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All papers of this collection are concerned with various aspects of Calculus over
commutative algebras. To help the reader, we expose here the basic facts and
definitions mutual for the majority of the papers that follow. The exposition is
based on [1] and originates from [2].

The contents of this introductory text are as follows:

(1) Linear differential operators over commutative algebras.

(2) Diff-prolongations and compositions of differential operators.
(3) Derivations.

(4) The Spencer Diff-complex.

(5) Jets.

(6) Jet-prolongations and co-compositions.

(7) Differential forms and the de Rham complex.

(8) The Spencer Jet complex.

(9) Generalizations and specializations of the basic constructions.

1. Linear Differential Operators

Let K be a commutative ring with a unit and A be a commutative associative
unitary K-algebra. Consider A-modules P and Q. Then two A-module structures
exist in the K-module homg (P, Q):

(af)p=a(fp),  (af)p= f(ap),
a€ A, fehomg(P,Q), pe<P.

We set 6,(f) = af —at f. Obviously, for any a,b € A, we have
babf = abpf + boof 2

D)
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and if R is another A-module and g € homg (Q, R), then

ba(go f) =bago f+godaf. (©)
DEFINITION 1.1. A K-homomorphism A € homg (P, Q) is caled a linear

differential operator of order < & acting from P to @, if (84,004,0...004,)A =0
for any ag,az,...,a € A.

The set of al such operators inherits both A-module structures (1) and thus
forms an A-bimodule. This bimodule is denoted by Diff; (P, Q). When consid-
ering only one of these module structures, we write Diff (P, Q) or Diff} (P, Q).
From the definition, it follows that O-order differential operators coincide with
A-homomorphisms: Diff§ (P, Q) = hom(PQ).

The correspondence (P, Q) = Diff;j(P, Q) is a bifunctor from the category
M(A) of A-modules to the category of A-bimodules. We also use the notation
Diff ;" (P) for the bimodule Diff | (A4, P).

Consider the maps

iy: Diff(P,Q) — Diff{ (P, Q), it: Difff (P, Q) — Diff,(P,Q)
induced by the identity id: homg (P, Q) — homg (P, Q).
PROPOSITION 1.2. Themapsi, and ' are differential operators of order <k.

Let A: P — @, V: Q — R be differential operators. Then from (3) one
obtains

PROPOSITION 1.3. For any two differential operators A ¢ Diff;(P, Q) and
V € Diff(Q, R) their composition V o A: P — R is an operator of order
<k+L

For any k < I one has obvious embeddings Diff;" (P, Q) c Diff;" (P, Q) and,
consequently, the module Diff (P, Q) = Ukso Diff (P, Q) is defined. Using
Proposition 1.3, it can be seen that Diff} (P, P) is afiltered associative A-algebra.

2. Diff-Prolongations and Compositions

Fix an A-module @ and consider the functor Diff; (-, Q): M(A) = M(A).
This functor is representable. Namely, one has the following proposition:

PROPOSITION 2.1. For any differential operator A: P — () of order < k,
there exists a uniquely defined homomorphism fa: P — Diff; (Q) such that the
diagram

P —2Difff (Q)

X o

Q
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where D(V) = V(1), V € Diff}(Q), is commutative. The correspondence
A — fa establishes an isomorphism between the functors Diffg(.,Q) and
homy (-, Diff £ (Q)). We say the homomorphism fa to be Diff-associated with
the operator A.

The homomorphism fa is defined by (fa(p))a = A(ap).

Note that the above defined Dy: Diff; (Q) — Q is a differential operator of
order < k. Hence, for any two integers k,1 > 0, using Propositions 1.3 and 2.1,
one obtains the commutative diagram

Diff - Diff (Q) Diff ;7 Q
Ck,ll iDl
ot Di+1
Diff;",,Q Q
where ¢;,; = chl(Q)dnglopk. The correspondence @@ = ¢, (Q) is a nat-
ural transformation of functors Diff;  Diff;"(-) and Diff;"(-); the homomor-

phism ¢;,;(Q) is called the gluing, or the composition homomorphism. Let V €
Diff ; Diff,"@ and a € A. Then from the definitions, it follows that

ck1(V)(a) = foep, (V)(a) = DiDx(a*V) = V(a)(1). (4)

In the sequel, we use the notation Diffzvn_%(-) for the iterated functor
Difff (... (Diff ())...).

Consider now an operator A: P — (Q of order < k. Then the operator
Ay = AoDg Diff(P) — Q is of order < k + [ and is called the ith
Diff-prolongation of A. Since for any I < I, one has Dy |Dlﬁ+(P) Dy, from

where it follows that A ;) |Diffl+(P): A ;). Hence, one obtains the infinite Diff-

prolongation A,): Diff}(P) — Q of the operator A. From the definition, it
also follows that there exists the commutative diagram

fa
Difff P —% Diff P
D
A0 l k1
Q

and fa |Diffl+P: fa, forany I > 1. Thus, we obtain the filtered A-module

homomorphism fa Difff (P) — Diff](Q) of filtration k. It is called the
Diff-prolongation homomorphism. In particular, the composition homomorphism
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C - Diffle — Diff @ coincides with the prolongation homomorphism for the
operator D;. Note also that the commutative diagram

Diff 7, P U Difft P

I+
(Aw)ar
Dy l lA(H—l’)
A
. 0
Diff " P Q

establishes the relations between iterated prolongations and compositions.

3. Derivations

DEFINITION 3.1. Let P bean A-module. A K-linear map X: A — P satisfying
the Leibnitz rule

X(ab) = aX(b) + bX(a), a,be A,
is cadled a P-valued derivation of A, or P-derivation.

The set of al such derivation is denoted by D(P). Obviously, any X € D(P)
is a differential operator of order < 1 and D(P) forms a submodule in Diff1P.

EXAMPLE 3.2. Fix an operator A € Diff; (P, Q). Then, due to (2) the corre-
spondence a — &,(A) is a Diff_, (P, Q)-derivation.

Obvioudly, an operator A € Diff1P liesin D(P) if and only if A(1) = 0.
Hence, we have the exact sequence

1
0— p(P) Lpifftp 2 p 0, (5)

where S7 is the composition of the natural embedding D(P) — Diff; P with
the operator i..: Diffy P — Diff{ P. This the first-order Spencer Diff-complex.
In the next subsection we construct its nth-order generalizations. To do this, we
shall need the notion of polyderivations.

Let P be an A-module and N C P be a subset. Define

D(N c PY®{Xx € D(P) | X(A) Cc N}.

Now we inductively define modules D;(P), i > 0, together with monomorphic
differential operators D;(P) — (Diff]):P, where

(Diff )" = leq,...,l'
—_———

1 times
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Namely, we set Do(P) = P, D1(P) = D(P) and assuming that the enbedding
D;_1(P) — (Diff{)i=1P has been defined, set

Dy(P)® D(D;_1(P) C (Diff})'P).

Corresponding embedding is defined as
D;(P) = D(D;_1(P) c (Diff{)"P) c D((Diff{)"1P c (Diff{)'P).
From the definition one obtains

PROPOSITION 3.3. For any i > O the set D;(P) is an A-module while the
correspondence P = D;(P) is a functor in M(A).

Note that for any X € D;(P) and a € A one has X (a) € D;_1(P) and by
induction X (a1,...,a;) € D;—;(P) for any as,...,a; € A andi > j. For
J >, we formally set X(a,...,a;) =0.

PROPOSITION 3.4. Let i > 2 and X € homg (A, D;—1(P)). Then X € D;(P)
if and only if X(ab) = aX(b) + bX(a) and X (a,b) + X(b,a) = 0 for any
a,be A.

This result motivates the following definition:

DEFINITION 3.5. Elements of D;(P) are called P-valued i-derivations of the
algebra A.

4. The Spencer Diff-Complex

The construction of the Spencer Diff-complex in the genera situation is based
on the following lemma:

LEMMA 4.1. Let P+ be an A-bimodule and Py, P, C P be submodules with
respect to the first A-module structure. Consider a homomorphismy: Pt — P*
such that ¢ |p,: P1 — P, is a differential operator of order < 1. Then the map
Dy: D(P, C PT) — D(P, C P*) defined by (D) A =q& o A is an operator
of order < 1 aswell. Moreover, ker o = 0 implies ker Dy = 0.

Now we inductively define the sequence of injective operators §°: D;(P) —
D;_1Diff{ P of order < 1, starting with 6 =g ST (see (5)). Assumethat 6°, . . .,
81, i > 2, have been defined. By definition, one has

D;(P) = D(D;_1(P) c (Diff{)""1P)
and

D;_1Diff { P = D(D; ,Diff{ P C (Diff{)"'P).
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Hence, using Lemma 4.1, we may set §° =g D6 2.
Let operators S., ,: D;Diff;” P — D;_1Diff;", ; P be defined by commutativ-
ity of the diagram

Sl
D,Diff} P o D;_4Diff} P

x Drerk)

D; 4Diff{, P

PROPOSITION 4.2. For any i,k > 0, one has S, o Sitl = 0.

DEFINITION 4.3. The sequence

Sitk
0 — Di(P) 2 Dy 1Difff P — ... —

St
D,Diff; P~ DZ lDiffgﬂp e (6)
S0
Diff;, P =" P — 0

is called the Spencer Diff-complex of order & + i for the module P.

Denote this complex by S, P. Consider now the natural embeddings

D;Diff} P — D;Diff} P

induced by the embeddings Diff, P — Diff;\, , P. Then the diagram

D;Difff P ——= ik — D;1Diff}f 4 P

| |

7,+k+l

D; D|ffk+1P ——'D,;_1Diff; ,P

is commutative. Consequently, morphisms S, P — S; 111 Of complexes exist
and one can define the complex S, P

.. — D,Difff P 2% D, _1DifftP — ... —
0
D1Diff+ P 25 Difff P — 0

as the inductive limit of S, with respect to these morphisms. Both S, (-) and
S«(+) are functors from M (A) to the category of differential complexes over A.
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Moreover, let P,Q be A-modules and A: P — (Q be an sth order differ-
ential operator. Then the map fa ,,: Diff" P — Diff; P (see above) induces a
corresponding cochain map of the corresponding Spencer complexes:

2
Si+k

D,Difff P
Dz(fA(k))l lDi_l(fA(k-H'))
S
D;Diff}, Q@ —="" D;_1Diff,  ,Q

D;_1Diff} P

Denote by C;x(A) the cokernel of the map D;(fa ). Then one obtains the
following complex

St
L z,k(A) Jasy i,]_,kJrl(A) —_— ... CO7/L'+]€ — coker A — 0

which is called the (i + k)th order Spencer Diff-complex of the operator A.

5. Jets

Let P be an A-module. Consider the tensor product A ® i P endowed with an
A-module structure by

a(a ®p)d§f( 'a)®@p, a,a’ € A, p € P.
For any o’ € A set
6“/(a®p)dga®a'p—a'a®p
and denote by p the submodule in A @ ¢ P spanned by
(6% 0. 06%)(a®p), a,ag,...,a, €A, peP.
Set
THP)E(A @k P)/px, jr(p)Z (1 p)mod .
The map ji.. P — J*(P) is a differential operator of order < k.

PROPOSITION 5.1. Fix a module P. Then the functor Diffy(P,-) is repre-
sentable. Namely, for any differential operator A: P — @ there exists a uniquely
defined homomorphism f2: P — J%(P) such that the diagram

P—jk>jk(P)
N
Q

is commutative. The correspondence A — f2 establishes an isomorphism be-
tween the functors Diff (P, ) and hom(7%(P),-). We say the homomorphism
fa to be Jet-associated with the operator A.
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DEFINITION 5.2. 7*(P) is called the module of k-jets of the module P.

Obvioudly, J7%(P) as an A-module is generated by the elements of the form

.]k(p)a pe P.
Introduce a second A-module structure into 7% (P) by setting

at(d'j(p) € dji(ap)

and denote corresponding bimodule by .7(’1)(P). Let Q be another A module.
For any ¢ € homy (P, Q) set

T* () (ajr(p)) 2 aji(e(p)).

Then j(’fk)(-) is a functor from M (A) to the category of A-bimodules.

Denote by 7% the bimodule J¥(A). For any 0 = ajy(b) € JF and p =
' jx(p) € T*(P) set 0 - p=ge ad’ji,(bp). Then JF acquires the structure of a
commutative unitary A-algebra while 7 (P) becomes a J¥-module. Define the
maps 7,: Jf — JF and iy A — JF by setting

i(aie(®) Ebjn(a),  inla) Eaji(1), abe A

Then 73, is a homomorphism of the algebra 7%,
e JP = Jr o IE - "

are A-module homomorphisms and the following identities hold:
2 =id,  TRojr=ir,  TROir= i

Consider an A-bimodule P*) and a module Q. Then two module structures
exist in the tensor product P+ ® Q:

at(p®q)=atp®q  alp®q)=ap®q, a€A peP qeQ.

The module endowed with the second structure will be denoted by P* ®in Q.

PROPOSITION 5.3. Let P be an A-module. Then the following isomor phisms
take place

JEPy=TFenpr, JTHP)=TFeP

Note also that the modules 7. f and 7" are representative objects for the functors
Diff(-) and Diff ! (-), respectively.
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6. Jet-Prolongations and Co-Compositions
Take two integers k,1 > 0. Then from Propositions 1.3 and 5.1, one obtains the
following commutative diagram

Ji

P JN(P)

ijl ljk

THH(P) L5 Fh(T1(P))

where bl = F(P) =g f*°7. The correspondence P = c*!(P) is a natural
transformation of functors 7%*!(-) and J%(7'(-)); the homomorphism c*!(P)
is called the co-composition homomor phism.

Let now A: P — Q bean operator of order k. Then the operator A®) =g j; 0
A: P — JYQ) is caled the ith Jet-prolongation of the operator A. For such a
prolongation the diagram

P—2>Q

. l AW l ,
Jk+1 Ji
fA(l)

JH(P)—=T'(Q)

is commutative.
Let & < I. Then, since any kth order differential operator may be considered
as an operator of order [, we have the commutative diagram

P—jl>jl(P)

NS

JH(P)

where vy i, =gt f7*. The maps v, are epimorphisms dual to the embeddings
lefk(P7 Q) — lefl(P, Q) For any k < I < s, one has Vsk = V|| O Vs and
the projective limit of the system {J7*(P), vy 1 }i>x is denoted by J*(P) and is
called the module of infinite jets of the module P. For any £ > O a projection
Vg kot j*(P) — jk(P) is defined such that Vs = V| O Vx [, > k.

All natural constructions presented here for the modules 7%(P) are carried
over to J*(P). Namely, due to diagram (7) there exists an operator j,.: P —
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J*(P) such that ji, = v, o j.. Further, let ¥ > k, I’ > | be nonnegative
integers. Then the diagrams

jk’—f—l(P) C_k,ijk’(jl(]g)) jk—i—l’(P) ﬂ;jk(jl’(]:)))
”k/+l,k+ll l’/k/,k Vk+l/,k+ll ljk(Vllyl)
ijrl(P)ﬂ)jk(jl(P)) jk+l(P)ﬂ>jk(jl(P))

are commutative. Consequently, one obtains the map

< THP) = THT(P)).
Finaly, for any operator A: P — @ of order < k from the definitions we have
commutative diagrams

A

P—=JQ)
Ak* l”l/,l
JNQ)
and
o
JHH(P) J"Q)
Vk+l’,k+ll fA(l) l”l’,l
THH(P) —= TN Q)

Hence, the infinite prolongation A®: P — 7*(Q) is defined, as well as the
corresponding homomorphism 2 7*(P) — J*(P). Note also that for any
1, > 0, the diagram

A
P

J'Q)
(A l
AW+

TH(Q) —=> 71T (Q))

is commutative and thus ¢** o A®) = (AX))(*),

Ji

7. Forms and the de Rham Complex

Set Al(A)=g¢ J'/imiy and define d: A — A'(A) as the composition of
j1: A — J* with the natural projection 71 — AY(A). Set also

A(A)E A A AL AAYA).

i times
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DEFINITION 7.1. The elementsof A‘(A) are called differential i-forms over the
algebra A.

PROPOSITION 7.2. The modules A?(A) are representative objects for the func-
tors D;(-). In the case i = 1 an isomorphism between the modules D;(P)
and hom,(A(A), P) is established in the following way: for any derivation
X € D1(P) there exists a uniquely defined homomorphism hx: AY(A) — P
such that the diagram

A—%AY(4)
L
P

is commutative.

In the sequel we use the notation A =q¢ A*(A).

Note that A'(A) as an A-module is generated by elements d(a) with the
relations d(ab) = ad(b)+bd(a). Note also that the wedge product A: Ai@ 4 A7 —
A"t s the representing morphism for the natural transformation of functors
Diy(-) = Dj(Di(-))- S

Now we define by induction on i the 1st order operators d: A* — A1, For
1 = 0 we take for d the operator d: A — Al introduced above. If i = 1, we set
d(ad(b)) =get da A db and for i > 1 and any decomposable element w A § € A?
set

dw A 0)E dw A0+ (—1)%w A db.
PROPOSITION 7.3. dod = 0.
DEFINITION 7.4. The sequence
0—A-LAY A LA

is called the de Rham complex of the algebra A.

8. The Spencer Jet-Complex

Consider the composition Ai+1 —%, A7 75, 7k(A%). Sinceit is a (k + 1)st order
operator, from Proposition 5.1 one obtains the following commutative diagram

Ai—l Ai
Jk+1 ljk
itk

jk-ﬁ-l(Az‘—l) Si S jk(AZ)
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where S7TF =4 f7%°9. Thus we get the sequence of homomorphisms

0— JHH — . THHATY) ST TR ) — g
N Az-‘,—k -0 ( )

which is a complex and is called the Spencer Jet-sequence. Denote it by S.J*F.
Let P(*) be an A-bimodule and P be an A-module. Consider the module
homy (P, Q) and introduce the second module structure by setting

(ato)(p)E p(ap), a€ A, pe P, pehomy(P,Q).

Denote such a module by hom’ (P, Q).

PROPOSITION 8.1. The functors S, x(-) and hom’ (SJi*%,.) are isomorphic,
i.e. the Spencer Jet-sequence is the representative object for the functor S; ().

Let now P,Q be A-modules. Define the map 7 ?: J*(P) @4 Q by setting
709 0k(p) © ) =det ji(g) © p. Obviously,

709 e Difff (7F(P) 24 Q,T5 Q) @4 P), 790 r2F =id.

Introduce the operators S:T*: TF+1(P) @4 A"t — J*(P) ®4 A’ defined by
commutativity of the diagram

, Sitkgid .
jk—i—l(Az—l) ®4 P jk(Az) R4 P
7_Ai—l,Pl lTAi,P (9)
kit itk k
jk+1(P) @4 Aifl v jk(P) R4 Ai

PROPOSITION 8.2. The maps S:™: J7F1(P) @4 A*1 — J*(P) @4 A
defined by (9) are operators of order < 1 and S.fy o Sit% =0.

DEFINITION 8.3. The sequence

- ) . gitk
0 — P]k—ﬂ>jk+l(P) —_— s — S;Jrkjk-i_l(P) XA AT

jk(P)®AAi—>---—>P®AAi+k—>O (20)
is called the Spencer Jet-complex of the module P.
The action of the Spencer Jet-operators is expressed by the following formula

S (Grra(p) @ w) = jie(p) ®@ dw, pe P, we AL (11)
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Consider an [th order operator A: P — (). Then the diagram

. Shtiti A
jk-l-l—l—l(P) R4 Az—l v jk-i-l(P) ®4 Al
fA(k+1)®idl lfA(k)@d

4 s .
jk+1(Q) R4 Azfl jk(Q) R4 A?

is commutative. Hence, one can define the Spencer Jet-complex of the operator A
as the corresponding kernel complex and introduce the Spencer Jet-cohomology
groups of A.

9. Generalizations and Specializations

There are severa directionsto generalize or specialize the above described theory.
Probably, the most important one, giving rize to various interesting specializa-
tions, is associated with the following concept.

DEFINITION 9.1. An Abelian subcategory D of M(A) is said to be differen-
tially closed, if it is closed under tensor product over A and

(i) it is closed under the action of the functors Diff ;' (-, -) and D;(-),
(ii) the functors Diff " (P, ), Diff; (-, Q) and D;(-) are representable in D, where
P, ) are objects of D.

When it is necessary to indicate the category explicitely, we use the nota-
tions Diff;(P,Q;D),Di(P;D), etc. In the case D = M(A), we write simply
Diff\ (P, Q; A), D;(P; A), etc.

As an example consider the following situation. Let M be a smooth (i.e.
C*°-class) finite-dimensional manifold and set A =4 C>°(M). Let 71 E — M,
& F — M be two smooth locally trivial finite-dimensional vector bundles over
M and P =T(n), Q = T'(§) be corresponding A-modules of smooth sections.

PROPOSITION 9.2. The module Diff; (P, Q) coincides with the module of kth
order differential operators acting from the bundle = to . The module D(A)
coincides with the module of vector fields on the manifold M.

However if one constructs representative objects for the functors Diff (P, -) and
D;(+) in the category M(A), the modules 7*(P) and A will not coincide with
‘geometrical’ jets and differential forms.

DEFINITION 9.3. A module P over C*°(M) is called geometrical, if (¢ tta P
= 0, where p,, is the ideal in C°>°(M) consisting of functions vanishing at the
point z € M.
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Denote by G(M) the full subcategory of M(A) whose objects are geometrical
C>°(M)-modules. Let P be an A-module and set G(P) =det P/ Npers Mo P EVi-
dently, G(P) is a geometrical module while the correspondence P = G(P) isa
functor form M(C*°(M)) to G(M), if for any homomorphism ¢ € homu (P, Q)
one sets G(y) = .

PROPOSITION 9.4. Let M be a smooth finite-dimensional manifold and A =
C*°(M). Then

(i) The category G(A) of geometrical A-modules is differentially closed.

(i) The representative objects for the functors Diff,(P,-) and D;(:) in G(A)
coincide with G(7%(P)) and G(A?) respectively.

(iii) The module G(A?) coincide with the module of differential i-forms on M.

(iv) If P = I'(m) for a smooth locally trivial finite-dimensional vector bun-
dle 1 E — M, then the module G(J*(P)) coincide with T'(r}), where
mp JF(m) — M is the bundle of k-jets for the bundie 7.

Another example of a differentially closed category is the category of filtered
geometrical modules over a filtered algebra. This category is essential to con-
struct differential calculus over manifolds of infinite jets and infinitely prolonged
differential equations (see detailsin [1]).

Note in conclusion that the logical structure of the above described theory is
generalized onto a noncommutative case asit is shown in the paper by A. M. Ver-
bovetsky [3] published in this issue of Acta Applicandae Mathematicae.
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