is well-defined. It is easy to see that pgf :Bs, = Bg, is a
natural transformation. Let ¥ C U, and let % be the inclusion of V in U. Then
the following diagram commutes:

S2

ps (U}
Bs,(U) — Bs, (U)
|
Bs2(i3)l lle (%) (2)
Bs, (V) ——> Bs, (V)

5
p52 (V)

Hence B is a functor. In order to show that B’ is a functor, note first that from
Lemma 10 it follows that B’ is well-defined on objects. Let ¢ : V < U be the
inclusion between the open sets U,V € T. Let us define B'(d) : B'(U) = B'(V)
by B'(i)(S) : Bs(U) = Bs(V) by B'(i}(S)(h) = hy for every h: U - St(S) x
Act(S) € Bs(U). B'(i) is a natural transformation between the sheaves B'(U)
and B’(V). This follows from the commutativity of diagram 2. O

5 Conclusions and Prospects of Future Work

In this paper we made the first steps towards a sheaf-theoretic approach to the
study of cooperative systems. We illustrated on a simple example the main ideas
that motivated our study. Starting from this example we proposed a definition
for systems and we defined a category of systems. We endowed this category
with a Grothendieck topology and we showed that in certain (non-restrictive)
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conditions the states and the (parallel) actions are sheaves with respect to this
topology. We used these results for studying the behavior of systems in time.

Of course, this work is only a beginning. One of our next goals is to see
which properties can be expressed using results of topos theory: in particular
to use geometric logic and to exploit the internal logic in topoi. This is part of
ongoing work, see [Sof96]. Another direction for future research is to consider
space- and time-dependent formulas. In [PS95] one section is devoted to a con-
cept of space and time dependent formula handling, intended for applications
in robotics where the state space of an agent can change with space and time.
This makes it possible to model logically a variety of practical situations in the
case of cooperating agents working in a geometrically (or topologically) modeled
environment X.
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