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Abstra
t. The purpose of this paper is to give an exposition of material dealing with 
onstru
tive

logi
s, typed �-
al
uli, and linear logi
. The �rst part of this paper gives an exposition of ba
k-

ground material (with a few ex
eptions). This se
ond part is devoted to linear logi
 and proof nets.

Parti
ular attention is given to the algebrai
 semanti
s (in Girard's terminology, phase semanti
s)

of linear logi
. We show how phase spa
es arise as an instan
e of a Galois 
onne
tion. We also give

a dire
t proof of the 
orre
tness of the Danos-Regnier 
riterion for proof nets. This proof is based

on a purely graph-theoreti
 de
omposition lemma. As a 
orollary, we give an O(n

2

)-time algorithm

for testing whether a proof net is 
orre
t. Although the existen
e of su
h an algorithm has been

announ
ed by Girard, our algorithm appears to be original.

�
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1 Core Linear Logi
 and Propositional Linear Logi


In Girard's linear logi
 [6℄, the 
onne
tives ^ and _ are split into two versions: the multipli
ative

version of ^ and _, denoted as 
 and

}

, and the additive version of ^ and _, denoted as & and

�. The 
onstants > (truth) and ? (falsity) are also split into their multipli
ative version 1 and

?, and their additive version > and 0. We 
onfess having some diÆ
ulties remembering Girard's

notation for the 
onne
tives and 
onstants, and we propose to use the following notation whi
h we

�nd reasonably motivated semanti
ally, and thus easier to memorize. The multipli
ative version of

^ and _ is denoted as 
 (
alled tensor) and ℄ (
alled par), and the additive version of ^ and _ is

denoted as & and �. The 
onstants > (truth) and ? (falsity) have their multipli
ative version I

and ?, and their additive version 1 and 0. We also have linear impli
ation, denoted as �Æ (whi
h

is a multipli
ative), and linear negation, denoted as

?

. For pedagogi
al reasons, we feel that it is

preferable to present the inferen
e rules of linear logi
 in terms of two-sided sequents � � �, with

expli
it rules for linear negation (

?

). One 
an then show that negation is an involution satisfying De

Morgan-like properties, and that every proposition is equivalent to another proposition in \negation

normal form", in whi
h negation only applies to atoms. Thus, it is possibe to des
ribe linear logi


in terms of one-sided sequents � �, and this is the approa
h originally followed by Girard [6℄. The

presentation using one-sided sequents also has the te
hni
al advantage of 
utting down in half the

number of 
ases to be 
onsidered in proving properties of the logi
, 
ut elimination for example.

On the other hand, the presentation using two-sided sequents is better suited if one is interested

in the \intuitionisti
 fragment" of linear logi
 in whi
h the righthand side � of a sequent � � �


ontains at most one proposition.

De�nition 1.1 The axioms and inferen
e rules of the system Lin

0

for 
ore linear logi
 are given

below.

Axioms:

A � A

� I ?�

� � �;1 0;� � �

Cut Rule:

� � A;� A;� � �

�;� � �;�

(
ut)

Multipli
ative Rules:

A;B;� � �

A
B;� � �

(
: left)

� � �; A � � �; B

�;� � �;�; A
B

(
: right)

A;� � � B;� � �

A ℄ B;�;� � �;�

(℄: left)

� � �; A;B

� � �; A ℄ B

(℄: right)

� � �; A B;� � �

A �Æ B;�;� � �;�

(�Æ: left)

A;� � �; B

� � �; A �Æ B

(�Æ: right)
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� � �; A

A

?

;� � �

(

?

: left)

A;� � �

� � �; A

?

(

?

: right)

� � �

I;� � �

(I: left)

� � �

� � �;?

(?: right)

Additive Rules:

A;� � �

A & B;� � �

(&: left)

B;� � �

A & B;� � �

(&: left)

� � �; A � � �; B

� � �; A & B

(&: right)

A;� � � B;� � �

A�B;� � �

(�: left)

� � �; A

� � �; A�B

(�: right)

� � �; B

� � �; A�B

(�: right)

The fragment of linear logi
 involving the formulae, axioms, and rules, 
ontaining only the

multipli
ative 
onne
tives 
, ℄,

?

, I, and ?, is 
alled multipli
ative linear logi
.

From the above rules, it is 
lear (as in 
lassi
al logi
) that linear negation is involutive, i.e., both

A � A

??

and A

??

� A are provable, and that both (A �Æ B) � (A

?

℄ B) and (A

?

℄ B) � (A �Æ B)

are provable. We also have the following \De Morgan" properties of linear negation over 
; ℄ on

the one hand, and &;� on the other hand, namely that the following sequents are provable:

(A
B)

?

� A

?

℄ B

?

; A

?

℄ B

?

� (A
B)

?

;

(A ℄ B)

?

� A

?


B

?

; A

?


B

?

� (A ℄ B)

?

;

(A & B)

?

� A

?

�B

?

; A

?

�B

?

� (A & B)

?

;

(A�B)

?

� A

?

& B

?

; A

?

& B

?

� (A�B)

?

:

It is very easy to show that linear negation ex
hanges on the one hand I and ?, and on the other

hand 1 and 0, formally expressed by the provability of the following sequents:

I

?

�?; ?� I

?

;

1

?

� 0; 0 � 1

?

:

It is also useful to note that in writing sequents, the meaning of the 
omma (,) is overloaded.

In a sequent A

1

; : : : ; A

m

� B

1

; : : : ; B

n

, on the lefthand side, the 
omma is an \un
ommitted" 
,

but on the righthand side, the 
ommma is an \un
ommitted" ℄. The di�eren
e between 
 and &

is illustrated by the fa
t that the sequents

(A �Æ B) & (A �Æ C) � (A �Æ (B & C)) and A �Æ B;A �Æ C � ((A
A) �Æ (B 
 C))

are provable, but that the sequent A �Æ B;A �Æ C � (A �Æ (B
C)) is not provable. The additive


onne
tives require resour
e sharing, but the multipli
ative disallow it.
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Sin
e 
ontra
tion and weakening have been eliminated, 
ore linear logi
 is not very expressive.

In order to regain expressiveness, new formulae involving the exponentials ! (of 
ourse) and ? (why

not) are introdu
ed. Then, weakening and 
ontra
tion are reintrodu
ed, but in a 
ontrolled manner.

The inferen
e rules for the exponentials are given in the next de�nition. If � = A

1

; : : : ; A

n

, then

!� =!A

1

; : : : ; !A

n

, and ?� =?A

1

; : : : ; ?A

n

.

De�nition 1.2 The rules for the exponentials are given below.

A;� � �

!A;� � �

(dereli
tion: left)

� � �; A

� � �; ?A

(dereli
tion: right)

� � �

!A;� � �

(weakening: left)

� � �

� � �; ?A

(weakening: right)

!�; A � ?�

!�; ?A � ?�

(?: left)

!� � A; ?�

!� � !A; ?�

(!: right)

!A; !A;� � �

!A;� � �

(
ontra
tion: left)

� � �; ?A; ?A

� � �; ?A

(
ontra
tion: right)

The system Lin

!;?

0

for propositional linear logi
 is obtained from the system Lin

0

by adding the

inferen
e rules of De�nition 1.2. We 
an show easily that linear negation ex
hanges ! and ?, in the

sense that the following sequents are provable:

(!A)

?

�?A

?

?A

?

� (!A)

?

;

(?A)

?

�!A

?

!A

?

� (?A)

?

:

Using (?: left), (!: right), (dereli
tion: left), and (dereli
tion: right), it is easy to show that ! and

? are idempotent, in the sense that the following sequents are provable:

!!A � !A !A � !!A;

??A � ?A ?A � ??A:

The best way to understand linear negation is to think in terms of a
tion and rea
tion, or

(output, answer) and (input, question). Thus, an a
tion of type A (answer of type A) 
orresponds

to a rea
tion of type A

?

(question of type A

?

). We 
an adopt the 
onvention that an o

urren
e

of a formula A on the lefthand side of a sequent � � � 
orresponds to a rea
tion, or input (or

question), and an o

urren
e of A on the righthand side of a sequent 
orresponds to an a
tion,

or output (or answer). Intuitiveley, the a
tion !A has the meaning that an a
tion of type A is

reusable, or 
an be dupli
ated as many times as ne
essary. It also 
orresponds to the idea of

storage. Dually, the a
tion ?A has the meaning that the a
tion of type A 
an be 
onsumed as many

times as ne
essary. It also 
orresponds to the idea of reading from memory. The intuitive meaning

of the rule

!� � A; ?�

!� � !A; ?�

(!: right)
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is more easily grasped if we 
onsider its intuitionisti
 version

!� � A

!� � !A

(!: right)

where � = ;. This rule says that sin
e all inputs in !� are reusable, and A is an output 
onsequen
e

of !�, then in fa
t, as many 
opies as needed of the a
tion A 
an be output from !�. Thus, this


orresponds to storing the a
tion A in memory. Similarly, the intuitive meaning of the rule

� � �; A

� � �; ?A

(dereli
tion: right)

is that the a
tion of type ?A is read (retrieved) from memory, the intuitive meaning of

� � �

� � �; ?A

(weakening: right)

is that the a
tion of type ?A is erased , and the intuitive meaning of

� � �; ?A; ?A

� � �; ?A

(
ontra
tion: right)

is that the a
tion of type ?A is dupli
ated .

It is possible to prove the following sequents, showing a form of distributivity of ! over & and


, and of ? over � and ℄.

Lemma 1.3 The following sequents are provable

?(A�B) � ?A ℄ ?B ?A ℄ ?B � ?(A�B);

!(A & B) � !A 
 !B !A 
 !B � !(A & B):

Remark : We 
an introdu
e a new 
onne
tive, linear equivalen
e, denoted by the symbol Æ�Æ,

and write the obvious inferen
e rules for it. Alternatively, we 
an take the formula A Æ�Æ B as an

abbreviation for (A �Æ B) & (B �Æ A). Then, for example, the provability of the two sequents

?(A � B) � ?A ℄ ?B and ?A ℄ ?B � ?(A � B) 
an be written as the provability of the formula

?(A�B) Æ�Æ (?A ℄ ?B).

In view of the fa
t that linear negation is an involution, it is possible to give a more 
on
ise

des
ription of linear logi
 if we restri
t ourselves to right-sided sequents, that is, sequents of the

form � �. This is possible be
ause the sequent A

1

; : : : ; A

m

� B

1

; : : : ; B

n

is provable i� the sequent

� A

?

1

; : : : ; A

?

m

; B

1

; : : : ; B

n

is provable. We 
an go further by taking advantage of the De Morgan

properties noted earlier. Thus, we 
an write formulae in negation normal form, where negation is

pushed in all the way so that it applies only to atomi
 formulae. In this formulation, negation is no

longer a 
onne
tive. We have positive literals of the form A where A is atomi
, and negative literals

of the form A

?

where A is atomi
. We 
onstru
t formulae using the 
onne
tives 
, ℄, &, �, !, and
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?, and we only need the 
ontants ? and 1. We de�ne A �Æ B as an abbrevation for A

?

℄ B, and

the negation of a formula is de�ned indu
tively as follows:

I

?

=?;

?

?

= I;

1

?

= 0;

0

?

= 1;

(A)

?

= A

?

; for A a positive literal;

(A

?

)

?

= A; for A

?

a negative literal;

(A
B)

?

= A

?

℄ B

?

;

(A ℄ B)

?

= A

?


B

?

;

(A & B)

?

= A

?

�B

?

;

(A�B)

?

= A

?

& B

?

;

(!A)

?

= ?A

?

;

(?A)

?

= !A

?

:

The inferen
e rules are immediately rewritten for right-sided sequents. The only minor di�eren
e

is that (!: right) is now written as

� ?�; A

� ?�; !A

(!: right)

2 Representing Intuitionisti
 Logi
 into Linear Logi


It is possible to represent Intuitionisti
 Logi
 into Linear Logi
 via the following translation.

De�nition 2.1 Given a formula A of propositional logi
, its translation A

i

in linear logi
 is de�ned

as follows:

A

i

= A when A is atomi
;

(A ^B)

i

= A

i

& B

i

;

(A _B)

i

= !A

i

� !B

i

;

(A � B)

i

= !A

i

�Æ B

i

;

(:A)

i

= !A

i

�Æ 0;

?

i

= 0:

Given an intuitionisti
 sequent A

1

; : : : ; A

m

� B, its translation is de�ned as the sequent

!A

i

1

; : : : ; !A

i

m

� B

i

. This translation preserves intuitionisti
 provability and is 
onservative, as

shown in the following lemma.

Lemma 2.2 Given a sequent � � C of intuitionisti
 logi
, if � � C is provable in G

�;^;_;?

i

, then

its translation !�

i

� C

i

is provable in linear logi
 Lin

!

0

. Conversely, if the translation !�

i

� C

i

of

a sequent � � C is provable in linear logi
 Lin

!;?

0

, then � � C is provable in G

�;^;_;?

i

.
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Proof . One needs to show that the translated version of the axioms and the inferen
e rules

of G

�;^;_;?

i

are provable in Lin

!

0

, whi
h is indeed the 
ase. The point is that ! is added by the

translation when ne
essary to allow weakening or 
ontra
tion on the left, and this allows the

simulation of the rules of G

�;^;_;?

i

. The provability of the sequent !(A �Æ B) � !A �Æ!B is also

needed. For the 
onverse, there is a diÆ
ulty with the 
onstant 0. If we 
onsider the fragment not

involving 0, we need to know that the 
ut elimination theorem holds for Lin

!;?

0

, whi
h was proved

by Girard [6℄ (see also Lin
oln, Mit
hell, S
edrov, and Shankar [8℄), and we simply need to observe

that a 
ut-free proof of an intuitionisti
 sequent over �Æ, &, �, and !, only involves intuitionisti


sequents. Thus, su
h a proof yields an intuitionisti
 proof if we erase ! and repla
e the additive


onne
tives by the standard 
onne
tives �, ^, _. A more 
omplex argument is needed in order to

handle 0 (see S
hellinx [11℄).

Classi
al logi
 
an also be represented in linear logi
.

3 Representing Classi
al Logi
 into Linear Logi


Given a 
lassi
al sequent A

1

; : : : ; A

m

� B

1

; : : : ; B

n

, we will 
onsider that the o

urren
es of

B

1

; : : : ; B

n

are positive, and that the o

urren
es of A

1

; : : : ; A

m

are negative. Consequently, the

translation makes use of signed formulae of the form pA and nA. Given � = A

1

; : : : ; A

m

, then

p� = pA

1

; : : : ; pA

m

, and n� = nA

1

; : : : ; nA

m

.

De�nition 3.1 Given a formula A of propositional logi
, its translations pA




and nA




in linear

logi
 are de�ned as follows:

pA




= nA




= A when A is atomi
;

(p:A)




= (nA




)

?

;

(n:A)




= (pA




)

?

;

(pA ^B)




= ?pA




& ?pB




;

(nA ^B)




= nA




& nB




;

(pA _B)




= pA




� pB




;

(nA _B)




= !nA




� !nB




;

(pA � B)




= (nA




)

?

� pB




;

(nA � B)




= !(pA




)

?

� !nB




:

Given a 
lassi
al sequent � � �, its translation is de�ned as the sequent !n�




�?p�




, where

n�




= nA




1

; : : : ; nA




m

if � = A

1

; : : : ; A

m

, and similarly for p�




. This translation preserves 
lassi
al

provability and is 
onservative, as shown in the following lemma.

Lemma 3.2 Given a sequent � � � of 
lassi
al logi
, if � � � is provable in G

�;^;_;:




, then its

translation !n�




�?p�




is provable in linear logi
 Lin

!;?

0

. Conversely, if the translation !n�




�?p�




of a sequent � � � is provable in linear logi
 Lin

!;?

0

, then � � � is provable in G

�;^;_;:




.

Proof . One needs to show that the translated version of the axioms and the inferen
e rules of

G

�;^;_;:




are provable in Lin

!

0

, whi
h is indeed the 
ase. The point is that ! and ? are added by the
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translation when ne
essary to allow weakening or 
ontra
tion, and this allows the simulation of the

rules of G

�;^;_;:




. We also use the equivalen
es ?(A�B) Æ�Æ (?A ℄ ?B) and !(A & B) Æ�Æ (!A 
 !B).

For the 
onverse, we need the fa
t that the 
ut elimination theorem holds for Lin

!;?

0

, whi
h

was proved by Girard [6℄ (see also Lin
oln, Mit
hell, S
edrov, and Shankar [8℄). Then, we simply

observe that a 
ut-free proof of the translation of a 
lassi
al sequent only involves translations of


lassi
al sequents. Thus, su
h a proof yields a 
lassi
al proof if we erase the 
onne
tives ! and ?, and

repla
e the additive 
onne
tives and

?

by the standard 
onne
tives �, ^, _, : (it is also ne
essary

to simulate (�: right) and (&: left) with the rules of G

�;^;_;:




, but this is standard).

Remark : The above proof shows that the following translation for pA^B, nA_B, and nA � B,

also works:

(pA ^B)




= ?pA





 ?pB




;

(nA _B)




= !nA




℄ !nB




;

(nA � B)




= ?pA




�Æ !nB




:

We now 
onsider one of the possible semanti
s for linear logi
, \phase semanti
s".

4 Closure Operations, Galois Conne
tions, Adjun
tions

Phase semanti
s due to Girard [6℄ is an algebrai
 semanti
s for linear logi
. A
tually, this semanti
s

turns out to be an instan
e of a well known 
on
ept of latti
e theory (Galois 
onne
tions). We

believe that phase semanti
s 
an be understood better if it is presented expli
itly in terms of a

Galois 
onne
tion. Thus, we will begin by reviewing some basi
 notions of latti
e theory, the

notion of 
losure operation and the notion of Galois 
onne
tion (see Birkho� [3℄). The relationship

between phase semanti
s and Galois 
onne
tions has been noted by Avron [2℄.

De�nition 4.1 Let I be a set. A fun
tion

y

: 2

I

! 2

I

is a 
losure operation on 2

I

i� the following

properties hold: For all X;Y � I,

(1) X � X

y

;

(2) X

yy

� X

y

;

(3) X � Y implies X

y

� Y

y

.

From (1) and (2), it is 
lear that X

yy

= X

y

. A set X is 
alled 
losed i� X

y

= X. It is 
lear

that X is 
losed i� X = Y

y

for some Y . The set of 
losed subsets of I is denoted as I

y

.

Observe that the set I

y

of 
losed subsets of I is 
losed under arbitrary interse
tions. Given

a family (A

j

)

j 2J

of 
losed sets in I

y

, sin
e

T

j 2J

fA

j

g � A

j

for every j 2 J , by monotoni
ity

(property (3) in De�nition 4.1), we have (

T

j 2J

fA

j

g)

y

� A

y

j

for every j 2 J , whi
h is equivalent

to (

T

j 2J

fA

j

g)

y

� A

j

, sin
e A

y

j

= A

j

for every j 2 J be
ause the A

j

are 
losed subsets. Thus,

(

T

j 2J

fA

j

g)

y

�

T

j 2J

fA

j

g. The in
lusion

T

j 2J

fA

j

g � (

T

j 2J

fA

j

g)

y

follows from 
ondition (1).

Remark : If we drop 
ondition (3) of De�nition 4.1 and add the two 
onditions:

(0) ;

y

= ;, and
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(3

0

) (A [B)

y

= A

y

[B

y

,

then we obtain one of the possible de�nitions of a topology (the Kuratowski 
losure axioms).

Indeed, we 
an de�ne the family of open sets of the topology as the 
omplements of the 
losed

subsets of I. One 
an also verify easily that (3

0

) implies (3).

The set I

y

of 
losed subsets of I 
an be naturally given the stru
ture of a 
omplete latti
e. For

the (easy) proof, see Birkho� [3℄.

Theorem 4.2 Given a set I and a 
losure operation

y

on 2

I

, if we de�ne the operations

W

and

V

on the set I

y

of 
losed subsets of I by

^

j 2J

fA

j

g =

\

j 2J

fA

j

g;

_

j 2J

fA

j

g = (

[

j 2J

fA

j

g)

y

;

then I

y

is a 
omplete latti
e under in
lusion.

If

y

is a 
losure operation whi
h is inje
tive on singleton sets (i.e., fxg

y

6= fyg

y

whenever x 6= y),

then the mapping x 7! fxg

y

is a natural embedding of I into the 
omplete latti
e of 
losed subsets.

If I is equiped with a binary operation, say �, then we de�ne XY = fx � y j x 2 X; y 2 Y g, and

we extend � to the 
omplete latti
e I

y

by de�ning X � Y = (XY )

y

.

A way to de�ne 
losure operations is via Galois 
onne
tions.

De�nition 4.3 Let I and J be two sets and R be a binary relation on I � J . Given any two

subsets X � I and Y � J , we de�ne (with a slight ambiguity of notation) the sets X

�

� J and

Y

+

� I as follows:

X

�

= fy 2 J j 8x 2 X; xRyg;

Y

+

= fx 2 I j 8y 2 Y; xRyg:

We have the following lemma showing that �+ is a 
losure operation on 2

I

, and that +� is a


losure operation on 2

J

. The proof 
an be found in Birkho� [3℄.

Lemma 4.4 Given a binary relation R on I � J , the following properties hold: For all X;X

0

� I

and Y; Y

0

� J ,

(1) X � X

0

implies X

0�

� X

�

and Y � Y

0

implies Y

0+

� Y

+

;

(2) X � X

�+

, Y � Y

+�

, X

�+�

= X

�

, Y

+�+

= Y

+

;

(3) �+ and +� are 
losure operations on 2

I

and 2

J

respe
tively. Furthermore, the mappings

X 7! X

�

and Y 7! Y

+

de�ne a dual isomorphism

1

between the 
omplete latti
es of 
losed subsets

of I and J .

The dual isomorphisms X 7! X

�

and Y 7! Y

+

are 
alled polarities, and they are said to de�ne

a Galois 
onne
tion between I and J .

In parti
ular, if � is a partial order on I = J , by taking R = �, then y = �+ is a 
losure

operation. Note that for X � I, X

�

is the set of upper bounds of X, denoted as upper (X), X

+

is

1

A dual isomorphism h between posets is a bije
tion whi
h is anti-monotoni
, i.e., a � b implies h(b) � h(a).
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the set of lower bounds of X, denoted as lower (X), X

�+

= lower (upper (X)), and fxg

y

= fxg

�+

=

fy j y � xg (the prin
ipal ideal generated by x). The natural mapping x 7! fxg

�+

is an embedding

of hI;�i into the 
omplete latti
e of 
losed subsets of I, and this embedding preserves all existings

least upper bounds and greatest lower bounds (in fa
t, I is dense in this latti
e). It is also 
alled

the \Ma
 Neille 
ompletion", or \
ompletion by 
uts". Furthermore, if � is an involution on I,

that is, x = �� x, and x � y implies � y � � x for all x; y 2 I, then we 
an extend � to I

y

by

de�ning

� X = f� y j y 2 X

�

g:

It is easily veri�ed that we get an involution.

A parti
ularly interesting 
ase arises when I = J and R is symmetri
. In this 
ase, � = +, and

the 
losure operation is y = ��. Also, the operation on the set I

y

= I

��

of 
losed subsets de�ned

by X 7! X

�

is an involution with some ni
e properties. We de�ne 1 = ;

�

= I, and 0 = I

�

= ;

��

.

It is immediately veri�ed that 1 is the greatest element of I

��

, and that 0 is its least element.

Lemma 4.5 Given a symmetri
 relation R on a set I, for any family (A

j

)

j 2J

of 
losed sets in

I

y

= I

��

, we have

(

[

j 2J

fA

j

g)

�

=

\

j 2J

fA

�

j

g;

(

\

j 2J

fA

j

g)

�

= (

[

j 2J

fA

�

j

g)

��

;

(

^

j 2J

fA

j

g)

�

=

_

j 2J

fA

�

j

g;

(

_

j 2J

fA

j

g)

�

=

^

j 2J

fA

�

j

g:

Proof . We have

a 2 (

[

j 2J

fA

j

g)

�

i�

8b(b 2 (

[

j 2J

fA

j

g) � aRb); i�

8b(9j 2 J (b 2 A

j

) � aRb); i�

8j 2 J 8b(b 2 A

j

� aRb); i�

8j 2 J (a 2 A

�

j

); i�

a 2

\

j 2J

fA

�

j

g:

Sin
e the A

j

are 
losed we have A

��

j

= A

j

, and the se
ond identity follows from the �rst by applying

� to both sides, and repla
ing ea
h A

j

by A

�

j

. Sin
e by de�nition,

^

j 2J

fA

j

g =

\

j 2J

fA

j

g;

_

j 2J

fA

j

g = (

[

j 2J

fA

j

g)

��

;

the last two identities follow from the �rst two and the fa
t that X

���

= X

�

.

11



If R is irre
exive, that is, 8x 2 I:(xRx), then X ^ X

�

= ; and X _ X

�

= I. Indeed,

a 2 X \ X

�

implies aRa, whi
h shows that X ^ X

�

= ;. The other equality follows by duality.

If R is symmetri
 and we also have a binary operation � on I, we 
an extend � to I

��

by de�ning

X � Y = (XY )

��

. We also de�ne k by X k Y = (X

�

� Y

�

)

�

= (X

�

Y

�

)

�

. We 
an immediately verify

that X � Y = (X

�

k Y

�

)

�

. We have the following useful properties.

Lemma 4.6 Given a symmetri
 relation R on a set I and a binary operation � on I, then for any

family (A

j

)

j 2J

of 
losed sets in I

y

= I

��

and any B 2 I

y

, we have

_

j 2J

f(A

j

� B)g = ((

[

j 2J

fA

j

g)B)

��

; (

_

j 2J

fA

j

g) � B = ((

[

j 2J

fA

j

g)

��

B)

��

;

^

j 2J

f(A

j

k B)g = ((

[

j 2J

fA

�

j

g)B

�

)

�

; (

^

j 2J

fA

j

g) k B = ((

[

j 2J

fA

�

j

g)

��

B

�

)

�

:

Proof . Using the fa
t that X k Y = (X

�

Y

�

)

�

and that

V

j 2J

fA

j

g =

T

j 2J

fA

j

g, we have

a 2

^

j 2J

f(A

j

k B)g i�

a 2

\

j 2J

f(A

j

k B)g; i�

a 2

\

j 2J

f(A

�

j

B

�

)

�

g; i�

8j 2 J(a 2 (A

�

j

B

�

)

�

); i�

8j 2 J 8b(b 2 A

�

j

B

�

� aRb); i�

8b(9j 2 J(b 2 A

�

j

B

�

) � aRb); i�

8b(b 2 (

[

j 2J

fA

�

j

g)B

�

� aRb); i�

a 2 ((

[

j 2J

fA

�

j

g)B

�

)

�

:

On the other hand,

a 2 (

^

j 2J

fA

j

g) k B i�

a 2 ((

\

j 2J

fA

j

g)

�

B

�

)

�

; i�

a 2 ((

[

j 2J

fA

�

j

g)

��

B

�

)

�

:

Using the fa
t that X � Y = (X

�

k Y

�

)

�

and that (

V

j 2J

fA

j

g)

�

=

W

j 2J

fA

�

j

g by Lemma 4.5,

the �rst equality follows from the third, and the se
ond one follows by unwinding the de�nitions

X � Y = (XY )

��

and

W

j 2J

fA

j

g = (

S

j 2J

fA

j

g)

��

.

In general, we only have the in
lusions

_

j 2J

f(A

j

� B)g � (

_

j 2J

fA

j

g) � B; (

^

j 2J

fA

j

g) k B �

^

j 2J

f(A

j

k B)g:
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Equality holds when R has additional properties. For example, this is the 
ase when pRq � r

holds i� p � qRr holds. For this, we need the following lemma whi
h will also be useful later.

Lemma 4.7 If the relation R is symmetri
 and pRq � r holds i� p � qRr holds, then

p 2 (X � Y

�

)

�

i� 8q(q 2 X � p � q 2 Y ):

Proof . By the de�nitions, p 2 (X � Y

�

)

�

i� p 2 (XY

�

)

�

i� 8u(u 2 XY

�

� pRu), i�

8u(9q9r(q 2 X ^ r 2 Y

�

^ u = q � r) � pRu);

i�

8u

�

9q9r(q 2 X ^ 8t(t 2 Y � rRt) ^ u = q � r) � pRu

�

;

i�

8u8q8r

�

(q 2 X ^ 8t(t 2 Y � rRt) ^ u = q � r)) � pRu

�

;

i�

8q8r

�

(q 2 X ^ 8t(t 2 Y � rRt)) � pRq � r

�

:

Now assume that there is some q su
h that q 2 X but p � q =2 Y . Letting t = p � q in the above

formula, (t 2 Y � rRt) is trivially false, and thus, we have

8r(pRq � r):

However, by the hypothesis, pRq � r holds i� p � qRr holds, and so 8r(p � qRr) holds, that is,

p � q 2 I

�

= 0. But we know that 0 is the smallest element of I

��

, and so 0 � Y , whi
h implies that

p � q 2 Y , 
ontradi
ting the assumption p � q =2 Y . Thus, we have shown that if p 2 (X � Y

�

)

�

then 8q(q 2 X � pRq 2 Y ). The 
onverse it easier to show. For every q and r, if we assume that

(q 2 X � p � q 2 Y ) and (q 2 X ^ 8t(t 2 Y � rRt));

then by letting t = p � q, we get rRp � q, whi
h is equivalent to pRq � r, by symmetry of R and the

fa
t that pRq � r holds i� p � qRr holds.

Note that (X � Y

�

)

�


an be taken as the semanti
 de�nition of X �Æ Y , sin
e in linear logi
,

X �Æ Y is equivalent to X

?

℄ Y . Thus, the fa
t that p 2 (X � Y

�

)

�

i� 8q(q 2 X � p � q 2 Y )

should not be a total surprise to those who know about Kripke semanti
s.

Lemma 4.8 If the relation R is symmetri
, � has an identity 1, and pRq � r holds i� p � qRr

holds, then for any family (A

j

)

j 2J

of 
losed sets in I

y

= I

��

and any B 2 I

y

, we have

B k (

^

j 2J

fA

j

g) =

^

j 2J

f(B k A

j

)g; B � (

_

j 2J

fA

j

g) =

_

j 2J

f(B � A

j

)g;

B k 1 = 1; B � 0 = 0:
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Proof . By Lemma 4.7, p 2 (XY

�

)

�

i� 8q(q 2 X � p � q 2 Y ). Sin
e X k Y = (X

�

Y

�

)

�

,

p 2 B k (

^

j 2J

fA

j

g) i�

p 2 B k (

\

j 2J

fA

j

g); i�

8q

�

q 2 B

�

� p � q 2 (

\

j 2J

fA

j

g)

�

; i�

8q(q 2 B

�

� 8j 2 J(p � q 2 A

j

)); i�

8j 2 J 8q(q 2 B

�

� p � q 2 A

j

); i�

8j 2 J(p 2 (B

�

A

�

j

)

�

); i�

8j 2 J(p 2 (B k A

j

)); i�

p 2

\

j 2J

f(B k A

j

)g; i�

p 2

^

j 2J

f(B k A

j

)g:

The spe
ial 
ase where J = ; is handled easily, and yields B k 1 = 1 and B � 0 = 0. The other

equality follows from duality.

One should note that an argument symmetri
 to the one used in Lemma 4.7 shows that p 2

(X

�

Y )

�

i� 8q(q 2 Y � q � p 2 X). Therefore, under the hypotheses of Lemma 4.8, we also obtain

the following identities, without appealing to the 
ommutativity of �:

(

^

j 2J

fA

j

g) k B =

^

j 2J

f(A

j

k B)g; (

_

j 2J

fA

j

g) � B =

_

j 2J

f(A

j

� B)g:

Another important 
on
ept is that of an adjun
tion. The 
on
ept of adjun
tion is 
entral in


ategory theory (see Ma
Lane [9℄), but for our purposes, we only need to de�ne it for partially

ordered sets.

De�nition 4.9 Given two partially ordered sets hA;�i and hB;�i, for any two monotoni
 fun
-

tions f :A ! B and g:B ! A, f is a left adjoint to g (and g is a right adjoint to f) i� for all

x 2 A, y 2 B,

f(x) � y i� x � g(y):

First, observe that if a fun
tion f has a right adjoint g, then it must be unique, even if f and

g are not monotoni
.

Lemma 4.10 If f has a right adjoint g, then g is unique, even if f and g are not monotoni
.

Furthermore, g(y) is the greatest element of the set fx 2 A j f(x) � yg, and f(x) is the least

element of the set fy 2 B j x � g(y)g.

Proof. Sin
e f(x) � y i� x � g(y), for x = g(y), we get f(g(y)) � y i� g(y) � g(y). Sin
e

� is re
exive, g(y) � g(y) always holds, and thus f(g(y)) � y for all y 2 B. Now, assume that

g

1

and g

2

are two right adjoints of f . Sin
e g

2

is a right adjoint of f , f(x) � y i� x � g

2

(y). In

14



parti
ular, for x = g

1

(y), f(g

1

(y)) � y i� g

1

(y) � g

2

(y). But sin
e g

1

is also a right adjoint of f ,

we know that f(g

1

(y)) � y for all y 2 B, and thus g

1

(y) � g

2

(y) for all y 2 B. The argument

being symmetri
, we also have g

2

(y) � g

1

(y) for all y 2 B, and by antisymmetry of �, we have

g

1

(y) = g

2

(y) for all y 2 B. Consider the set fx 2 A j f(x) � yg. Sin
e f(g(y)) � y for all y 2 B,

we have g(y) 2 fx 2 A j f(x) � yg. If f(x) � y, sin
e g is a right adjoint of f , then x � g(y), and

thus g(y) is an upper bound for the set fx 2 A j f(x) � yg. Sin
e g(y) also belongs to this set, it

is its greatest element. The 
ase of f(x) is treated in a similar fashion.

Other properties of adjoints are given in the next lemma.

Lemma 4.11 (i) Two monotoni
 fun
tions f :A ! B and g:B ! A are adjoints i� f(g(y)) � y

and x � g(f(x)) for all y 2 B, x 2 A. (ii) When f and g are adjoints, then f = fgf , g = gfg,

and f and g restri
t to bije
tions between fa 2 A j a = g(f(a))g and fb 2 B j b = f(g(b))g.

Proof. (i) We have already shown in Lemma 4.10 that if f and g are adjoints, then f(g(y)) � y

for all y 2 B and x � g(f(x)) for all x 2 A. Conversely, if we assume that f(x) � y, by

monotoni
ity of g, we have g(f(x)) � g(y), and sin
e x � g(f(x)) holds, we get x � g(y). If we

assume that x � g(y), then by monotoni
ity of f , we have f(x) � f(g(y)), and sin
e f(g(y)) � y

holds, we get f(x) � y. Thus, f and g are adjoints. (ii) Sin
e x � g(f(x)) holds, by monotoni
ity

of f , we have f(x) � f(g(f(x))). Sin
e f(g(y)) � y holds for all y, then f(g(f(x))) � f(x). By

antisymmetry, we get f(x) = f(g(f(x))) for all x 2 A. The proof of the other identity is similar,

and the last part of (ii) follows easily.

Another 
ru
ial property of left adjoints is that they preserve all existing lubs of A.

Lemma 4.12 If two monotoni
 fun
tions f :A ! B and g:B ! A are adjoints, then f preserves

all lubs existing in A, and g preserves all glbs existing in B.

Proof. Assume that S � A and that

W

S exists. By monotoni
ity of f , we have f(x) � f(

W

S)

for all x 2 S, and thus

W

ff(x) j x 2 Sg � f(

W

S). On the other hand, if f(x) � b for all x 2 S,

sin
e f and g are adjoints, we have x � g(b) for all x 2 S, and thus

W

S � g(b). Using on
e again

the fa
t that f and g are adjoints, we have f(

W

S) � b, whi
h shows that f(

W

S) =

W

ff(x) j x 2 Sg.

The argument for g is symmetri
.

Lemma 4.12 gives a ne
essary 
ondition for the existen
e of adjoints. By Lemma 4.10, the value

of g(y) is the greatest element of the set fx 2 A j f(x) � yg. Thus, if all lubs exist in A and f

preserves all lubs, it seems likely that its right adjoint g exists. This fundamental fa
t is indeed

true. In the 
ase of (nondegenerate) 
ategories, this fundamental theorem due to Peter Freyd is

known as the \Adjoint Fun
tor Theorem". The proof of the general theorem involves a te
hni
al


ondition know as the \solution set 
ondition", but fortunately, in the 
ase of posets, this 
ondition

is always satis�ed (see Ma
Lane [9℄).

Lemma 4.13 [Adjoint Fun
tor Theorem, after Freyd℄ Let hA;�i and hB;�i be two partially

ordered sets, and f :A ! B a monotoni
 fun
tion. If all lubs exist in A and f preserves all lubs,

then f has a right adjoint g:B ! A given by g(y) =

W

fz 2 A j f(z) � yg.

Proof. We know from Lemma 4.10 that g(y) =

W

fz 2 A j f(z) � yg is the only possible


andidate. It is immediately veri�ed that su
h a g is monotoni
. Sin
e f preserves existing lubs,

we have

f(g(y)) = f(

_

fz 2 A j f(z) � yg) =

_

ff(z) 2 A j f(z) � yg � y:
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By the de�nition of g(y), we also have g(f(x)) =

W

fz 2 A j f(z) � f(x)g � x. Thus, f(g(y)) � y

and x � g(f(x)) for all y 2 B, x 2 A, whi
h by Lemma 4.11 shows that f and g are adjoints.

The notion of adjun
tion yields an interesting generalization of the 
on
ept of Galois 
onne
tion

that we now des
ribe. First, we 
onsider the 
on
ept of a 
losure operation in an arbitrary partially

ordered set.

De�nition 4.14 Let hA;�i be a partially ordered set. A fun
tion

y

:A! A is a 
losure operation

on A i� the following properties hold: For all X;Y 2 A,

(1) X � X

y

;

(2) X

yy

� X

y

;

(3) X � Y implies X

y

� Y

y

.

Note that De�nition 4.1 
orresponds to the spe
ial 
ase where the poset A is some power set

2

I

and the partial order is in
lusion. Re
alling that a binary relation R on I � J indu
es two

fun
tions �: 2

I

! 2

J

and +: 2

J

! 2

I

satisfying the properties of Lemma 4.4, we 
an de�ne a Galois


onne
tion between two posets hA;�i and hB;�i as a pair h�;+i of fun
tions su
h that �:A! B

and +:B ! A are order-reversing and su
h that X � X

�+

and Y � Y

+�

for all X 2 A and

Y 2 B. But then, in view of Lemma 4.11, this is almost equivalent to saying that � and + are

adjoints. The reason this is not exa
tly 
orre
t is that � and + are order-reversing rather than

being order-preserving, and the inequality Y � Y

+�

is in the wrong dire
tion. We 
an �x this

problem easily. Given any poset hA;�i, we de�ne the dual poset hA

op

;�

op

i su
h that A

op

= A and

x �

op

y i� y � x. Then, �:A ! B

op

and +:B

op

! A are monotoni
 and X � X

�+

and Y � Y

+�

express that they are adjoints. Thus, we are led to the following de�nition (see Birkho� [3℄ and

Ma
Lane [9℄).

De�nition 4.15 Given two posets hA;�i and hB;�i, two monotoni
 fun
tions �:A ! B

op

and

+:B

op

! A form a Galois 
onne
tion between A and B i� � is a left adjoint to +, that is, for all

X 2 A, Y 2 B,

X

�

� Y i� X � Y

+

:

The following generalization of Lemma 4.4 is immediate.

Lemma 4.16 Given a Galois 
onne
tion h�;+i between two posets A and B, for all X 2 A and

Y 2 B, the following properties hold:

(1) X � X

�+

, Y � Y

+�

, X

�+�

= X

�

, Y

+�+

= Y

+

;

(2) �+ and +� are 
losure operations on A and B respe
tively.

We 
an now apply the above 
onsiderations to the de�nition of the phase semanti
s. We begin

with 
ore linear logi
.
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5 Phase Semanti
s

We �rst de�ne 
ore Girard stru
tures. These stru
tures 
onsist of a 
arrier equipped with two

overlapping algebrai
 stru
tures: a (
ommutative) monoid stru
ture to interpret the multipli
a-

tives, and a latti
e stru
ture to interpret the additives. Similar stru
tures have been 
onsidred by

Avron [2℄,

De�nition 5.1 A 
ore Girard stru
ture is a quintuple D = hD;�; �; 1;�i, satisfying the following


onditions:

(1) hD;�i is a 
omplete latti
e;

(2) � is an involution on D;

(3) hD; �; 1i is a 
ommutative monoid with identity 1;

(4) The monoid operation � is monotoni
 in ea
h of its arguments, i.e., if a � a

0

and b � b

0

,

then a � b � a

0

� b

0

.

(5) De�ning k su
h that a k b = � (� a �� b), we have

a � b � 
 i� a � � b k 
.

We 
an prove easily that the 
ondition a � b � 
 i� a � � b k 
, is equivalent to the 
ondition

a � b i� 1 � � a k b. Indeed, assuming that a � b � 
 i� a � � b k 
 holds, using the fa
t that 1 is

an identity for �, setting a = 1, we obtain b � 
 i� 1 � � b k 
. Conversely, assuming that a � b i�

1 � � a k b holds, we have a � b � 
 i� 1 � � (a � b) k 
, that is a � b � 
 i� 1 � (� a k� b) k 
.

Sin
e k is asso
iative, this is equivalent to a � b � 
 i� 1 � � a k (� b k 
). But we also have

a � � b k 
 i� 1 � � a k (� b k 
), and thus a � b � 
 i� a � � b k 
.

Letting 0 = � 1, the 
ondition a � b � 
 i� a � � b k 
 is also equivalent to the 
ondition a � b

i� a �� b � 0. This follows immediately from the fa
t that � is an involution.

A 
ore Girard prestru
ture is a 
ore Girard stru
ture where D is a latti
e (not ne
essarily


omplete) having a greatest element denoted as 1 and a least element denoted as 0, where � is

monotoni
 in ea
h of its arguments.

In a 
ore Girard stru
ture, it is immediately veri�ed that 0 is an identity for k, and that

� (

^

j 2J

fa

j

g) =

_

j 2J

f� a

j

g;

� (

_

j 2J

fa

j

g) =

^

j 2J

f� a

j

g:

What is more interesting is the fa
t that � preserves arbitrary least upper bounds. This follows

from the fa
t that a 7! a � b is a left adjoint of a 7!� b k a.

Lemma 5.2 Given a Girard stru
ture D = hD;�; �; 1;�i, for every family (a

j

)

j 2J

of elements of

D, for every b 2 D, we have

(

_

j 2J

fa

j

g) � b =

_

j 2J

f(a

j

� b)g; b � (

_

j 2J

fa

j

g) =

_

j 2J

f(b � a

j

)g;

In parti
ular, 
orresponding to the 
ase J = ;, we have 0 � b = b � 0 = 0.
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Proof . First, we note that 1 = � 0 k 0, the greatest element of D. Sin
e 0 is the least element

of D, for every a 2 D we have 0 � � a k 0. But 0 � � a k 0 i� 0 � a � 0, i� a � 0 � 0 (sin
e � is


ommutative), i� a � � 0 k 0. Thus, 1 = � 0 k 0. As a 
onsequen
e, a � 0 = 0, sin
e a � 0 � 0

i� a � � 0 k 0 = 1, and 0 is the least element of D. Note that 
onditions (2) and (4) imply

that a 7! a � b and a 7!� b k a are monotoni
 (for any b), and 
ondition (5) implies that they are

adjoint. Thus, by Lemma 4.12, a 7! a � b preserves least upper bounds. The other identities follow

by 
ommutativity of �.

In fa
t, it is possible to de�ne an intuitionisti
 version of Girard stru
tures whi
h is interesting

in its own right. Su
h stru
tures were investigated by Abrus
i [1℄, Ono [10℄, and Troelstra [12℄.

De�nition 5.3 A 
ore intuitionisti
 Girard stru
ture is a tupleD = hD;�; �; 1; 0;�Æ;�i, satisfying

the following 
onditions:

(1) hD;�i is a 
omplete latti
e with least element 0 and greatest element 1;

(2) � a = a �Æ 0, for every a 2 D (where 0 is a distinguished element of D);

(3) hD; �; 1i is a 
ommutative monoid with identity element 1;

(4) if a � a

0

and b � b

0

, then a � b � a

0

� b

0

and a

0

�Æ b � a �Æ b

0

;

(5) a � b � 
 i� a � b �Æ 
.

A 
ore intuitionisti
 Girard stru
ture is 
lassi
al i� a = �� a for all a 2 D. It will be shown

below that 
ore Girard stru
tures as de�ned in De�nition 5.1 and 
lassi
al 
ore intuitionisti
 Girard

stru
tures are equivalent. We also have the following properties.

Lemma 5.4 The following properties hold for 
ore intuitionisti
 Girard stru
tures.

(i) 1 = 0 �Æ 0 is the greatest element of D;

(ii) For every family (a

j

)

j 2J

of elements of D, for every b 2 D, we have

(

_

j 2J

fa

j

g) � b =

_

j 2J

f(a

j

� b)g; b � (

_

j 2J

fa

j

g) =

_

j 2J

f(b � a

j

)g;

In parti
ular, 
orresponding to the 
ase J = ;, we have 0 � b = b � 0 = 0.

(iii) a �Æ (b �Æ 
) = (a � b) �Æ 
;

(iv) For a 
lassi
al stru
ture, a �Æ b = � (a �� b), 0 = � 1, and a _ b = � (� a ^ � b).

Proof . (i) Sin
e a � b � 
 i� a � b �Æ 
 and 0 is the least element of D, we have for every a 2 D,

0 � a �Æ 0, i� 0 � a � 0, i� a � 0 � 0 (by 
ommutativity of �), i� a � 0 �Æ 0. Thus, 1 = 0 �Æ 0.

(ii) Note that 
ondition (4) of De�nition 5.3 expresses that �:D �D ! D and �Æ:D

op

�D ! D

are monotoni
 (where D

op

is equipped with the order �

op

su
h that x �

op

y i� y � x), and that (5)

says that x 7! x � y is left adjoint to x 7! y �Æ x. By Lemma 4.12, x 7! x � y preserves least upper

bounds. The other identities follow by 
ommutativity of �. (iii) u � a �Æ (b �Æ 
) i� u � a � b �Æ 


i� u � a � b � 
 i� u � (a � b) �Æ 
. (iv)

� (a �� b) = (a �� b) �Æ 0

= a �Æ (� b �Æ 0) (by (iii))

= a �Æ (�� b) sin
e � x = x �Æ 0

= a �Æ b sin
e b = �� b:
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In parti
ular, � 1 = 1 �Æ 0 = � (1 �� 0) = �� 0 = 0, and thus 0 = � 1. From 
ondition (4) of

De�nition 5.3, x � y implies that � y � � x. Sin
e we also have �� x = x, � is an involution,

and a _ b = � (� a ^ � b) follows.

One 
an also show as an easy exer
ise that 
ondition (4) of De�nition 5.3 
an be repla
ed by

the identity

a � (b _ 
) = (a � b) _ (a � 
):

We observed in the proof of Lemma 5.4 that �:D �D ! D and �Æ:D

op

�D ! D are monotoni
,

and that (5) says that x 7! x � y is left adjoint to x 7! y �Æ x. It is possible to develop 
ategori
al

semanti
s for linear logi
 inspired by these observations. We now return to (
lassi
al) 
ore linear

logi
.

We 
an interpret formulae of 
ore linear logi
 as follows. Given any mapping v, 
alled a val-

uation, assigning some element v(P ) 2 D to every atomi
 symbol P , we extend v to formulae

indu
tively as follows:

De�nition 5.5 Given a 
ore Girard (pre)stru
ture D, a valuation v is extended to formulae as

follows:

v(I) = 1;

v(?) = 0;

v(1) = 1;

v(0) = 0;

v(A

?

) = � v(A);

v(A
B) = v(A) � v(B);

v(A ℄ B) = v(A) k v(B);

v(A & B) = v(A) ^ v(B);

v(A�B) = v(A) _ v(B);

where ^ and _ are the latti
e operations on D.

Note that the fa
t that D is 
omplete is not needed for this de�nition to make sense, just the

existen
e of a least and a greatest element. Given a sequent � � � where � = A

1

; : : : ; A

m

and

� = B

1

; : : : ; B

n

, we de�ne

v(� � �) =� v(A

1

) k � � � k� v(A

m

) k v(B

1

) k � � � k v(B

n

):

The set T

D

= fa 2 D j 1 � ag is 
alled a truth subset of D. Given a sequent � � �, we say

that v satis�es � � � in D i� v(� � �) 2 T

D

, i.e., 1 � v(� � �). If � = A

1

; : : : ; A

m

and

� = B

1

; : : : ; B

n

, then 1 � v(� � �) is equivalent to

v(A

1

) � : : : � v(A

m

) � v(B

1

) k � � � k v(B

n

);

or to

v(A

1

) � : : : � v(A

m

) �� v(B

1

) � : : : �� v(B

n

) � 0:
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In the spe
ial 
ase m = 0, the 
ondition 1 � v(� �) is equivalent to

1 � v(B

1

) k � � � k v(B

n

);

and in the spe
ial 
ase n = 0, the 
ondition 1 � v(� �) is equivalent to

v(A

1

) � : : : � v(A

m

) � 0:

The 
ondition 1 � v(� � �) is also denoted as D j= (� � �)[v℄. We say that � � � is valid in D,

denoted as D j= � � �, i� D j= (� � �)[v℄ for every v, and �nally we say that � � � is universally

valid , denoted as j= � � �, i� D j= � � � for all D. If we 
onsider sequents of the spe
ial form

� A where A is a formula, we obtain the notion of satisfa
tion, validity, and universal vality, for

formulae. A universal formula is also 
alled a linear tautology .

The soundness of the interpretation de�ned above is easily shown.

Lemma 5.6 If � � � is provable in linear logi
, then for every 
ore Girard (pre)stru
ture D and

every valuation v, D j= (� � �)[v℄. As a 
orollary, � � � is valid.

Proof . The veri�
ation pro
eeds by indu
tion on proof trees. It amounts to 
he
king the

soundness of the axioms and of the proof rules. We 
he
k only a few 
ases, as the veri�
ation is

straightforward. Consider the rule

� � �; A � � �; B

�;� � �;�; A
B

(
: right)

Thus, we 
an assume that 1 � v(� � �; A) and 1 � v(� � �; B). By (5) and De�nition 5.5, this

is equivalent to

v(�) � v(�

?

) � v(A); and v(�) � v(�

?

) � v(B);

where v(�) = v(A

1

) � : : : � v(A

m

) if � = A

1

; : : : ; A

m

, and v(�

?

) = � v(B

1

) � : : : �� v(B

n

) if

� = B

1

; : : : ; B

n

. By monotoni
ity of �, we have

v(�) � v(�) � v(�

?

) � v(�

?

) � v(A) � v(B);

that is

v(�;�) � v(�

?

;�

?

) � v(A
B);

whi
h means that

1 � v(�;� � �;�; A
B):

Consider the rule

A;B;� � �

A
B;� � �

(
: left)

By hypothesis, 1 � v(A;B;� � �). By (5), this is equivalent to

v(A) � v(B) � v(�) � v(�

?

) � 0;

that is

v(A
B) � v(�) � v(�

?

) � 0;
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whi
h means that

1 � v(A
B;� � �):

Consider the 
ut rule

� � A;� A;� � �

�;� � �;�

(
ut)

By assumption, we have 1 � v(� � A;�) and 1 � v(A;� � �). By (5) and De�nition 5.5, this is

equivalent to

v(�) � v(�

?

) � v(A); and v(�) � v(�

?

) �� v(A):

By monotoni
ity of �, we have

v(�) � v(�) � v(�

?

) � v(�

?

) � v(A) �� v(A):

However, from a � a, we have a �� a � 0, and so

v(�) � v(�) � v(�

?

) � v(�

?

) � 0;

that is

v(�;�) � v(�

?

;�

?

) � 0;

whi
h means that

1 � v(�;� � �;�):

The 
ase of the additives follows from the fa
t that ^ 
orresponds to greatest lower bound and _


orresponds to least upper bound.

Note that the fa
t that D is 
omplete is not used anywhere in the proof. We now turn to

Girard's phase stru
tures [6℄, and show their equivalen
e with 
ore Girard stru
tures.

De�nition 5.7 A phase stru
ture P is a quadruple hP; �; 1;?i, where

(1) hP; �; 1i is a 
ommutative monoid with identity 1;

(2) ? is a distinguished subset of P , the set of antiphases.

The set P is 
alled the set of phases.

De�nition 5.8 Given a phase stru
ture P, for any subset X of P , its dual X

?

is de�ned by

X

?

= fp 2 P j 8q 2 X; p � q 2?g:

A subset X of P su
h that X = X

??

is 
alled a fa
t . Observe that ?= f1g

?

. We de�ne

I =?

?

= f1g

??

, 1 = ;

?

= P , and 0 = 1

?

.

We 
an now establish the 
onne
tion with 
losure operations. Given a phase stru
ture P, if we

de�ne the binary relation R on P su
h that

xRy i� x � y 2?;
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then we have a Galois 
onne
tion su
h that

X

�

= X

+

= fp 2 P j 8q 2 X; p � q 2?g = X

?

;

and by Lemma 4.4, X 7! X

??

is a 
losure operation. By Theorem 4.2, the set of fa
ts, i.e., the

set P

y

of 
losed subsets of P , is a 
omplete latti
e. It is immediately veri�ed that 1 = P is the

greatest element of P

y

, and that 0 is its least element. The operation � 
an be extended to P

y

and

we 
an de�ne an involution � on P

y

by setting

X 
 Y = (XY )

??

; � X = X

?

:

It should be noted that in order for

?

to be an involution, that is, to have X

�

= X

+

= X

?

,

it is not a
tually required that � be 
ommutative. What we need is that R be symmetri
, whi
h

holds i� ? satis�es the following property:

x � y 2? i� y � x 2? :

Abrus
i [1℄ 
alls su
h a ? 
y
li
. Obviously, ? is 
y
li
 when � is 
ommutative. When ? is 
y
li


but � is not 
ommutative, Abrus
i 
alls the 
orresponding stru
ture a 
y
li
 
lassi
al phase spa
e [1℄

(as opposed to a 
ommutative 
lassi
al phase spa
e). We have not found yet situations where the

more general 
ondition of 
y
li
ity of ? is preferable to the 
ommutativity of �. Thus, from now

on, we assume � to be 
ommutative. However, non
ommutative phase spa
es are interesting sin
e

they lead to non
ommutative linear logi
, investigated by Absrus
i (among others).

When � is 
ommutative, it is immediately veri�ed that hP

y

;
; Ii is a 
ommutative monoid with

I as its identity. If we de�ne X ℄ Y = (X

?


 Y

?

)

?

= (X

?

Y

?

)

?

, then we also have a monoid

stru
ture hP

y

; ℄;?i with ? as its identity. The latti
e operations on P

y

are de�ned as in Theorem

4.2, but it will be 
onvenient to regroup all these de�nitions:

X 
 Y = (XY )

??

; X ℄ Y = (X

?

Y

?

)

?

;

X ^ Y = X \ Y; X _ Y = (X [ Y )

??

:

Thus, P

y

is pra
ti
ally a 
ore Girard stru
ture. For this, we need a lemma.

Lemma 5.9 Given a phase stru
ture P, the following properties hold: (1) For any two fa
ts X;Y �

P , we have X � Y i� X 
 Y

?

�?. (2) the operation 
 is monotoni
 in ea
h argument (in fa
t,


 preserves arbitrary least upper bounds).

Proof . In order to prove (1), we �rst apply Lemma 4.7 to the relation R de�ned su
h that xRy

i� x � y 2?. Therefore, we have p 2 (X 
 Y

?

)

?

i� 8q(q 2 X � p � q 2 Y ).

In view of the above equivalen
e, p 2 X 
 Y

?

i� p 2 (X 
 Y

?

)

??

i�

8q(q 2 (X 
 Y

?

)

?

� p � q 2?);

i�

8q(8r(r 2 X � q � r 2 Y ) � p � q 2?):
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This means that X 
 Y

?

�? is equivalent to

8p

�

8q(8r(r 2 X � q � r 2 Y ) � p � q 2?) � p 2?

�

: (a)

Now, observe that if ?= P , then X

?

= P for every X � P , and then all fa
ts are equal to P . In

this degenerated 
ase, (1) holds trivially. Thus, we 
an assume that there is some p 2 P su
h that

p =2?. Assume that

8q(8r(r 2 X � q � r 2 Y ) � p � q 2?)

holds. In parti
ular, we 
an pi
k q = 1, and assume that

8r(r 2 X � r 2 Y ) � p 2?

holds. Also assume that there is some r su
h that r 2 X but r =2 Y . Sin
e (r 2 X � r 2 Y ) is

false, the impli
ation

8r(r 2 X � r 2 Y ) � p 2?

holds trivially, and from (a), this implies that p 2?, 
ontradi
ting the 
hoi
e of p. Thus,X
Y

?

�?

implies that X � Y . Conversely, assume that X � Y holds. For every p, if

8q(8r(r 2 X � q � r 2 Y ) � p � q 2?)

holds, then this holds for q = 1, and sin
e 8r(r 2 X � r 2 Y ) also holds, we 
on
lude than p 2?,

establishing that X 
 Y

?

� ? holds. This 
on
ludes the proof of (1). Property (2) follows from

Lemma 4.8. In fa
t, by Lemma 4.12, the preservation of least upper bounds is also a 
onsequen
e

of property (1) just proved above.

Putting things together, we have the following lemma showing that every phase stru
tures gives

rise to a 
ore Girard stru
ture.

Lemma 5.10 Given a phase stru
ture P = hP; �; 1;?i, if we de�ne X
Y = (XY )

??

and I =?

?

,

then D = hP

??

;�;
; I;

?

i is a 
ore Girard stru
ture, the latti
e operations being de�ned by X^Y =

X \ Y and X _ Y = (X [ Y )

??

.

Proof . This follows from Lemma 5.9 and the fa
t that

??

is a 
losure operation.

Girard de�nes validity in a phase stru
ture almost as we did in De�nition 5.5, but in terms of

valuations into the set of fa
ts of P , and P j= A[v℄ holds i� 1 2 v(A) (see Girard [6℄). Re
all that

I = f1g

??

. Thus, given any fa
t X, if 1 2 X then f1g � X, whi
h implies f1g

??

� X

??

, that is

I � X, sin
e X is a fa
t (X = X

??

). Conversely, if I � X, sin
e I = f1g

??

, then 1 2 X. Thus, for

a fa
t X, we have 1 2 X i� I � X. This establishes the equivalen
e of Girard's notion of validity

in terms of phase stru
tures and the notion given in De�nition 5.5.

Interestingly, every 
ore Girard stru
ture arises from a phase stru
ture, as shown in the following

lemma.

Lemma 5.11 Given a 
ore Girard stru
ture D = hD;�; �; 1;�i, if we de�ne the set ? by ? =

fx 2 D j x � 0g, then P = hD; �; 1;?i is a phase stru
ture su
h that the 
ore Girard stru
ture

D

0

= hD

??

;�;
; I;

?

i de�ned in Lemma 5.10 is isomorphi
 to D.
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Proof . Given any subset X of D, let lower (X) denote the set of lower bounds of X and

upper (X) denote the set of upper bounds of X. Also, let � X = f� x j x 2 Xg. One easily veri�es

that X

?

= lower (� X), upper (X) =� lower (� X), and X

??

= lower (upper (X)). Thus, sin
e D

is a 
omplete latti
e, every fa
t X

??

= lower (upper (X)) of P 
orresponds uniquely to the lower

ideal lower (

W

X), whi
h itself 
orresponds uniquely to

W

X. This mapping establishes a bije
tion

between D and D

0

, and it is easily 
he
ked that it is an isomorphism.

In Lemma 5.6, we have shown that the semanti
s given by 
ore Girard stru
tures (or equivalently

phase stru
tures) is sound with respe
t to the proof system. We 
an also show that the proof system

is 
omplete w.r.t. this semanti
s.

Lemma 5.12 If a sequent � � � is valid (in phase semanti
s), then it is provable in Lin

0

.

Proof . First of all, note that it is enough to prove 
ompleteness for sequents of the form � A,

i.e. propositions. At least two proofs 
an be given. The �rst one, suggested by Avron [2℄, 
onsists

in two steps. The �rst step is to prove 
ompleteness w.r.t. 
ore Girard prestru
tures. For this,

de�ne an equivalen
e relation � on propositions as follows: A � B i� both sequents A � B

and B � A are provable. Then, de�ne an algebrai
 stru
ture on the set D of equivalen
e 
lasses

modulo � by setting

1 = [1℄;

0 = [0℄;

1 = [I℄;

0 = [?℄;

[A℄ k [B℄ = [A ℄ B℄;

[A℄ � [B℄ = [A
B℄;

[A℄ _ [B℄ = [A�B℄;

[A℄ ^ [B℄ = [A & B℄;

� [A℄ = [A

?

℄;

and de�ne [A℄ � [B℄ i� A � B is provable. One 
an then 
he
k that D = hD;�; �; 1;�i is a 
ore

Girard prestru
ture. Note that 1 � [A℄ i� A is provable. If we pi
k the valuation v su
h that

v(P ) = [P ℄ for every atom P , then v(A) = [A℄, and if A is valid, then in parti
ular D j= A[v℄, that

is 1 � [A℄, and thus A is provable. The se
ond step is to show that every 
ore Girard prestru
ture


an be embedded into a 
ore Girard stru
ture, and this in preserving existing least upper bounds

and greatest lower bounds. This is easily shown by using the Ma
 Neille 
ompletion and Theorem

4.2.

The se
ond proof due to Girard 
onsists in produ
ing a parti
ular phase stru
ture and a par-

ti
ular valuation, su
h that validity amounts to provability (see Girard [6℄). This 
onstru
tion

appears to be another way of 
onstru
ting the stru
ture D de�ned in the �rst proof, in terms of

a phase stru
ture. Note that the set M of �nite multisets of formulae is a 
ommutative monoid

under multiset union (� � � = �;�), with identity ;. If we let ? = f� j � � is provableg, we


an 
he
k that the sets of the form

Pr(A) = f� j � �; A is provableg;
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are fa
ts, be
ause Pr(A) = Pr(A

?

)

?

. If we de�ne the valuation v su
h that v(P ) = Pr(P ) for

every atom P , we 
an 
he
k that v(A) = Pr(A). Sin
e A is valid, D j= A[v℄, that is, ; 2 Pr(A),

and thus A is provable.

We now extend the above semanti
s to (full) linear logi
. For this, we need to add a unary

operation to interpret the 
onne
tive ! (of 
ourse).

De�nition 5.13 A Girard stru
ture is a sextuple G = hG;�; �; 1;�; i su
h that the quintuple

hG;�; �; 1;�i is a 
ore Girard stru
ture, and :G! G is a unary operator satisfying the following

properties: for all x; y 2 G,

(1) (1) = 1;

(2) (x) � x;

(3) ( (x)) = (x);

(4) (x) � (y) = (x ^ y).

De�nition 5.5 is extended to the exponentials as follows:

v(!A) = (v(A));

v(?A) =� (� v(A)):

The following lemma is needed to show soundness of this semanti
s.

Lemma 5.14 In every Girard stru
ture, the following properties hold:

(1) (x) � 1;

(2) (x) � y � y;

(3) (x) � (x) = (x);

(4) If x � y then (x) � (y);

(5) If 1 � x then (x) = 1;

(6) If (x) � y then (x) � (y);

(7) If x

1

� : : : � x

n

� y then (x

1

) � : : : � (x

n

) � (y).

Proof . These properties are easy to prove. Property (1) holds be
ause

(x) = (x) � 1 = (x) � (1) = (x ^ 1) � x ^ 1 � 1:

For (2), sin
e by (1), (x) � 1, by monotoni
ity of �, we have (x) � y � 1 � y = y. For (3),

(x) � (x) = (x ^ x) = (x). For (4), If x � y then x = x ^ y. Thus, (x) = (x ^ y) =

(x) � (y) � (y), by (2). It is 
lear that (5) follows from (1) and (4). If (x) � y, by (4),

we have ( (x)) � (y), and sin
e ( (x)) = (x), we have (x) � (y). Sin
e (x) � x, if

x

1

� : : : � x

n

� y then (x

1

) � : : : � (x

n

) � y. Sin
e (x) � (y) = (x^ y), we have (x

1

) � : : : �

(x

n

) = (x

1

^ : : : ^ x

n

), and so (x

1

^ : : : ^ x

n

) � y. By (6), we get (x

1

^ : : : ^ x

n

) � (y),

that is (x

1

) � : : : � (x

n

) � (y).
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Lemma 5.15 If � � � is provable in linear logi
, then for every Girard stru
ture G and every

valuation v, G j= (� � �)[v℄. As a 
orollary, � � � is valid.

Proof . Immediate by Lemma 5.14.

We now give the following 
onstru
tion whi
h shows how a Girard stru
ture arises from a 
ore

Girard stru
ture.

Theorem 5.16 Let G = hG;�; �; 1;�; i be a Girard stru
ture. The set F de�ned by F = fx 2

G j x = (x)g satis�es the following properties:

(1) F is 
losed under arbitrary least upper bounds. In parti
ular, 0 2 F ;

(2) F is 
losed under �;

(3) x � x = x for every x 2 F ;

(4) The identity element 1 is the greatest element of F .

Furthermore, for every a 2 G, (a) =

W

fx 2 F j x � ag.

Conversely, given a 
ore Girard stru
ture hG;�; �; 1;�i and a subset F of G satisfying the

properties (1){(4), then if we de�ne by (a) =

W

fx 2 F j x � ag, the sextuple G =

hG;�; �; 1;�; i is a Girard stru
ture.

Proof . Let fx

j

g

j 2J

be any family of elements from F , i.e., su
h that (x

j

) = x

j

for all i 2 J .

Sin
e x

j

�

W

j 2J

fx

j

g, by monotoni
ity of (proved in Lemma 5.14), (x

j

) � (

W

j 2J

fx

j

g), and

sin
e (x

j

) = x

j

for all i 2 J , we have x

j

� (

W

j 2J

fx

j

g), and thus

_

j 2J

fx

j

g � (

_

j 2J

fx

j

g):

Sin
e (

W

j 2J

fx

j

g) �

W

j 2J

fx

j

g holds by property (2) of the de�nition of (De�nition 5.13), we

have

(

_

j 2J

fx

j

g) =

_

j 2J

fx

j

g;

showing that F is 
losed under nonempty least upper bounds. Sin
e (x) � x for all x 2 G, in

parti
ular (0) � 0, whi
h implies that (0) = 0, sin
e 0 is the least element of G. Therefore, F

is 
losed under arbitrary least upper bounds.

For x; y 2 F , we have x � y = (x) � (y) = (x ^ y), by property (4) of the de�nition of

. Thus, (x � y) = ( (x ^ y)) = (x ^ y), by property (3) of the de�nition of . Therefore,

(x � y) = x � y.

For any x 2 F , we have x � x = (x) � (x) = (x ^ x) = (x) = x. Therefore, x � x = x.

Sin
e (x) � 1 by property 1 of the de�nition of , for any x 2 F , we have x = (x) � 1.

Also, by Lemma 5.14, (1) = 1. Therefore, 1 is the greatest element of F .

For every x 2 F , by monotoni
ity of , x � a implies (x) � (a), that is x � (a), sin
e

(x) = x. But we also have ( (a)) = (a), that is, (a) 2 F , and thus

W

fx 2 F j x � ag = (a)

for every a 2 G. This 
on
ludes the proof of the �rst half of the theorem.
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Conversely, assume that F has the properties (1){(4), and de�ne su
h that (a) =

W

fx 2

F j x � ag. First, note that sin
e F is 
losed under arbitrary least upper bounds, (a) 2 F for

every a 2 G, and obviously, (a) = a if a 2 F .

Clearly, (a) � a for all a 2 G, property (2) of the de�nition of .

Sin
e 1 is the greatest element of F , we also have (a) � 1 for all a 2 G, property (1) of the

de�nition of .

Sin
e F is 
losed under arbitrary least upper bounds, (a) =

W

fx 2 F j x � ag 2 F , and thus,

( (a)) =

W

fy 2 F j y � (a)g = (a), property (3) of the de�nition of .

Sin
e x � 1 for every x 2 F , for x; y 2 F , we have x � y � x � 1 = x and x � y � 1 � y = y,

whi
h implies that x � y � x ^ y. Thus, a � b �

W

fx 2 F j x � a ^ bg, that is, a � b � (a ^ b),

whi
h implies (a) � (b) � (a ^ b), sin
e (a) � a, and (b) � b. Also, sin
e � distributes over

W

,

(a) � (b) = (

_

fx 2 F j x � ag) � (

_

fy 2 F j y � bg)

=

_

fx � y j x; y 2 F; x � a; y � bg:

Sin
e (a ^ b) � a ^ b � a, (a ^ b) � a ^ b � b, (a ^ b) 2 F , and z � z = z for all z 2 F , we

have (a ^ b) � (a) � (b). Therefore, (a) � (b) = (a ^ b), property (4) of the de�nition of

. This 
on
ludes the proof of the se
ond half of the theorem.

One 
an show that in every 
ore Girard stru
ture G, the subset

F = fx 2 G j x � x = x and x � 1g

satis�es the properties of Theorem 5.16. Thus, we obtain the following lemma, showing that every


ore Girard stru
ture 
an be extended to a Girard stru
ture.

Lemma 5.17 Every 
ore Girard stru
ture G 
an be extended to a Girard stru
ture by de�ning the

operator su
h that (a) =

W

fx � a ^ 1 j x � x = xg.

Another interesting property of showing that it is the �xed point of some simple operators is

given in the following lemma.

Lemma 5.18 In every Girard stru
ture G, for every a 2 G, we have the following identities:

(1) (a) = (a ^ 1) � (a),

and

(2) (a) = (a ^ 1) ^ ( (a) � (a)).

Proof . First, we prove (1). (i) Re
all from Lemma 5.14 that (a) � (a) = (a). (ii) We have

(a) = (a) � 1 = (a) � (1) = (a ^ 1). (iii) If x � 1, then x � y � y, sin
e x � y � 1 � y = y.

Sin
e a ^ 1 � 1, using (iii), we have (a ^ 1) � (a) � (a). Using (ii) and the fa
t that (x) � x

for every x 2 G, we have (a) = (a ^ 1) � a ^ 1. Using (i) and the monotoni
ity of �, we have

(a) = (a) � (a) � (a ^ 1) � (a). Therefore, (a) = (a ^ 1) � (a), as desired. We now prove

(2). Sin
e (a) � (a) = (a), we just have to prove that (a) = (a ^ 1) ^ (a). Sin
e (a) � a

and (a) � 1, we have (a) � a ^ 1, and thus (a) = (a ^ 1) ^ (a).
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Lemma 5.18 shows that (a) is a �xed point of the operator x 7! (a ^ 1) � x, for every a 2 G

(and also of the operator x 7! (a ^ 1) ^ (x � x)). Sin
e G is a 
omplete latti
e, and this operator

is monotoni
, by Tarski's �xed point theorem, the set of �xed points of this operator is a 
omplete

latti
e. In parti
ular, sin
e � distributes over

W

, the least �xed point of this operator is given by

the expression

_

n�1

O

n

(a ^ 1):

This 
onne
tion probably deserves further investigations. The interest in the identity (a) =

(a ^ 1) ^ ( (a) � (a)) stems from the fa
t that it implies the properties: (i) (a) � a; (ii)

(a) � 1; and (iii) (a) � (a) = (a) (due to Yves Lafont). In turn, these properties imply the

soundness of the inferen
e rules (dereli
tion: left), (weakening: left), and (
ontra
tion: left). Thus,

we obtain an equivalent proof system for linear logi
 if we add the axiom !A Æ�Æ (A & I) & (!A 
 !A)

and delete the above rules. By duality, we obtain an equivalent proof system for linear logi
 if we

add the axiom ?A Æ�Æ (A � ?) � (?A ℄ ?A) and delete the rules (dereli
tion: right), (weakening:

right), and (
ontra
tion: right).

In order to interpret ! and ?, Girard de�nes an extension of the notion of phase stru
ture that

he 
alls a topolinear spa
e (see Girard [6℄). We give this de�nition and 
ompare it with De�nition

5.13.

De�nition 5.19 A topolinear spa
e is a triple hP;?; F i, where P is a phase stru
ture, and F is a

subset of P , the set of 
losed fa
ts, having the following properties:

(1) F is 
losed under arbitrary &. In parti
ular, 1 2 F ;

(2) F is 
losed under (�nite) ℄ (par);

(3) x ℄ x = x for every x 2 F ;

(4) The fa
t ? is the least element of F .

The linear negation of a 
losed fa
t is 
alled an open fa
t .

Given a topolinear spa
e, given a valuation v, the fa
t v(!A) is de�ned as the greatest open fa
t

in
luded in v(A), and v(?A) is de�ned as the least 
losed fa
t 
ontaining v(A). In other words:

v(!A) = (

[

fX

?

j X 2 F; X

?

� v(A)g)

??

; v(?A) =

\

fX 2 F j X � v(A)g:

Using the 
orresponden
e between 
ore Girard stru
tures and phase stru
tures given by Lemma

5.10, it is 
lear that the subset F of Theorem 5.16 is the 
olle
tion of open fa
ts of Girard's topolinear

spa
e, and that the de�nition of v(?A) 
orresponds exa
tly to the de�nition (a) =

W

fx 2 F j x �

ag (by the de�nition of the least upper bound of a fa
t).

As in the 
ase of 
ore Girard stru
tures, not only do we have soundness, but also 
ompleteness.

Lemma 5.20 If a sequent � � � is valid (in Girard stru
tures), then it is provable in Lin

!;?

0

.

Proof . As in Lemma 5.12, at least two proofs are possible. The �rst proof is an extension of

Avron's proof [2℄. It is ne
essary to extend the operation de�ned on D by ([!A℄) =![A℄, to the


ompletion by 
uts D

y

of the 
ore prestru
ture D. For every y 2 D

y

, we de�ne

y

(y) =

_

ff (x)g

y

j x 2 D; fxg

y

� yg:
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Using the fa
t that � distributes over arbitrary least upper bounds, we 
an prove that

y

has the

required properties (in parti
ular, that

y

(a) �

y

(b) =

y

(a ^ b)).

The other proof is due to Girard (see [6℄). It is a generalization of the proof that we sket
hed in

Lemma 5.12. We 
onsider the phase stru
ture 
onsisting of the 
ommutative monoid of multisets

of formulae, and de�ne F to be the family of arbitrary interse
tions of fa
ts of the form Pr(?A).

One 
an then prove that a topolinear spa
e is indeed obtained (this uses the fa
t that ℄ distributes

over arbitrary interse
tions). Then, it is easy to prove that ?Pr(A) = Pr(?A), and 
ompleteness

follows immediately.

Presently, has the property that (a) � (b) = (a ^ b), and it is also easy to verify that

(a^ b) � (a)^ (b), but in general, we do not have (a^ b) = (a)^ (b). In the next se
tion,

we propose to modify the proof rules and the semanti
s so that !A
 !B and !A & !B are equivalent.

6 A Variation On the Semanti
s of the Conne
tive !

On the semanti
 side, we strengthen De�nition 5.13 as follows.

De�nition 6.1 A Girard topostru
ture is a sextuple G = hG;�; �; 1;�; i su
h that the quintuple

hG;�; �; 1;�i is a 
ore Girard stru
ture, and :G! G is a unary operator satisfying the following

properties: for all x; y 2 G,

(1) (1) = 1;

(2) (x) � x;

(3) ( (x)) = (x);

(4) (x) � (y) = (x ^ y).

(5) (x ^ y) = (x) ^ (y).

From (4) and (5), we have that (x) � (y) = (x) ^ (y). De�nition 5.5 is extended to the

exponentials as before:

v(!A) = (v(A));

v(?A) =� (� v(A)):

We add the following rules to the de�nition of the rules for the exponentials

De�nition 6.2

!A; !B;� � �

!A & !B;� � �

(! &: left)

� � �; ?A; ?B

� � �; ?A� ?B

(?�: right)

The system obtained by adding the rules of De�nition 6.2 to the rules of the system Lin

!;?

0

is

denoted as Lin

!;?;!&;?�

0

. Soundness is easily obtained.
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Lemma 6.3 If � � � is provable in the system of linear logi
 Lin

!;?;!&;?�

0

, then for every Girard

topostru
ture G and every valuation v, G j= (� � �)[v℄. As a 
orollary, � � � is valid.

Proof . Immediate by Lemma 5.14 and the fa
t that (x) � (y) = (x) ^ (y).

Theorem 5.16 is extended as follows.

Theorem 6.4 Let G = hG;�; �; 1;�; i be a Girard topostru
ture. The set F de�ned by F =

fx 2 G j x = (x)g satis�es the following properties:

(1) F is 
losed under arbitrary least upper bounds. In parti
ular, 0 2 F ;

(2) F is 
losed under (�nite) greatest lower bounds.

(3) F is 
losed under �;

(4) x � x = x for every x 2 F ;

(5) The identity element 1 is the greatest element of F .

Furthermore, for every a 2 G, (a) =

W

fx 2 F j x � ag.

Conversely, given a 
ore Girard stru
ture hG;�; �; 1;�i and a subset F of G satisfying the

properties (1){(5), then if we de�ne by (a) =

W

fx 2 F j x � ag, the sextuple G =

hG;�; �; 1;�; i is a Girard topostru
ture.

Proof . Properties (1), (3){(5) are veri�ed as in the proof of Theorem 5.16. Sin
e (a ^ b) =

(a) ^ (b), if a = (a) and b = (b), then a ^ b = (a) ^ (b) = (a ^ b), proving (2).

Conversely, sin
e (x) 2 F for every x 2 G, by (2), (a) ^ (b) 2 F . Sin
e (x) = x for

x 2 F , ( (a) ^ (b)) = (a) ^ (b). On the other hand, as in the proof of Theorem 5.16, we

have (x) � (y) = (x ^ y) and ( (x)) = (x), and so,

( (a) ^ (b)) = ( (a)) � ( (b)) = (a) � (b) = (a ^ b):

Thus, (a ^ b) = (a) ^ (b), property (5) of De�nition 6.1.

We 
an also extend the 
ompleteness lemma (Lemma 5.20) to topostru
tures and Llin

!;?;!&;?�

0

.

Lemma 6.5 If a sequent � � � is valid (in Girard topostru
tures), then it is provable in Lin

!;?;!&;?�

0

.

Proof . As in the proof of Lemma 5.20, it is ne
essary to extend the operation de�ned on D

by ([!A℄) =![A℄, to the 
ompletion by 
uts D

y

of the 
ore prestru
ture D.

2

For every y 2 D

y

, we

de�ne

y

(y) =

_

ff (x)g

y

j x 2 D; fxg

y

� yg:

Using the fa
t that � distributes over arbitrary least upper bounds, we 
an prove that

y

has

the required properties, in parti
ular, that

y

(a) �

y

(b) =

y

(a ^ b). We 
an also prove that

y

(a^ b) =

y

(a)^

y

(b), using the fa
t that (!A & !B) Æ�Æ !(A & B) is provable, and that in the


ompletion by 
uts, X

y

^ Y

y

= X

y

\ Y

y

.

We now turn to proof nets.

2

Re
all that in the 
ompletion by 
uts, for every subset X � D, we have X

y

= lower(upper(X)), and in parti
ular,

when X = fxg, we have fxg

y

= lower(x).
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7 Proof Nets for Multipli
ative Linear Logi


The same linear sequent 
an have di�erent proofs di�erring for bureau
rati
 reasons, namely, that

inferen
es are applied in a di�erent order. For example, the sequent

� (A
B)
 C;A

?

℄ B

?

; C

?

has the following two proofs

� A;A

?

� B;B

?

(
)

� A
B;A

?

; B

?

(℄)

� A
B;A

?

℄ B

?

� C;C

?

(
)

� (A
B)
 C;A

?

℄ B

?

; C

?

and

� A;A

?

� B;B

?

(
)

� A
B;A

?

; B

?

� C;C

?

(
)

� (A
B)
 C;A

?

; B

?

; C

?

(℄)

� (A
B)
 C;A

?

℄ B

?

; C

?

Clearly, these two proofs di�er in an inessential way, and it should be possible to 
ome up with

a notation akin to natural dedu
tion so that these two proofs are identi�ed. This is possible for

the fragment of multipli
ative linear logi
 involving only 
, ℄, and

?

, using the notion of proof net

due to Girard (see Girard [6℄, and Girard, Lafont, and Taylor [7℄). First, we re
all a de�nition.

De�nition 7.1 A literal is either a propositional letter P or the negation P

?

of a propositional

letter.

Proofs nets are 
ertain unoriented 
onne
ted graphs whose nodes are labeled with propositions.

In order to de�ne these graphs, we 
onsider that labeled nodes have entry and exit points de�ned

as follows: a literal has a single entry and a single exit, and both a tensor and a par have two entry

points and a single exit point.

De�nition 7.2 A proof net (of multipli
ative linear logi
) is a �nite unoriented 
onne
ted node-

labeled graph with the following properties:

(1) For every node labeled with a literal, there is a single ar
 from the entry point of that literal

to the entry point of a literal with the same name and the opposite sign;

(2) For every node labeled with a tensor A 
 B or a par A ℄ B, there are two distin
t nodes

labeled with A and B respe
tively, su
h that the exit of A is 
onne
ted to one of the two

entry points of A
B (resp. A ℄ B) and the exit of B is 
onne
ted to the other entry point

of A
B (resp. A ℄ B), ea
h by a single ar
;
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(3) The exit point of every node is 
onne
ted to at most one other node.

Nodes whose exit points are not 
onne
ted to any node will be 
alled terminal nodes, or leaves.

For reasons that will be
ome 
lear when we dis
uss the 
riterion for 
he
king that a proof net


orresponds to a sequential proof, we draw (℄: right) inferen
es using a broken line, and (
: right)

inferen
es using a solid line. The following is an example of a proof net:

A B

A
B C

(A
B)
 C C

?

A

?

B

?

�������

A

?

℄ B

?

Another example of a proof net is the following:

D

D

?

C

?

D

?


 C

?

C

A B

�����

A ℄ B

C 
 (A ℄ B)

A

?

B

?

A

?


B

?

As we shall see shortly, there is an algorithm for 
onverting any sequential proof (for the

multipli
ative fragment of linear logi
 
onsidered here) into a proof net. However, the de�nition

of a proof net is a bit too liberal, due the lo
al nature of the 
onditions involved, and some proof

nets are unsound, in the sense that they do not 
orrespond to any sequential proof. For te
hni
al

reasons, we will need a slightly more liberal notion of a proof net. In fa
t, it turns out that this

notion 
orresponds pre
isely to the notion of a sequential dedu
tion, a sequential dedu
tion being

similar to a sequential proof, ex
ept that leaf nodes 
an also be labeled with arbitrary sequents

� A, where A is a proposition, rather than only axioms.

De�nition 7.3 A dedu
tion net (of multipli
ative linear logi
) is a �nite unoriented 
onne
ted

node-labeled graph satisfying properties (1) and (3) of De�nition 7.2, and su
h that if property (2)

does not hold for some node, then both entry points of su
h a node are not 
onne
ted to any other

node.

Thus, a proof net is a dedu
tion net that also satis�es property (2) of De�nition 7.2. Contrary

to a proof net, a dedu
tion net may have nodes whose entry points are not 
onne
ted to any other

node. Su
h a node is 
alled an initial node, or root . The following lemma is easily shown.
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Lemma 7.4 Let � be a dedu
tion net su
h that k of its terminal nodes are labeled with some

propositions A

1

; : : : ; A

k

, and let �

0

be some other dedu
tion net having k of its entry nodes labeled

with A

1

; : : : ; A

k

. The graph obtained by grafting �

0

onto � by identifying ea
h sele
ted terminal

node of � labeled with A

i

with the 
orresponding entry node of �

0

labeled with A

i

is a dedu
tion

net.

One 
an de�ne a transformation that produ
es a dedu
tion net from a sequential dedu
tion, but

not all dedu
tion nets 
ome from a sequential dedu
tion. In order to single out whi
h dedu
tion

nets really 
orrespond to sequential dedu
tions, one needs a global 
riterion. In his seminal paper,

Girard gave su
h a 
riterion for proof nets, the \long trip 
ondition" [6℄. Later, Danos and Regnier

proposed a di�erent 
riterion [5℄.

We now present the Danos-Regnier 
riterion for soundness of a dedu
tion net. This 
riterion is

equivalent to Girard's original \trip 
onditions" 
riterion, but it is somewhat more manageable. It

is 
onvenient to 
onsider that there are two kinds of edges:

(1) Edges 
onne
ting the exit of A and B to the entries of a tensor A
B and edges 
onne
ting

the entry of some A to the entry of some A

?

, 
onsidered as solid ;

(2) Edges 
onne
ting the exit of A and B to the entries of a par A ℄ B, 
onsidered as soft .

De�nition 7.5 Given a dedu
tion net �, a swit
h graph asso
iated with � is any subgraph of �

obtained by deleting exa
tly one of the two soft edges asso
iated with every par node in � (and

keeping the other soft edge).

The Danos-Regnier 
riterion for soundness of a dedu
tion net is stated as follows (see Danos

and Regnier [5℄, and Danos [4℄).

De�nition 7.6 A dedu
tion net � satis�es the Danos-Regnier 
riterion, or is sound , i� every

swit
h graph asso
iated with � is a tree.

For example, the following is a sound proof net, sin
e both swit
h graphs are trees:

A B

A
B

A

?

B

?

�������

A

?

℄ B

?

On the other hand, the following proof net is unsound, be
ause the (only) swit
h graph has a


y
le.
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A B

A
B

A

?

B

?

A

?


B

?

We now give an algorithm for transforming a sequential dedu
tion into a dedu
tion net, and

show that the resulting proof net satis�es the Danos-Regnier 
riterion.

Lemma 7.7 There is algorithm N whi
h, given a dedu
tion � of a multipli
ative sequent �

A

1

; : : : ; A

n

, produ
es a dedu
tion net N (�) whose terminal nodes are in one-to-one 
orrespon-

den
e with the o

urren
es of formulae A

1

; : : : ; A

n

. Furthermore, N (�) satis�es the Danos-Regnier


riterion.

Proof . The algorithm N is de�ned by indu
tion on the stru
ture of the dedu
tion �.

Case 1: � 
onsists of a single formula � A. Then N (�) is the dedu
tion net 
onsisting of the

single node A. Obviously, N (�) satis�es the Danos-Regnier 
riterion.

� � 
onsists of an axiom � A;A

?

. Then N (�) is the proof net

A A

?

Obviously, N (�) satis�es the Danos-Regnier 
riterion.

Case 2: � is of the form

�

1

� �; A;B

(℄: right)

� �; A ℄ B

Then N (�) is the proof net

N (�

1

)

A B

�����

A ℄ B

obtained by grafting the exit nodesA and B ofN (�

1

) respe
tively to the entry nodes A and B of the

elementary proof net 
orresponding to the (℄: right) inferen
e. If N (�

1

) satis�es the Danos-Regnier


riterion, then it is easy to verify that N (�) also satis�es the Danos-Regnier 
riterion.

Case 3: � is of the form

�

1

� �; A

�

2

� �; B

(
: right)

� �;�; A
B
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Then N (�) is the proof net

N (�

1

)

A

N (�

2

)

B

A
B

obtained by grafting the exit node A of N (�

1

) and the exit node B of N (�

2

) respe
tively to the

entry nodes A and B of the elementary proof net 
orresponding to the (
: right) inferen
e. If

N (�

1

) and N (�

2

) satisfy the Danos-Regnier 
riterion, then it is easy to verify that N (�) also

satis�es the Danos-Regnier 
riterion.

The transformation N identi�es sequential dedu
tions that di�er only for inessential reasons,

like the order of inferen
es. For example, the two sequential proofs

� A;A

?

� B;B

?

(
)

� A
B;A

?

; B

?

(℄)

� A
B;A

?

℄ B

?

� C;C

?

(
)

� (A
B)
 C;A

?

℄ B

?

; C

?

and

� A;A

?

� B;B

?

(
)

� A
B;A

?

; B

?

� C;C

?

(
)

� (A
B)
 C;A

?

; B

?

; C

?

(℄)

� (A
B)
 C;A

?

℄ B

?

; C

?

are mapped to the same proof net:

A B

A
B C

(A
B)
 C C

?

A

?

B

?

�������

A

?

℄ B

?

We now wish to show that the Danos-Regnier 
riterion insures that every proof net that satis�es

the 
riterion is of the form N (�) for some sequential dedu
tion �. This is proved by indu
tion on

the number of nodes in the dedu
tion net. The proof is quite easy when the proof net has some

terminal node labeled with a par, but the 
ase when all terminal nodes are labeled with tensors

is tri
ky and requires a detailed analysis of the stru
ture of dedu
tion nets. The problem is that
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splitting a proof net by 
hoosing any arbitrary terminal node labeled with a 
 and deleting the

two ar
s in
oming to this node may not yield sound proof nets. For example, splitting the proof

net below at the node A

?


 B

?

does not yield proof nets. On the other hand, splitting either at

node D

?


 C

?

or at node C 
 (A ℄ B) yields sound proof nets.

D

D

?

C

?

D

?


 C

?

C

A B

�����

A ℄ B

C 
 (A ℄ B)

A

?

B

?

A

?


B

?

The key observation is 
ontained in the following lemma.

Lemma 7.8 Let � be a dedu
tion net, let A 
 B be a terminal node labeled with a tensor, and

let �

0

be the subgraph obtained from � by deleting this terminal node and the two edges from A

to A 
 B and from B to A 
 B. If the Danos-Regnier 
riterion holds for � and A and B are


onne
ted in �

0

, then there exist two disjoint subgraphs �

1

;�

2

of �

0

with the following properties:

�

1

and �

2

are dedu
tion nets satisfying the Danos-Regnier 
riterion, A belongs to �

1

, B belongs

to �

2

, and there is a nonempty set fC

1

℄ D

1

; : : : ; C

k

℄ D

k

g of par nodes with C

i

in �

1

and D

i

in

�

2

, i = 1; : : : ; k.

Proof . Let us examine 
losely what happens when there is a terminal node labeled A
B su
h

that A and B are 
onne
ted in the subgraph �

0

de�ned above.

� If A and B are 
onne
ted in �

0

, then �

0

itself is 
onne
ted. Otherwise, �

0

would 
onsist of at

least two disjoint maximal 
onne
ted 
omponents, one of whi
h does not 
ontain both A and

B, in whi
h 
ase, � would not be 
onne
ted, a 
ontradi
tion.

� �

0


ontains some par node C ℄ D. Otherwise, the only swit
h graph of �

0

would be �

0

itself,

and similarly for �, and both � and �

0

would be trees. But then, A and B would be 
onne
ted

in �

0

, and this would imply the existen
e of a 
y
le in �, a 
ontradi
tion.

� For every path p in �

0

from A to B, there is some par node C ℄ D su
h that the path p 
ontains

both edges from C to C ℄ D and from D to C ℄ D. Otherwise, there is in �

0

a path p from A

to B whi
h uses at most one of the two in
oming edges into ea
h par node. Then, it is possible

to pi
k a 
hoi
e of the soft edges in �

0

(and thus in �) involving the edges used by the path p,

so that this is a path from A to B in some swit
h graph of �

0

. However, in �, this path yields

a 
y
le together with the edges from A to A
B and from B to A
B.

� From the previous item, there is set fE

1

℄ F

1

; : : : ; E

m

℄ F

m

g of par nodes su
h that every path

in �

0

from A to B 
ontains both edges (not ne
essarily 
onse
utively) from E

i

to E

i

℄ F

i

and

from F

i

to E

i

℄ F

i

, for some i, 1 � i � m. Consider any su
h set.

Let us �rst delete the edges from E

i

to E

i

℄ F

i

in �

0

, i = 1; : : : ;m. We must obtain at least

two disjoint maximal 
onne
ted 
omponents. Indeed, sin
e every path in �

0

from A to B must


ontain for some i (1 � i � m) both edges from E

i

to E

i

℄ F

i

and from F

i

to E

i

℄ F

i

, the
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resulting graph is not 
onne
ted, and the maximal 
onne
ted 
omponents 
ontaining A and B

must be disjoint. Thus, we have at least two disjoint maximal 
onne
ted 
omponents, in
luding

some 
omponent �

1

whi
h 
ontains A. We 
laim that �

1

must be a dedu
tion net satisfying the

Danos-Regnier 
riterion. Indeed 
onsider any swit
h graph of � in whi
h the nondeleted edges

from F

i

to E

i

℄ F

i

in �

0

are sele
ted (1 � i � m). Be
ause every swit
h graph of � is a tree, no


y
le 
an exist in �

1

, and it remains to show that every swit
h graph of �

1

is 
onne
ted. But

we know that in �, the graph �

1

is only 
onne
ted to the node A
 B by the edge from A to

A
B, sin
e �

1

is a maximal 
onne
ted 
omponent of �

0

not 
ontaining B. Thus, every swit
h

graph of � sele
ting the edges from F

i

to E

i

℄ F

i

must indu
e a tree within �

1

, sin
e otherwise

this swit
h graph would not be 
onne
ted. Also note that the E

i

℄ F

i

(1 � i � m) are not

in �

1

. Otherwise, sin
e �

1

satis�es the Danos-Regnier 
riterion, for every swit
h graph of �

1

there would be a path from E

i

to E

i

℄ F

i

not using the edge from E

i

to E

i

℄ F

i

, and by 
hoosing

a swit
h graph of � in whi
h the edges from E

i

to E

i

℄ F

i

(1 � i � m) are sele
ted, we would

obtain a 
y
le. Let us now delete the edges from F

i

to E

i

℄ F

i

in �

0

, i = 1; : : : ;m. The same

argument as above yields that �

0

must split into at least two disjoint 
onne
ted 
omponents,

among whi
h �

2


ontains B. Furthermore, �

2

is a dedu
tion net satisfying the Danos-Regnier


riterion.

� The dedu
tion nets �

1

and �

2

are subgraphs of �

0

from whi
h no par nodes or edges have been

deleted sin
e this would 
ontradi
t the fa
t that they satisfy the Danos-Regnier 
riterion (the


onne
tedness part). Finally, 
onsider any path from A to B in �

0

. We 
laim that in this path,

there is some edge from C to C ℄ D for some C in �

1

and some C ℄ D not in �

1

. This is be
ause

�

1

and �

2

are disjoint 
onne
ted graphs and be
ause �

1

is the maximal 
onne
ted 
omponent

of A in �

0

after deletion of the par links from E

i

to E

i

℄ F

i

in �

0

(as earlier), and so for every

node C in �

1

adja
ent to an edge whose other endpoint C

0

is not in �

1

, C

0


annot be a tensor

node sin
e otherwise it would belong to �

1

. Thus, C

0

must be a par node C ℄ D, and in fa
t it

is one of the E

i

℄ F

i

. But then, 
hoosing (as earlier) the swit
hing in whi
h the edges from F

i

to E

i

℄ F

i

in �

0

are deleted (swit
hing whi
h de�nes �

2

as the maximal 
onne
ted 
omponent

of B), there must be a path from B to D sin
e � satis�es the Danos-Regnier 
riterion, whi
h

shows that D belongs to �

2

. Thus, there is a nonempty set fC

1

℄ D

1

; : : : ; C

k

℄ D

k

g of par links

with C

i

in �

1

and D

i

in �

2

, i = 1; : : : ; k.

We 
an now prove the 
orre
tness of the Danos-Regnier 
riterion [5℄ (see also Danos [4℄).

Theorem 7.9 A dedu
tion net � 
an be obtained from some sequential dedu
tion (i.e., is of the

form N (�

0

) for some sequential dedu
tion �

0

) i� every swit
h graph asso
iated with � is a tree.

Proof . The ne
essity of the 
riterion has already been 
he
ked in Lemma 7.7. Thus, we turn

to the suÆ
ien
y of the 
riterion. The proof pro
eeds by indu
tion on the number of nodes in the

dedu
tion net. The 
ase where the dedu
tion net has a single node is 
lear. Otherwise, there are

two 
ases:

Case 1. Some terminal node is labeled with a par, say A ℄ B. Consider the subgraph �

0

obtained from � by deleting the terminal node in question and the two edges from A to A ℄ B and

from B to A ℄ B. We 
laim that �

0

is a dedu
tion net satisfying the 
orre
tness 
riterion. Indeed,

if any swit
h graph obtained from �

0

is not a tree, we also obtain a bad swit
h graph for � by

putting ba
k the node A ℄ B and 
onne
ting it to either A or B (but not both).
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Case 2. Every terminal node is labeled with a tensor.

This 
ase is more deli
ate, as deleting any terminal node A
B and the edges from A to A
B

and from B to A
B does not ne
essarily yield a dedu
tion net satisfying the 
orre
tness 
riterion.

However, we have the following 
laim:

Claim: There is a least some terminal node labeled A
B su
h that the subgraph �

0

obtained

from � by deleting this terminal node and the two edges from A to A 
 B and from B to A
 B

is 
omposed of two disjoint dedu
tion nets �

0

1

(having A as a terminal node) and �

0

2

(having B as

a terminal node) whi
h both satisfy the 
riterion.

If the 
laim fails, for every terminal node A 
B of �, sin
e � is 
onne
ted, the nodes labeled

with A and B must be 
onne
ted in �

0

, sin
e otherwise, there would be at least three maximal


onne
ted 
omponents, 
ontradi
ting the fa
t that � is 
onne
ted. Thus, we 
an apply Lemma 7.8,

and there exist two disjoint subgraphs �

1

;�

2

of �

0

with the following properties: �

1

and �

2

are

dedu
tion nets satisfying the Danos-Regnier 
riterion, A belongs to �

1

, B belongs to �

2

, and there

is a nonempty set fC

1

℄ D

1

; : : : ; C

k

℄ D

k

g of par nodes with C

i

in �

1

and D

i

in �

2

, i = 1; : : : ; k.

The above property holds for every tensor node whi
h fails to be a splitting tensor, and thus we 
an

sele
t su
h a tensor A

0


 B

0

for whi
h the asso
iated dedu
tion net �

1+2

obtained by 
onne
ting

�

1

and �

2

to A

0


B

0

is maximal with respe
t to subgraph in
lusion. But then, be
ause there is a

nonempty set of par 
onne
tions between �

1

and �

2

and be
ause every exit node of � is a tensor,

every par node in fC

1

℄ D

1

; : : : ; C

k

℄ D

k

g is the an
estor of some terminal tensor node. However,

if none of these tensors is a splitting tensor, Lemma 7.8 applies, 
ontradi
ting the maximality of

the dedu
tion net �

1+2

. Thus, there is some terminal node A
B of � satisfying the 
ondition of

the 
laim.

This 
on
ludes the proof of the 
laim, and thus the proof of the theorem.

If we observe that the 
ut rule

� �; A � �; A

?

� �;�

(
ut)

behaves just like the following spe
ial 
ase of the (
: right) rule

� �; A � �; A

?

� �;�; A
A

?

(
: right);

we 
an extend the above treatment of proof nets, in
luding Lemma 7.7 and Theorem 7.9, to proof

nets in
luding 
ut links, whi
h are links of the form

A A

?

CUT

:

Every node labeled with CUT is ne
essarily a terminal node.

The proof of Theorem 7.9 yields an O(n

2

)-time algorithm for testing whether a dedu
tion net


omes from a sequential dedu
tion. This is not a trivial result, sin
e the naive method yields

an exponential-time algorithm. Girard has announ
ed the existen
e of an O(n

2

) algorithm, but

as far as we know, no su
h algorithm has been published. The algorithm presented below works
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re
ursively. If the dedu
tion net only has axiom links, the algorithm su

eeds i� the dedu
tion

net 
onsists of a single axiom link between A and A

?

or of a single node A (for some proposition

A). If the dedu
tion net has some terminal node labeled with a par node A ℄ B, test re
ursively

the subnets obtained by deleting the edges from A ℄ B to A and to B. If the dedu
tion net has

terminal nodes only labeled with tensor nodes, try to �nd a splitting tensor node as follows. First,

for ea
h terminal node A
B, delete the edges from A
B to A and to B. Then, �nd the maximally


onne
ted 
omponents of this graph. If the resulting graph is 
onne
ted, the algorithm stops with

failure. Otherwise, some terminal node labeled with a tensor A 
 B has been found su
h that A

and B belong to two disjoint dedu
tion nets �

1

and �

2

after the edges from A 
 B to A and to

B have been removed from the original dedu
tion net (there may be several 
hoi
es, just 
onsider

the terminal nodes in some �xed order and pi
k the �rst one). Then, test re
ursively the subnets

�

1

and �

2

.

Sin
e maximally 
onne
ted 
omponents 
an be found in linear time, the 
ost of �nding a splitting

tensor is O(n). It is then 
lear that the algorithm runs in O(n

2

).

Sin
e a proof net is a spe
ial dedu
tion net, we also obtain an O(n

2

)-time algorithm for testing

whether a proof net 
omes from a sequential proof.

8 Con
lusion

We have provided an introdu
tion to linear logi
, fo
using on its propositional fragment. In par-

ti
ular, we des
ribe an algebrai
 semanti
s for linear logi
, phase semanti
s. Contrary to Girard's

original presentation [6℄ in whi
h the notions of 
losure operation and Galois 
onne
tion are im-

pli
it, we present phase semanti
s expli
itly as a spe
i�
 instan
e of a Galois 
onne
tion. We hope

that su
h an approa
h helps to understand better the motivations for this semanti
s, and also the

reason why linear logi
 is sound and 
omplete for this semanti
s. We also de�ne proof nets for

multipli
ative linear logi
 and give a dire
t proof of the 
orre
tness of the Danos-Regnier 
riterion.

This proof relies on a purely graph-theoreti
 de
omposition lemma whi
h appears to be new. As

a 
orollary, we obtain an O(n

2

)-time algorithm for testing the 
orre
tness of a proof net. The

existen
e of su
h an algorithm was 
onje
tured before, but our algorithm appears to be original.

In a forth
oming paper, we intend to 
over the quanti�ers, proof nets for full linear logi
, 
ut

elimination, and the semanti
s of 
oherent spa
es.
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9 Appendix: Summary of Notation

The logi
al 
onstants, logi
al 
onne
tives, and semanti
 symbols of linear logi
 are listed below.

I multipli
ative true

? multipli
ative false

1 additive true

0 additive false


 multipli
ative and (tensor)

℄ multipli
ative or (par)

& addittive and

� addittive or

�Æ linear (multipli
ative) impli
ation

Æ�Æ linear (multipli
ative) equivalen
e

?

linear (multipli
ative) negation

! of 
ourse

? why not

� interpretation of

?

� interpretation of 


k interpretation of ℄

interpretation of !

Other symbols are listed below.

[ binary union

\ binary interse
tion

S

union of a family

T

interse
tion of a family

^ binary greatest lower bound

_ binary least upper bound

V

greatest lower bound of a family

W

least upper bound of a family

2 set membership

� set in
lusion

; empty set

7! fun
tional mapping

� partial order

y


losure operation

� equivalen
e relation
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